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GREEN'S FUNCTION METHODS IN PROBABILITY THEORY
Three lectures held at the Mathematical Centre
by

Dr. J. Keilson

First lecture (30.9.63): Green's functions

0. Notation
We consider time-homogeneous Markov processes XD(k) and X(t) in
discrete and continuous time respectively. The processes take values

x in a state space X , which may be the continuum or the lattice of

integers.

For the most general class of such processes, those in discrete

time, we define

d .
Fk(x) = P{XD(k}é x} R Wk(x) i Fk(x)g

FoG0 = Bfx el x|x 00 = %'}, (0.1)
1 _ _g_ T
ﬂ(x ,x) - dX Ftr(x px) 9

where differentiation is to be understood in Schwartz’'s generalized

sense, From (0.1) follows
W (x) = fwk_l(x YA =, max' (0.2)

The corresponding process in continuous time is X(t) = XD(K(t)),

where the auxiliary process K(t) gives the number of increments that

have occurred in (0O,t). We will assume that K(t) is a Poisson process:

.k
def N _ (vt) -yt
«k(t) = P{K(t) = k}— e . (0.3)

Corresponding to Wk(x) we now have the density

Wi, t) = 3 o (B) W (), (0.4)



which, is easily seen to be a sclution of the continuity equation

OW(x,t)

A (O +V[W(xﬁ9t)ﬂ(x'gx)dx'. (0.5)

1. Homogeneous processes

A process X(k) is called spatially homogeneous (or simply:
homogeneous) if

k

X(k) =X + %, (1.1)
1 J

where Ej are mutually independent and have density function A(x). Now

A ,x) = Ax-x"), (1.2)

and

PW(x,t)

5t = -V W,t) +U~/W(x',~t) A(x-x')dx"'. . (1.3)

We denote characteristic functions by corresponding lower case letters,

e.g.

o,
wk(z) = j’ et ?x Wk(x)dxo (1.4)
-00
By (0.2) and (1.2) we have
k
w (z) = a (z) w (z), (1.5)
k o
and by (0.3) and (0.4)
w(z,t) = w(z,0) exp(-¥t [1—3(2)]). (1.6)

The homogeneous process with drift in continuous time, Xv(t), is now

defined by
Xv(t) = X(t) + vt w.7)

Thus Xo(t) = X(t) and the density function Wvgy) is given by
W ¢t) = W (x-vt,t), from which
Vi o]
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wv(z,t) = w(z,0) exp(izvt- ¥t [l-a(z)] ). (1.8) .

Wv(x,t) is a solution of:

dW 2w
Y oiv—S=-vW_ + vjfw (x',t) A(x-x')dx"'. (1.9)
ot dx v v

2, Green's functions, simple cases

From the linearity of (1.3) it follows that we may write

W(x,t) =./’W(x',0)l1(x—x',t)dx'. (2.1)

The function [' (x,t), called the Green's function of the process, mpy

be interpreted as the probability density of a transition from O to x

in time t. From (1.6) and (2.1) we deduce

J @) = exp(-vt [1-a@)]). (2.2)
When 00 -
AG) = > & Jx-n) (2.3)
=00

(Dirac's delta-function), and X(0) is an integer, the process is con-

fined to the lattice, and

W(x, ) = > P (£) J(x-n) . (2.4)

The continuity equation (1.3) now takes the simple form

dPn (8.0)
— = - VP (D) + % PO E S (2.5)

and to (2.2) corresponds

def <>
Jn > T @ = exp-ve [1- @], (2.6)
-00

00
def
where & (u) S E Enun. Integrating along a contour about zero
-00



inside the unit circle we have

1 -n-1 .
P8 =5 @ u " exp(- vit[i- e@]au, (2.7)
foo fe L
Example 1: exponential increments., If U(x) is the unit step function,Q‘"w
k k‘-l LA o}
“Ax. 3 -A HEE)
A(x) =)e xU(x) and A(k)(x) = }?E:ITT e XU(x)g 2.8 /=
we can express the Green's function for the process with drift in a
modified Bessel function Il:
I (2VAvt(x-vt))
MNix,t) = J (x-vt)e v + AVt U(x-vt)e Ave-AGe-ve) 1
V Ay t(x-vt)
(2.9)
Example 2: diffusion approximation. If we have for each m a process
with increments ?m at a rate Vm’ such that as m —p 0O
(2.10)

%-m—é-o, v > , ¥ fm—yvand mei——;.ﬂ

then X(t) becomes ''continuous' in the limit
2
expl-(x-vt) /2p%
ol = pr] ) (2.11)
Varpt

lim Pnﬁx5t) =
n—y 00

and the equation of motion tends to the equation

2
33::%{39_"!!_‘,%%, (2.12)
X

Example 3: single sﬁep walk on the lattice. Here 51 = Xv—lg E_1=11v_1,

X+n =V, and one obtains

n/ _ )
P =(%) 2~ et Ilni(Zt\/E). (2.13)



3. Inhomogeneous source terms

We now consider the inhomogeneous equation with source term
J‘)(x,t) :

w

%E + VW(x,t) -ij(x'gt)A(x—x’)dx' =f(x,t). (3.1)
If p(x,t) = J(x) J(t-0") we have for W(x,0) = O that W(x,0 ') = J(x)
and W(x,t) =P (x,t) for t»0'". For general W(x,0) = Wo(x) and f(x,t)
we have oo

W(x,t) = f Wo(x') F(x-x',t)dx' +

—oo (3.2)

i
+ (x',t") P (x-x',t-t')dt'dx".
L
For t —+ o, x fixed, we have I (x,t) —0. So if P(x,t) is such that

lim f(x,t) = f)(x), we find

t—»00 0o
lim W(x,t) = f px') I (x-x")dx', (3.3)
t —>00 -Q0 @®

where Poo is the steidy state Green's function:

def _ 1 < ()
Moo regnat =v o [dw + 2 a V@] . G

J=1

Convergence conditions for Foo ;, essentially fx A(x)dx # 0, are
given by FELLER and OREY (1961) and W.L. SMITH (1962). Analogously,
for the motion on the lattice, the solution of

dP

n
—Z + PP (t) -V ijj(t) €5 = Pal® (3.5)

is t
P_(t) = %pj(o) MNOR % ij(t') P G-tnat.
© (3.6)

Iff (t) is such that 1lim 4 (t) = p_ we have
n tsoo ' D n

1im P (t) = g p [ . with P def fol” (t)dt.
t —» 00 =2 3 B oo (-3 on g -
(3.7)



4, Bounded homogeneous processes

We now consider a process with state space X ={x|0<x<00} .

We call it a bounded homogeneous process if it is spatially homo-

geneous apart from a certain zone near the boundary, i.e. if there
exists an x> 0 such ihatyforgg defined in (0,1), }Q(x',x) = A(x=-x")
holds for x'» Xy and 2ll x €JX and for x>xb and 211 x'e X , while
for x<0 Jg(x',x)=0. The process is irreducible if any state x can
be reached from any state x' in a finite number of transitions, it

is ergodic (stationary) if it is irreducible and./rxA(x)dx<:O. For

a process of this type starting at no>'6?the first passage time

density (probability density of the time“that elapses before the
process reaches the boundary x=0) may be shown to be
%o
S = — . .
L B = T (4.1)
o o
If in the lattice case ﬂ(m,)() = Z 27 J(x-n), with J -¢
, o mn mn n-m

for m,n> nb and Jmn = 0 for n<0, we can find for the limit proba-

bility of the ergodic process a finite sum

b
+
i ) = . 4,
- ti:l:o Pn(t) jg_ﬁj Poo (n-3) (4.2)

5. Generalized image method

Differentiating trivial identities like

d
f o exp[)’t &(u)]du =0 (5.1)
R times with respect to t and using (2.7), one can calculate for every
R» 0 the linear recurrence relations for the Green's function elements:

0
(R+1) -
7 k& P () =0 . (5.2)

=00

Suppose we have 61 £ 0, 8n = 0 for n>»1 (single step property in the

positive direction). Let N(t) be the first passage time process from

n0> O to state zero or any negative state. Then



p (6 %" p{nt) = n|¥©) =n }
n [ o
obeys
dP [o's]
_n _ -5 .
T I T L EZ 'k Pk 0 (@21
(5.3)
P (0) =4
n n,z

C

L PN
We compare this with an unrestricted process N (t) with probabilities

+*
Pn(t) and equations

dP: oo .
£ = - VPn + ¥ ; E_k Pn+k (all n)
-1 (5.4)
3
PXO) =d_  + ) a () Jn,,k
o ~o00

We want to compensate the boundedness of our process N(t) by a proper

choice of the. image coefficients qk(no), The equations (5.3) and (5.4)

are identical for n>0 if P:’(t) = 0. Becauie of (5.2) with R=0, this
will be the case, for n = 1, 1f

—ké_k
q, 1) = : (5.5)

21

If no> 1, we may use (5.2) for R = 0,1,,.nyn0—1 and eliminate the un-
known qk(no) for this case teco, using a relation:between F_n and Pj
for j$ O. Thus we may always add compensating terms to our ugbounded
process N#(t) such that it behaves exactly like the bounded process

N(t) in the region where N(t) is defined.

6. Bounded homogeneous lattice processes

In the state spacexAr= {0,1,2,6“,} we have the Markov process

N(t) in continuous time with transition matrix {izk} governing

transitions from j to k (ﬁ.. = Q). We assume that a) feor all jz nbg
ﬁgk = ék—j and Z}kj = gj—k (the process is ''homogeneous'); b) nega-

tive increments are bounded, i.e. there is a K< O such that Ek =0

for k<« K. We define



Vi =PV 0 Yy = % Vie © Py = B[N = it (6.1)

The equations of motion are

dPJ(‘t) oo
= ¥ P 2_:0 P (B Wy o (5=0,1,..0)
- (6.2)

We introduce 2 set of dummy states with indices j = -1,-2,... and put
ij = 0 for k<0, Then the dummy states zre always empty, and (6.2)
is also valid for negative j.

Now let vjk dgfv %k~j for all j,k be the conditional transition fre=-

quencies for the associated homogenecus process. Then

dPJ_(t) o0
—r = Y R 4 kg P (W + p (1), for all j,
(6.3)
where .
def 20
(1) %Y (w-v) P.(t) + » (¥ -¢l ) P (1) 6.4
py0) (-0 P (1) + Z P Vi) PCr (6.4)

-0

may be regarded as scurce terms, From assumption a) we have for jgznb

fj(t) = 0, and from (6.4)

(a.0)
fj(t) = - Zpk(t) wkj for j<O. (6.5)

Because of assumption b) fb(t) = 0 for j< K. Thus f%(t) = 0 except
for K~<j<nb° If N(O) = n o the solution of (6.3) will therefore be

nb-l t
; = » ) =1 !
D) = J [ﬁk(“ ) Gmthar o F o).
K+1 0 o
(6.6)
If the process is ergodic
n -1
P (o) " 1im po(t) = P T
J tes o0 I K+1 o0 RJ=
(6.7

is again a finite sum of Green's function elements. In most cases



n
Poon will be asymptotically geometric for large n, i.e. F a4 &>P .

con
Thus

-k

= J X
PJ.(OO)W &(%fk(oo){% ) (j —s00) (6.8)

has the same geometric decay constant. Other random walks are treated

in KEILSON (1962) by a related method.
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Second lecture (7.10.63) : Asymptotic properties of Green's functions

1. Characteristic functions and their convergence strips

If

det ,° i + -
a(z) °% Jf e dr(x) = a'(z) + a (z), a.1)
-0
with © O+
a+(z) dgf f et X dF(x) and a (z) dgf / e1ZX dF(x)
+ -00

0 1.2)

then a+(z) is convergent and regular at least in the upper half plane,
and the same applies to a (z) in the lower half plane. For absolutely
continuous F we have a+(z)-§ 0 or a (z)=+0, as |z|-—> oo in all
directions in the upper and lower half plane respectively.

If a’ or a_ converges also for some z in the other half plane, there
will be a common convergenge strip for a+(z) and a (z), where a(z)

is regular. The strip will terminate at singularities on the imaginary
axis which may be poles, essential singularities or branch-points.

For our ome-dimensional random walks with increment distribution
function F(x) and (generalized) density A(x), we will assume in this
lecture that it is not degenerate, that the first two moments exist,
and that there exists a convergence strip of positive (may be in-

finite) length. Now the moment generating function

n@ %€ a9 =f e Jx dF (%), (1.3)

having )

M'@) = fe' X 24F(x) > O, 1.4)

is a convex function of 0'. Several possible graphs of this function
are roughly sketched below.
a) A(x) = O unless 0§ x< K Mt

At

N~

> by S
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b) A(x) = O unless K < x< K : M (0) = -A,>0 M'(0) = -A <0
at] " Mt
/\ | , 4 ] ‘ '
- X—> T I
c) A(x) expomential (A>O0, 7 > 0) U Ve O ¥ ¢ V. 9 U
I I | i
| | | i
1 ! | |
y {404 ' : : '
e 1x | 1
x> oA % %0 n v- -\ I A nir->

In cases a) and b) M(¥) is an entire function, while in case ¢) it has
poles at ¥ = -\ and z7=12 . The sign of the value ﬁm where M(&) is
dgff xA(x)dx. If there
exists a §# O with M(#) = 1 we shall design this value by VU

1
(M(0) =1 is trivial). If the convergence strip ends with a branch-

minimal is the sign of the first moment Al

point 7 , we have in general a finite value M(% ) instead of the be-

haviour shown in figure c).

2, Central limit behavior of the Green's function

For the process in discrete time we found in the first lecture

)
FN(X) = A

N
(x) and )/N(Z) = a (z). (2.1)
The Central Limit Theorem implies that FN(X) will tend to the Gaussian
law for N=$ o0 .

The process in continuous time, which is of greater interest to us, is

given by
e} k
P(x,t) = -Q_lt)’—_ e_vt A(k) (x) and
k=0 :
-1 N
ﬂ(zgt) = exp(—Vt[l—a(z)]) =[J’(Z,V )] ) (2.2)
def def

where N =" v t. If we put An = f an(x)dx, we can show that -
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— 2
X(t) = NAl and X" (t) = NA2 y (2.3)
and the Central Limit Theorem gives now
exp [—(x—NAl)z/ZNAZJ
M ,t)o (N=Vt—po). (2.4)

v27CNA2

For given x and t, this central 1limit approximation (2.4) may be rather
coarse. In the next section we will discuss the saddlepoint approxima-
tion, introduced into statistics by DANIELS (1954). This will turn out
to be a more refined approximation, while it will also permit us to
give a "'rule of thumb'" for the domain of values (x,t) for which (2.4)

can be safely used.

3. Saddlepoint approximation

P (x,t) is the inverse Fourier transform of /(z,t), so by (2.2)

1 oo+id
[Mx,t) = 5= / exp(- vt[1-a(z)] - izx)dz (3.1)
-o00+1

for any (real) V¥ in the convergence strip. Substituting z=iv we get

J+ioo
f exp (N[M(v)-1 + -Yﬁ}EJ)dv. (3.2)
J-ido

1
PGt = o

The saddlepoint v is found, after differentiating the expression in
square brackets, from

M'(v) + =0 . (3.3)

2

By a simple argument the relevant solutions of (3.3) must be real
values. M'(¥) is monotonic because of M'(J)»> 0. If we know that M' (@)
ranges from -oo to +o0o as v ranges through the convergence strip
(this is true in most applications; cf. the discussion for discrete
time in DANIELS, p.637-639) then (3.3) has exactly one real solution

for v, What we have done amounts to solving
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x-NA
o 2 —= = f A (EP-1ax = w1 0) - W @) (3.4)

for ﬁ, and we will denote the unique solution by d} . The number ﬁg
which depends on x and N, can be obtained without great difficulties,
analytically or if necessary numerically.

Switching the contour in (3.2) to Re v = 9f’ we have

_N[l—M(ﬁ'K)] +x27§, joo eN[M((?,s_+iy)—M(l7Y )-iy M’ ('JY)]d

y.
(3.5)

1
P (x,t) = o7 © _&

Let y\/ﬁ = s. The integrand can be expanded about s=0 and becomes

—3
exp[ —EM"(J.)S ] [1 + N 20 (s) + N E (s) + N 03(5) +...] ’

(3.6)

where Oj and Ej denote odd and even power series functions respective-
ly. The expansion is valid for |s|< VE, where Rr is the distance

from the saddlepoint z = iJ} to the nearest singularity of a(z). We

can integrate (3.6) and obtain the saddlepoint approximation:

N+NM(ﬂ )+xJ f (ﬂ') f (U)

¥
1
\/27:’NM"(27 [ ' ’ N2

f(x,t) v .].(3.7)

(N —s00)

Remarks:

a) (3.7) is an asymptotic expansion in powers of N_1 (the odd functions
vanish when integrated).

b) the answer depends only on ¥ and N, i.e. on x and N.

c) the coefficients fi(ﬂx) are available from the qumann—Lagrange
inversion formula for power series.

d) If a(z) is an entire function the expansion (3.7) may converge.

e) The approximation is good when f1(0})<'<N.

f) In the domain of (x,t) values or (},N) values that are really in-

1
unity. Then e) reduces to N»> 1,

teresting,i% is small and f., is of the order of magnitude of
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4, Domain of validity of the Central Limit Theorem

We have seen in section 2 that the Central Limit Theorem is valid
for P(x,t) as t—s00. Thus the probability mass of the Green's function

will concentrate for N = ¥t—» 00 in the interval

[x-NaA
VA,

which implies by (3.4) that ¢ (x,N)—=0. We want to solve ¢ from

5

A

=0() , (4.1)

def
W) "= xA(x) (-xV)-1] ax = [ . (4.2)
¢ ¥ / X [:exp XK_ ] Y
Now ¢ @) is analytic in JK as 273, lies in the comnvergence strip, and
2
@'(l?) = —[x A(x) exp(—xl%_)dx (4.3)

is # O for ‘I):O, so that ¥, is a regular function of in some region
» 1

about 3’:0. As ?70 = 0 the Blirmann-Lagrange formula gives us
00
n
y} = ;Z [ (4.4)

an expansion which converges for ﬂgk KM if E’M is the point (if any)
- . ' - ) I

nearest to the origin for which ¢ (273, ) 0. As Pl 1/A2, for

large N (small 3’ ) we have approximatelxly

175 ~ - (/A (4.5)
As 175, will be small too we have
2
~ - 1
M(%)N 1 All} + ZAZU} . (4.6)
Substituting (4.5) and (4.6) into (3.7) we may use
2
Xoyy N
N(1~M(l7§)- N %)M 28 (4.7)

and the dominant term of (3.7) becomes the right hand member of the
central limit approximation (2,4). A practical criterion (rule of

thumb) for the applicability of (4.5) and (4.6) is |D§!< <A,

Nj=

9
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where VA.2 is a characteristic length of the distribution, about x=0,

not the mean. By (4.5) this means a§!<< VAQ. The central limit appro-

ximation (2.4) will thus be useful, when

N>>1 and |x-NA |<< N\/Zz . (4.8)

Other characteristic lengths may be given by postulating that the

ratios of subsequent terms in (4.6) are <<1,

5. Conjugate transformations of Khinchin

Studying the first passage time density

S_(t) = 3 (-x,1) (5.1)
X v

which is the continuous analogue of (4.1) in the first lecture (page
6), we want to know the asymptotic behavior of ['(x,t) for fixed x.

Now in the special case A, = O, we have for N>7>1

_j_. X <<1

VGT N A2

2

1

, (5.2)

and (4.8) reduces to N»»1, But if A1 # 0 we cannot use the central
limit theorem for fixed x, as the zone of validity given by (4.8)

wanders off to infinity. The Khinchin transformations are a tool to
overcome this difficulty and to employ the central limit theorem in

different ''zones of convergence''. Together with the given density

W(x,t) =f Wo(x') M(x-x',t)dx"’ (5.3)

we have a family of conjugate densities

* dgf W(x,t)exp(- ¥ x)

W o(x,t) (5.4)
J

W(x,t)exp (- x)dx

where the parameter ﬂ may take any real value in the common conver-

gence strip of M(¥) = a(i? ) and wo(iﬂ). Now



minus
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Wt = w(z+i¥, t)

(5.5)
J w(id ,t)

and as w(z,t) = wo(z) f(z,t) = w_(2) exp(- vt [1-a(2)]), this gives

# & &£ *
v (2,0 = wip(zexp(-y t[1-af(x)]), (5.6)
(z+i))
] * def def a(z+it) * def wo
with v EhyaGd), ai( z) T and w_ (2) = CRCTAN

(5.7)

This gives us a family of conjugate processes X, (t) governed by ﬂ; ’

4
(x) and Mij.(x). In the special case Wo(x) = J(x—xo) the choice of

the parameter Jis only restricted by the convergence strip of a(z).
For the moments
* def n #
= A .
AU’n [x Z)(x)dx (5.8)

we find by differentiating aﬁ}(z) in z=0

£ _ -M' @) x M@
Aﬂ’l = —MW and sz = W . (5.9)
. .
X ﬂx—N A ]
Thus, when N; def y’}t >>1 and = /_g_l <<1 , (5.10)
z) J2
we have
> ® # 2
. -(x-N A ) /2N° A
Prxt) o expg‘ J y ’72] (5.11)
g \/Z'xN

For the validity of (5.10) for fixed x we need A = 0, which by

v1
(5.9) amounts to M'@) = 0 i.e. to? = ﬂﬁ ‘(minimal value, see section

1). We note that

* MM +M' 2 2
A =_1‘111V1_.1M__ —@af ) = -6

9 2 Aﬁl (5.12)

* -
the variance of the conjugate density Aﬁ" So the conjugate mean A

J1
is monotonic decreasing with J . From (5.4) and. (5.7) follows
3 t.3
P (x,t) = exp(%ﬁ t -¥t +x) %#x,t) s (5.13)
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so that we can study the asymptotic behavior of ['(x,t) for fixed x
by applying (5.11) to the conjugate process with 9’=27m. This is
always available whenIMkz7# becomes infinitely large at both bound-

aries of the convergence strip (figures b) and c¢) of section 1).

6. Corresponding results for discrete time

Under conditions (4.8), the central limit approximation (2.4)

is also valid for the density

60))

FN(x) = A (x) (6.1)

2
in discrete time, but now the variance is Ne = N(A2—Ai) instead of
NA_,. If necessary we employ a Khinchine transformation for a Y such

2
that the equivalent of (5.10) is fulfilled and find for J= ﬁm

exp(—xz/ZNé;Z)
r‘N(x)wMN(J)exp(;?x) , (6.2)
#
e V2N
J
valid if
N>»1 and |x|<<No, . (6.3)

Y

7. Lattice considerations

We can rewrite (2.7) of lecture one, with N=¢ t, as
e_N (n+l)log u
P(t) =5— ¢ expW[ew - =282 Hau,  (7.1)
n 27 N

mi
If the generating function & (u) of the increments has a convergence
annulus bounded by poles, there will exist for every value of
o dgf (n+1)N_1 a saddlepoint i; on the positive real axis. We may
integrate (7.1) along the circle about the origin through this

saddlepoint, instead of the unit circle, and obtain
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'IL -n_lexp[—N+N£ (1& )J f1 () f2 (o)
Pn(t)m [1+ ¥ * 3 +]

" 2
2 TN (E (zZ‘)+ou7a)

(N =Vt—®) (7.2)

The Gaussian approximation and the conjugate transformations can

be obtained in a similar way to that of sections 4 and 5.

8. Asymptotic behavior of the steady state Green's function

In the first lecture we have introduced the steady state Green's
function Foo(x) on page 5, equation (3.4). For the "'extended renewal
density"

™3

1]
’_l

T(x)
J
we shall give a theorem that is an extension of the renewal theorems
in which A(x) has only positive support. An elaborate treatment has
been given by FELLER and OREY (1961) and SMITH (1962). In the simpli-
fied form given here, geared to our own requirements, we state only
qgffo(x)dx>O; for A

the case A1 < 0 the asymptotic behavior of

1
T(x) at plus and minus infinity is reversed.

Theorem., If (1) A(x) is of bounded variation,
(2) A(x) is continuous for all x # O,

(3) A,> 0,

then T(x) is (A) convergent; (B) continuous for all x # O; (c) bounded
for all x; (D) T(-oc0) = 0; (E) T(oo) = Al'l.

Proof. First suppose that a(z) is a rational function; this cor-
responds to A+(x) and A" (x) of general exponential form. Because of

assumption (1) the degree must be negative. We define for O« |u|< 1

_u a(=z)
t(u9z) - 1_u a(z) (8-2)
and consider M(v) = a(iv) for O< v< 91 (cf. section 1). In this region
|a(iv)|< 1, so forl11|<1 the function t(u,z) is analytic, it is a

rational function in z and 1lim t(u,z) = O, Now we have
|z |- 0o



~19-

o0
T(u,x) = —= ual . (8.3)

2% -00 1-u a(z)

where we may replace the contour by the line (—oo+iz7m,oo+iﬁ;). We may
now permit u-s 1. The function T(u,x) is then seen to be analytic at

u=1l and we get

i +oo
_ _ 1 m a(z)
T(x) = T(1,x) = —z’ci/ L TG dz, (8.4)
m

from which the convergence (A) is straightforward. For the function

2
Jd x oo a“(+i?d ) .
T(1,x) - A(x) = e n / — B X e
£ 1-a(t+il)'m)

(8.5)
we remark that the integrand is absolutely integrable because of
the rationality of a(z). This proves (B). We can now close the contour
in the upper or lower half plane, depending on the sign of x, and prove
(D) and (E): there are only a finite number of singularities, and the

residues give only exponentially decaying contributions except the re-

1 The boundedness (c) of T(x) follows from

sidue in O which gives A
(8.5).

For a more general a(z) the proof can be reduced to the rational
case., Let B(x) be a second density obeying assumptions (1) (2) (3) and
having a rational characteristic function b(z). If f.denotes a Fourier

transform, we can write

_wa(z) _ _ub(z) u(a(z)-b(z))
#(Tu,x)) = 1-u a(z) ~ 1-u b(z) '[ 1-u a(z) * 1] '
.u a(z) (8.6)

It is clear that we can choose B such that B1 = Al,iJe. a'(0) = b'(0).

If we put

Ty (1, %) Sl @) g pu,x) =F L Baz)-b(=)
1-u b(z) 1-u a(z)

(8.7)

then TB(u,x) and D(u,x) are well behaved as u— 1 and

T&)=Am)+DupOwMM+T§M*Dupﬂ*Au)+T§wsA@L
(8.8)
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As.fD(l,x)dx = O, the behavior of T(x) for large x is dominated by
TB(x)* A(x), and the asymptotic behavior of TB(x) is already proved.
This proves (D) and (E). For the other parts we need the assumed
bounded variation property of A(x), which gives-/,A'(x)ldx-coo, to
prove the absolute integrability of the integrand in (8.5). We will

not give the details of this proof.
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Third lecture (14.10.63): Random walk problems

A, PASSAGE TIMES

1. Passage from the quadrant

Consider a process {X(t), Y(t)} in the Euclidean plane such that
(X)), Y(0)) = (xo,yo) is a point in the first quadrant I, and that
{X(t)} and {Y(t)} are independent homogeneous Markov processes. Let T
be the time at which the process leaves the first quadrant I for the

first time. We are interested in the passage time density SX y ).

Define °°
P, (t) = P{X(t')> 0, ¥(t')> O for 0§ t'¢ t|xo,yo}. (1.1)
Then
P () = P{X(t')>0 for 0¢t' ¢ tlxo}lf;’{Y(t'):»O for
ost'stly_} (1.2)
and
dp,  dp dp
I X
at —EPY-‘-_E—{ PX ’ 1.3)
so that dPI
T = = —— (T) =
S, y ) T (T)
o o0
T T
=S @@ - [s, wan v s, @a-[s @, 4.0
o (0) o o (0} o

We may now employ the results for the one-dimensional passage time

densities SX and SY (cf. (5.1) of lecture 2, p.1l5).

2. Point to point passage

On an R-dimensional lattice of points 7= (nl,nz,...,nR) we con-
-3 - =
sider a process {N(t)} =~{N1(t), Nz(t),...,NR(t)} such that N(0)=no
and that the processes {Ni(t)} (i=1,...,R) are independent homogeneous

Markov processes., We want to know the passage time density S, () of
- n

the first time T at which the process reaches 0. Now a classigal re-

ol
newal argument says that, in order to be at O at time t, one must have
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arrived there for the first time at some T, OgTg t, and then be

>
found again at O after time t-<T . Hence

P{ﬁ(t) = ?) §(o) = } = sio(t)* pgN(t) 0 N(O) }

O

(2.1)

With the R-dimensional Green's function, which is the obvious gener-

alization of the one introduced on page 3, we can write this as

e (t) =8Sa (t) % ,(t); (2.2)
= =

fo) o

for the Laplace transforms

(0 0] a
)/_&,(s) dEf/ e St P, (t)dt and e (s) dgfj e Sts_(t)at
n 0 n n () n
(2.3)
this means /ia(S)
o (s) 2 (2.4)

- JAD) y

The independence of Ni(t) implies that with probability one only one

coordinate changes at a time; this implies

R

oo

-st
J2(® [ T Fyn (Dt (2.5)
n 0 i=1 i

where F(i) denotes the Green's function associated with the movement

in the direction of the i-th coordinate axis. In the special case
where for each i this movement is only allowed to be a single step,
each F(i) is a modified Bessel function (see example 3 on page 4).
From (2.4) and (2.5) one can calculate explicit formulae for
the probability of ultimate arrival (in general less than unity), the
means and variances of arrival times, etc.
Suppose we have a walk {ND(k)} in discrete time where only one
coordinate changes at a time. If we change over to {N(t) = ND(K(t))}
in continuous time (cf. page 1) the probability of ultimate arri?al

is unmodified. But one introduces at this step the independence of

the coordinate motions, which is excluded in the discrete case by
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the assumption of only one changing coordinate at a time.

3. A passage problem for the continuum with exponentially distributed

negative increments

Suppose we have the process

X (k) = X (k-1) + fk, (3.1)

and {X(t)}:éXD(K(t))} where the auxiliary process K(t) is again a

Poisson process with parameter ¥ . Furthermore suppose that
a) F(x) = Pg %ks x} is absolutely continuous;
b) F'(x) = qu exp(m x) for x<O0; (3.2)

c) X(0) =x > 0.
o

If€ is the first time at which X(%) is negative, we want to know its

passage time density Sx (®).
o

Lemma. The times %, at which the process X(t) has a traversal from
positive to negative (i.e. X(tj-é)> 0, X(TJ+£)< 0 for each & » 0)

generate a renewal process, i.e. the random variables
B’j = .-, (Tt = 0) (3.3)

are independent and identically distributed.

Proof, If it is known that there has been a positive-to-negative
traversal at time t}, then the density in x at time Tj+-£(é,s 0) is
Y expcﬁ x)U(-x), no matter what the state of the system was before
Eﬁ. By this special property of the exponential distribution the dis-
will be identical with, and independent

1
of, the distribution of the previous interval 3}.

tribution of the interval J}+

For these renewal processes, the mean renewal time is infinite for any

def [/ ;
value of m ‘= dﬁ; dF(%). The renewal process will terminate since there

is a non-zero probability of being lost at infinity. In the special
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case m=0 there will always be another positive-to-negative traversal,

but the expectation of gﬁis @ . We define

Q%)

density of renewal times

R_ (t)
X
o

R(t) = renewal density when a renewal event has

renewal density when X(0) = X (3.4)

occurred at t=0,

Then (2)

j=v}
~
o+
~
1}

s, (1) +s_ ()= [a) +q

o o o

S_ (t) + S_ (t) # R(D).
X X
o o

) + ... ]=
(3.5)

o
When m # O we have f Q(z)dt < 1. The expression of Rx (t) and R(t)

in terms of the Gregn‘s functions, with an obvious probagilistic in-

terpretation, is

(0] [¢ ) 1
"R (t) =vq / [;[ W(x',t)m o (x-x )dx'] dx =
Xo - (o}
-0 !

= yq 6( M (x —xo,t)e dx'; (3.6)
o) —mx 0}

R(t) =¥q f dx e j dynenyﬂ(x—y,t). (3.7)
(o} -®

From (3.5), (8.6) and (3.7) we can obtain Sx (t) by Laplace trans-
o
formation and inversion. The calculation can be found in KEILSON

(1963) .. We give only the answer, which is simple:

s, @ =[14q P LI Erxm] . (3.8)

o

In this case the same answer can be reached by Wiener-Hopf methods,
since explicit factorization is possible. Our method, which proceeds
by the real characterization (3.5), can be slightly generalized to a
case where the Wiener-Hopf theory fails because of factorization dif-

ficulties (see next section).
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4, Passage time for the lattice with bounded negative increments

Suppose we have a homogeneous process-{N(t)% on the lattice of
integers,with N(0Q) = no> 0, and Ek = O for k< -K. Once more we ask
for the passage density Sn (T) of the first time ¥ at which N(t)
becomes non-positive., °

For -K€i€0 we define an "i-event' as a transition from a
positive state to state i. The succession of all such events forms
a multi-state semi-renewal process (associated with a semi-Markov
process). We now have a matrix of densities of renewal times: for
i“je{-K,—K+1,...,O} and real positive T, Qij(T) is the probability ,
given an i-event at time zero, that the next event will be a j-event
and will take place at time T . When the mean increment m is not
zero there may be no subsequent j-event at all:

(0) ®

Qij(f)dt <1 (4.1)
j=—K 0

with a non-zero probability of being lost at n=00 or n=-oco. We de-

fine:
Sn .(t) = first passage time density from no> O to
o? .
Jj€ 0;
Rn J.(1:) = renewal density for j-events when N(O):nog
o
Rij(t) = renewal density for j-events after an (4.2)
i-event at t=O0.
Now
RO(t) =s_(t) +8 (®x[Qt) +a 7 ) +...]=
o o o
-t -
=8, (t) + S, (t) » R(t), (4.3)
o o
-
where the convolution of the vector Sn (t) and the matrix R(t) means
o

a vector with j-th component

t
‘i‘:{) snoi(t') Rij(t—t')dt' . (4.4)
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The renewal densities Rn J.(t) and Rij(t) are again available from the
o

et

" Gree#w's functions:

P,

= € 4.5

Rnoj(t) v L 5x k_no(t), (4.5)
j+K

RiJ_(t) =V lz_; aj_kr'k_i(t). (4.6)

The vector Volterra integral equation (4.3) has a formal Neumann
series solution. When lml is far from zero, the convergence of the
series is rapid and we have approximately

Sn (t) Rn (t) - Rn (t) * R(t). 4.7)
(o] (o] (o]

The Laplace transforms of Rij(t) form a matrix r(s), for which we

note that for m # O, with I the unit matrix,

I+ 1r(s)=1H4q(s) [I—q(s)]—1 = [I-q(s)]_1

has an inverse because of (4.1).

B. ERGODIC DISTRIBUTIONS

5. A structural property of the steady state Green's function

The steady state Green's function Poo(x), or Poon for the lat-
tice, was defined on page 5 by (3.4) and (3.7). For many simple but
important processes, it is constant for negative x. Some examples and

proofs are given here.

I. Lattice with skip-free property in one direction

o0
Theorem. If (a) =0 for j< -1 and & ,#0; (b) m = 2 ke <o,

00 X =00 -1
(c) &(u) = Ez gu is analytic at u=l, then Poon = lml for all *

-0
ngo.
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Proof. Define for O0¢|z|< 1

M (2) = % @ W (5.1)
on 2wiy 1-z&(u) ’ )

with integration in positive direction along the unit circle. From
m<€0 we know g'(1)< O, and together with the analyticity of £(u) at
u=1l this implies that the integration contour may be replaced by a
circle with slightly larger radius. We then have analyticity at z=1
and we may permit z -» 1 (cf. second lecture, top of page 19). Because
of assumptions (a) and (c) we know that 1- €(u) has only one singular-
ity inside the new contour, namely a simple pole at u=0. By Rouché's
theorem or by the principle of the argument there can be only one zero
inside the contour, and we know this zero to be at u=1l. We can now use
the method of residues to find I = lim Foon(z) for n€ 0. As the
residue at u=1 is independent of n wezf?hﬁ the same value for any ng O,

and this is the limiting value lml_l found for n—» -o0o0.

II. Continuum with exponentially distributed negative increments

Theorem. If (a) A(x) = qvleylx U(-x) + A(x) U(x);
(b) m =ij(x)dx< 0;

(¢) a(z) is analytic at z=0;
-1
th = £0,
en Poo(x) lml for all x€0

Proof. As in the preceding proof we may show that

a(z) -izx
[£ e -2

is independent of x for x£O.

III. Continuum with skip-free property in one direction

We consider a process with drift v<O (cf. (1.9) on page 3) and only
positive increments governed by A+(x) at Poisson epochs with mean ¥.
An example is the Takdcs process for the virtual waiting time in

queueing theory. The Fourier transform (with respect to space) of the
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Green's function is (see (1.8) on page 3):

/(z,t) = exp(izvt- Vt[l—a+(z)]). (5.3)

Its Laplace transform (with respect to time) becomes

iy 1
)/(Z’S) = " =
s+y-izv-ya (z) )
5.4)
1 1
s+p-izv 1—b-(s,z)a+(z)
where b (s,z) def E:;%;;; . (5.5)
Now
m dgf -i JE-[b—(O,z)a+(z)] =
dz 2=0
(5.6)

v +,.3
-)-;+ jXA (X)dX.

If a+(z) is analytic at z=0, and m< O, we may shift the contour for
the inverse Fourier transform into the lower half plane and then let

s =0, With a reversion of the order of integration one finds that

[0s}
def 1 iy -izx
Foo (x) = é " (x,t)dt = py j)/(z,o)e dz. (5.7)

Closing the contour we find one pole at z= —'ig and one zero at z=0
for the function 1—b-(0,z)a+(z). One can now proceed as in the prece-

ding proofs and find the following:

Theorem. If, for the process defined above, (a) v<0; (b) m<O; and

(c) a+(z) is analytic at z=0, then F;)(X) = jml—l for all x<O,

6. Elementary applications

Consider a process {ND(k)} in discrete time on the finite lat-

tice 7Z={0,1,...,K} with sticking boundaries at O and K, which means
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that any increment step which would overshoot a boundary is modified
into a step ending at the boundary; after this step the process re-
mains there. Suppose the increment %k is a lattice random variable
which can only take the values -1 and L (L& K):

def

£

hi
n P(fk=n) =t . 7 + € ¢ (&

£ _ =
1 n,-1" L n, tED, (6.

1

and suppose that m = L 51: £_1< 0. We have

max (0,N_(k-1)+ ¥ ) for N_(k-1)+5% £ K;
N (0 = P I P £ (6.2)
min(K,ND(k-1}+¥lg for ND(k-1)+fk; 0.

With the auxiliary Poisson process K(t) we may change over to con-
tinuous time:

N(t) = ND(K(t)). (6.3)

Again we introduce fictitious states with negative indices and with
indices K+1, K+2,... . By the method described on page 8 we have at

once for ~mm<¢ n< ®:

dPn(t) [0')
—r— = " VP (D) +v _; B E o+ p (D), (6.4)
where f_l(t) - - ye-l P (t)
° (6.5)
fo(t) = yg_lpo(t)
é%fL
(t) = YE. P. _ (%)
fx S Lo
(6.6)
Rj(t) =-VE Pj—L(t) for j=K+1,...,K+L;

1l

fj(t) O for all other j. 6.7)

Hence (cf. lecture one (6.7) on page 8)‘
K+L
P (@) =ve_ P (o) _-F )+ EK Foo (nmgy f3(@
(6.8)
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If we restrict ourselves to O <$ng K, then { o\ = )m!_l and the
o (n-j)
second term becomes
-1 K+L
m . (00) (6.9)
!! jZ;{ s ’

which is zero because of the definition (6.6) for jg(t). We see that
the second boundary does not influence the 1limit distributions. We
have taken care that the fictitious states can never be reached, so

that we have by (6.8)

K
1= EZ: Pn(oo) =
n=0
=VS_1PO(00){(F0°O— Pool) + (Pool— Fooz) o
(6.10)

+ (PG)K_ r“ooK+1))§'

Solve Po(oo) from this normalization condition and insert in (6.8):

n

o (n+1)

l-‘oo (K+1)

Maon”
r'000_

Pn(oo) = (n=0,1,...,K). (6.11)

Example 2.

If a skip-free walk on the continuum as described in III of the
previous section has two sticking boundaries at O and at 1 (now a real
positive number), one can obtain either by a limiting process or from

the theorem at the end of section 5 III that

d
-=N (x
P = — (6.12)
Mo ©D-T (D)

We shall not give the proof here.

Example 3.

For Lindley's process with sticking boundaries at O and 1 and
exponentially distributed negative increments, the discrete walk is

given by
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Xy () = max(o,xD(k—1)+§k) if XD(k-1)+§ké 1, ©6.15)
min(l,xD(k—1)+i§ k) if XD(k—1)+ § K> 0

and the density of gk is
A(x) = a9 én»xU(-x) + A+(x)U(x);

once more suppose m =/ xA(x)dx < O,

Like in example 1 we introduce fictitious states x (x< O and
x> 1) and compensating source terms f(x,t). On the negative half axis
we compensate overshootings of the boundary with exponential lengths,
while for x> 1 there are overshootings due to the positive increment
density A+(x). The graph of the limit function f(x,oo) is sketched
below; the probability mass placed at zero is equal to the surface
between the exponential distribution and the axis, while the mass at

x=1 cancels the contributions for x> 1.

Clav (x) CJ (x-1)

Xy

g ° N
@,\.p
Oy x)

In analogy with (6.7) on page 8 and with (6.8) of this section

we find for Ogx g1l

W (%)
eq

fo + /_00)]1: f(y,t') P (x-y,t-t')dt dy =
0

(6.15)

Il
o =
&
8
TN
8

0 )
- J' Cl"?; R Foo(x-—y)dy + Clr“w (x) + | Cy

Q
+ f_ f(y,oo) f‘oo (x-y)dy.
1
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Apart from the factor (-Cl) the first term is a convolution of

T( =~ " A 1 . ° <
n'exp(ﬂ'x)L( x) and Poo(x). For x< 1 the third term is equal to
.xl GO
]VHq r[_ f(ygoo)dy = 0, (6.16)
1

It is obvious from the interpretation that Weq(x) will have mass
concentrations at x=0 and x=1 ; this can also be verified analytic-

ally. Then (6.15) becomes, for O£ x €1,

x
Weq(x) =C [ Poo (x)— Foo (x)%{‘vlenf U(-—x)}] +
+ Cy 4 (x-1), (6.17)

where the first term is proportional to the Pollaczek distribution

truncated at 1. For if

AG) ={ «Le’lxu(mx)}* B' (x), (6.18)
where B+(x) is the service-time density, then (6.17) with C3=O
implies

C C .

W (z) = —— - 23— = L.z

eq 1-a(z) m +iz - 1= ;?;; b (z) n+iz

n (6.19)

where we have used
. 2 ()
P& =de + 3 a7 . (6.20)
|

The unknown constants Cl and C3 of (6.17) can be determined from the

normalization condition

+

1

J( W (x)dx =1 (6.21)

o eq

0

and from 6- 1+
— _ ' VI(X—X') v
Weq(O) =C = _Ofo dx (_)[; Weq(x )qu e dx' =

1+ (6.22)
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7. Relation to the Hilbert problem

In the solution (6.16) for Lindley's process we have for Cl=1’

Cz=0, a source term f(x) of the form

q (@ x)-B (x)) (7.1)

where B (x) is a generalized density with support only on the nega-
tive half-axis. Weq(x) has the form Pog(x)+(1—Po)B+(x), and thus we
may write

+ 1 -
[p+@-P)D ()] = 77y * @ » (-b (). (7.2)

Writing this as

1 1

+ -1
I:E?ET = {P6+(1_Po)b (Z)} q . I:E?ZT (7.3)
we have found a factorization of the Hilbert kernel i:é§27 .
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