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MAXIMUM LIKELIHOOD ESTIMATION OF PARTIALLY OR
COMPLETELY ORDERED PROBABILITIES 1)

by

CONSTANCE VAN EEDEN

1. Introduction

The problem to be treated in this paper concerns the maximum
likelihood estimation of partially or completely ordered probabi-
lities.

A description of this problem will be given in section 2 and in
section 3 methods will be described by means of which the esti-
mates may be found.

In this paper no proofs will be given; these may be found in

[31, [4], [5] and [6].

2. The problem

Consider k independent series of independent trials, each trial
resulting in a success or a failure. The i-th series consists of n;
trials with a;2) successes and b; = n; — a; failures; m; is the
(unknown) probability of a success for each trial of the i-th series
(i=1,...,k)3).

The probabilities ~j,..., 7 are partially or completely ordered,
i.e. they satisfy the inequalities

*i,4 (7573_7':.1) o0 (i’j=17 '°')k)y (2;1)

1) Report S 220 (Vi5) of the Statistical Department of the Mathematical Centre,
Amsterdam. Lecture delivered at the meeting of the ,,Actuarieel Genootschap’’ of Novem-
ber 27, 1956.

2) Random variables will be distinguished from numbers (e.g. from the values they
take in an experiment) by printing their symbols in bold type.

3) Unless explicitely stated otherwise ¢, 7 and % run through the values 1, ..., &.
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2% MAXIMUM LIKELIHOOD ESTIMATION OF PARTIALLY OR

where o;,; are given numbers satisfying
I. 04,5 = — 04,4y
2. a3, =0, +1I or —I, (2;2)
3. %, =1 if %, p = Op,j = I for any h.
It will be supposed that the probabilities =y, ..., 73 are numbered
in such a way that «;,; = o for each pair of values (7, j) with { < j.
If o;,; = 1 for each pair of values (i, j) with i < j then (2;1)
reduces to
m; — 7y < o for each pair of values (Z,j) with i <j. (2;3)
Thus in this case =, ..., 7 satisfy
= S T (z34)

i.e. they are completely ordered.
Examples of ordered probabilities may be found in [1] (p. 641 —
642) and in [2] (p. 610).

The random variable a; possesses a binomial probability distri-
bution, i.e.

Hm=aa=(f)mwu—mw (=1, ..., /0. (233

From the fact that ay, ..., @i are distributed independently then
follows

k
n
P[a1 = a1, ..., A = ak] = II ( i) Tl?;:,"1 (I — TCi)b‘, (2 ,6)
i=1 \®
i.e. the maximum likelihood estimates of the ordered probabilities
1, ..., T are the values of y;, ..., y; which maximize
k n; a; b
I yi (1 — yg)™ (237)
i=1 \ @

in the domain
i (ys —ys) <o |
D: ,j=1,...,k). (2;8
0o<y <1 (,j=1,...,k). (2;8)

In order to simplify the calculations we maximize the function

1

k
L=L(yy, - yr)ES{alny; +bln(x —y)} (2;9)
=1

instead of the function (2 ;7).



COMPLETELY ORDERED PROBABILITIES 3*

In [3] and [4] it has been proved that the function L(yy, ..., yz)
possesses a unique maximum in the domain D. The values of yj,

.., Yr which maximize L in D, i.e. the maximum likelihood
estimates of «, ..., wg, will be denoted by pjy, ..., pk.

Now let

Liy) ©aylny+bn(1—y) (0<y<1;i=1,...,k), (2;10)

then
dLi(y) & b ai—niy
dy y I—y y(r—y) (i . | )
t=1I,... . 2,11
d2L; (y) —ny? + 20;y — a4 S ’
= <o
dy? y2 (1 —y)?

Thus the function L; (y) possesses a unique maximum in the
interval (0,1). This maximum is attained for

a

y=fH%— (2;12)

n;
and L; (y) is a monotone increasing function of y for y < f; and a
monotone decreasing function of y for y > f;, i.e. if (y',y") is a
pair of values satisfying

o<y <y’ <fi (2;13)
or
fi<y' <y <1 (2;14)
then
L; (v') < Li(y") < Li(fi). (2;15)

From (2;12) it follows that the function

k
L(yly ceey yk) = Z L; (yl)

i=1

attains its maximum in the domain
G:o<y <1 (i=1,...,k) (2;16)

fory;=fi(i=1,...,k).
Thus if the point (f1, ..., fx) lies in D, i.e. if f1, ..., fi satisfy

*xi,7 (fz _ff) <o (l).’ =1, "'ak) (2;17)



4* MAXIMUM LIKELIHOOD ESTIMATION OF PARTIALLY OR

then, D being a (convex) subdomain of G, the maximum of L in D
coincides with the maximum of L in G, i.e.

pi=fi(i=1,...,k) if (f,...,fx) e D. (2;18)

3. The maximum likelihood estimates
3.I. A complete ordering

In this section we consider the case that i, ..., ™z are com-
pletely ordered, i.e. the case that =, ..., wg satisfy the inequalities

TS ... S TR (3.131)
Y,
1
(95 92)
\
\
N\
\
AN
N
N
N
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Jy.Y)
\
o
(f, . f,)
(0]
1 HI

Fig. 1. A complete ordering with & = 2 and f1 > fa.

We first consider the case that k = 2; then D is the domain

Y1 < Yo,

0oy <1 (i = 1,2). (3-152)
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From (2;18) it follows that

p1 = f1, p2 = f2 if f1 < fo. (3.1;3)

Now let f1 > fo and let (y9, y3) be a point with y(l’ <yd If (cf.
fig. 1) this point (y?, y3) is connected with the point (f1, f2) by
means of a straight line, then this line intersects the line y; = yo
in a point (say) (y*, y*). From (2 ;15) then follows

L (y*, y*) > L (4%, y9), (3.134)

i.e. for each point (y?, y?) with y9 < y3 a point (y*, y*) exists with
a larger value of L. Consequently, if f; > f2, then L attains its
maximum in D for y; = ya. Substituting this into L we obtain

L(y1, y1) = (a1 + a2) Iny; + (b1 + b2) In (1 — y1) (3.1;5)

and this function attains its maximum in the interval (o,1) for

Y1 = —;%%22— . (3.1;6)
Thus for a complete ordering with k¥ = 2 we have
p1 =, p2 =f2 if f1 < fo,
a1+ az  nmifi+nafs (3.1;7)

p1 = p2 = if f1> fo.

ny + ng ny + ng

In an analogous way the following theorem may be proved for a
complete ordering with &k = 2 (cf. theorem IV in [3]).

Theorem I. If 1, . .., my are completely ordered and if

Ji, > fign (3.138)

then L attains its maximum in D for y; = yi 1.
Substituting y;, = Yi,+1 into L the two terms with { = iy and
{ = ip +1 reduce to

(aiy + as+1) Inys + (b + big41) In (1 — y3),  (3.139)

i.e. L reduces to a sum of £k — 1 terms of the same form as L and
D reduces to

Y1 S oo S Yy S Y2 S - v0 S Yk

osy; <1 (i%io+ 1) (3.1 520)
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Thus the problem may be solved by repeatedly applying theorem

I and (2;18).
Further it has been proved in [2] and [5] that
pi; = max min art ..t a (3.1;11)
Y i=e=i isssk Nr 4 ... 40 o

but this formula is not recommended for calculation.

Example 1
Suppose k = 4 and
) I 2 3 4
a4 3 10
n; 10 5 30 15 (3-1;12)

fi 0,4 076 0,33 0,53.

Then f2 > f3 and from theorem I then follows that L attains its
maximum in D for ys = ys. Substituting this into L the problem
reduces to the case of Kk — 1 = 3 series of trials with (cf. (3.1;9))

i I 2 (+3) 4

a; 4 13 8

n; 10 35 15 (3’1 )13)
fi 04 037 0,53.

From f; > f; and theorem I then follows that L attains its maximum
in D for y; = yg and this reduces the problem to the caseof k — 2 =
= 2 series of trials with

i 1 (+2+43) 4

a; 17 8 ( )
” I51
n; 45 15 31314

fi 0,38 0,53.

From (3.1;14) and (2;18) then follows

(3.1;15) p1 = p2 = p3 = 0,38; ps = 0,53.

3.2. A partial or complete ordering
The restrictions 7; < w; satisfying

o4,p-0p,j = O for each h between i and j (3.2;1)
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will be called the essential restrictions defining D and will be
denoted by Ry, ..., Rs. Then each R, corresponds to one pair of
values (Z, j) ; this pair will be denoted by (i), j)) A =1, ...,5s).
If w, ..., n are completely ordered then s =k — 1 and the
essential restrictions are m; < w1 (i =1, ...,k — 1).

In [3] the following theorem has been proved.

Theorem II: If p{, vy p,'c are the values of yi, ..., yx which maxi-
mize L under the restrictions Ry, ..., Rs_1 then

L. pi=p;(i=1,...,k) if p, <pj,
e ' (3.252)
2. p;, = p;, if p;, > p;,
Thus if p;, R, p,'c are known then the problem is solved if p,fl < p;‘
and if pgs > p,f' (by substituting y; = y;) the problem is reduced
to the case of k — 1 series of trials with s — 1 or less essential
restrictions, i.e. by means of theorem II the problem is reduced to
the case of k and k — 1 series of trials under s — 1 or less essential
restrictions. The solution for the case that s = o being known
(pi =fi (i =1, ...,k)) the problem may be solved by repeatedly
applying theorem II.
In many cases however this procedure may be simplified by
applying one of the following theorems (cf. the theorems III, IV
and Vin[3]).

Theorem III: If (i, ) is a pair of values with

1. a4,5 (fi — fy) > o,

2,
2. A,p = O&4,h for each h with h £ i, h #j, (3233)

then L attains its maximum in D for y; = yj.

By means of this theorem the problem may be reduced to the
case of k — 1 series of trials with s — 1 or less restrictions by
substituting y; = y;.

Remark 1:
If 1, ..., T are completely ordered then for each pair of values
(i, j) with j =i 4+ 1 we have

op,s = apj = I for each h < i,

23
oi,n = o4, = 1 for each h > j. (3.234)

Thus theorem I is a special case of theorem III.
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Theorem IV : If (i, j) is a pair of values with
I. 4,5 = O,
2. fi gffr (3.2 ;5)
3. oi,n = a4,p for each h with h £ i, h 5 j,

then L attains its maximum in D for y; < yj.
Thus if (Z,j) is a pair of values satisfying (3.2;5) then the re-
striction y; < y; may be added.

Theorem V : If M is a subset of the numbers 1, ..., k with
«i,j = 0 for each pair of values (i, j) with ie M, j¢ M, (3.2;6)

then the maximum likelihood estimates may be found by seperately
maximizing Y, L; (y;) and X, L; (y;).
ieM i¢M
The theorems will now be illustrated by means of the following
examples.

Example 2 :
Suppose k = 3 and

i I 2 3
a; 8 8 26
n; 15 20 40 (3-257)
f’i 0,53 0,4 0r65
and
«1,2 = «1,3 = I, ®2,3 = O. (3.2;8)
Then the pair i = 1, j = 2 satisfies (3.2;3.1) but
®1,3 F 02,3, (3.239)

i.e. the pair (1,2) does not satisfy (3.2 ;3.2). Thus theorem III cannot
be applied.
Further the pair i = 2, j = 3 satisfies (3.2 ;5) ; we have

I. ag,3 = O,

2. fa < f3, (3.2 ;10)
3. ®2,1 = ®3,1.
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From theorem IV then follows that L attains its maximum in D for
Y2 < y3, which reduces the problem to the case of a complete
ordering. Applying theorem I to this complete ordering we find
that the maximum of L is attained for y; = ya. This reduces the
problem to the case of kK — 1 = 2 series of trials with

i I(+2) 3

ai, 16 26 (3.2;11)
n; 35 40
fi 0,46 0,65
and from (2;18) then follows
P1 = p2 = 0,46; p3 = 0,65. (3.2512)
Example 3 :
Suppose k = 4 and
) I 2 3 4
a; 7 18 13 10
ng 10 30 20 25 (3:2513)
fi 0,7 0,6 0,65 0,4
and
I. a1,2 =d%1,4 = x3,4 = I,
(3.2;14)

2. o1,3 =— ®2,3 = *2,4 = O.

Then the pairs (1,2), (1,4) and (3,4) satisfy (3.2; 3.1), but they do
not satisfy (3.2;3.2). E.g. for the pair (1,2) we have

®1,4 7 %2,4. (3.2;15)

Thus theorem III cannot be applied.

Further the pairs (3,1), (2,3) and (4,2) satisfy (3.2; 5.1) and
(3.2; 5.2), but they do not satisfy (3.2; 5.3). E.g. for the pair (2,3)
we have

ag,4 < 3,4, (3.2;16)

i.e. theorem IV cannot be applied and therefore we use theorem II.
Omitting the restriction w1 < 7y, i.e. taking

is =1, js = 4 (3-2;17)
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the estimates p{, ..y D ; are the values of yj, ..., y4 which maxi-
mize L in the domain

< <
D' Y1 = Y2, Y3 y4,. (3.2;18)
0 <y;<1 (i=1,...,4).
From theorem V it then follows that pi, cey p; may be found by

separately maximizing Ly (y1) + Lz (y2) and Lg (ys) + La (ya)
and from theorem I then follows

;71418

! b= = =0 6

1 D2 10 + 30 03,

.. 13+ 10 (32519)
P3 p4 20 + 25 15

Thus (cf. (3.2;17)) p{x > p;‘ and from theorem II then follows
that L attains its maximum in D for y; =y;, i.e. for y1 = ya.
This reduces the problem to the case of k — 1 = 3 series of trials
with

i 3 1(+4) 2
! 8
% 131 ; (3.2 20)
n, 20 35 30
fi 0,65 0,49 0,6
and
Ay =0y g = I (3.2 ;21)

This complete ordering may be solved by means of theorem I and we
obtain

P1 = p3 = pg = 0,55; p2 = 0,6. (3.2;22)

Now let
Sid—i—fiu Ens{j | o, = I}l)

[ =1,...,k .2;2
TG Ens{jloag=1) ) (3:223)

and let, for a subset M of the numbers 1, ..., k,
S t_léf V) Si,
ieM
T U T,
ieM

(3-2;24)

1) Ens {j|oys = 1} is the set of all values j for which «;; = 1.
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then it has been proved in [2] and [5] that

X q
pi = max min 228 (j =1, ... k). (3.2;25)
s X n

t€eTnS jeTnS

If &, ..., wp are completely ordered then S; consists of the num-
bers 1, ...,{ and T; of the numbers i, ..., k. Formula (3.2;25)
then reduces to (3.1 ;I1).

Further it has been proved in [6] that the maximum likelihood
estimates of mj, ..., mx in D are identical with the least squares
estimates in D, i.e. with the values of y;, ..., yx which maximize

k
Qy1, -« yn) & 1ni (ys — fi)2 (3.2 ;26)

=

in D,

Remarks :

2. The problem treated in this paper may be generalized to the case
of partially or completely ordered parameters of other probability
distributions (cf. [2] and [4]), e.g. parameters of Poisson distribu-
tions and means of normal distributions. Further the problem may
be generalized by introducing inequalities of the form ¢; < 7; < d;,
where (c;, d;) is a given closed subinterval of the interval (o,1) (cf.
[3] and [4]).

3. As stated in section 2 the procedure described in this paper
may be applied if the probabilities 73, ..., 7y are known to satisfy
the inequalities (2.1). However the method may also be applied if
we want to obtain estimates pj, ..., pr for the probabilities
T, ..., T satisfying the inequalities o;; (ps — pj) <o (i,j =
=1,...,k).
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