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1. Introductlion

In this report the following problem is treated
Consider a lattice of N = km points arranged

of m columns and kK rows(k=m). From these N points n ar - on
at random without replacement. In the following these points will

be called black points, tThe other N-n polnts are called whi

The problem to be consldered concerns the joins between black

points, where two points are said to be joined if they
adjacent in a horizontal, vertical or diagonal way.
In a rectangle the polnts are not equivalent. For k and

(m-2) (k-2) points have joins with 8 other points, 2(m+k-U4

have joins with 5 other points and 4 points have joins w

other points. Therefore we suppose the lattice To be wrapped
around a torus and the ends Joined. Then each point on the Tc
has joins with 8 other points. For k=1 with m>2 and k=2 wiltr

m>2 it is sufficient to wrap the rectangle around a cylinder and
to join the smaller ends. Then each point on the cylinder has
joins with 2 other points for k=1 and with 5 other points

We now consider the random variable x: the number of black

black Jjoins.

Problems closely related to the above described one w
considered by P.V. KRISHNA IYER (1949, 1050) and by P.A.P.
(1947, 1948). KRISHNA IYER considered a rectangular lattilce
m columns and k rows, where the ends are not joined. Concerning
the choice of the black points he considers two cases:

1. the case where each point may be black or white
independently with probability p and 1-p. Then the number of
black points is a random variable n,

O  +the case described above, where a fixed number n of points

is chosen at random.,.

KRISHNA IYER also considers

Concerning the joins between the
Two cases:

a. in his 1949-paper the case described above, where two
points are said to be Jjoined if they are adjace nt in a horizont

vertical or diagonal way,

al,
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b. In his 1950-paper the case where two points are said to
be joined if they are adjacent in a horizontal or vertical way. 1)

The random variables considered by KRISHNA IYER are the number of
black-black Joins and the number of black-white joins. In all cases
he gives the first and second moment; in some cases also the third
and fourth moment. Further he states, without a stringent proof,
that all distributions tend to the normal if k and m both tend to
inf'inity. Here he supposes, without clearly mentioning it, that in
the case of a fixed number of black points
(1:;1) O<§.}im inf %élim SUp %*z’lg
— oo N — o0

The asymptotic distribution of the number of black-black joins
being the same for the case of a rectangle and a torus if k and m
both tend to infinity, this (incomplete) proof of XKRISHNA IYER
suggests That the random variable x defined above has asymptotically,
for k and m—co , a normal distribution if (1;1) is satisfied.

P.A.P. MORAN conslders an arbitrary lattice with a fixed or
a stochastic number of black points. For both cases he gives the
first and second moment of the number of black-black Jjoins; for
the case of a stochastic number of black points also the third and
fourth moment. Further he proves the asymptotic normality for the
cagse of a rectangular lattice with a stochastic n and with Jjoins
in a horizontal and vertical way.

The abovementioned papers are not the only ones concerning
this subject. KRISHNA IYER also published some papers in the
"Journal of the Indian Society of Agricultural Statistics". Further
Prof'. Dr. D. VAN DANTZIG drew our attention to the fact that the
problem is related to the "order-disorder" problem in physics. So
also in papers concerning this problem results may perhaps be found
which are important for our problem.

The results obtained in this paper are
1. The exact distribution of x for

1) KRISHNA IYER also gives generalizations for more than two
dimensions and more than two colours.




a) k=2 with n = 2,3, and 4
b) k=3 with n = 2 and 3
C) k:mzn:—_43

b

2., The exact probabilities P[x=0] and P|{x=1] for k = 2 and 3,

3. The first, second and third moment of X,
4. The asymptotic distribution of x for N—e and lim %~x O.

N— oo
This asymptotic distribution is a Poisson-distribution.
2. Notation

The columns in the rectangle are numbered from 1 to m; the
rows are numbered from 1 to k. The black points are numbered, 1in
the order in which they are chosen, from 1 fto n, whereas the palrs
of black points are numbered in an arbitrary but fixed way, from
1 to (=)

2 o
Unless explicitely stated otherwise

i takes the values 1,...,m,

j 1 i 11 15@@ ﬁgk_’
>\ and !J take I 1 /!_9“», PO O
| Iy
Vo K andx 1 ¥ g 1‘.;#@&5(2),

LT the*vth pair of black points consists of tThe pointsﬁk and P’
with A< then the point A will be called the first and the
point g.the second point of the“vth pair.

A black point surrounded by white points only is called an

(of black points) irrespective of their other Jjoins.

boint . Two adjoining black points are called a

An isolated joined pair of black points is called a pair of
twinss a coherently Jjoined set of h black points, which is isolated

from all other black points is called a run of h.

All points being equivalent the first black point may be chosen
on an arbitrary but fixed place and the distribution of X may be

found by deriving this distribution under the condifion that the
first

pblack point has this fixed position. Unless explicltely
stated otherwise we derive the distribution of x and its moments

AN

in this way.
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3. of X for

For k=1 the exact distribution of x is known for each N and

——N

n. Therefore we only mention some wellknown properties of tThis

distribution.
The exact distribution of x may e.g. be derived from the

AN

distribution of the number of runs of black points. If r is This

number of runs then (cf. e.g. W.L. STEVENS (1939) and H.A. KUIPERS
(1957) ) ‘

(351) Plr=r] =

It may easily be seen that

(3;2) r + x =n

and from (33;1) and (3;2) it follows that
ny ,N-n--1

() ( )

X

(353) P[EFXikmq] = ““?ﬁfﬁ““““‘

Consequently the random variable X has, for k=1, a hypergeometric

distribution with
def « A

(3:4)
gdef

e o*(x | k=1)

2) The distribution of r may also be derived from the distribution
of the number of runs of black points in a row of points of
length N!', where the ends are not jolned. 1f r is this number

of runs, then (cf. e.g. W. FELLER (1950), p.59, exercise 15)

(n-—-’l)(N'wn l])
Plot=r]

Then the distribution of r is obtained by substituting N-1 for

(cf. e.g. H.A. KUIPERS (1957), p.5).



Now let X' dr rote The numder of white-white joins. Then

(355) x'" = N-n-r = zx+N-2n.

Conseqguently

=N 1l -
(356) Plx'=x|k=1] = f_mm)_flmmmm__mjl

(Nmn 1)

e now consider The asymoptotic distributions of X and X' for

SRR,

N— oo . The random variables x and ' having hypergeometric

G timadkkiy

distributions we may use The well-known asymptotic properties of
this distribution (cf. e.g. C. VAN EEDEN and J.Th. RUNNENBURG
(1959)). Then we obtain the following results

1. if lim &(x|k=1) = lim i'im = 0 then

N—co =00

(357) 1im ?[XmOlkmﬂ] = 1.
N-»co
2
Lim Yz’\»-{—- exists and O<A<w,then the random
I — oo

o, 1p AL

a Poisson

variable x has asymptotically for N-— o0
distribution with parameter A .

3. 1f limog(g) = aaB)ﬁ then the random variables =—7=%

x'mfx‘
-2~ Ppoth have asyrptotically for N-—oo a standard

o (x")

normal dlistribulion.

and —

3) If this condition is satisfied then one of tThe ffollowing

a0
conditions is satigfied

o &
.
e B 5

a) 1lim

lisoo Il =00

n
b) O < 1im inf = = 11.m Sup ﬁ-ﬂx"i

- oo




L,oae N 28 q4n (x| k=1) =

N— o0

(3<JKJ<-Q33 then the random variable X' has

for Nooo a Poisson distribution with

(3.8) 1im P|x'=0|k=1|
N-— oo

We now consider the situation that x pairs

isolated black points occur. This situation is
we have

(359) Plx=x|k=1] = P[Sr k=1 .

The equality sign in (3.9) holds if and only if x=0
Further we have (cf. W. FELLER (1950), p.

fxefcisf

_ : (D750 ”n)
( 3510) P[lekz4L = .;E“%%MTYMMW a

-

From (33;3) and (3;10) then follows
P[b 1] - X -

g

A . S ..?.E.. =X 3 k=11 i == ‘TT
P [xmx kw’l] - K T 1=

|
ae

(3311)

Consequently, for each finite x, we have

m

(3;512) 1im P[D x=x3;k=1] = 1.

N—eco )

4) FELLER considers a row of N' points, where the
*ngth i (im?3$¢ yam

joined. The

are of 1




..;’7......

2
This means that, if %r-has a positive, finite limit, asymptotically

only pairs of twins of black points and isolated black points occur.

has a positive, finite limit asymptotically only pairs

of twins of white points and isolated white points occur.

]

*. Some properties of the distribution of x for k=2

In thls section some properties of the distribution of X for
=2 Wlll be derived. The tTrivial case that mm25) is lef't out of
consideration; tThen m%EB(N§§6) and each point has Jjolns with 5
other points.
In section 4.1 we derive the exact distribution of x for
n=2, 3 and 4; section 4.2 contains a general expression for
PEE?OIkmE]and P[§;1|km2 'Q(XkaE) and

€ {(x- %553 k=2 } are -

b o 3

; formulae for <(x|k=2),
civen in section 4.3,

1
Ao}

4.1. The exact distribution of x for n=2, 3 and 4

If N=6 each point has joins with each of the 5 other points.
Consequently (cf. footnote 5)

(4.151) P[x = %n(n-1) k=2, N=6] = 1 0Sn6.

vk

If m>3 and n=2 the random variable x takes one of the values O
and 1. If the first black point is chosen N-1 points are
available for the second black point; 5 of these N-1 points have
joins with the first black point, consequently

N -6
9

N -1

' P[;x__mo } =2 anZ —

(4.1;52)

A d
Tl

" .-
iy

Mol s 2.
P:}S_m/] ‘k““‘2_§ n=g N- 1

it

We now derive the distribution of x for n=3 and we [irst
consider the case that N=10. For the second black point with
'ne the following situations may be

a white point)

=ns=4



probability

(4.153) B

D the other situations T

First situation A.1 1s considered. If the third black point is
chosen x takes one of the values 1,2 and 3 and the number of tTimes
X takes these values may be counted as follows:

1 2 3 3 2 7

1 2 %= % 2 1

where for the possible positions of the Third point Tthe values
agsumed by x are indicated. Consequently for k=2, N =10 and n=3

|

}

(4.1;4)

For situation A.2 the same values of x with the same probabilities

AR

CCU.P -

In an analogous way the distributions of x under the conditions

SR

B, C and D may be obtained. This gives for k=2, N =10 and n=3:
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Similarly it may be seen that (4.1;5) also holds for N=8.
In an analogous way the distribution of x for n=4 may be
obtained:



P|x=x|k=2,N=8,n=4] | Plx=x|k=2,N =10,n=l

o
VR e TR by AR S i R -w«mvmmsw——ﬂlpwm
b

anryrnl

| g N-T)(N-2) (V-3

_6(N-10) (5N-56,
-Nme'N“B

(N -]

L
O

\J1
Lo L S EAY.
Sho Heo P

4.2. A general expression for P[g;OlkaJ and PﬂﬁFﬂik“g]

A general expression for

Wrthiey

Plx=0|k=2]

R

may be obTained as follows.

The random variable x takes the value O 1f and only il The
following situation occurs:

each column of the rectangle contains at most one black point and
between two columns containing a black point at least one column
wlith two white points occurs.

This situation is denoted by 5. The situation 5 cannot occur 1if

n:}%ﬁm N ;5 consequently

(4.2:1) P[;ﬂwo |km2ﬁf = 0 if n:\ﬁ\% :

lipr

We now compute P[S}ka] for nééﬁ-u If the first black point is
chosen n-1 isolated columns must be chosen from g~w 1 columns.

This can be done in {(c¢f. (3;3) for x=0)



N

ways. In each of these n-1 columns a black point may be chosen in
two ways. Consequently the number of ways in which n-1 black
points may be chosen from N-1 points such that S occurs is

w*g-

n-"1 wwnm
27 (2, 4 )

Cconsequently

(4.2;2) P[x=0|k=2] = 2

for n§§gﬁa LT n:w%~then.nn4:}§-nnﬂ, SO

N _
(_._.“n 1) for n>§_— \

i.e. (4.2;2) also ho.ds for n:mg-

P[xmﬂ m2‘lS not derived under the condition that the first
black point has a fixed position. This probability may easier be
found as follows.

Let, for‘vmﬂ,,,a,(g),
( 1 if the‘vth pair of black points is a Jjolned pai
(4.233) Xo = {; th |
O 1f the v pair of black points 1is not a
joined pair.

Then
(B.25%) Pfgéﬂx

Further, if x.,=1, the follcwing situations may be distinguished
A, The two points of the‘vth
column. Then (cf. (4.2;2))

:2] = % P[_gcﬂmﬂ and X ., =1

F
e

black pair are in the same

_ (2
(%.2;5) Plx=1|x,=1,4,k=2] = o= .MMWMBFEL_mMWW |

(375

AT S B A, N, AT I R TR T T P A TSN M LA TR Y I TR e+ e 1 S e g, v W A e e e b LD e e D0 R A tE LU LR L P B P Ry

'he two points of fThe Vxh black pair are not in the same

- lumn . Then ( Cf . ( )_*_ . 2; 2) )




bLﬂﬂm(nmﬂ)wﬂ
i ) n-2 (2 n 2 )
(L‘-"EJ6) P_}_S_ﬁ/l _&vﬁqj _3_, kng = D
(nmg)
Further
(%.257) Plx,~1 and A|k=2] = == , P[x,=1 and B =2 = Nfi,‘

consequently (cf.

(4.2;8)

4.3. The mean,variance and third moment of x.

Plx=1|k=2

(4.2;4))

,]=::§5{P:§Vz1 and A |k=2

-+

:<

P1x,=1 and B

k-l

ny N-2
(D)2

N-1)(

N~2)
Nn-—-2

In This sectTion formulae for

%{(__};__m 85)3l k$2} will be derived.

If x, (v=1,

(4.3:1) X

iy

.nj

{

,km?].Pﬁﬁ:ﬂ

N N

3

o

gy -

E(x

k=2), O

RE““)+4@¥*13

- 10 -

gﬁP[E_ﬂlx =1,48,k=2

x,=1,B,k=2 |}

iy
|

k=2) and

Sppsinn g !

5(2)) are defined by (4.233) then
=  2_X
V.....v

and (cf. also (4.1;2))
Plxy =
(4.3;2)
?Eév::

—
i

Now we need the following moments

%’(E\glkmg) s

3(3{@_&}1{ =2) and 5(}(

waamibiming:

8(&%

'{{

=2 )

|

=z Z
l ! -

) WP

-

. . D
k=2) and <(x7,

|

2)

for V# «

for Vv # K #\g s, VEY.

From (4.3;2) it follows that

gl

bt
eyl



H

(44353) %(_K_vgsz) 8(}(%1«{1—-"2) = %(53;1,{:2) = Plx. .= ’]kmg} - __é__ .

— N -1

Consequently
(4.354) x|k=2) = 2 &(x,|k=2) = () N“%’T -

Further we have, for v# x,

(%.335)  C(x,x, |k=2) =< (ﬁggk k=2) = P|x,=1 and x,=1|k=2
h

E

. Tl : .
For the v and ¥ 2 palr of black points the following situations

may be distinguished.

1. the vﬁh and Kth pair together consist of three black

points. The number of such couples of pairs of black points with
V# K is n{(n-1)(n-2) and

(%.356) P[ﬁvm/‘ and x , =" 31{22:} = Plx,="1|k=2 *PTES_ =1 X m’ukmE] -

. 5 A _
- N-1 * N-2

2 . the‘vth and Kth palr together consist of four black pointTs.

The number of such couples of pairs of black points with Vv # k
is gﬁn(nmﬂ)(nﬂE)(nmﬁ) and we consider the following two situations.
a. The two black points of the‘vth palr are in The same
column (cf. fig.)
I 1T
.
. 3F
Then the first black point of tThe Kth pair 1s
a.1 in one of the columns 1 or 11

a.2 not in one of the columns 1 or L1,

where
L [E_Kmq ‘TCME; aﬁ/l} = N“%WB-*
(P[x =1]"2 a.2] = ﬁ%
Consequently
Plrc-1ik-2.8] = 53 - w3 e
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b. the two black points of the vﬁh pair are 1in adjacent
columns

or

Then the first black point of the ralr is

b.1. in one of the columns I or IT
b.2. in one of the points III or IV
b.3. in one of the other points,

where

!

uieciciniilt

' Pﬁgﬂmﬂtkm2;b,1ﬂ

- -

(4.3;9)

?Eﬁkxﬂ'km2;b,2:}

=
z
0

I
Z
i
U

\ P[xe=1k=2;0.3

consequently

-

(4.3;10) P|x, =1 fkuzﬁb]m —

>0 1f the vth and Kth pair tvogether consist of four black points

then

(%.3511) x,=1 and x =1 |k=2 | = o e ma) s

E

Consequently (cf. (4.3.6) and (4.3341))

(4.3.12) T T Ux.x Je=2) = T ¥ (x5x,|k=2) =
V # K Vi K

2 n(n-1)(n-2)(n-3) =2\ 5N,4§m3

Further (cf.(%.3:1))

(%.3;13) 5(:& |k=2) = Z £(x5|k=2) + 272: € (2% |k=2)
' V o4

and (#¢3;13) then follows.

ma trom (h.354), (43512



(B.3;514)

In an analogous way &(x,X.X

<32(x5

k=2) =

~ bnin-=1,

N-—-—6 (N-n)(N-n-1)
2(N-1) (N 2)(N 3)

Uy

- 15 -

=2) for v#x#y and V#y may be

obtained. The Vth

K‘Gh 2nd Yth

pair of black points tTogether

consist of 3, 4, 5 or 6 points and we find for N=8

number |
of black

lsituation|

points

Further (cf.

{ 3h(h~1)(ﬁnl)(ﬁw3)

O E T o

Three pairs
of black

points

_ h@}00j2>

- n(n-1)(n-2)(n-3)

(4.351))

(4.3:;15) %(x k=2)=

|

2 (8(2553}.5 | 8 2...(\‘

Int-n-2)2)p-s)

%r‘(ﬂ“ N(n=2)(0-2)(n-2(n-)

k=2

~k2h32§&xx+zzzaj

% Vi K

- P [;gvmgxm?g,{ﬂ | k=2 |

‘ "12‘
(N ?)(N 2)

68
(N=1)(N-2)(N-3)
OHO
C(N-D(M-2)(N-3)

100 N~ L,gé

_ (N 1)(N 2‘)(N 3>(Nw

125 N 1350 N + 378@

<WW)

Xy | k=2) .

V# K#Y

VY

Consequently (cf.(%4.353),(4.3;12) and the table above)

(4.3;16) %(x | k=

+~E-n(n 1) (n-2)(n-3) =

+ n(n-1){n-2)(n-3)(n-4) -

Further
(H.3517)

e(x - “ﬁx)B
(4 3 4), (4 3 ; 14) and (4 3 ; 16))

(N=-1)

75N + 7’86

J - 2 N — 3

4 0N - Thk

R




(4.3317) Ux-Ex) [ K=2} =

o for N-=6

(N- 1)(’?1\1‘*’*--1...;31*4 bgﬁm +182) + 2 (N~ h\(N-;—L,SN LAL)

2(N 'f) (N- »:.)(N 3)(5\1 L,)(N 5) for N= 8.

N(N-1)( N-N)(N-n-1)

> . of x for k=3
5.1, ¢ n=2, _

Lf N=9 each point has joins with each of the 8 other points.
Consequently (cf. also (4.1;1))

(5.151) P[x = #n(n-1)|k=m=3] = for O0=nZ=9.

RPN

For n=2 we have (cf. also (4.1;2))

| 7 - N-9
P[x Olk Z3,n=2] = 5

(5.152)

.8
Plz=1]k =3,n=2] = g7 -

For n=3 the exact distribution of x may be obtained in the

danmaliion

same way as in section 4.1. In this case we have

P[x=x|n=3,k=3,N =12 ] I?mx|nj3bc>3 N”“ﬂ{}

N27N+194

Further we have for n=k=m=4 (N=16)
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S PtééxtnmkmmeEhmI

¥
i ﬂ—{,

1

4

z 0, 0066
t 0,0352
f 0,2198
i

O

]

2
3 0, 3165
’ Y O, 3429
D 0,0703

6 00,0088
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5.2. A general expression for P[_;O!kﬂB] and P[§;1{kmﬁl

I1f k=3 a general expression for

P[x=0 k=3 | and P{x=1|k=3]

may be obtained in the same way as in section 4.2.

In this case the random variable x 1s equal to zero if and
only 1if the following situation occurs:
each column contalins at most one black point and between two
columns containing a black point at least one column with three

white points occurs. .

In an analogous way as in section 4.2 we then find

(5-257) Flx=0fk=3] = 3"

and

(5.2;52)

5.3. The mean, variance and third moment of x for kzJ.

Formulae for the moments of X may be cobtained in tThe same

way as in section 5.2 for k=2, We again consider tThe random
x(vmﬂjﬂﬁ,,(g))(cf,(4.233))¢ Then




(5.3:1)

X |k 23) for v #KX
ffor v }ék% Y, ¥ ié Y o

kz3) = (g)ﬁgﬁ.ﬂ ﬁﬂlﬂ:ﬂl.‘

N- 1

((5.3;3)

and K pair of black points (v#Kk) we again consider
the following situations (cf. section 4.3)

, th . Tth
1. The v and K pralr together con81st of three black points.
Then

, Th . . th _
2. The v and ¥ pair together consist of four black points.

Then it may be proved (in the same way as in section 4.3) that

(5.3;5) E(x.x. |k23) = £(x°%x.|kz3) = (N5
(2,2 [ k2 3) = E(x7x,] k2 3) = o3

Consequently (cf. also (4.3:12))

(5.3;6) 22 & (x,x,|k=3) = n(n-1)(n-2) =—=r—"o7




then follows

_ dn(n-1)(2 N-n)(N-n-1
(N*’l) (N 2)(N=-3)

In an analogous way §€(x,x mwkk .3) for V#K#y, v#y may be

obtained. The vth,xth a dfyth

consist of 3, 4, 5 or 6 points and we find for N> 9 (cf. also

(5.3;8) «

rair of black peints together

section 4.3)

BT oT S
‘three pairs xRy = Plrumxe
of black | -3 m= '
points -

3IN(NO-1{N-2) (N~ 3)

(N-T)(N-2)(N-2)

| N e B 336 ; oo
' 4 V?K 1\1{%’1 a)(h 3) (M 1)(;«4 2)(:&4 3} (Nw'{)(N*l)(N“S)
S 3 * 3 ' LB N - 2388 f 148 N ---u-nb ;
v | h(m 1)(“ 2)(“ 3)(\{\ ) "“‘“"’"“""‘“""‘“"“““"“’*“““‘“"(N i}(N 1\({\“"3)(qu\) | (N ?)(N 2‘)([\1 BSQN Lﬂ .
f__"___“ =n(n-0)(n-2)(n-3)(N-L)Nn-5) | S1a N "‘76‘:" N+ 17232, | 512 N7 576@““75% |
— | i ww UwMNmmew@gyw%mmm>gﬁgﬂ@;§
From this table 1t follows that (c¢f. also (4.3;15))
(5.339)  &x’|k=3,m=k) mﬁéﬁ—%‘—ﬂ T T
SN
112N~ G
+ 6n(n-1)(n-2) (n-3) (n-4) oy R oy
2
] _ i _ BN - 76ON+4 2 2
+ g n(n=1)(n-2)(n-3) (n-4) (0-5) =791 T Pe o e
and
+
(N-1)(N-2)Y(N-3)(N-

+§' n(n-1)(r *2)(n 3)(n-4)(n-5) - N7 4§§2“5§§§N+§Z M‘LN«----B



From (5.33;9) and (5.3;10) then follows (cf. also (4.3;17))

(5.3;11) %{(5m3§)3§k§ 3 Y =

{ = O ]COI" N=Q
A(N 1)(N +A5N T3 N+ SL) QH(N m)(m\k +10N 1557)

(N-1) (N-2)(N=3)(N- L) (N -5) for k=3, mzs

Mr(N 17)[(N 1)(\&1~qu L,n.zn(m n)(i\ +23)] f g
n(h-1)(N-n)(N-n-1) — TN N (N (Nl (s Tor K21 .

i

NG -HIN-NY(N-n-1)

¢

|

6. distribut

In this sectlon we consider the asymptotic distribution of X
f'or N — 0.

Now let a denote The number of joins of each point, then

S‘&mZ ffor k=1
(631) ﬂlaﬁ5 for k=2
»a=8 for kz3

Let further (cf. section 3) X' denote The number of white-white
joins, then (c¢f.(3.5))

(6.2) X m_}_{__ﬁ-&-%Nwanﬁ
Further
g&‘ =
(6:3)
_ani n~4 Nma -1 ) N N-n-1)

2(N-1)2(N-~ 2)(N 3)
Now the following cases may be distinguished {(cf. section 3)
1. 1im ¢x = O

N —=co

2 . )\(:}g 1im ‘c‘fgcm exists and O0< A< eo

N~ o

3. 1lim og(gm) =
N — 00

6) If this condition is satisfied, then (cf. footnote 3) one of
The folloW1ng conditions i% satisfied
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4, X g—-—-—if lim £ X' exists and 0<N<w

N —s o0

5. 1lim € x' = 0,

N —co
It may easily be seen that (cf. (3;7) and (3;8))

1. 1lim P[x=0 ]= 1 if lim € x = 0O
(654) e N

2. lim P[x'=0] = 1 if lim €x' = 0.

N—co N-sm

We now consider Tthe case where lim Jg(x)mm . Ior k=1 the
N—rc ,h
51 _ SX I

asymptotic normality of , = and (X)) under this condition

follows from the properties of the hypergeometric distribution

(cf. section 3). For k2 A.R. BLOEMENA (1960) proved the
¥- EX x'-£x

asymptotic normality of <= and “W;T— under the condition

(cf. footnote 6)

(635) 0 <1lim inf =<1im sup =<1

N ——co N mN-————%m N

This asymptotic normality does not only hold for k ang m -—eo

(cf. section 1), but also for finite k and m—o. The asymptotic

normality for kZ 2 under the condition (cf. footnote 6)

(6;6)

has not yet been proved.
We now consider the case that

(6;7) A =




(639) 1im Plx=x] = &2

RS P
N—co £

For k=1 this follows from the properties of the hypergeometric
distribution (cf. section 3). For k=2 and k=3 with x=0 or x=1
(6;9) follows from the exact formulae for this probabillity

(cf. (4.2;2), (4.2;8), (5.2;1) and (5 2;2)). For P[x=0|k=2| e.g.
it follows from (4.2;2) that for nm-E-

: BTae0 | ken] = T 2n+l
(6:10) "[ﬁfogkmgl - JI‘ e ‘Ey (1 - Nni) ,
1="] 1="
consequently (cf. (6:;8))
y - 2n+i.
(6311) lim 1n P|x= Qi =2 | = 1lim 2 In(1- S—=5) =
N~>co B N—co § =" N -1
n-" : 2
= -1lim ) 2n§1 = -11im %ﬁw = - A
N—oo 1=1 ' N —eo

In an analogous way (6:;9) may be proved for k=2 with x=1 and
ffor k=3 with x=0 and x=1.

In the general case (6;9) may be proved as follows.

The random variable x takes the value O if and only 1f each
black point is an isolated black point. Now suppose 1~ black
points (1 <£i-1=5n-1) are chosen in such a way that they are all

isolated. Then for the ich

black point N - (i-1) points are
available ~nd at least N - (a+1)(i-1) of these points have no

joins with the (i-1) black points. Consequently

Il
( 6 ; 1 2 ) P [ zi s | . '?:,., J ] ' UMD, WU AU 0. YRR 2V
1=2

and from (6;12) 1t follows that

(6;13) lim inf P[x=0]2 lim TTw‘{

N s 23 N-—=»oco =2

Now consider the situation that x pairs of twins occur and n-2x
isolated black points (¢f. section 3). This situation is denoted




™~ -}

(63;14) P[g;x]é; PlS. |

where tThe equality sign holds if and only 1f x=0 and x=1.
Now we have

T - ~
(6;15) Plx, =1 SX] -

L.

Consequently, for x> O,

T A ') .
1 - 2{__‘))*——-/1] P;““‘S - 7 - ["J‘{"qu] n
o P[;ﬂ:;gl - IS &y =1 = .

J

(6;16) P[S

}
i
MO
o
av
—
BL®2.
E
X
}
N

Further

(6:17) lim.{PwSx‘gmzﬂl - P(Sx~4?; = 0,

consequently

(6518) 1im

Now we have (cf. (6;13))

(6319) 1im inf P[x=0] = lim inf P[s |2z e

) p—— - N —— oo

1 we suppose that, for a certalin value of X,

(6;20) lim inf P[Sx]g:ek

!
N . __}m XQ

then i1t follows from (6;18) that (6;20) holds for x+1. From (6;19)
then follows

N o 3;e"l;x
1in ins 73, |2 2

(6321) lim inf P x=x|Z

X 3

and from EiiP[EFX] = 71 then follows
= _

nd of this




. -
(6;22) %i;;f{gqu ﬁz%&SQP[SXI = &

X
X
X!

Consequently X possesses asymptotically a Poisson distributlion
with parameter A and asymptotically only pairs of twins
of black points and isolated black points occur.
An alternative procf of asymptotic Foilsson distribution may be
found in A.R. BLOEMENA (1960) .
i Further if A gg%ﬁggj exists and O<X<co,the random variable x' has
170 gsymptotically a Poisson distribution with parameter X'. In this
case asymptotically only pairs of twins of white points and
isolated white points occur,.

Proof of

Let y, denote the number of Jjoins of the Yyt pair with tThe
other n-2 black points, then

(6;23)

consequently

2an
ﬂqu) < *ﬁw ‘

£ (¥,

(6;24) 1im £(y,|x,=1) = 0 and lim P|y,=0

x,=1] = 1.
i : 1)

Further

(6525) P| S

Consequently (cf. (6;24))

(6;26) &im {P rWSK ‘:?._cwm’lma ~ P[SXI zme,gymﬂ}} = 0.
U o, | | _

- :

Further, if y,=0 and x,=1, there are at least N-2a points
available for the n-2 black points, obtained by omitting the V¥
pair. Consequently, if y,=0 and x,=71, the situatlion Sx: is 1ide
with the situation that these n-2 black polnts chosen from at

least N-2a points give tThe situation.sxﬂqﬁ Therefore

. :: . - o v
| P} - s

th
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