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note 1 o 1 

INTRODUCTION 

This binder will contain information on programs and proceduress 

written in ALGOL 60, in use at the Department of Mathematical 

Statistics of the Mathematical Centre, Amsterdamo 

Since these programs are run with the Electrologica X-1 computer of the 

Mathematical Centre, they are subject to restrictions imposed by the 

M.C. Algol-system. On the other hand they make use of the facilities of 

this system. If necessary reference will be made to publications of the 

Computational Department. 

The contents of this binder will consist off.our partsc 

part 1 

A series of notes, in which general remarks will be made on conventions 

for input-output and organisation of programs. These notes will be 

numbered 19 2 9 ••••• etc. preceded by "note". The pages of each note will 

be numbered separately. If a note is replaced by a new version a letter 

will be added to its number, at a following replacement this letter 

will be changed. 

So "note 1.a,211 indicates the second version of note 1, page 2. 

part 2 

In this part description will be given of programs and procedures 

that are available and may be of interesto For a program this description 

will contain: (at least) 

In brief the purpose of the program; 

rules for preparing an input tape; 

formulae according to which the input data are processed; 

meaning of the output datao 

The description of a procedure will at least consist of: 

Purpose of the procedure; 

restrictions of the parameters; 

method or reference to method. 
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The pages of this part will be numbered as those of part 1~ but 

preceded by "descr" instead of 11note 11 o 

part 3 

A series of Algol programs, numbered STAT 000 etco Of each program 

in this series a description will be given in part 2i but the description 

of a certain program in part 2 does not imply that the Algol text 

will be presented in part 3o A program presented in this series will 

have to satisfy high standards of effectiveness, organisation and lay­

out of input-output, use of Algol and lay-out of the text. 

part 4 
A series of Algol procedures 9 numbered SP 100 etc o The same as said 

for the series of programs, holds true for this series. Unlike the 

programs these procedures will not make use of special facilities of 

the M.C. Algol-system. Due to testing the restrictions cannot be 

avoidedo 

Each of the four parts will be preceded by a list of contents, and 

the "starting calendar date" of these contents. 

Also a list of replacements. will be given. It is possible that some­

where reference is made to old pages 11 so they should not be discarded. 

The responsibility for the contents of this binder is divided between: 

Jaco Anthonisse,, for Algol,, 

Bo Dorhout t for Operations Research 11 

Jo Oosterhoff g for Statistics. 



note 2o 1 

GENERAL REivJ.ARKS 

Although it is possible to deduce conventions by reading the texts of 

the programs, some will be noted hereo 

Input of each program is via tapeo An input tape is supposed to have 

a code=number and the first number on the tape should be equal to its 

code numbero 

Output is also via tapeo The results of a program are preceded by the 

code-number of the program and the code-number(s) of the input-tape(s)o 

The typewriter is only used to give instructions to the operatoro Most 

instructions, like "put input tape into reader" have an obvious meaningo 

The instruction "set XEENtal" however& needs some explanationo 

Generally a program will be performed on one set of input-data~ and can 

be restarted to process the next datao If a program has to be performed 

p times this implies at least 2 p stops, as the program stops also 

after typing an instruction "put (next) input tape into reader"o 

A program that types the instruction "set XEENtal" avoids these stops, 

if XEEN(-O)=p and all sets of input data are on one tapeo 

The output of a program consists of text and numbersoin the output­

description these texts will be given between "f" and "}"o These 

"string quotes!' are not given in the outputo 
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IN~UT OF SETS OF OBSERVATIONS 

The input of a program often contains one or more sets of observationso 

If a single set is punched in a standard-form, the tape can serve as 

part of the input of several programso The standard-form of a set of 

N observations, each consisting of d numbers, is a lexicographical 

sorted frequency table, punched in the following way: 

cod n d 

i 1 
.; 

i3 
' 

~2 

x, 1 

' ' 
X 1 2 , 

0 

;:. 0 

o. 

X n,1 X n,2 

Meaning: 

cod. = code-number of the set 

n = number of different observations 

d = number of variables 

X n,d 
f 

n 

i. 
J 

= index of the j-th variable, i. >0 9 to be omitted if d = 
J 

X = r,k value of the k-th variable in the r-th observation 

f r 
= frequency of the r-th observation. 

The observations are said to be sorted lexicographical if for 

r = 2,3,ooo,n 

there is a k(r) 1 < k < d with: 

a. x = x m = 1,2, •••• k-1 r ... 1,m r,m 
bo X < X 

r- 1 ,k r,k 

Non-sorted observations should be given in this way: · 

X n,1 

-n 

X n,3 X d 0 n, 
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Where n = number of observations, the other symbols have the same 

meaning as above, 

It will be impossible, in general, to use a non~sorted frequency 

tabla of observations as input for a program. 

If the input of a program contains more than one, or a non-prefixed 

number of sets of observations they should be preceded by some numbers 

to make the declaration of such arrays possible that only a minimum 

of storage space will be used by these observations. 
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MATRICES OF CROSSPRODUCT SUMS, COVARIANCES, CORRELATIONS 

In note 3 the standard-form of a set of observations has been defined. 

That form is used to define the standard-form of: 

I. Matrix of crossproduct sums: 

cod 

i 1 

i2 
0 

id 

id+ 1 

In which: 

cod 

d+ 1 

d+ 1 

a, -i s . 

a2 • 1 a2.2 

- - a d,d 
- - .. - ,ad+ 1,d+ 1 

= code-number of the matrix, 

= number of variables+ 1, 

]. . 
J 

= code~number of the j-th variable, i. > 0 9 
J 

= 

n 
= I x1 k. f 1 9 1 ~ k ~ d, 

1= 1 ' 
n 

= I fl 0 

l= 1 

II. Matrix of covariances: 

d+ 1 

bd • t I 

bd+ 1, 1 



Meaning; 

cod 

d+1 

J. • 
J 

= code-number of the matrix, 

= number of variables+ 1, 

= code-number of the j-th variable, i. > O, 
J 

note 4.2 

b r 9k = (ar,k-ad+1 8 r O ad+1,k/ad+1,d+1)/(ad+1,d+1- 1)t 1~k~r,:;,d• 

bd+1 9k 

b d+1.d+1 

= ad+1 k/ad+1 d+1 ' 1 ~ k ~ d, 
' ' ' 

= ad+1 d+1 11 

' 
a k as defined in Io 
r9 

IIIo Matrix of correlations: 

cod d+1 

id 

id+1 

In which: 

cod 

d+1 

= code-number of the matrix, 

= number of variables+ 1, 

= code of the j-th variable, i. > O, 
J 

= b k / lb 0 bk k , 1 ~ k ~ r ~ d, r, r ,r , 

= b d+ 1 ,k , 1 ~ k ~ d + 1 , 

b as defined in IIo r,k 
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SORTING and RANKING 

Using the procedures presented in descr 18 this program produces a sorted 

frequency table of observations or a sorted frequency table of rank 

numbers. 

A. Sorted observations 

Input is a non-sorted set of observations (see note 3): 

cod -n d 

i1 - -· - - id 

x11 - - - - x1d 
I 

I 

( 1 ) 
I 

X n1 - - - - - X nd 

The output is the lexicographically sorted frequency table of these 

observations: 

code m d 

1, - - - id 

Y11 - - - Y1d f1 
I 

I (2) 
I 

Ym1 - - - - - ymd f m 

Here code= 100 x cod+ 6 

m = number of different observations in (1) 

fi = number of times (yi 1, ••• , yid) appears 1n (1) 

B. Rank numbers 

Input consists of a lexicographically sorted frequency table (2). 
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The output is the lexicographically sorted frequency table of rank­

numbers~ 

code nr 

Here: z .. = s .. 
iJ iJ 

m 
with s .. = I iJ k=1 

m 
t .. = I iJ k=1 

code nr =code+ 1 

m 

t .. + 
+ iJ 

2 

o(y .. ,yk.) 
iJ J 

y(y .. ,yk.) 
iJ J 

d 

o(y .. ,yk.) 
iJ J 

y(y .. ,yk.) 
iJ J 

f1 
' 
! 
I 
f 
m 

= 

= 

{ :k 

{:k 

The other symbols have the same meaning as in (2). 

(3) 

if y .. > ykj iJ 

otherwise 

if y .. = ykj iJ 

otherwise 
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CROSSPRODUCTS SUMSs COVARI.ANCES 9 CORRELATIONS 

The program described here may be used to compute the matrices that 

are defined in note 4o 

The input consist of a set of observations~ punched in one of the 

two forms given in note 3 11 follawed~by four integers: j ,, j 29 J3 
and j 4o 

First the matrix of Cross product sums is computed, in accordance 

with the formulae of note 3o If the set of observations is a large 

one this will be done in several stages: In each stage a sub-set of 

observations is read into the computer and its matrix of inner products 

added to the matrix that has been formed in previous stageso 

If j 1 = 1 the matrix of Cross products sums is punc:hedo Its code­

number = 100 o (code-number of input-tape)+ 1o 

If j 2 = 1 the following list of means and variances 1.s punched: 

f Result< code number of program> t 
f see descr 2 f 
f Means and Variances} 

cod d 

f index variance 
! 

N mean :t 

i1 bd+1 9 d+1 b d+ 1, 1 b 111 1 

0 

Where cod= 100 o (ooo input-tape)+ 2~ if d = 1 the column of i. 9 s 
J 

is omitted, the other symbols have the same meaning as under 

"Matrix of covariances" in note 4o 

If j 3 = 1 the matrix of Covariances is punched 9 its" code=nu.mber = 

100 0 (ooo input-tape)+ 3o 

If j 4 = 1 the matrix of Correlations 1s punchedt its code=number = 

100 0 (ooo input-tape)+ 4o 
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Each matrix is punched in accordance with note 4, preceded by some 

textg 

t Result< code,number of program> t 
t see descr 2o t 
f matrix of< > t 

The program defines id+ 1 = 11111 ~ and, if d = 1 1 i 1 = 1o 



descr 3. 1 

STEPWISE REGRESSION 

A set of N independent (n + 1)-dimensional observations 

(x. 011 x. 1 , ooos x. ), j = 1 9 2, 000 9 N, is supposed to be given. 
-J, Js J,n 

In the sequel we assume that the random variable 2:So has linear 

regression on then independent fixed variables x 1 , x2 , 000 9 xn. 

A polynomial regression equation can, of course, be reduced to a 

linear equation by introducing new independent variables for different 

powers of the same original variableo 

If it is desirable to reduce the number of independent variables 

in the regression function, one can determine the subset of m indepen­

dent variables associated with the largest sum of squares due to 

regression, form= 1 9 2 9 ooo, no However, such an optimal subset of 

m variables can only be computed by comparing all ( n) different 
m 

subsets of m variables. In this program a less cumbersome method is 

presented, called the method of "stepwise regression" or "forward 

selection!!.o Full details concerning this method are given in [1]. We 

remark, that the subsets of m variables produced by this method are 

not always optimal (cfo [1] and [2])0 An easily evaluated criterion 

guaranteeing optimality of the produced subsets is as yet unknowno 

The computations are performed in several stepso At the first 

step.the sums of squares due to regression on each of then independent 

variables separately R ~ 1) ( i = 1, a'~: 9 n) are computed 11 and the variable 
i 

associated with the largest sum of squares, say x. 9 is included in the 
i 

regression functiono At the r-th step (r = 2, ooo, 1n) the difference 

R~r) of the sum of squares due to regression on the set of independent 
i 

variables {x., ooo, x. 9 x.} and the sum of squares due to regression i i i 
{ 1 r-1 } . - . ,. . on the set x. is computed,,f0r/~~l 1 = 1 9 000 11 n; 

1 1 , 000 9 xi .· . .. .• 

i # i 111 000 11 i 1, and tbe1variable x. associated with the largest 
r- i 

difference, say x. , is added to the variables already included in 
]. 

the regression fun~tion. Having chosen the variable to be included 

in the regression function, the regression coefficients are computed 

at each stepo 
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This procedure can be carried out on a matrix of (crude) cross­

product sums or on a matrix of covariances (see note 4). If a constant 

is admitted in the regression function, a variable with constant value 1 

should be among then independent variables and the crude crossproduct 

sums must be used. 

The explicit computations performed follow the procedure sketched 

in [1J and will not be restated here. The output not only provides the 

differences of the sums of squares'R~r) 1 but also the sums of squares 
l. r 

r 
1=1 

R~l) itself and these quantities ~s percentages of the total sum 
il 

of squares. 

Some modifications of this procedure are possible: 

1. In the first k steps (k = 1, ••• , n) k given independent variables 

can forcibly be include.d in the regression function by proper 

input indications. 

2. A set of k independent variables (k = 19 ••• , n-1) can be given 

with the effect, that none of the variables will be included in 

any regression equation by proper input indicat~ons. 

3, The procedure can be stopped after the r-th step by proper input 

indications. 

Literature 

[1] H.C. HAMAKER, On multiple regression analyses, Statistica neer­

landica .!§. (1962), 31-56. 

[2] J. OOSTERHOFF, On the selection of independent variables in a 

regression equation, to be published. 
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Input: 

a matrix of crossproduct sums or covariances as defined in note 4, 
code-number of the problem, 

index of the independent variablet t) presen , 
index of the constartt variable (11111) or o, (if no constant variable is 

maximum number of independent variables to be include~ in a regression 

equation, 

-1 or a row of indices followed by =1, with the effect that none of 

the variables.with one of these indices will be included 

in any equation, 

*) -1 or a row of indices followed by -1, with the effect that in the 

r-th step of the procedure the variable with the r-th of 

these indices will be added to the regression function. 

If this row contains k indices, the criterion given above\? 

is applied from step k+1 on. 

The program contalns XEENtal. 



Output: 

fResult <code number of program>} 

fStepwise Regression} 

fsee descr 3} 

descr 3.4 

finput} code number of the matrix code number of the problem 

fSum of squares} 
N 

a= }: { {1)}2 
xl,O 

fstep 

1 
I 

I 
I 
r 
I 
I 
I 

variable 

i, 

i r 

1=1 

R~r) 
1 r 

If, in step r, the constant variable 
* forced into the equation via ) this 

corresponding line in this scheme. 

fsurvey of R} 
i 1 R~ 1) 
I I 1 1 

I 

~~ 1) 
1 r 

. 
(2) {r) 

Ri - - - - - - Ri 
r r 

fregression coefficients} . 
1 e1 • 
r ,11 

f3 ·------B . r,12 ~,1 
1 'J f, 

Rper 

100.R~ 1)/a 
11 

Rcumper } 

100.R~ 1)/a 
11 

is included, or a variable is 

is mentioned after the 



LINEAR PROGRAMMING (Explicit inverse algorithm) 

Consider the following problem: 

Find the minimum of 

(1) c 0 xll 

where xis restricted by 

(2) ~ X < b IJ 
== k (bk~ 0) 

(3) A X > b 
g = g IJ (b > 0) 

g= 

{4) A X = b ll (b > 0) 
e e e ... 

(5) X ~ Oil 

with 

descr 4o1 

C = [[1 j IJ X = []. bk = [[1] b = [t,+1] ' b = Uvl ll g e 

n n m, m2 m 

A 
e 

and bkll Ag and b ll A and b are allowed to be emptyo g e e 

It is assumed that a > 
m2110 = a. 0 ll 

J ll 

j = 

The programlldescribed here~ solves the problem in the following wayo 

Let· the (m2 = m1) x (m2 = m1)=matrix F and the (m2 = m1)-vector e 
m2 

be defined by 
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_, 
0 0 0 0 1 0 

0 -1 0 0 D 0 

0 0 0 0 0 0 0 

F = 0 0 0 0 D D e = 0 

0 1 
m2 

0 0 

0 

_, 1 0 

0 0 0 • 0 0 1 1 

Then the problem is transformed into: 

Find the minimum of 

(6) CV X il 

(7) 

(8) 

where x is 

AX = b, 

X > .. oil 

with c'v = 

x' = [x, 

A= r~ 
e 

restricted by 

[ c1 Sl o o o t Cn+m+1 J 
0 0 D 

r, 
0 

0 

xn+m+1] • 

0 

-F 
0 

0 

def 
[ c, 0 000 0] = O O 0 C n 

(I 1 and 12 are unit matrices of appropriate size); 

' 

x +1 oo• x + are slack variables, x ooo xn+m+i are artificial n, n m2 n+m2+1 

;ariableso 

The columns of A are denoted by a. 9 j = 1 ooo n+m+1. 
OJ 

This problem is treated in 3 phases, each of them consisting of O or 

more steps o In each step the inverse of the basis. is transformed. 

The solution of (7) and (8), corresponding to the current basis 
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B = 0 0 O is 

the vector 

2 and 3 by 

all the d, 

a to be inserted in the new basis is found in phases 
oS 

taking for s the lowest index of the most negatived .• If 
J 

a.re non=negative 9 then the optimal solution is obtained. 
J 

Computations start in phase 3~ if there are only restrictions (2), 
otherwise in phase 1a 

n+m+"i 
Phase 1: l 

j=n+m2+·1 
x. is minimized in the way described above 9 but 

J 

with this dil"feroence~ that c0 x is replaced by the appropriate 

objective functiono Phase 2 starts 9 if the minimum is Oo If 0 

can~ot be reached the problem is infeasible: Computations 

are terminatedo 

Phase 2: (6) is minimizedo If possible an artificial vector is 

eliminated from the basiso Otherwise the step is performed 

in the usual wayo Phase~ startsi when a basis without 

artificials is obtaineda (So in non=degenerate problems 

phase 2 is deleted} o 

Phase 3: (6) is minimizedo 

It is possible to use the inverse basis and x of the optimal solution 

to solve a mew problemo This problem must be almost the same as the 

original one: only c and the non=basic a. of the optimal solution 
oJ 

may be replacedo 

\ 
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Input f'or the program should ccn:r'b'ain an indicator to specify whether 

the inverse basis of a previous problem will be used 9 and whether the 

output should contain the inverse basis of the present problemo The 

use of this indicator is shown in the tableg 

indicator 

0 

1 

2 

3 

former result 

is used 

no 

no 

yes 

yes 

A number tis considered to be 0~ if !ti < Ea 

This e: should be given in the inputa 

inverse basis 

required 

no 

yes 

no 

yes 

It is necessary to introduce this:£bec.ause of the inexactness of' 

the real. a.rithmetico 'Fhe remtlts of the program may be disturbed 

by too small or too large values of E a 

=8 . . In general e: = 10 turns out to be sat1sfy1ngo 

The indices of x may be arbitrarily chosen integers k 1 ~ 

instead of 1 9 0001> no 

Literature 

0001> k 1> n 

1a GoBo DANTZIG1> Linear Programming and Extensions1> Princeton 1963, 

2o Soio GASS 11 Linear Programmingg Methods and Applica.tionsll New York 1958; 

3o Go HADLEY1> Linear Progra.mming 11 Rea.ding (Massa UoSoAo) 1962, 

4 o J a KRIENS II Leer-gang Mathematische Besliskunde 1> hoofdstuk XII 11 

Ma.theme.tisch Centrn.un 9 rapport S 265 (C 13) 9 Amsterdam 1962; 

5a Ge1 ZOUTENDIJK 11 Methods of Feasible Directions 11 Amsterdam 19600 

·-•,, 



Inputg 

code number of the input tape 

k1 c1 a 
I I 1 1 I) 1 

I 
r 

, 
k C a 

n n 1 9n 

indicator g £ 

0 0 0 a 
I mil 1 
I 
I 
I 
I 

0 0 0 a 
m9n 

o o o b 
m 

If indicator~ 2g output VI of a previous problemo 

The prograin contains set XEENtalo 

Outputg 

Io {Result <code number of the program>} 

{Linear Programming 9 } 

hee descr 4} 
{input} code number of the problem 

Ilo If indicator! 2i 

descr 4o5 

tcode number of feasible solution} code number of output VI of 

a previous problem 

IIIo If the problem has a finite solutiong 

fsolution} 

k. 
J 0 

1 ~-J 0 

1 

for all j. with 1 < J0
• < n 

1 - 1 -



f~lack variablesf 

j. = n 
1 

x. 
J. 

1 

for all j. with j. > n 
1 1 

tnumber of steps} number of steps 

tminimum} minimum of (6) 

IVo If the problem is infeasibleg 

tproblem infeasible} 

Vo If the problem has an infinite solutiong 

fvariablet k. finfinite} or 
J 

fslack in rowt j = n finfinite} 

descr 406 

VIo If tpe indicator= 0 or 2© if the problem is infeasible or if the problem 

has an infinite solution~ 

f<code number of the program> input for further computations} 

(code number of the progrem) x 100 + 5 

j1 0 0 0 jm 

i 

1=1 
B b B 

=1 

Here B = [ a . o o o a . ] denotes the basis of the last step 
oJ 1 oJm 

accomplishedo 
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TESTS FOR A CONTINGENCY TABLE 

Suppose that in each of N identical and independent experiments one 

of the events A1 , A2 , • a., Ar and one of the r-rents B1, B2 , o o o, Bk 

will occuro let p .. denote the probability that A. and B. will occur 
iJ i J 

together in a..,Y given experiment, and a .. the total number of occurences 
iJ 

of this event ,A. B. 
i J 

i = 19 2, ••• , r, J = 1, 2, ■ aa, k, 

r k 
I I 

i=1 j=1 
p .. = 1 ' iJ 

sums are defined: 

J 
R •. = I ail iJ 1=1 

obviously 

i 

r k 

I I 
i=1 j=1 

K .. 
' iJ 

T., .. = 
iJ I 

m=1 
R ., = 

mJ 

j 

I 
n=1 

a .. 
iJ 

i 
= I 

1=1 

K. in 

= N). Furthermore the following partial 

i j 

alj T .. = I I a 
' iJ mn m=1 n=i 

and = N. 

The numbers a .. may be given in the form of a kxr-contingency table 
iJ 

A1 
A,., 

c'. 

A3 

A 
r 

Total 

B1 
' 

a11 

a21 

a31 

a . r1 

B2 

a12 

a22 

a32 

K 2 r, 

B3 - -

a13 -
a23 

a33 -

K 3 r, 

- Bk 

- - a1k 

- ·- a2k 

- - - a3k 
f 

K k r, 

Total 

R1 k , 
R2 k 

' R3 k 
I " 

R 
r.k 

T = Na 
r,k 

In thi' ~rogram the hypothesis of independence of the A. and B. is 
i J 

tested, Lea p .. = p. p .• If this hypothesis is rejected, two 
iJ i o o J 
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different methods are available to obtain information concerning the 

type of dependence. With each chi-squared test given, the number of 

a .. having expectations< 5 and< 1 are given. 
1J 

A. Chi-squared test for independence 

Hypothesis HO: p .. = p. p • j • i = 1 • 2, • ••• r • j = 1 • 2, • ••• k. 
1J 1. 

The test-statistic for testing HO is 

( a •• 
2 

2 r k - b .. ) R.kK . 
X = I I 1J 1J where b .. = 1 rJ ; b .. • 1J Trk i=1 j=1 1J 

under H0 it has approximately a _chi-squared distribution with 

(r - 1)(k - 1) degrees of freedom. 

B. Components of chi-s&!!::ed [2] 

The total chi-squared given under A may be split up into (r - 1)(k - 1) 

additive components 

2 
Xi+1 ,j+1 = 

T k[K ·+1(R.+1 kT .. -R.+1 .T. k) - T .(R.+1 kK. ·+1-a·+1 ·+1T. k)]2 = r 1 r 8J 1 , 1,J 1 1J 1, rJ 1 1 1 1J 1 1J 1, 
R. 1 kK . 1T .T . 1T. kT. 1 k 1+ • r,J+ r~ r,J+ 1, 1+, 

i = 1, 2, •••• r~1 , j = 1, 2, •••• k-1 , each of which has under H0 
approximately a chi-squared distribution with one degree of freedom. 

xf+1,j+1 is associated with the 2x2-table 

B1 vB2v ••••• vBj B.i+1 Total 

A1 vA2v ••••• vAi T .. K. ·+1 T. ·+1 1,) 1,J 1,J 

Ai+1 R. 1 . 1+ • .1 ai+1 .j+1 Ri+1~j+1 

Total T.+1 . Ki+1,j+1 T. 1 . 1 1 ,J 1+ ,J+ 

• 



and 
2 r-1 k-1 2 

X = l l Xi+1,J'+1· 
i=1 j=1 

c. Tests for outlying columns and rows 

For j = 1' 2, • • • ' k consider the 

A1 

A2 

A 
r 

Total 

B. 
.) 

a, j 

a2j 
I 

a . 
r ,1 

K • 
rJ 

2xr-table 

B. 
.l 

R1k-a1j 

R2k-a2. 
I J 

R k-a. r rJ 

T -K . rk rJ 

descr 6.3 

Total 

R1k 

R2k 

The test-statistic for testing independence of Bj and A1 , A2 , ••• , Ar 

is 

2 
(a .. T k - R.kK .) 

J.J r i r J 

which, in the null case, has approximately a chi-::rnuared distribution 

with (r-1) degrees of freedom. When testing for onlying columns 

2 
max x0 j 

:_j :_k 

is computed, the j 1-th column of the contingency table is dropped and 

the procedure is repeated for the resulting (k-1)xr-table. 

The critical value for the 1-th step is given by c1 , 1 = 1, 2, ••• , k-1, 

for which one may choose (cf [3] ): 

2 
c = x a 

1 r-1,k+ 1-J 

a 
which is the upper k+ 1_1 - point of the chi-squared distribution with 
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(r-1) degrees of freedom, where a provides an upper bound for the 

overall significance level of this procedureo 

To test for outlying rows consider the kx2-table 

Total 

A. ai1 ai2 aik Rik 1 

A. K r1-ai 1 Kr2-ai2 Krk=aik Trk-Rik 1 

Total Kr1 Kr2 Krk Trk 

The test-statistic for testing independence of Ai and B1~ B2 , 000, Bk 

is 

k 

l 
j=1 

( ,2 
a .. T k = R.kK ,) 

1J r 1 rJ 
K • 
rJ 

which, in the null case, has approximately a chi-squared distribution 

with (k-1) degree·s of freedomo When testing for outlying rows 

max 
·i < i < r 

js computed, the i 1-th row of the table is dropped and the procedure 

is repeated for the resulting kx(r-1)-tableo The critical value for the 

1-th step is given by ci, 1 = 1, 2, 0 0 0 5) for which one may choose 

Literature 

[1] CoR. RAO, Advanced statistical methods in biometric research, 

Wiley & Sons, New York 1952, 

[2] A.W. 2 KIMBALL, Short-cut formulas for the exact partition of x in 

contingency tables, Biometrics .!Q 1954) ~ 452=458, 

[3] R. DOORNBOS, Statistische methoden voor het aanwijzen van uitbijtersi 

StatistoNeerlo _!l (1959), 453=4620 



Input of the program~ 

codenumber of the table 

r 

k 

a11-----a1k 

the program contains setXEENtal ( see note 2). 

descr 6.5 



Output: 

.... 
fResult <code number of the program>t 

fTests for a contingency tablel 

fsee descr 6t 

finput l code number of the table 

fchitotal 
2 

X 

dfl 
( r-1 ){k-1) 

fcomponents 
2 

of chi - squared} 
2 

X2 2 -t - - X2 k t 
I 

I 

'2 
xr,2 -

fOutlying 

2 
xr,k 

columnst 
2 

Xo . 
,J 1 

2 
Xo . 

,Jk-1 

fOutlying rowst 

i 
r-1 

2 
X, 0 

l. 1 • 

2 
X• 0 

l. 1 t r-

descr 6.6 
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TESTS FOR A CONTINGENCY TABLE 

Suppose that in each of N identical and independent experiments one 

of the events A1i; A2, 000 1 Ar and one of the events B ~ B2 i; aoo~ Bk 

will occuro Let p., denote the probability that A, and B, will occur 
1J 1 J 

together in any given experiment, and a,, the total number of , lJ 
occurences of this event A.B, (i = ii 2s aoo~ ri j = ii; 2, oooi; k~ 

l J 

r k r k 
I I P·. = ,, 1 I a .. = 

lJ i=1 j=i l.J 
N)o Furthermore the following partial 

i= 1 j=1 

sums are definedg 

f i i f R,, = ail• K., = I aljj) T,, = I a 0 

l.J 1=1 l.J l=i J.J In.+ ii n=i 
mn, 

obviously 

i r T., = 1 R = K, and T = No 
lJ m=1 

mj n=1 in rk 

The numbers a,, may be given in the form of a kxr=contingency table 
l.J 

B1 B2 B3 Bk Total 

A1 an ai2 an -- - - - - - - - - aik Ri 1k 

A2 a.21 a2~ a23 - - - -- - - - - -a2k R2 k 
~ 

A3 a.31 a32 a.33 ·- - - - - - - - -f3k R3 k 
I I I t 
I I I 
I 

I 

I I I 
A ari ar2 ar3 ·- - - - - - - - - - ark R 

r .. k r 

Total K K K K T = No r, 1 r,2 r,3 r tk r,k 

In this program the hypothesis of independence of the A, and B, is 
1 J 

tested, ioeo p,' = p. p ' 0 If this hypothesis is rejected~ two 
l.J l.o oJ 
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different methods are available to obtain information concerning the 

type of dependence o With each chi=squared test given~ the :mJ.mbers 

e5 and el of a,, having expectations ct: 5 and ,:: 'l are giveno 
J.J 

Ao Chi-squared test for independence 

(aoo 
2 

2 
r k = b,,) R,kK , 

X = 1 I lJ :lJ where b,, = =1;_.,,U 3 b, , ~ lJ Trk i=1 j=1 1J 

under H0 it has approximately a chi=squared distribution with 

(r - 1 )(k = n degrees of freedomo With x2 and (r = 1 )(k = "i) the 

corresponding right-hand tail probability is given in the outputo 

Bo ComEonents of chi-squar,!9;. [2] 

The total chi-squared given under A may be split up into (r = 1)(k = 1) 

additive components 

i = 1 ~ 2 il o o o i r-1 ~ j = 11 2 t o o o » k= 11 11 each of which has under H0 
approximately a chi-squared distribution with one degree of freedomo 

2 ' ' 'hh "'b Xi+,,j ♦, is associated wit t e 2xc=ta le 

B 1 vB2 Vo O O O a vB.i Total 

Total 



and 

Co Tests for outlying columns and rows 

For j = 19 2 9 ooo» k consider the 2xr-table 

A r 

Total 

B_; 

K • 
rJ 

ir_, 

Rik""aij 

R2k-a2j 
I 
i 
0 
I 
I 

Rrk=ar.i 

T k=K , r rJ 

descr 6aa3 

Total 

The test-statistic for t·e·sting independence of Bj and A19 A2• o o o • Ar 

is 

1 r 
= K ,(T k - K .) i't rJ r rJ u 

2 
(a, ,T k = R.kK .) 

lJ r 1 rJ 

which, in the null case, has approximately a chi-squared distribution 

with (r - 1) degrees of freedomo When testing for outlying columns 

2 max x,= 
1 < .·, si:· k OJ ~,J .d 

is computedo 

,Let a be the given significance levelo Then for not too small sample 

sizes 

P{ x~, > x 1 ( _ka )} ~ a 
J 1 r= o 

where xr_ 1 ( i') is the upper i percentage point of the x2 distribution 

with r-1 degrees of freedomo 
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Dropping the j 1=th column of the contingency table the procedure is 

repeated for the resulting (k - 1)xr tableo 

In the 1-th step 
2 x0 . and the right-hand tail probability 

J1 

pl = P{l-1 > x2. } OJ . 
1 

2 2 
are given in the output, where x , has ax distribution with r-1 

°""T= I 

degrees of freedomo 

a 
This procedure is continued until P1 ~ k _ 1 + 1 o 

To test for outlying rows consider the kx2-table 

B1 B2 Bk Total 

A. ai1 ai2 aik Rik i 

A. Kr1-ai1 Kr2-ai2 Krk-aik Trk-Rik i 

Total Kr1 Kr2 Krk Trk 

The test-statistic for testing independence of Ai and B1 , B2 j o co i) Bk 

is 

2 
( a .. T k=R. kK . ) 

J.J r 1 rJ 
K . 
rJ 

which, in the null case, has approximately a chi-squared distribution 

with (k = 1 )0 degrees of freedomo When testing for outlying rows 

2 
max Xio 

1 < i < r 

is computedo 

Let a be the given significance level againo Then for not too small 

sample sizes 
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P{x~ > x ( ~ )} < a 
'1,0 k-1 r -

where xk_ 1 ( ; ) 1s the upper; percentage point of the x2 distribution 

with k=1 degrees of freedomo 

Dropping the i 1-th row of the contingency table the procedure 1s repeated 

for the resulting kx(r-1) tableo 

2 
In the 1-th step X· 0 and the right-hand tail probability 

11 

Pl= P{xk2-1 ~ x~ al ' 11 

2 2 
are given in the output, where Ak-l has ax distribution with k-1 

degrees of freedomo 
a 

This procedure is continued until P > ------
1 r - 1 + 1 ° 

Literature 

[1] CaRo RAO, Advanced statistical methods in biometric researchi 

Wiley & Sons, New York 1952; 

[2] AoWo KIMBALL, Short-cut formulas for the exact partition of x2 in 

contingency tables, Biometrics .lQ (1954), 452-458; 

[3] Ra DOORNBOS, Statistische methoden voor het aanwijzen van uit­

bijters, Statisto Neerl. ,ll (1959)~ 453-4620 



Input of the program~ 

codenumber of the table 

r 

k 

a, 1 - - - - - - - a1k 
I 

I 

ar1 - - - - - - - ark 
a 

the program contains setXEENtal (see note 2)a 

descr 6ao6 



Output: 

fResult <code number of the progr8J11>} 

fTests for a contingency table} 

fsee descr 6a} 

finput} code number of the table 

fchitotal 
2 

X 

fe1 

e1 

df P } 

(r-1 Hk-1) P 2 
X 

fcomponents of chi-squared} 
2 2 

X2 12 X2,k 

2 
xr.2 

2 
Xr k 

' 
tout lying 

j1 

columns} 

• 
I 

I 
toutlying rows} 

2 
Xo . 
I ,J 1 
I 

I 

2 
X• 0 

l. 1 • 
I 

descr 6ao7 
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ONE-SAMPLE TESTS FOR THE ME.AN ( mm-DIMENSION.AL CASE) 

A sample of n independent observations 1!,1, zr, ••• , ~ 1s supposed to 

be given. These observations may be given directly or arise as 

differences between pairs of obse:i;vations x. and v.; in the latter . . ---1 . .!1..1 

case z. = x. - l..· (i = 1, ••• , n). 
-1 -1 l 

In this program the hypothesis is tested, that t.he observations z. have 
-1 

distributions symmetric with respect to 110 • Two tests are presented. 

In both cases the tests are especially powerful against shift­

alternatives: (1!.i = µi # 110 • 

A. STUDENT's t-test 

Hypothesis H0 : the .observations 1!.i are normally distributed with mean 

value110 and unknown but equal variance. 

The test statistic for testing H0 is: 

t = [ r (z. - .1 r z.) 21-~ r.t 1n(n - ,; • [.1 r 1!,1- - 11 0 ] , (1) 
i = 1 - 1 n j = 1 -J J V 1 n i = 1 

which under H0 has at-distribution with n-1 degrees of freedom. 

B. WILCOXON's test for symmetry (signed rank test) 

Hypothesis H0 : the observatinns z. are symmetrically distributed with 
-1 

respect to 110 • The test statistic T for testing n0 1s defined as 

follows. Omit all observations 1!.i equal to 11 0 ; let n1 be the number of 

remaining observations. Rank the absolute values of the z. - 110 • Then 
-1 

T is the sum of the signed ranks of the 1!,i - 11 0 • 

For £mall values of n1 , n1 = 3(1)20, one-sided tail-probabilities 

of T under H0 have been tabulated, if no ties are present. For large 

n1 ! is approximately normally distributed under H0 with expected 

value O and variance 
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2 1 1 
oT = b n1(n1 + 1)(2n1 + 1) - 12 (D - n1) , (2) 

where D = L t~ 
j J 

of the ~ - µ0 

and t. is the size of the j th tie of absolute values 
J 

(t. = 1 inclusive). 
J 

For large values of n1, the statistics 

T1 = ~ (! + 1) (one-sided test: left hand tail) (3) 
T 

1 
T =-(.!_-1) 
-r OT 

(one-sided test: right hand tail)(4) 

(two-sided test) (5) 

can be considered as random normal deviates and can be used to find 

approximate tail-probabilities in the cases of one-sided or two-sided 

tests respectively. 

Large positive (negative) values oft and T indicate that ui > u0 
(ui < uo). 

Remark: In this program the test statistic! is computed as follows. 

Split the z. - µ 0 unequal to zero in two groups: the positive z. - u 0 and 
-i -i 

the negative z. - µ 0• Let N1 be the number of positive z. - µ 0 and N2 the 
-1 - -1 -

number of negative .!i - µ 0• Then for E,1 ; 0 and ~ ; 0 we have 

! = ,!i- .!!,1N2 + ~ (E,1 + ~ + 1)(N1 - N2 ) , (6) 

where Wis the test statistic of WILCOXON's two-sampled test applied to 

the samples of positive z. - u 0 (sample I) and the absolute value of the 
-1 

negative z . - u O ( sample II) • 
-J. 
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Literature 

In most books on elementary statistics details of STUI>ENT'- t-test 
' I -:f 

can be found, e.g. 

W.J. DIXON & F.A. MASSEY, Jr., Introduction to statistical analysis 

(Chapter 9), Mc Graw-Hill, New York 1951; 

A.M. MOOD & F.A. GRAYBILL, Introduction to the theory of statistics 

(Chapter 12), Mc Graw-Hill 9 New York, 1963. 

Discussions of WILCOXON's test for symmetry are given in 

A. BENARD & C. VAJJ EEDEN, Handleiding voor de symmetrietoets van 

Wilcoxon, Report S 208 of the Statistical Department 

of the Mathematical Centre, Amsterdam, 1956; 

H. DEJONGE, Inleiding tot de medische statistiek, Part I {Chapter 10), 

Leiden, 1963; 

s. SIEGEL, Nonparame+.ric statistics for the behavioral sciences 

( Chapter 5) , Mc Graw-Hill, New York, 1956. 
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Input: 

a 1-dimensional set of observations, given as a sorted frequency 

table (see note 3) 

Output: 

fResult <code number of program>} 

fOne-sample test for the mean} 

fsee descr 7} 
finput 

code of sample 

t 

t 

df T 

n - 1 T 

Tr 

T 
1· 

The program contains set XEENtal, the text of the output is given 

once, the numerical results of the several samples are tabulated 

below this text. 
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ONE=SAMPLE TESTS FOR THE ME.AN (ONE=DIMENSIONAL CASE) 

A_ sample of n independent observations Z,i~ zni 9 oo~ z is supposed to 
=u -.:: -n 

be giveno These observations may be given directly or arise as 

differences between pairs of observations x. and v.; in the latter 
=1 ~l. 

case z. = x. = v. (i = ,~ ooo, n)o 
-1. -:i. .lb]. 

In this program the hypothesis is tested~ that the observations z. have 
-l. 

distributions symmetric with respect to µ 0o Two tests are presentedo 

In both cases the tests are especially powerful against shift­

alternativesi f, z. = µ, # µ0 o 
-1. l. 

Hypothesis H0 : the observations z. are normally distributed with mean 
-l. 

value µ 0 and unknown but equal varianceo 

The test statistic for testing H0 is~ 

t = I n n ·"' =>'I\ [ n ] l ( z. = l ) ) 2 I=; C V ( ~ 1 l 
=' n "" ~J· .J. J n n = 0 o -n . ~1· = JJO i 

• '1 ... • ~ 1= 1 - l.= l J"' U 

which under H0 has a t=dist:ribution with n= 11 degrees of freedomo 

With t and n=1 the corresponding right=hand taLL probability is given 

in the outputo 

Bo WILCOXON 9 s test for symmetry (signed rank test) 

Hypothesis H0 : the observations z. are symmetrically distributed with 
-l. 

respect to u0 o The test statistic! for testing H0 is defined as 

follows a Omit all observations ~i equal to u0 ; let n1 be the numb~r of 

remaining observations o Rank the absolute values of the ~ = JJ0o Then 

Tis the sum of the signed ranks of the z. = µ 0 o 
=J. 

For small values of n 1 ~ n, = 3(1)20~ one=sided tail probabilities 
'J 

of T under H0 have been tabulated~ if no ties are presenta For large 

( 1 ) 
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n1 ,! is approxiaately normally distributed wider H0 with expected 

value O and variance 

h D 't3 d t · th · f th J0th t1°e of absolute values were = l . an . is e size o e 
. J J 

of the ,!.i ~ µO (tj = 1 inclusive)o 

For large values of n1 ~ the statistics 

(2) 

(one=sided tesi)g left hand tail) (3) !1 
1 (! + n =-
OT 

T 
1 (! - 1) =--r OT 

(one-sided testg right hand tail) (4) 

1 ( 1!1 = 1) T = --2 0 
(two-sided test) (5) 

T 

can be considered as random normal deviates and can be used to find 

approximate tail=probabilities in the cases of one=sided or two-sided 

tests respectivelyo Wit~ T1 & Tr and T2 the corresponding normally 

approximated probabilities are given in the outputo 

Large positive (negative) values of ,i and T indicate that µ1 > µ0 
(µi < µ0) 0 

Remarkg In this program the test statistic! is computed as followso 

Split the z. = µ 0 unequal to zero in two groupsg the positive z. = µ0 ~ad 
-J. -1 . 

the negative ~ = µ 0 o Let ! 1 _be the number of positive !.i, = µ 0 and lie the 

number of negative .!i = µ0 o Then for!,; 0 and lie~ 0 we have 

(6) 

where Wis the test statistic of WILCOXONqs two=sampled test applied to 

the samples of positive z. = µ 0 (sample I) and the absolute value of the 
-1 

negative~- = µ0 (sample II)o 
-J. 
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Literature 

In most books on elementary statistics details of STUDENT 0 s t-test 

can be found 9 eogo 

WoJo DIXON & FoAo MASSEY 9 Jro 9 Introduction to statistical analysis 

(Chapter 9) 9 Mc Graw=Hill~ New York 1951; 

AoMo MOOD & FoAo GRAYBILL 9 Introduc~ion to the theory of statistics 

(Chapter 12) 9 Mc Graw=Hill 9 New York 9 19630 

Discussions of WILCOXON's test for s;ynnmetry are given in 

Ao BENARD & Co VAN EEDEN 9 Handleiding voor de symmetrietoets van 

Wilcoxon 9 Report S 208 of the Statistical Department 

of th~ Mathematical Centre 9 Amsterdam~ 1956; 

Ho DE JONGE 9 Inleiding tot de medische statistiek9 Part I (Chapter 10), 

Leiden 9 1963, 

So SIEGEL~ Nonparametric statistics for the behavioral sciences 

(Chapter 5) 9 Mc Graw=Hill 9 New York 9 19560 
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Inputi 

a 1-dimensional set of observations~ given in one of the two forms 

described in note 3o 

µo { 1 g A performed 
'tests = 

2i A and B performed 

The program contains set XEENtalo 

Outputi 

fResult <code number of program>} 

tone-sample tests for the mean, see descr 7a} 

fsample} code number of the sample 

fmuO t df p T sigT Tl p Tr p T2 p t 
µo t n-1 pt T OT Tl PT T PT T2 PT r l r 2 



TESTS FOR INDEPENDENCE (TWO-DIMENSIONAL CASE) 

A two-dimensional sample of pairs of observations (!.:i_,4), 

i = 1, ••• , n, is supposed to be given. 

descr 8.1 

In this program the hypothesis is tested, that the observations x. and 
-i 

'l..· are stochastically independent. Three 
1 

tests are presented. They are 

especially powerful against alternatives where the correlation 

coefficient p~,'l._) #- o. 

In the first two tests it is asswned, that the pairs of observations 

are independent. In the last test no such assumption is necessary. 

A. Normal-distribution test for independence 

Hypothesis HO: the pairs of observations (x.,v.) have identical two­
-i M-1 

dimensional normal distributions, and the components are independent. 

Equivalent test statistics for testing HO are 

[ n n ] , 

[ J1 
1 n ] , 

r = 
J1 

(x. - .l I X. )2 -i:i . ('l._. I l.·)2 -:i • -i n j=1 -J 1 n j:::1 J 

n n n 
I (x. - - I X • )('l._. - - I 'l.. · ) 

i=1 -i n j=1 -J 1 n j=1 J 
( 1 ) 

and 

(2) 

Critical values of the sample correlation coefficient!. under HO are 

tabulated for small n. The statistic t has under HO at-distribution 

with n-2 degrees of freedom. 

B. SPEARMAN's rank correlation test 

Hypothesis HO: the pairs of observations (x.,v.) have identical two­
-i M-1 
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dimensional distributions, and the components are independent. 

Equivalent test statistics !.sand 1s for testing H0 are defined as 

follows. 

Rank the x. and z.. separately, and let X. be the rank of x., and Y. the 
-J. l. --i --i -:i. 

rank of y .• Defined.= X. - Y. 9 i = 1, 000, no Lett (x) = number 
-i --i --ith -i " 

of x-observations in the v tie of the x's, and define 

Tv(x) = ~2 (t~(x) - tv(x)); TA(y) is defined similarly for they­

observations. Then 

r = 21 [ r x~ - I T (x) J-~ 0 [ r y~ - I T, (y) J-~ 0 

-s i=1 --i v " i=1 --i A I\ 

I T (x) - I T, (y) - 1 d~] (3) 
" 'I\ ·1-J. 

" I\ i= 
tfl 

and 

t [1 2J-~ ~ (4) = -!.s _o n-20 r 
' -s -s 

* 1 n 
* 1 n 

where x. = x. - - I x. and Y. = Y. - - I Y. 0 
-J. -J. n j=1 ""'."'J -J. -J. n j=1 J 

For small n, n = 2(1)30, critical values of SPEARMAN's rank correlation 

coefficient r are tabulated (if no ties are present). For large n the 
-s 

statistic !g has under H0 approximately at-distribution with n-2 

degrees of freedomo 

C. KENDALL's rank correlation test 

Hypothesis H0 : for a given ranking of. the x-obseryations all permutations 

of they-observations are equally probab~eo 

If the pairs of observations (x.,v.), i = 1, o•o, n, are indenendent, the 
' ~ ~l. -If 

hypothesis H0 is implied by the hypothesis H0 9 • 

Hypothesis H0 ': the pairs of observations (.!,i,4) are identically 

distributed, and the components are independent. 



The test statistic for testing H0 (or H0 ') is: 

where 

s = I s •• 
. <. -1 ,J 
1 J 

s •• = {+: 
1,J 

-1 

if (x. - x.)(y. - y.) > 0 
1 J 1 J 

if ( X. - X • ){ y. - y • ) = 0 
1 J 1 J 

if (x. - x.)(y. - y.) < o. 
1 J 1 J 

descr 8.3 

(5) 

For small n, n = 4(1)40, one-sided critical values of.§_ under H0 are 

tabulated (if no ties are present). For large n, ~ is approximately 

normally distributed under H0 with expected value O and variance 

a~= [ 18n (n-1 )(n-2) J-1 • [ 2{n3 - n1 - 3(n2 - c1)} • 

• {n3 - n2 - 3(n2 - c2)} + 9(n - 2)(n2 - c1)(n2 - c2)] , (6) 

where 

2 3 · c1 = l t (x), n1 =It (x), t (x) = number of x-observations in the 
V V V 

V V 

vth tie of the x's, and 

c2 = l ti(y), n2 = l ti(y), tA(y) = number of y-observations in the 
th A A . 

A tie of the y's. 

For large values of n the statistics 

1 (one-sided test: hand tail)(7) ~l = - (S - 1) left 
a -s 

s 1 
(~ + 1) (one-sided test: right hand tail) (8) =--r a 

s 

s2 
1 

< l~I - 1) (two-sided test) (9) =-a 
s 

can be considered as random normal deviates and can be used to find 

approximate tail-probabilities in the cases of one-sided or two-sided 

tests respectively. 

KENDALL's rank correlation coefficient.!. is defined as 
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[ 2 2 ] 1 
-r = 2 (n - c1 )(n - c2 ) - 2 • s. (10) 

Large positive (negative) values of r, t, r I t and S (in case of H0 ') ---s-s -
indicate, that~ and z. are positively (negatively) correlated. 

Remarks: 1) The statistic r is computed using the fact that 
-s 

n 
I 

i=1 
x+:'2- = 

l. 

n 
I 

i=1 

*2 Y. 
l. 

= n3 - n 
12 

2) In this program the statistic Sis computed from the 

relation 

s = I w , 
q<p -pq 

( 11 ) 

where W is the test statistic of WILCOXON's two-sample test applied 
-pq 

on·the samples "p" (as sample I) and "q" (as sample II); here p and q 

denote the ranks of y-observations (not necessarily integers), the 

sample "p" consists of all x-observations corresponding toy-observations 

with rank p, and the sample "q" consists of all x-observations 

corresponding toy-observations with rank q. 

Literature 

In many books on mathematical statistics the distribution of the sample 

correlation coefficient is derived, e.g. 

H. C~R, Mathematical methods of statistics, Chapter 29, Princeton 

University Press, Princeton 1946. 

The rank correlation tests of SPEARMAN and KENDALL are discussed in 

c. VAN EEDEN, Handleiding voor de rangcorrelatietoets van Kendall, 

Report S 262 of t,he Statistical Department of the 

Mathematical Centre, Amsterdam 1959; 

H. DEJONGE, Inleiding tot de medische statistiek, Part I (Chapter 10), 

Leiden 1963; 
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M.G. KENDALL, Rank correlation methods, C. Griffin & Company, 

London 1955; 

s. SIEGEL, Nonparametric statistics for the behavioral sciences 

(Chapter 9), Mc Graw-Hill, Ne¥;,York 1956. 
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Input: 

there are two ways of input, not yet in accordance with note .3. 

1) code number of the sample 

n 

X n 

2) code number of the sample 

-m 

f1 

X ym f 
m n 

where x. < x. if i 
1 - J 

y. < y. if x. 
1 J 1 

< j 

= x. i < j 
J 

f. = the frequency of observation (x.,y.) 
1 1 1 

m = the number of different observations 
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TESTS FOR INDEPENDENCE (TWO~DIMENSIONAL CASE) 

A two=dimensfuonal sample of pairs of observations (x, 0 L") 
-1 l 

1 = 1 0 ooo~ n ~ is supposed to be giveno 

In this program the hypothesis is tested~ that the observat:uons x. and 
-1 

l.· are stochastically independento Three 
l 

tests are presentedo They are 

especially powerful against alternatives where the correlation 

coefficient P(,!~ z) ~ Oo 

In the first two tests it is assumed~ that the pairs of observations 

are independento In the last test no such assumption 1s necessaryo 

Ao Norm.al-distribution test :for independence 

Hypothesis H0 : the pairs of observations (2Sj_~ zi) have identical two­

dimensional normal distributions~ and the components are independento 

Equivalent test statistics for testing H0 are 

r··= [ r 
i=1 

0 ,i L'. (z, = c2. I 1.,) 2 =~ o 
r Il jl n J 
L i=1 1 n j=1 u 

n 
1 

n 
1 n 

L (x. = = l x, Hz. I l, 0) ( 1 ) 
i=1 -1 n j=1 -J '.l. n j=1 J 

and 

! 1 21=! v;:~ t = = r 0 = 2 0 ro (2) 
I., - J 

Critical values of the sample cor~elation coefficient!. under H0 are 

tabulated for small no The statistic t has under H0 a t=distribution 

with n-2 degrees of freedomo 

With t and n=2 the corresponding right=hand tail probability is given 

in the outputa 
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Bo SPEARMAN° s rank correlation test 

Hypothesis H0~ the pairs of observations f.~~ Li) have identical two= 

dimensional distributions~ and the components are independento 

Equivalent tesy statistics .!:sand ls for testing H0 are defined as 

follOWSo 

Rank the x. and v. separately~ and let X. be the rank of x.; and Y. the 
=1 L1 =1 -J. -J. 

rank of v.o Defined. = X. = Y.~ i = 1i ooo~ no Lett (x) = number 
~1 -1 -1 =J. V 

of X=observations in the vth tie of the x 0 s~ 

Tv(x) = ~2 (t~(x) = tv(x))~ TA(y) is defined 

observationso Then 

r 
-s 

and 

where 
#Y; 

X. = 
-1 

1 
n 

Xo = = r x. 
-1 n . -J 

J=1 

# 1 
and Y. = Y. = -

=1 -J. n 

and define 

similarly for the Y= 

n 
I y. 0 

-J j=1 

(4) 

For sma.11 n9 n = 2(1)309 critical values of SPEARM.AN°s rank correlation 

coefficient r are tabulated (if no ties are present)o For large n the 
=s 

statistic ls has under H0 approximately a t=dist~ibution with n=2 

degrees of freedomo 

With t and n=2 the corresponding approximate right=hand tail probability 
s 

is given in the outputo 

Co KENDALL 0 s ran~tcorrelation test 

Hypothesis H0~ for a given ranking of the x=observations aJ..l permutations 

of the y=observations are equally probableo 

If the pairs of observations (x.~ l_,)i i = 1~ ooo~ n ~ are independent 9 the 
=J. l. 
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hypothesis HO is implied by the hypothesis H0o 

Hypothesis H0°: the pairs of observations (xo~ yo) are identically 
-1 =1 

distributed~ and the components are independento 

The test statistic for testing H0(or H0) is: 

s = l So 

i<j -1~J 

where 

r: if (xo = Xo)(yo = y O) > 0 
1 J 1 J 

s 0 = if (xo Xo}(y, yJ = 0 
111J 1 J 1 J 

=1 if (x o = Xo}(y, = y,) < Oo 
J. J 1 J 

(5) 

For small n 11 n = 4(1)40~ one-sided critical values of~ under H0 are 

tabulated (if no ties are present)" For large n 11 ~ is approximately 

normally distributed under H0 with expected value O and variance 

cr~ = [ 18n (n - 1)(n = 2)]-1 0 [ 2{n3 = n1 = 3(n2 = c1)} 0 

" {n3 = D2 = 3(n2 - c2)} + 9(n = 2)(n2 
= c1 )(n2 - c2 ) ] 11 (6) 

where 

c1 = L t~(x) 11 D1 = L t~(x), tv(x) = number of x-observations in 
V V 

the vth tie of the x 0 s 11 and 

the 

For large values or n the statistics 

Sl == (~ = n 
CJ 

(one=sided test: left hand tail) (7) 
s 

s 1 
(~ 1) =- + -r CJ 

(one=sided.:test: right hand tail) (8) 
s 

§,2 
1 ( s 1) == = 
CJ 

(two=sided test) (9) 
s 
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can be considered as random normal deviates and can be used to find 

approximate tail=probabilities in the cases of one=sided or two-sided 

tests respectivelyo 

With s1 ~ Sr and s2 the corresponding approximate tail probabilities 

are given in the outputo 

KmlDALL 1 s rank correlation coefficient, is defined as 

( 10) 

Large positive (negative) values of r 9 t 9 r ~ t and S (in case of H01 ) 
- - """'S -s -

indicate~ that.! and z. are positively (negatively) correlatedo 

Remarksg 1) The statistic r is computed using the fact that 
'=$ 

n 
*2 

n ~2 3 
I I n = n 

X" = L = 
i=1 J. i=1 J. 12 

2) In this program the statistic s is computed from the 

relation 

s = I {w - t t} 
q<p =pgq p q 

( 11) 

where W is the test statistic of WILCOXON°s two sample test applied 
=pgq 

to the samples "p" ( as sample I) and 11 411 ( as sample II) a 

The sample ''p" ( "q") consists of the y" 0 s determined by the p-th 
J. 

(q=th) tie of the x" 0 sa t (t) is the size of the p=th (q-th) tie 
J. p q 

of the Xo OS o 
J. 

Literature 

In many books on mathematical statistics the distribution of the sample 

correlation coefficient is derived 9 eogo 

Ha CR.AME:Ri Mathematical Methods of statistics 9 Chapter 29~ Princeton 

University Press 9 Princeton 19460 

The rank correlation tests of SPEARMAN and KENDALL are discussed in 
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Co VAN EEDEN, Handleiding voor de rangcorrelatietoets van Kendall, 

Report S 262 of the Statistical Department of the 

Mathematical Centre 9 Amsterdam 1959; 

Ho DE JONGE 9 Inleiding tot de medische statistiek 9 Part I (Chapter 10), 

Leiden 1963; 

MoGo KENDA~L, Rank correlation methods 9 Co Griffin & Company, 

London 1955; 

So SIEGEL 9 Nonparametric statistics for the behavioral sciences 

(Chapter 9) 9 Mc Graw-Hillg New York 19560 

< I ,d ··"·:·· .. C . . .Jr .. 
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Input g 

a 2-dimensional set of observations~ in one of the two forms 

described in note 3, 

tests = { 
1 

g 

2; 

A performed 

A~ Band C performed 

The program contains XEENtali see note 2o 

Outputg 

fResult <code number of program>} 

fTetts for independence~ see descr Bat 

fsamplel code number of the sample 

fr t df p rS ts df p s sigS taut 

r t n-2 pt rs ts n-2 pt s crs T 

s 

fSl p Sr p S2 p t 
Sl p s p s2 p 

sl r s s2 r 



Output: 

f<code number of program> 

fNormale toets l 
f r l r 

t t t t 

f vg l n - 2 

ftoets van Spearman t 
f rhos t r s 
t t t t s 
f vg t n - 2 

ftoets van Kendall t 
t s t s 
f tau t T 

t sigma t OT 

t Srechts t s r 
t Slinks t Sl 

t Stweez t s2 

, <fescr 8. 7 

ingelezen} code of sample 

the program contains set XEENtal. 

To compute the ranks of the observations a very slow sort 

procedure is used. 
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THE METHOD OF m RANKINGS (ONE k-DIMENSIONAL SAMPLE) 

A sample of m independent k-dimensional observations (x11 , oo•, .!lk), • 

ooo, (3m1, ooo, 3mk)j not necessarily identically distributed, is 

supposed to be giveno Such a sample can arise if m judges independently 

rank an ordered set of k elements, or if m subjects are studied under 

k conditions (in this latter case one often uses k matched samples of m 

subjects each)o In most applications the situation is analogous to 

two-way analysis of variance (without interaction). 

In this program the hypothesis is tested, that the simultaneous 

distribution of the k components is symmetrical in the components. 

We present three rank tests, of which the first has reasonable power 

against alternatives where the marginal distributions of the components 

are shifted with respect to each other, and the last two are especially 

powerful against trend-alternativeso 

A.· FRIEDMAN I s test 

The components of each k-dimensional observation are ranked separately. 

Hypothesis HO: in each observation all permutations of the ranks are 

equally.probable. 

If the k components of each observation are independent, the hypothesis 

HO is implied by the hypothesis HO9 o 

Hypothesis HO1 : in each observation the k components are identically 

distributed (their distributions may differ for different observations). 

Several closely connected statistics for testing HO (or HO9 ) are 

commonly usedo 

FRIEDMAN's test statistic is: 

( 1 ) 
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where 
f .th b . R. = sum of the ranks o the J component over them o servations. 

-J 
If no ties are present, the exact one-sided tail probabilities of 

x2 under H0 are tabulated fork= 3, m = 2(1)9 and k = 4, m = 2(1)4. 

KENDALL and SMITH considered the test statistic 

s = ¥ 2 1 2 2 
l ~- - 4 m ,k(k + 1) 

j=1 J 

and tabulated one-sided tail probabilities fork= 3, m = 2(1)10; 

k = 4, m = 2(1)6 and k = 5, m = 3 (if no ties are present). 

(2) 

KENDALL introduced a coefficient of concordance "between the judges", 

which is defined as (with tie correction) 

W = [ ~2 m2 (k3 - k) - m f Ti J-1 • S, 
l. 

(3) 

where 

1 , 2 
Ti= 12 f til (til - 1), i = 

tie in the components of the 

1, ••• , m, and til is the size of the 1th 

i th observation. 

For large m the test statistic 

[ ~ 2 m2 (k3 - k) + 2 J-1 • m(k 1)(§. - 1) if no ties are present 

[ 1 2 3 -- t ] - 1 -
12 m (k - k) - m ~ Ti • m(k - 1) §. otherwise 

l. 

has under H0 approximately a x2-distribution with k-1 degrees of 

freedom. 

Also for large m, the test statistic 

[ 1 2]-1 
!, = 1 - m(k - 1) & 

m - 1 2 
0 m(k - 1) & ' 

where x2 is defined in (4), 
has under H0 approximately an F-distribution with v 1 and v2 degrees 

of freedom; v 1 and v2 are given by 

(4) 

( 5) 
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V = l (k - 1)(1 _ l) 0 [ l µ lJ., J-1 0 [ I µ J2 
1 2 m i<l i ·i i=l i 

2 - -m 
(6) 

v2 = (m - 1)v1 , (7) 

1 2 1 
where µi = 12 ( k - 1 ) - k Ti o 

For moderate values of m and k the F-approximation is reputed to be 
2 . t· somewhat better than the X -approxima ion. 

B. VAN ELTEREN's test for a trend 

Hypotheses H0 and H0 ': as in FRIEDMAN's test. 

If a test is wanted with large power against the class of alternative 

hypotheses characterized by ( x.. < f x.. < ••• < f x.. , 
-iJ 1 -iJ2 -iJk 

i = 1, ooo, m, where (j 1, o••, jk) is a given permutation of 

(1, 2, ••• , k), an extra pseudo-observation (j 1, j 2 , ••• , jk) is 

added to them observations. 

The test statistics for testing H0 (or H0 ') are the test statistics of 

FRIEDMAN's test applied to the m+1 observations. However, to reject H0 
and accept the trend alternative, not only the test statistic must be 

significantly large, but also the one-sided tail probability of the 

statistic must be smaller than the one-sided tail probability of the 

corresponding test statistic derived from them original observations. 

C. The L-test of E.B. PAGE 

Hypotheses H0 and F O': as in FRIEDMAN' s test. 

The same class of alternative hypotheses is considered as in VAN 
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ELTEREN's test, and the srune pseudo-observation (j 19 J2 , oo•, jk) is 

added to them observations. 

The test statistic for testing HO (or H I) 
,Q is: 

k 
L = I J. R. , 

i=1 i -i 

. .th where R. is again the sum of the ranks of the i component over the 
-i 

m original observationso 

( 8) 

Critical values of L under H0 are tabulated fork= 3(1)8, m = 2(1)12 

and k = 3, m = 13(1)200 

For large values of m, the test statistic 

Q.1 = 1/m(k - 1)1 
• [ 12{mk(k2 - 1)}-1 • .!:_- 3(1 + 2/(k - 1))] (9) 

has approximately a normal N(0,1) distribution under H0 o 

Large positive values of x2 , S, x2 and F indicate, that the permutations - - - -
of the ranks are not equally probable; if the components of the k-

dimensional observations are independent, this indicates that the 

marginal distributions of the components are shifted with respect to 

each other. Large positive values of Land Q.1 indicate, that 

ix .. < fx .. < ••• < fx .. (i = 1, ••• , m). 
-iJ 1 -iJ2 -iJk 

Literature 

A discussion of FRIEDMAN 9 s test is given in 

H. DEJONGE, Inleiding tot de medische statistiek, Part I (Chapter 10), 

Leiden 1963~ 

M.G. KENDALL, Rank correlation methods, Co Griffin & Company, London 1955; 

s. SIEGEL, Nonparametric statistics for the behavioral sciences 

(Chapter 7), Mc Graw-Hill, New York 19560 

A detailed description of the L-test can be found in 

E.B. PAGE, Ordered hypotheses for multiple treatments: a significance 

test for linear ranks, JoA.SoAo 2§_ (1963) 216-230. 
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Input: two ways of input are possible, not yet in accordance 

with note .3. 

1) code number of tape 

k 

n 

code number of second tape 

x = 1: Friedman to be performed, 0: not performed 

y = 1: v.Elteren to be performed, 0: not performed 

z = 1: L-test to be performed, 0: not performed. 

if y = 1 or z = 1: j 1 ••••• jk 

2) code number of tape 

k 

-m 

x11 - - - - - x1k 
I 

code number of second 

X } y see 1) 

z 

if y = 1 or z = 1 : j1 

tape 

0 e O O 0 

f1 

f 
n 

jk 

Here sorted observations are used, 

fi = frequency of observation (xil' xi2 , ••• , xik) 

m = number of different observations 



Output: 

f<code number of program >t 

fingelezen getal band t 

fbesturingsband t 

fFriedman-toets t 

t s t 

t w t 

f chit 

f vg t 

f F t 
f nu1t 

f nu2t 

fTREND-toets t 

s 
w 

2 
X 

k - .1 

F 

"1 

"2 

the same as given under Friedman 

fL-toets t 

t1 t 
tu1 t 

code number of tape 

code of second tape 

To rank the components of the observations a very slow sort 

procedure is used. 

descr 9.6 
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THE METHOD OF m RANKINGS (ONE d=DIMENSIONAL SAMPLE) 

A sample of m independent d=dimensional observations C,!11 , 000 9 .!id), o 

000 9 (.!m19 ooog !md), not necessarily identically distributed 9 is 

supposed to be giveno Such a sample can arise if m judges independently 

rank an ordered set of d elementsg or if m subjects are studied under 

d conditions {in this latter case one often uses d matched samples of m 

subjects each)o In most applications the situation is analogous to 

two-way analysis of variance (without interaction)o 

In this program the hypothesis is tested, that the simultaneous 

distribution of the d components is symmetrical in the componentso 

We present ,!~,two<' rank-:tests 9 of which the first has reasonable power 

against alternatives where the marginal distributions of the components 

are shifted with respect to each other 9 and the last ±srespecis~ly,in::.:y 

powerful against trend-alternativeso 

Ao FRIEDMAN 9 s test 

The components of each d=dimensional observation are ranked separatelyo 

~Hypothesis H0g in each observation all permutations of the ranks are 

equally probableo 

If the d components of each observation are independent 9 the hypothesis 

H0 is implied by the hypothesis H0o 

Hypothesis H0g in each observation the d components are identically 

distributed (their distributions may differ for different observations). 

Several closely connected statistics for testing H0 (or H0) are 

commonly usedo 

FRIEDMAN°s test statistic isg 

x2 = 12 [ m( i + d) ] = 1 0 [ J R~ = ¾ m2 d( d + 1) 21 9 { 1) 
J=1 J J 



where 
R f ,th , 

, =sumo the ranks of the J component over them observationso 
-J 
If no ties are present,, the exact one=sided tail probabilities of 

2 X under H0 are tabulated ford= 3,, m = 2(1)9 and d = 4iJ m = 2( J4o 

KENDALL and SMITH considered the test statistic 

and tabulated one=sided tail probabilities for d = 3~ m = 2( 1) iJO~ 

d = 4~ m = 2(1)6 and d = 5il m = 3 (if no ties are present)o 

(2) 

KENDALL introduced a coefficient of concordance ivbetween the judges'',, 

which is defined as (with tie correction) 

lr 1 2 3 ) r ]=1 
W = TI° m ( d = d = m f Ti (3) 

where 

Ti= TI' f til (ti~= 1),, i = 1il 000 9 mil and til is the size of the 1th 

, , ,th , . 
tie in the components of the i observationo 

For large m the test statistic 

2 
K = d) + 2 ]=1 0 m(d 1)(~ = i) if nq ties are present 

(4) 

2 0 ' • 0 has under H0 approximately ax =distribution with d='l degrees of 

freedomo 

With x2 and d-1 the corresponding approximate right=hand tail probability 

is given in the outputo 

Also for lar$e m~ the test statistic 

F = [ 1 - m(d = 0 
m = 1 2 

m(d = ']) K iJ 

where x2 is defined in (4)~ 
has under H0 approximately an F=distribution with 1 and \,2 degrees 

of freedom, v1 and v2 are given by 

(5 
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\)1 :..l (d = 0(1 _.!.) 0 rL I l.lou·]=1 0 [ ! Uo] 2 
2 m i<l 1 l i=1 1 

2 - -m 

For moderate values of m and d the F-approximation is reputed to be 

somewhat better than the x2-approximationa With F, v 1 and v2 the 

corresponding right-hand tail probability is given in the output. 

Ba The L=test of EaBo PAGE 

Hypotheses HO and H0: as in FRIEDMAN's testa 

If a test is wanted with large power against the class of alternative 

hypotheses characterized by e Xo o ('. ~. o < 0 O O < • £ x. • I} 

. -lJ 1 1 J2 -J.Jd 

(6) 

(7) 

i = 1, coo~ m~ where (j 1" oaa~ jd) is a given permutation of (1, 2, 000 9 d), 

the L=test of EaBa PAGE can be useda 

The test statistic for testing HO ( or H0 ) 
0 

is~ 

d 
L = }: j. R. ll 

i=1 l -1 

where R, is again the sum of the ranks of the i th component over the 
-1 

m original observationso 

Critical values of L under H0 are tabulated ford= 3(1)8 9 m = 2(1)12 

and d = 3, m = 13(1)200 

For large values of m~ the test statistic 

(8) 

UL= Vm(d = 1~ 0 [ 12 {md(a2 - nr1 0 .!;- 3(1 + 2/(d - 1)) l (9) 

has approximately a normal N(0,,1) distribution under H0 a 

With u1 the corresponding approximate right-hand tail probability 

is given in the outputo 
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" " f X2 2 F" do " Large positive values o = ~ 2,~ K and= in 1cate~ that the permutations 

of the ranks are not equally probable, if the components of the d­

dimensional observations are independent. this indicates that the 

marginal distributions of the components are shifted with respect to 

each othero Large positive values of Land u1 indicate~ that 

!:.. Xoo (: CXoo <( 000 < fxoo (i = ,. 000~ m)o 
-iJ ~-J.J -iJd 1 2 

Literature 

A discussion of FRIEDMAN"s test i~ given in 

Ho DEJONGE~ Inleiding tot de medische statistiek~ Part I (Chapter 10)~ 

Leiden 1963, 

MoGa KENDALL~ Rank correlation methods~ Co Griffin & Companyi London 1955; 

So SIEGEL 0 Nonparametric: statistics for the behavioral sciences 

(Chapter 7)~ Mc Graw=Hill 0 New York 19560 

A detailed description of the L-test can be found in 

EoBo PAGE~ Ordered hypotheses for multiple treatmentsg a significance 

test for linear ranks~ JoAoSoAo ~ (1963) 216-2300 
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Inputg 

ad-dimensional set of observationsi in one of the two forms 

described in note 3o 

--{1: tests 

2: 

A performed 

A and B performed 

code number of second tape 

j 1 i) j 2 i) ooo, jd 
1 (only i~ tests= 2) 

The program contains XEENtalo 

Outputg 

fResult <code number of progra.m>t 

fThe method of m rankingsi see descr 9a} 

finputt code numbers of sample and second tape 

fX2 s w Chi df p F df df 
x2 s w 2 

d-1 p 2 F X \) 1 "2 
X 

p L UL 

PF L UL 

p 

PU 

t 

L 
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TWO=SAMPLE TESTS (ONE=DIMENSIONAL CASE) 

Two samples of independent observations are supposed to be 

giveng 

sample I (size m): .!i 9 ,!29 ooo~ ~ ~ all observations identically 

distributed 11 

sample II {size n)g I,19 z.2 , ooog Zn~ all observations identically 

distri butedo 

In this program the hypothesis is testedg that C, .! - [. z. = d. 

Two tests are presentedo Both tests are especially powerful against 

shift-alternatives: e., 2£, = ,£ 1. "F do 

In addition 9 a test is given to test the hypothesisi that the 

variances of both distributions are equalo 

Ao The STUDENT t=test for two samples 

Hypothesis H0 : the observations x. and z.. are normally distributed, 
2 1 2 -i 1 

a (!,) = c a (I,) ( c > 0) and [. ~ = C, z. = do 

The second condition is imposed on H0 for the rare cases, where the 

ratio of the variances is known to be F 1o Usually one supposes c = 1. 

The test 

t = 

where 

s2 = _, 

[ s2 
='J 

m 

I 
i=1 

statistic for testing H0 

+ls2 ]=~ (m+n=2)mn 
0 

c~ 'n+cm 

(x. 
-1 

1 m 2 2 l X.) and Sn = 
ffi , 'i -, C J= I u 

is: 

[1 m 1 
n 

,li-~(1) 0 

; ) .!i - - 1 
1=1 n i=1 

n 
I 

i=1 
<1.. 1 

1 n 2 I z..) . n . 1 ., J= tJ 

Then t has under H0 a t=distribution with m+n-2 degrees of freedom. 

With t and m+n-2 the corresponding right-hand tail probability is 

given in the outputo 

Bo The F=test for equality of variances 

Hypothesis H0: the observations xi and 4 are normally distributed 
• • 0 2( ) 2( ) with equal but unknown variances a ,!. = a z. o 



~, ... ,.,.,,,,..,., 
,,, c,,.,~ ,,~,, 

The test statistic for testing H0 is: 

F = n - 1 82 / 82 
= m = 1 =1 =2 1i 

descr 10o2 

(2) 

which under H0 has an F=distribution with m-1 and n-1 degrees of 

freedomo 

With F 9 m=1 and n=1 the corresponding right=hand tail probability 

is giwen in the outputo 

Co WILCOXON°s two=sa.mple test 

Hypothesis H0 : the observations x, = d and z., are identically 
-1 1 

distributedo 

The test statistic for testing H0 is: 

w = l \ o(x, = di) v.) ~ ~ =1 LJ 
i J 

(3) 

where 

f 
2 if X, = d > z. 

-1 J 
o(x 0 = d1i z..) = 1 if X, = d = z. 

=1, J =1 J 
0 if x. = d < z, o 

-1 J 

For n and m up to rn one=sided tail=probabilities of Wunder 

H0 have been tabulatedll if no ties are presento For large n and m 

Wis approximately normally distributed with 

mean value µ = mn 
w 

(4) 

variance a;:~ [(m+n)(m+n=n]=1
o [<m+n) 3 = n] 0 mnll. (5) 

,· 3 ' th . f h ,th . ' h d 1 where D =, t. and t, is e size o t e J tie int e poole samp e 
j J J 

(t. = 1 inclusive)o Thus the standardized Wis 
J 

* w = µ 
W = -~=w= 

Cf 
w 

For large values of m and n the statistics 

(6) 
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Wl 
1 

(!i = + 1) (one=sided test~ left hand tail) (7) == ii a w 
w 

w 1 (!£ = = n (one=sided testg right hand tail)(B) == lJ -r cr w w 

w2 = ~ (lw = iiwl = 1) (two=sided test) 
w 

can be considered as random normal deviates and can be used to 

find approximate tail=probabilities in the cases of one-sided 

or two=sided tests respectivelyo 

(9) 

With w,. W and w2 the corresponding approximate tail proba~ilities 
- r 

are given in the outputo 

* Large positive (negative) values oft and W indicate that 

t.. ~ - E l. > d ( C!, = Cl. < d) 0 

Large (small) positive values of F indicate that 

a2 (~) > ,lex) ( a2 (2f) < cl(z)) o 

Literature 

In most books on elementary statistics details of STUDENT's two­

sample t-test can be found~ eogo 

WoJo DIXON & FoJo MASSEY 9 Jro~ Introduction to statistical analysis 

(Chapter 9) 9 Mc Graw=Hill 9 New York 19510 

AoMo MOOD & FoAo GRAYBILL. Introduction to the theory of statistics 

(Chapter 12) 9 Mc Graw=Hill 9 New York 19630 

In the first book the F=test for equality of two variances is 

also described {Chapter B)o Discussions of WILCOXON 1 s test are given in 

Co VAN EEDEN & Do WABEKE 9 Handleiding voor de toets van Wilcoxon, 

Report S 176 of the Statistical Department of the Mathematical 

Centre 11 Amsterdam 19550 



Ho DE JONGE 9 Inleiding tot de medisiche stetistiek 9 Part I~ 

Leiden 19630 

descr rnJt 

AoMo MOOD & FoAo GRAYBILL~ Introduction to the theory of statistics 

(Chapter 16) 9 Mc Graw=Hill~ New York 19630 

So SIEGEL 9 Nonparametric statistics for the behavioral sciences 

(Chapter 6) 9 Mc:: Graw=Hill 0 New York 19560 
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Inputg 

code number of the tape 

2 

1 

p 

tests 

sample 

= number of samples 

= dimension of each sample 

> 11 + 12 

11 = the number of different observations in sample I 

if this sample is given as a sorted frequency table or 

tests= 2~ otherwise 11 = number of observations in sample I; 

12 is defined for sample II in the same way 

=t 
A and B performed 

A~ Band C performed 

I~ given in one of the two forms described in note 3 

sample II~ given in one of the two forms described in note 3 

C 

d 

The program contains XEENtalo 



Outputg 

{Result<code number of program>} 

tTwo=sample testsj see des~ 10 0 ½ 

{input} code number of the tape 

{c d t df p F df 

C d t m+n-2 pt F m=1 

fWl Wl p Wr p Wz P} 

w Wl PW w PW w2 PW r 
1 r 2 

df p 

n-1 PF 

muW 

µw 

descr 1006 

sigW} 

a 
w 
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k=SAMPLE TESTS (ONE=DIMENSIONAL CASE) 

0 ' (1) (1) 
k samples of independent observations 2fi 9 oooi x ; ooo; 

!.~k) i ooo~ ~(k) are supposed to be given~ k ~ 3o The o:Jrvations in a 
°k O O ~ O O 0 sample are assumed to have 1dent1cai distributionso 

In this program some tests are presented for the k-sample problem. 

Under A and C two tests are given to test-the"'hypothesis, that the k 

samples are from identically distributed populations; these tests are 

especially powerful against shift=alternatives~ £!.(i} -:f. E!.(jJ for at 

least one pair ( i 9 j) o Und,er B a test is given to test the hypothesis, 

that the ~ ( i) ( i ::a 1 9 a o , ~ k) have equal variances o Under D a test is 

given for trend in the samples~ this test is consistent for all weak­

trend alternativeso 

Ao The F=test for one=way analysis of variance 

0 0 ( i) 0 0 

Hypothesis H0 ~ the observations xj · have 1dent1cal normal distributionso 

where 

The test statistic fo~ testing H0 is: 

k n, 
k r 1 ,,, (') 2:i-. 

F _n= ii\' 'li'_(!,J.J =.l)J'./=,i 
- I L ~ X, = X 

- k = l l i:;:,,1 j='l =J = . 

k 
i ooo~ k)i n = I 

i=1 

k 
X = l l 

n i=: 
-( i) 

n, X o 
1-

n, and 
1 

Then F has under H0 an F=distribution with k-1 and n-k degrees of freedomo 

With Fi k-1 and n=k the corresponding right~hand tail probability is 

given in the outputo 
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Bo BARTLETT 0 s test for equality of variances 

Hypothesis HOi the observations /i) are normally distributed and have 
-J 

equal but unknown varianceso 

The test statistic for testing H0 isg 

r 11 
k 

1 
n ~ k}} L = 1 { l = 3(k = n 1 no = :1=, i=1 J. 

k no 
r. 1 l. 

( ( i) _ x<i))2} 0 
;1 (n - k) log { 1 r 2 Xo + 
L n = k i=1 j=1 -J 

k no 
1 J. ( ( i) = i( i) )2} ] 0 = l (n.:: = 0 log I l Xo 

i=1 .L ·no = j=1 =J 
J. 

2 Then for large n1 the statistic L has under H0 approximately ax= 

distribution with k=~ degrees of freedomo 

(2) 

With Land k=1 the corresponding approximate right-hand tail probability 

is given in the outputo 

Co The KRUSKAL=WALLIS test 

Hypothesis H0 g the observations x~i) have identical distributionso . -J 
The test statistic for testing H0 is: 

H = S(n = ·:) [ n3 - n = 2 T ]=1 0 [ I 
1 1 i=1 ni 

(Woo = n.no) }2J1. 8 -1J J. J . , 

where 

T1 =ti= t 1 and t 1 is the size of the j th tie of observations in 

the pooled sample~ 

W o , = the test statistic of WILCOXON° s two-sample test applied to 
=J,J 

th otn d ,th 1 1 I d II 0 e i an J samp e~ as samp es an respectivelyo 

Fork= 3 and n ~ 5 one=sided tail probabilities are tabulated {if no 

ties are present)o For large sample sizes~ has under H0 approximately 
2 0 0 0 

ax =distribution with k=1 degrees of freedomo 
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With Hand k~t the corresponding approximate right-hand tail prbbabiliW 

is given in the outputo 

Starting from the KRUSKAL-WALLIS test, a test for outlying samples 

is constructed in the following wayo 

Let a be the given significance levelo If the approximate tail 

probability of His smaller than a 11 the statistics v~ 1) (i = 1 9 000 9 k) 
1 

are computed 11 defined by 

where D1 = L tio 
Define i 1 ai the index i for which l!i1 )1 obtains its maximum value. 

Then for not too small sample sizes 

P {v~ 1) > ua/k} ~ a 11 -1, (5) 

(4) 

where Ua/k is the upper: percentage point 'Of the normal N(0,1) distribution. 

If the approximate two=sided tail probability of v~ 1 ) is smaller than 

h t . t O V( 2 ) (. 1 k' • ..1. • ) .• 
1 t1 d • • 0 l a, t e sta is ics · i 1 = 11 000 9 , :tr l.1''. are·.compu e in a s1m1 ar 

fashion as the V~iT from (4) 11 but omitting the i 1
th sample from all 

considerationso-~en define i 2 as the index i for which lv~ 2 )1 obtains its 
-1 

maximum value o Analogous to ( 5) we have 

(6) 

This procedure is continued until the approximate two-sided tail probability 

of V~l) is larger than a/(k-1+1) or until only two samples are left. At 

each1ltep V~l) and the corresponding approitimite~two-sided tail probability 
11 

are given in the outputo 

Do TERPSTRAus test for a trend 

Hypothesis H0 g the observations x~i) are identically distributed. 
-J 



The test statistic for testing H0 is g 

where W, , is defined in Ca 
=1J 

The test statistic! has under H0 approximately a normal distribution 
1 

with expected valueµ = = k(k = 1) and variance w 2 

2 
[ 3n(n cr = 

w 

k 
1 

0 I n, i=1 1 

where t 1 and D1 have been defined in Co 

The standardized Wis thus 

* 1 1 W ~ = {W = = k(k - 1))a 
= (1 - 2 

w 
(8) 

* With W the corresponding right-hand tail probability is given in the 

outputo 

Large positive values of F and H indicatei that at least two of 

the mean values C x( 1 ) ~ o o a~ eTx{k) :re differento Large positive values 
f L , , = 1 = r , 2( ( n)· 2( {ks) o = indicate~ that at ea.st two o the variances cr x · ~ ooo~ a ,x · 

are differento Large positive (negative) values of V~I) indicate~ th:t 
f O ) ' =11 

the mean value 1of x 1· 1 1 · is larger (smaller) than the means of the 

remaining sampleso Large positive values of W indicateg that 
~ ( n c ( 2 ) E ( k) 0 th t 1 t= t , t , 1' · L.!, · ! ( 2S · ! ooo ! .! wi a eas ones ric inequa 1tyo 

It is not necessary to give the samples in the order in whfoh a t:tiend is 

supposed to exi:sta If Terpstra 0 s test is to be performed 9 the input ffi'.US'i; 

contain a ~ec,ona0 tape with,,a,pelimutii'tioia ~1-~t<ia ii~ jk ,o-C ;1the m.m1bers 

1~ ooo~ k indicating the order in which a trend is supposed to exi~to 
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RemarkgThe te:st statistic l!, of the KRUSKAL=WALLIS test is 

usually defined in a :somewhat different m&'lnero Rank the observations· 

in the pooled sample 9 and let R. be the sum of the ranks of the 
=J. 

, , h ,th l Th observations int el samp eo en 

[ 12 
k 

'1I 2 n ·1 r· , ]=1 1." 3(n I H = n(n + ij j 1 ~ R, = d}. 
0 1 i 3 

T1 o 
i=1 

n, 1 l,,, 1 .l =' n = n 

However~ the definition i~ fully equivalent with definition (3)o 

Literature 

In most books on elementary statistics details of the F-test 

of-one=way analysis of variance can be founds eogo 

WoGo DIXON & FoJo MASSEYv Introduction to statistical analysis 

( Chapter 110)" Mc Graw=Hill 9 New Yelrk 1951, 

AoMo MOOD & FoAo GRAYBILL 9 Introduction to the theory of statistics 

( Chapter 114) ~ Mc Graw=Hill ~ New York '1963 o 

In the first book BARTLETT') s test i.:s described~ but with an 

F=approximation instead of a x2=approximationa A description of the 

test where the x2=approximation is u:sed is given in the book of 

Ho DE JONGE mentioned below (Part II~ Chapter 14) o 

Discussions of the KRUSKAL=WALLIS test and TERPSTRA"s test for trend 

are given in 

(9) 

Ho DEJONGE~ Inleiding tot de medische statistiek~ Part I (Chapter 10) 9 

Leiden i963 9 

WaHo KRUSKAL & WaAo WALLIS 9 Use of ranks in one=criterion variance 

analysis 9 Jo Amero Statisto Assa 47 (1952) 583=621, 

So SIEGEL~ Nonparamet:d,c: statisti,cs for the behavioral sciences (Chapter 8), 

Mc Graw=Hill 9 New York 19560 

The test for outlying samples is based on an idea of Ro DOORNBOSo An 

exposition of his te(;;hnique {with several examples) is given in 

Ro DOORNBOS 9 Sta~istische methoden voor het aanwijzen van uitbijters 9 

Statistics. Neerlandfoa 9 11, ( 1959) 453=462a 
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Inputg 

~ode=number of the first tape 

k = num1:::1er )f· rn.mples 

p 

= dimension of each sample 

> 1 1 + 12 + ooo + lk 

lo = number of different observations in the i th sample if this 
l 

sample is given as a sorted frequency table or if tests,; 1., 
, , th 
in the i sample, otherwise L = number of observations 

1 

f1' 
A and B performed 

tests = 2: Ag Band C performed 

3g A9 B9 C and D performed 

k timesi a 1l=dimensional samp:'l!e 9 given in one of the two forms described 

in note 3o 

a (only if tests '# 11) 

code=number of see;ond tape 

J11@ J2 9 oooc jk 

The program contains XEENtalo 

1 (only if tests= 3) 



OUtputg 

{Result <code number of program>} 

fk-Sample testsG see descr 11f 

finput} code numbers of first and second tape 

fF df df' p L df p w muW 

F k-1 n=k PF L k-1 PL w J.!w 
fWs p H df' p i 

* w p* H k=1 PH 
w 

{Outlying samples} 

code number of sample i, 
i1) P(V~ 1)) 

11 1, 

descr 11o7 

sigW} 

C1 w 
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ANALYSIS OF VARIANCE (FIXED EFFECTS; GENERAL MODEL) 

Letz .. , j = 1, 2, ••• , n., n. > 1, i = 1, 2, ••• , k, denote k. 
1J 1 1 -

independent random samples from normal distributions with equal 

variances but possibly different expectations: 

2 z .. independent, l.··~N(n.,o ), J = 1, 2, ••• , n.;, i = 1, 2, ••• , k. 1J 1J 1 ~ 

We write 

k 
n = l 

i=1 

n. 
1 i 

Y. = - l l.· ., 
-i• n. . 1 iJ 

i J= 
l..·. 

1 k 
= - l 

n i=1 

n. 
i 

I 4·· j=1 J 

A model is given by the sets of equations 

n. = 
i 

0 = 

I 
j=1 

I 
j=1 

x .. 
1J 

s. , 
J 

h .. S. , 
1J J 

i = 1,2, ••• ,k, x .. 
1J 

= O, or 1; 

i = 1,2, ••• ,1, h .. = 
1J 

O, or 1. 

This means that the expectation of an observation in the i th sample 

(or "cell") is obtained by adding a number of the "effects" 

s1, s2 , ••• , Sp, which are themselves subject to 1 linear constraints. 

We define 

n 

y 
s 
N 

X 

H 

( X 
H 

the column-vector (n1, n2• 0 e O , nk); 
the column-vector (y1.' Y2.' • • •, Yk. ) ; . 

the column-vector ( $1 t 132, 0 0 0 I s ) . 
p ' 

the kxk diagonal matrix with elements n .. = 
1J 

if i = j and O otherwise; 

the matrix (x .. ) with k rows and p columns; 
1J 

the matrix (h .. ) with 1 rows and p columns; 
1J 

0 •• n.' when o .. = 1 
1J i 1J 

):the (k + l)xp matrix of which the first k rows are the rows of X 

and the last 1 rows are the rows of H. 
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The transpose of a matrix will be denoted by adding a prime, e.g. X' 

is the pxk matrix (x .. ). 
l.J 

In matrix notation the model becomes 

n = XS 

0 = HS. 

The model is consistent, determines S uniquely and Sis estimable, if 

X 
rank X= r, rank H = p - r, rank ( H) = p. 

The following quantities are computed (with each sum of squares the 

number of degrees of freedom (df.) is given): 

1 • 

2. 

l· 

4. 

The total sum of squares 

k n. 
l. 

)2 T = I 2 (y .. y 
i=1 j=1 l.J .. df ( n - 1). 

The residual sum of squares 

k n. 
l. 

)2 R = 2 2 (y .. - y. 
i=1 j=1 l.J l.. 

df (n - k) 

The determinant 

det (X'NX + H'H). 

This is meant to provide a check on the model, since the ranks of 

X, Hand (~)are not determined in the program. If rank ( ~) < p 

the matrix X'NX + H'H is singular and the remainder of the program 

will produce nonsensical results. If the determinant is zero the 

program is stopped accordingly. 

The column vector b = (b1, b2 , 0 0 0 t b ) 
p of least squares 

estimates of S = ( s1 , s2' 0 0 0 ' SP) 

b = (X'NX + H'H)- 1 x'Ny. 
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.z.• The column-vector a= (a1 , a2 , •••• 8k) of least squares estimates 

of n = (n1, n2, ••• , nk) for the model given 

a= Xb. 

6. The sum of squares 

where 

k 
s - R = l 

i=1 

k 
s = I 

i=1 

n. 
]. 

I 
j=1 

2 
n. (y. - a.) 

]. l.o ]. 

2 
(y .. - a.) 

J.J ]. 

df (k - r), 

denotes the minimal sum of squares for the model given. 

l• The test statistic for the model against the underlying assumption 

S - R 
F =---R 

n - k . 
k - r ' 

under the assumptions of· the model F has an F-distribution with 

k - rand n - k df. 

8. The estimated covariance-matrix C(b) of b 

where 

s 
C(b) = --n - r 

• ZNZ' 

Z = (X'NX + H'H)-1 X'. 

The special feature of this program in its great generality: it 

processes analysis of variance results with unequal numbers n. of 
]. 

observations per cell as well as missing plots. Since the matrix 

inversion in the program can be rather time-consuming, it should 

preferably not be used for routine designs with equal n .• 
]. 

When using the program one should realize that generally, for unequal 

numbers of observations per cell, the F-test for the existence of a 

given set of effects depends upon the model as a whole, i.e. on what 

other effects one wishes to retain in the model. 
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If missing plots occur (n. = 0) the corresponding cells are simply 
l. 

emitted from the model. One often has to be extremely careful in this 

case that Sis uniquely determined by the model and estimable (e.g. in­

teractions cannot be separated from main effects. etc.). 

It may be necessary to try a number of different models of increasing 

complexity before a satisfactory one is found. The estimated covariance 

matrix C(b) may thereafter be used to carry out multiple comparison 

procedures. The program provides this covariance matrix only if the 

test statistic F for the model satisfies 

F < cref 

where cref is some preassigned critical value for F. For F-values 

exceding cref the model is not supposed to be satisfactory anyway. 

It is also possible to have the computer print only parts of the 

matrix C(b). 

Literature 

H. SCHEFFt, The analysis of variance, Wiley New York, 1959. 

Note that the matrices X and Hare denoted by X' and H' by SCHEF'n. 



The irtput data shouid be given in the foilowing w~y: 

code htimber of the tape 

k 

descr 12.5 

the k samples, each given in one of the two forms described in note .3 •. 

cref 

the number of models to be tried 

the models, each consisting of: 
code number of the model 

1 

p 

r 

k 
}: m. 

i=1 1 

~11 - - - - - - - h1p 

I 
I 

hl 1 - - - - - - - hlp 

m, 
I 
I 
I 

z,- - - - - zmk 

where: m. = I xij 1 j=1 

z. such that x. = 
J 1Z• 

J 

s = number of parts of C(b) 

1 and z J-1 < 

to be computed 

see description of output 

' 1 u 
s s 

Z· j 



Output: 

fResult <code number of program>t 

fAnalysis of variancet 

fsee descr 12t 

finputt code number of input tape 

fT t T 

fR t R 

of each model: 

fmodelt 

fdet t 

fvector b 

~, 

b p 

fS - Rt 

fF t 

fC(b) t 

f df t n-1 

f df t n-k 

code number of model 

det(X'NX + H'H) 

vector at 

a, 
I 

ak 

s - R f df t 
F 

the s parts of C(b), t = 1, 2, ••• , s 

--- --

where c. . = covariance ( b. , b . ) 
1J 1 J 

k-r 

The program contains setXEENtal (see note .2.) 

descr 12.6 
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MULTIPLE POLYNOMIAL REGRESSION 

In this program the regression coefficients of a multiple polynomial 

regression function are estimated from the given sample and some 

tests are presented for testing the model and certain assumptions 

about the regression coefficients. 

The following sample is supposed to be given: 

{ v .. , z1., 
.11..iJ 1 0 0 0 ' zki } ' j = 1, 0 0 0 ' 

m.; 
1 

i = 1, 
n 

I 
i=1 

m. = m, 
1 

where the z 1 ., ••• , zk. are the values of k independent (fixed) 
.1 1 . 

variables z 1, ••• , zk and the Zij are independent observations of the 

dependent (random) variable l.• 

The underlying model to be investigated is: 

"the x_ .• normally distributed with expectations 
1 ~ 2 2 

and variances a.a, 
1 

where P(z 1i, ••• , zki) is a polynomial in z 1i, ••• zki with coefficients 

s1 , ••• , Sp of the form 

( 1 ) 

In each instance the appropriate regression function can be obtained by 

choosing the right exponents trl for each term (r = 1, ••• , p). In the 

case of linear regression without constant term the matrix (tr1 ) is the 

kxk identity-matrix, in the case of linear regression with a constant 

term the matrix (tr1 ) is the (k+1)xk matrix of the form 

(
0 o .. ,o) 

( tr 1 ) = i'""-- ' 
where I is the kxk ident~ty-matrix. 

The a~ are introduced to allow for different variances of the z .. for 
1 1J 

different values of the independent variables; if a constant variance is 
2 thought to be adequate, all a. should be taken equal to one. 
1 
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Under A the regression coefficients are estimated, estimated standard 

deviations of the estimators b of S (r = 1, ••• , p) are given and -r r 
separate confidence intervals for the S (r = 1, ••• , p)· are derived. 

r 
Un~,r Ba test for the assumed model is given in case of replicated 

observations of z for constant values of the independent variables; 

this part of the program is (not) evaluPted if the input-variaQle 

B = 1(0). Under Ca test for the assumed model against a model with 

a regression function containing more (higher degree) terms is given; 

this part of the. program is (not) evaluated if the input-variable 

C = 1(0). Under D a test is presented to test the hypothesis that some 

of the regression coefficients have given values; this part of the 

program is (not) evaluated if the input-variable D = 1(0). 

A. Estimation of the regression coefficients 

The (column) vector of least squares estimators b = (b1 , ••• , b )' of 
- - -p 

the vector of regression coefficients (S 1, ••• , Sp)' is given by 

where 

and 

b = K- 1 Xi,_, 

K = XX' , 

X = (x .) is a pxn matrix of rank p with elements ri 

X • ri 
(r = 1,0•09p;1= 

i,_ is an n-dimensional (column) vector with elements 

m. 
i 

I Z·. 
j=1 iJ 

(i = 1, ••• , n); 

a prime denotes the transpose of a matrix or vector. 

1 , ••• ' 

(2) 

n) 

(3) 

( 4) 
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Define 

m. m. 
n 
I -¼ { 

i=1 a. 
J. 

J. 2 I -z. .. 
j=1 :l.J 

J. 

( I z. .. 
mi j=1 :J..J 

n 
S ' ~2 - b' X ~ ~= l l.i l,, 

i=1 

then R2 /cr2 and §.c,_/cr2 are independently distributed as chi squared 

with m-n and n-p degrees of freedom respectively. Thus n2 /(m-n) 

and ~/(n-p) are independent estimators of the error variance cr2 • 

(5) 

(6) 

The (conditional) error variance cr2 = var(z.lz 1 , ••• , zk) as a fraction 

of the unconditional variance var z. is estimated by 

,, .. c2 :.!!.:.!. [.R2 + ! -~ _.l ( I i_.)2]-1. [R2 + sn] (7) 
- m-p - . Zi n i'--1 J. -.i, i=1 

if the regression function is linear,£ is the sample multiple 

correlation coefficient between z and the set z 1, ••• , zk. 

Estimates of the standard deviations cr(b) are provided by 
-r 

Exact two-sided confidence intervals with confidence level 1-a are 

given by 

b - o(b )•t <Sr< b + 8(b )•t 
"""".I' -"""".I' a --F• """".I' a (r= 1, ••• ,p), 

2 2 

where 

( 8) 

(9) 

a 
t 0 is the upper 2 - point of the t-distribution with m-p degrees 

2 
of freedom. 
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B. Testing the model in case of replicated observations 

If some of them. are larger than one, the fit of the data to the 
1 

general form of the regressior function P(z 1 , ••• , zk) can be tested 

with an F-test. The test statistic is 

F1 = !!!::!:. S /R2 
n-p =-n - , (10) 

which has an F-distribution with n-p and m-n degrees of freedom if 

P(z 1, ••• , zk) is the true regression function. 

C, Testing the regression function against a higher degree polynomial 

If m-n is zero or very small, a direct test like (9) of the adequacy 

of the regression function is not available. However, the regression 

function can be tested against a higher degree polynomial, or more 

generally, against a polynomial regression function p*(z1, ••• , zk) 

with more terms. Let this more general alternative regression function 

be defined by 

* p+q k t l 
p (z1, ••• , zk) = I s; rr (zli) r 

r=1 1=1 
( 11 ) 

* The function P can simply be obtained by adding q extra rows to the 

matrix (tr1 ) of original exponents (r = p+1, ••• , p+q). 

( ) . * ( * * ) The column vector of least squares estimators b = b1, ••• , b + ' 
*- - * -p q 

of the vector of new regression coefficients (s1, ••• , Sp+q) is now 

given by 

(12) 

where 

* X = (x .) is a qxn matrix with elements r1 



descr 13.5 

X • r1 

and 

Let 

n ~2 * C" = I 4 - b I ' w, i=1 

then the test statistic 

Ee 
m - E - ~ ( = 

q ~ 

(r = p+1, ••• , p+q; i = 

(x*) ~ 
X if. ' 

testing against * is for p p 

- S )/(S -w, -ti), + 1t, ' 

1 ' ••• ' n) 

(13) 

(14) 

( 15) 

which has an F-distribution with q and m-p-q degrees of freedom if 

P(z 1, ••• , zk) is the true regression function. 

D. Testing hypotheses about the regression coefficients 

In this part of the program the following hypothesis is tested: 

-II : 13 
O r 1 

= 13 ' r, ... , 
where {r1, ••• , r) is a subset of {1, 2, ••• , p} and B­

r 1, 
are given constants. 

... ' 

( 16) 

- - -The (column) vector of least squares estimators _b = (b 1 , ••• , b )' 
- --p-v 

of the vector of the remaining p-v regression coefficients is given by 

( 17) 

where 

-X is a (p-v)xn matrix of rank p-v which is obtained from the 



matrix X by deleting the rows with row-indices r 1 , 

- -K3 = x (X ) ' , 

0 • 0 ' 

descr 13.6 

r ' \) 

i_-is an n-dimensional (column) vector with elements 

Let 

\) 

= i..· -
J. I 

s = 
--w2 

a=1 

n -2 - --l (i_i ) - b I X i.. 
i=1 

then the test statistic for testing H0 is 

( 18) 

(19) 

(20) 

which under the hypothesis H0 has an F-distribution with v and m-p 

degrees of freedom. 

Large values of !,1 , !,2 and F3 indicate, that the hypotheses tested are 

not correct. 

Literature 

In most introductory texts on statistics the above tests are discussed, 

e.g. 

F.A. GRAYBILL, An introduction to linear statistical models, Part I 

(Chapters 6 and 8), Mc Graw-Hill, New York 1961; 

A.M. MOOD & F.A. GRAYBILL, Introduction to the theory of statistics 

(Chapter 13), Mc Graw-Hill, New York 1963. 



Input: 

code number of the tape 

k m 

B C 

t a/2 

z, , - -
I t 

I 
I 
I 

zk 1 - - -
' 

m1 
I 

m n 

n 

D 

z 
I 1,n 

z k,n 

Y1 1- -
I ' 

y ,- -n, 

t1 1--- __ t1 k 
: I t I t 

' I I t 1 _____ t k 
Ip, I Pt 
I I 

t + 1 ____ t + k 
p q, p q, 

a, ----
\) 

~ 

r1 B 

' 

p 

• r 1 
I I only if D 
I I <K-Ho 
r B 

\) r 
\) 

q 

-Y1 ,m, 

= 

--Y n,m n 

the program contains setXEENtal 

descr 13.7 



Output: 

fResult<code number of program>} 

fMultiple Polynomial Regression} 

fsee descr 13} 

finput}code number of input tape 

fdetK} det K 

fr b sigma 

b1 8(b1) 
I I 

I 

I I I 

p b 8(b) 
p p 

fSStot s df 

n ~2 ): y. Sn n-p 
i=1 1 

descr 13.8 

t X sigma} 

\,.;2 x a(b1) 
I 

I 

I 
I 

t,a/2 x 8(b) 
p 

R-sq_uared df rho-squared} 

R2 2 m-n p 

fF1 df df detK2 F2 df df detK3 F3 df df} 



descr 18.1 

SORTING and RATJKING 

The p~ocedures described here may be used to: 

1) sort the sequence a, a +1 , ••• , a by calculatjng a row of 
p p . r 

integers k , L • , ••• , k for which a,, < ak J == p, p+ 1 , p p+ 1 r r.. . . 1 J J+ 

2) obtain a lexicographically sorted frequency table of the numbers: 

~P,CJ. ' - - - ,_ - - -, ap,k 

I 
( 1 ) 

I 
a r,q 

by 

,--~----,a k r, ,. 

a) calcula,ting that seq_uence of integers 

rows 

ak 
• . ,q 

p 
' - - - - - ' ak 1,.. p , ... :i.. 

k. , 
p • • • , k s 

are different and lexicographically sorted; 

for which the 

b) assigninr; such values to fk , ••• , fk that fk. = the number of 
p s J 

times the row ak , . ,q 
J 

••• , a}_ ,, appears in ( 1) ; .. ,i. 
J 

3) to b. (i = p, p+1, ••• , r) the avera0(7e rank-munber of assign i ai in 

the sequence a, a + 1, ••• ,a; 
p p l' 

in this procedure a non-sorted or sorted frequency table of a. is 
l 

also permitted. 

b. = s. + 
1. i 

t. + 1 
i 

2 
where 



s. = l. 

t. = l. 

r 
I 

j=p 

r 
I 

j=p 

o(a.,a.) 
J l. 

y(a. ,a.) 
J l. 

o(a.,a.) = 
J l. 

y(a.,a.) = 
J l. 

descr 18.2 

1 if a. < a. 
J l. 

0 otherwise 

{~ if a. = a. 
J l. 

otherwise 

The method underlying these procedures is SHELL's sort procedure, 

which in turn is an application of the "sinking" method. 

This "sinking" method interchanges the values of two adjacent 

elements ai and ai+ 1 of a sequence a 1, 

For example: 5 

5 
1 

6 

5 

5 
2 

2 

2 

6 

6 

2 

5 

5 
4 

... ' 

2 

? 

2 

6 

6 

4 

5 

an , if a. > a. 1 • l. i+ 

4 

4 

4 

4 

4 

6 

6 

In SHELL's procedure this method is applied to sub-sequences s .. of 
i,J 

the sequence a 1, a2 , O O O 9 a • n 

S, . 
i,J = { a., aJ.+d.' aJ.+2d., 

J l. l. 

Here: l. = 1 ' 2, QI O • , t 
' 

j = 1 ' 2, 
• 0 0 ' d.' l. 

entier ( n - J m .. = 
l.J d. l. 

• • 0 , 

) 
' 

a. d }. J+m ... 
l.J l. 



descr 18.3 

t depends on the sequence d1, d2 , ••• • 

It seems to be difficult to determine the optimal sequence 

••• , dt; for 
d max (1,2 -1) 

the.present procedures this sequence is defined 

d = entier (2log n) - 1 and 

d. 1 
di= entier ( 1 ; ) • SHELL's method is useful if the number of 

elements to be sorted does not exceed 200. 

Now the headings of the procedures are given, the effect of each 

procedure is described with the help of the notation used in 1), 2) 

or 3). 

procedure set1K (A, K, i, p, r); 

value p, r; integer K, i, Pt r; ~ A; 

The values of A should depend on it for i = Pt p+1, ••• , r should A 

be equal to a. (see 1). 
l. 

K must be a subscribted variable, also depending on i; the procedure 

assigns to K the numbers i if the correlation between a. and i is 
l. 

positive and p+r-i if the correlation is negative (i = Pt p+l, ••• , r). 

procedure sort 1 (At K, i, pt r ); 

value Pt r; integer K, i, Pt r; ~ A; 

The values of A should depend on i and be equal to a. (i = p, ••• , r). 
1 

K must be a subscribted variable, also dependi~g on i. 

A call of sort1 is only permitted if the elements of K (i = p, ••• , r) 

contain a permutation of the integers p, p+1, ••• , r; for instance produced 

by set1K. 

The effect of sort1 is: K:= k. (i = p, ••• , r) (see 1). 
l. 

integer procedure SORT1 (A, i, p, r, j, q, k, K, F); 

value p, r, q, k; integer i, j 1 p, r, q, k, K, F; ~ A; 

The values of A should depend on i and j, and be equal to a •• 
l.J 



descr 18.li 

(i = p, .,., r; j = q, •••• k), 

K and F must be subscri bted VR.riables, both depending on i. 

A call of SORT1 is only permitted if the elements of K (i = p, ••• , r) 

contain a permutation of the integers p, p+1, ••• , r. 

The effect of SORT1 is: 

SORT1:= s , K:= k. 
l 

SORT1 uses sort 1. 

'F:= f. ( i 
l 

= P, ••• , s) (see 2) 

procedure RANK1 (A, B, F, i, p, r); 

value p, r; integer F, i, p, r; ~ A, B; 

The values of A and F should depend on i and be equal to a. or the 
l 

frequency of a. respectively (i = p, ••• , r). 
l 

B must be a subscribted variable, also depending on i. 

The effect of RANK1 is: B:= b. (i = p, •••, r). 
l 

RANK1 uses set1K and sort1. 

If A is a subscribted variable, the call RANK1 (A, A, F, i, p, r) 1s 

permitted, in this case a. is replaced by b. (see 3). 
l l 

Literature 

Communications of the ACM, .§. ( 1963) • number 5. 



WILCOXON 1 s W 

The procedure described here may be used to compute Wilcoxon 1 s Wand 

some related quantitieso 

Given sorted frequency tables of two one=d.imensional sets of 

observations: 

X 
f(x) 

rn m 

l 
~(x) 

X n n 
x. < X•+• 

l. 1 I 

these quantities are defined: 

w = 
1 j=p i=m 

where 

o(x.,y.) 
l J 

w 
2 

= w 5 
o w6 

r if x. 
1 

.. if x. 
l 

0 if x. 
1 

w3 = { ~ 0 [(w5 + w6)(w5 + w6 = 

W4 = .r { f(~ )} 3 + .I { f(~)l 3 
J=p J i=m 

where 

y(x. ,Y.) 
1 J 

> y. 
J 

:,;: y . 
J 

< y. 
J 

nJ-1 0 

[ 3 ~ 
(W5 + W6) - W4J . w2} l 

r n 
+ I Y ( X. »Y.) 

j=p i=m ]. J 

if x. = y. 
l J 



n 
f(~) 

w5 = I 
i=m J. 

q 
f(~) w6 = I • 

j=p J 

procedure WILCOX (X, F'~, i, m, n, Y, FY, j, Pt q, W); 

value m, n, p, q; integer i, m, n, j, p, q, FX, FY; 

~ X, Y; ~ array W; 

descr 19a.2 

X and FX are a real and an integer variable, which for i = m, m+1, ••• , n 

are x. and f(~) respectively. 
l l 

Y and FY are a real and an integer variable, which for j = p, p+1, ••• , q 

are y. and f(~) respectively. 
J J 

Wis an output array: W[k]: = Wk k = 1,2,3 14,5,6. 

Legitimate calls of WILCOX are 

WILCOX (X[H[k]] • G[I[k]] • k, P, r, x[1], 0[1-10], 1, 10, 38, Q) 

and WILCOX (A(j), B(j), j, i, h, C(d), D(d), d, h+1, k, R) • 



descr 20.1 

COMBINATIONS 

This procedure may be used to compute all (~)combinations oft 

from n objects. 

procedure COMBINA1 (T• t 1 n, first, READY); 

value t, n; 

integer t, n; 

Boolean first; 

integer array T; 

label READY; 

n different objects may be labeled 1, •••• n, 
Each subset oft (1 < t ~ n) objects from this set of n objects is 

determined by the labels of these t objects. 

There are (~)different subsets oft from n objects, the 

corresponding sets oft labels may be sorted lexicographically: 

1 ' 

1 • 

2 ' 3 ' 

3 ' 

• • • • • • 
0 I • I e f 

t-2 , 

t-2 , 

t-1 , 

t-1 , 

t 

t+1 

1 , 2, 3, ••••• , t-2, t-1 , n 

1 , 2 , 3 , , ••• , , t-2, t • t+1 

1 5 2 , 3 • • • • • • , t-2 , t • n 

1 , 2 , 3 , •••• , • t-2 , t+1 , t+2 

I 

n-t+1, n-t+2, •••••• , n-2 , n-1 , n • 

( 1) 



descr 20o2 

Each call of COMBINA 1 generates the next line of ( 1 ) into the output 

array T: T[i] is made equal to the i-th number of the next line 

(i=1,2, ••• ,t). 

If first.=.~ this is the first line of (1), and first is made 

false. 

If no next line is defined the call results in goto HEADY, in this case 

the contents of Tare meaningless. 

Between two calls of COMBINA1 the elements of T should not be altered. 

The use of CCMBHJA1 may be demonstrated by the following parts of two 

programs; 

start: = ~; 

again: COMBINA 1 (LABELS, sub, set, start, exit) ; 

use LABELS; goto again; 

exit: 

back: newset:= ~; 

again: COMBINA1 (objects, t from, n, newset, back); 

use objects; goto again; 

(2) 

(3) 

In (2) something is computed once for each of the different subsets, 

whereas in (3) after the last line of (1) the first is generated 

again. 
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GENERAL COMBINATIONS 

The procedure presented here generates a combination oft from N 

objects, where the set S of N objects consists of then different 

objects 1, 2, oo•, n, the object h (h = 11 2, ••• , n) appearing 

Fh times. 

All possible combinations oft from this set Scan be arranged in a 

lexicographically sorted scheme. The combination generated is the line 

of the scheme following the last one generated. 

For example: t = 2 n = 3 N = 6 

F = 1 F = 2 F = 4 
1 2 3 

or: s = { 1,2,2,3,3,3,3} . 
The possible combinations of 2 objects are: 

1 ? 

1 3 

2 2 

2 3 

3 3 • 

procedure CO~IBINA2 (T, g, t, F, f, h, n, first, READY); 

value t, n; integer T, g~ t, F, f, h, n; Boolean first; label READY; 

Tis understood to be a subscribted integer variable, the value of 

which depends on g; T is made equal to the g-th element of the 
g 

present combination, where g = 1, 2, ••• , t. 

F should be an integer vari~ble, depending on h, Fh > 0 (h = 1, 2, ooo, n)~ 

describing the set of N = l Fh objects. 

f must be a subscribted in%:~er variable, depending on h 

(h = 1, 2, ••• , n); fh is made equal to the number of times h appears 

in the present combination. 

If first.=.~ the first combination is generated, and first is made false 0 



descr 22a2 

If no next combination is defined, the call of COMBINA2 results 1.n 

goto READY, in this case the contents of Tare meaninglessa 

Between two calls of COMBINA2 the elements of T and f should not b:o 

altered. 

The use of COMBINA2 may be demonstrated by the following part of a 

program: 

eerste: = ~; 

next: COMBINA2 (R[1,i], 1., 8, v[j,j), s[j,2), 10, eerste, out); 

use R and S; goto next; 

out: 



descr 23. 1 

STANDARD NORMAL PROBABILITY FUNCTION 

The standard normal probability function 

. X t2 

~(x) = ...2..... J 
\/21r' _oo 

e- 2 dt can be approximated with the help of the 

approximation H(x) of the function 

0.:. x. 

H(x) 

where: a, = .0705230784 

a2 = .0422820123 

a3 = .0092705272 

jH(x) - G(x)I < .0000003. 

a4 = .0001520143 

a5 = .0002765672 

a6 = .0000430638 , 

real procedure PHI(x); value x; ~ x; 

2 

PHI: = ...2..... Ix e - ½- dt 
\/2-;' _co 

Literature: 

Dr. Hastings& Approximations for digital computers, sheet 63. 
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RANDOM NORMAL DEVIATES 

Random normal deviates can be obtained in the following way: 

Generate a random number x from the rectangular (0,1) distribution. 

Computer such that 

t2 
- 1 Jr e- 2 dt 

X - ~ _oo or r = 4>-1(x) 

An approximation of r can be computed with the help of the 

approximation H(q) of G(q): 

1 Joo - £ q = - e 2 dt 
~ G(q) 

O < q ~ .5 

H(q) 
{ "o + "1 • + •2.2 

b3z3 l = z - 2 
1 + b1z + b2z + 

where: z = vln( 12 ) ' 
. q 

ao = 2.515517 b1 = 
a1 = .802853 b2 = 
a2 = .010328 b3 = 

IH(q) - G(q)j < .00045 

real procedure PHINV (x); value x; ~ x; 

PHINV: = 4> - 1 ( x) 

Literature: 

1.432788 

• 189269 

.001308 

Dr. Hastings, Approximations for digital computers, sheet 68. 



descr ,. 25. 1 

GAMMA and BETA FillfCTION ( integer values of parameters) 

The four procedures described here compute: 

r(n), rx(n) / r(n), B(p,q), Bx(p,q) / B(p,q) for positive integer 

values of the parameters. 

The incomplete functions may be written as finite sums, these are 

computed with the help of the ratio between two subsequent terms: 

r (n) 
X 

where to 

-x 
- e 

-x 
e 

n-1 i1 'i' ~ • l . I 
i=O i. 

n-1 J I t. • (n - 1): 
i=O 1 

X 
=-:-ia 

]. i 
t. 1 

].-

(n - 1)! = 

= Jxo tP-1 (1 - t)q-1 dt 
q-1 (1 ) ]. 

= xp I (- 1)i\q i 1 ~+p = 
i=O 

xp 
q-1 

= I t. 
i=O 

]. 

1 t. X - ]. - F t. 1 0 = p' =-:- . 0 

1 ]. 1 + p i-

real procedure C gamma 1 (n); value n; integer n; 

C gamma 1: = r(n) 

real procedure Q gamma 1 (n,x); value n,x; integer n; ~ x; 

Q gamma 1: = r (n) / r(n) 
X 

real procedure C beta 1 (p,q); value p,q; integer p,q; 

C beta 1: = B(p,q) 

real procedure Q beta 1 (p,q,x); value p,q,x; integer p,q; ~ x; 

Q beta 1: = B (p,q) / B(p,q) 
X 



descr 26o1 

DISCRETE DISTRIBUTION FUNCTIONS 

The program presented here tabulates the distribution functions 

of the 

Poisson 9 

Binomial Ii 

Negative Binomial and 

Hypergeometric distributions 

The probabilities are computed with the help of the following 

relations g 

1o Poisson distribution 

-p 2i 
P = e P 

i u 

2o Binomial distribution 

( n) i( )n-i pi= i p 1 = p 

1- p(n = i + 1) 
p. 1 - i(1-p) 

J.= 

3o Negative Binomia~ distribution 

p. 
J. -= 

p. 1 J.-

(, - p)( i = n 
(i - n) 

i = 0 11 1 ii o o o 

p > 0 

i = o, 1a oeo9 n 

n = positive integer 

i = ni n+1, ooo 

n = positive integer 
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4o Hypergeometric distribution 

i1 = max (0~ M = N + n) i2 = min (M, n) 

Ni ni M = positive integers 

M ~ NII n < N 

p. 
(M = J. + 1 )(n = i + 1) J. -= (N = n + i)i pi-1 = M 

The distribution functions are tabulated for the j 0 s for which 

j-1 
0000001 < I p. < 0999999, 

0 J. 
i=s 

wheres stands for the starting point of the distributiono 

Input g 

code number of the tape 

number of functions to be tabulated 

for each function one of the following lines~ 

1 p {Poisson distribution) 

2 n p {Binomial distribution) 

3 n p {Negative Binomial distribution) 

4 N n M (Hypergeometric distribution) 



descr 2603 

output 

fResult <code number.of the program>} 

fDiscrete distribution functions, see descr 26 9 input} code number of tape 

for each functiong 

f<name of the function>} <parameters> 

f O 1 2 3 4 5 6 7 8 

Table of the function, 

each line preceded by an integer k1 (an integermultiple of 10) 

such that the number in the j-th column and 1-th row of the 

table is equal to 

p. 0 

1 



descr 27 o 1 

GAMMA II 

The procedures presented in this description compute; 

r( !!. ) = 
2 

r (!!.) 
X 2 

r(!!.) 
2 

fco .!L1 
=t 2 e t 

0 
dti n = positive integer 

I: -t 
.!L1 

t2 e 

= 
( ( n -2 

dt 

) 
9 n = positive integer 

X > 0 

The following formulae are used~ 

( n 1} 0 r ( !!. = 1) - = 2 2 

r ( n ) n n 1 
= - -

if n = 1 

if n = 2 

if 3 ~n 

2 ( !!. )2 = 2 [1+1 +--L] 2 
~o e 0 2 0 

bn 72n2 
if ,,n ! 7 

This asymptotic formula has 9 for n ! 7a a relative 

error~ 00002 

< 6 



r ( E. ) 
X 2 

r( E. ) 
2 

= 

1 = e =X 

n 
2 =X 

X e 

r(t-1) 

r ( E. ) 
2 

~1 
=X 2 

= e X 

+ 000 T [ 1 + X 

(t,1) 

here the summation is stopped if 

k 

descr 27o2 

if n = 1, 

if n = 2, 

if 3 ! n ~ 6, 

100 

( x ) ~ 0001, this ensures a relative error in 
E.+k 
2 

r ( E. ) 
X 2 

r( E, ) 
2 

of at most • 001, 

~, 
2 =X 

X e 
1 = -~~-

r( E. ) 
2 

n 1 Q= 
+-~=+ooo+ 

X 

here the summation is stopped if 

(E = 1) o o o (E. = k) 

7 ! n < 100 

2 2 ---~-k~-~~- < o001~ ensuring a relative error 
X 

< • 001 in 1 = 
r E. ) 

X 2 

r ( E. ) 
2 

2 
+- = 

9n 
1}0~) 

1 rt 
Here <fl(t") = ~ I 

~J="" 

(see descr 23)o 

if n > 



!!!1, procedure Gamma2(n); value n; integer n; 

Gamma2 g = r ( J ) 
!!!!, procedure Qgamma2(n 9 x), value n, x, integer n; !!!!, x; 

Qgamma2g = 
r (~ ) 

X 2 

r ( ~ ) 
2 

Qgamma2 uses Cgamma2 and PHio 

Literature 

Handbook of Mathematical Functions 

NoBoSo - AoMoSo 55 (1964) Cho 6 and 260 

descr 27a3 
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STUDENT's t-DISTRIBUTION 

The probability function of Student's t, m degrees of freedom, is 

defined as 

r(~) 
F (t) = -· - 2--
m \Aii'r( ~ ) 

t 2-~ I _oo c, + ;-> 2 du. 

Fort> O the following formulae may be used to compute F (t): 
m 

F (t) 
m 

1 1 . 
= - + - sina 2 2 

{ 1 2 1. 3 4 1 • 3 ••• (m;..3) m-2 } 
1 + -2 cos a+ ~2• cos a+•••+ 4 ( ) cos a 

.:::. LI- 2. • •• m-2 

form even 

( ) 1 a sina { 2 3 2.4 ••• (m-3) m-2 } F t = -2 + -Il + -Il cosa + -3 cos a + • • • + ( 2 ) cos a m 3.5 ••• m-

form odd 

where a = arctan ( ...! ) • 
rm 

• I • The finite sums are computed with the help of the ratio between two 

subsequent terms. 

Fort< 0 the relation F (t) = 1 - F (-t) is used. m m 

~ procedure tDistr (m,t); value m,t; integer m; ~ t; 

tDistr: = F (t). 
m 



descr 32.1 

Corrections for Ties 

In several distribution-free techniques the following problem arises: 

given the numbers 

I 

X 
r 

I 

f 
r 

where fo denotes 
l 

the frequency of the (1-dimensional) observation x., 
l 

but these Xo Vs 
l 

are neither different nor given in ascending order, 

the quantities 

are to be computed. 

T = \ t~ 
2 l J 

T = \ t~ 
3 l J 

Here to denotes the size of the j-th tie in the x.'s. 
J l 

r 
Clearly I 

i=p 
f.i as each to lS the sum of some fo 1 So 

l J l 

T1s T2 and T3 may be computed by the 

procedure TIECORR (A~ F, i, p, r 9 T); value p, r; 

integer F, i, p, r; ~A;~ array T; 

The value of A and Fare supposed to depend on i (i = p, ••• , r) and be 

equal to Xo and fo respectively. 
l l 

TIECORR assigns to T [jJ the value To ( j = 1, 2 ~ 3). 
J 

It has proved to be useful to combine the computing of T1 , T2 and T3 with 

the ranking of the observationsa 



This is possible with the 

procedure RANK2 (A~ B11 Fj i 11 p 11 rs T), value p~ r, 

integer Fil i 11 p 9 r, ~ A9 B; ~ array T, 

descr 32o2 

This procedure has the same effect on A11 B11 F 9 i 9 p 11 r as RANK1 (A 9 Ri, 

F 11 is p 9 r) (see descr 18) and as TIECORR (A 9 Fili, p 9 r, T) on the 

output array To 

Both TIECORR and RANK2 use set1K and sort1 (see descr 18)0 



descr 40o1 

ANALYSIS OF VARIANCE (FIXED EFFECTS, GENERAL MODEL) 

Let 4ji j = 1i 2i ooo, nii ni ~ 1t i = 1 9 2, 000 5 ki denote k 

independent random samples from normal distributions with equal 

variances but possibly different expectations~ 

2 °Li" J' independent , z" , e N ( n , i) a ) , j = 1 ~ 2 , o o • , n , !) i = 1 9 2 9 o o o , k o 
l.J l. l. 

We write 

n = 
1 k 

= - I 
n i=1 

A model is given by the sets of equations 

n, = I X, , lLi) i = 1 i 2, 0 0 0 J k 9 x, 0 = 0 or 
l. l.J J l.J j=1 

0 = I h,, IL~ i = 1 ' 2, Q o o 1 lo 
j=1 l.J J 

n, 
l. 

I z, ,o 
0 1 l.J J= 

1 0 

' 

This means that the expectation of an observation in the i th sample 

(or "celln) is obtained by adding a number of the "effects" 

81& 82 , 000 9 8p 9 which are themselves subject to 1 linear constraintso 

We define 

n 
0 y 

8 

N 

X 

H 

the column vector ( n, it n2 • 0 0 0 j nkh 
the column vector (y1~*-Y2oll 000 1 yk 0 

), 

the column vector < 81 , 82, 0 0 0 f) 8 )o p , 
the kxk diagonal matrix with elements n,, = 

l.J 
if i = j and O otherwise, 

the matrix (x, ,) with k rows and p columns, 
l.J 

the matrix (h, ,) with 1 rows and p columns, 
l.J 

15 00 n,, when 15 0 0 = 
l.J l. l.J 

1 

( X h 
H 

the (k + l)xp matrix of which the first k rows are the rows of X 

and the last 1 rows are the rows of Ho 



descr 40o2 

The transpose of a matrix will be denoted by adding a prime~ eogo X0 

is the pxk matrix (x,,) o 
l.J 

In matrix notation the model becomes 

n = xe 
0 = HBo 

The model is consistentj determines B uniquely and Bis estimablei if 

X rank X = r 8 rank H = p = ri rank ( H) = Po 

The following quantities are computed (with each sum of squares the 

number of degrees of freedom (dfo) is given): 

1 0 

2o 

lo 

The total sum of squares 

k 
n, 

!. 
)2 T = I 1 (y O 0 y 

i=1 j=i 1J 0 0 

df (n = 1) 

The residual sum of squares 

k 
n, 

l. 
)2 R = I I ( y O 0 = y, 

i=1 j=1 1J l. 0 

df (n = k) 

The determinant 

det (XiNX + H9H)a 

This is meant to provide a check on the model~ since the ranks of 

Xt Hand (~)are not determined in the programo If rank ( ~) < p 

the matrix XffNX + H0 H is singular and the remainder of the program 

will produce nonsensical resultsa If the determinant in absolute 
-10 value is smaller than 10 the program is stopped accordinglyo 

4a The column vector b = (b 11 b2 , oooz bp) of least squares estimates 

of e = (e,, 62$ 000$ ep) 

b = (X 1 NX + H1H)=1 X1 Nyo 



descr 40o3 

.2,o The column vector a= (a19 a2 , ooo~ ak) of least squares estimates 

of n = (n 1, n2~ ooo, nk) for the model given 

60 The sum of squares 

where 

denotes the 

k 
s = R = I 

i=1 

k 
n, 

1 

s = I I 
i=1 j=1 

minimal sum 

2 n, (y, =a,) 
1 :Lo 1 

2 (yoo = a,) 
l.J l. 

of squares for the model 

df (k = r) 

giveno 

la The test statistic for the model against the underlying assumption 

S = R 
F =---R 

n = k 
k = r 

under the assumptions of the model F has an F=distribution with 

k =rand n - k dfo With F, k =rand n = k the corresponding 

right hand tail probability Pis given in the outputo 

80 The estimated covariance-matrix C(b) of b 

where 

C(b): s O ZNZU 
n - r 

The special feature of this program in its great generality: it 

processes analysis of variance results with unequal numbers n, of 
l. 

observations per cell as well as missing plotso Since the matrix 

inversion in the program can be rather time=consumingj it should 

preferably not be used for routine designs with equal n,o 
l. 

When using the program one should realize that generally~ for unequal 

numbers of observations per cell 9 the F=test for the existence of a 

given set of effects depends upon the model as a whole, iaeo on what 

other effects one wishes to retain in the modelo 



descr 40o4 

If missing plots occur (n, = 0) the corresponding cells are simply 
1 

emitted from the modelo One often has to be extremely careful in this 

case that 8 is uniquely determined by the model and estimable (eogo 

interactions cannot be separated from main effectsi etco)o 

It may be necessary to try a number of different models of increasing 

complexity before a satisfactory one is foundo The estimated covariance 

matrix C(b) may thereafter be used to carry out multiple comparison 

procedureso The program provides this covariance matrix only if the 

test statistic F for the model satisfies 

p ! a. 

where a. is some preassigned confidence levelo 

For P-values smaller than a. the model is not supposed to be satisfactory 

anywayo It is also possible to have the computer print only parts of the 

matrix C(b) in case P > CV.o 

Literature 

Ho SCHEFFi 9 The analysis of variancei Wiley New York® 19590 

Note that the matrices X and Hare denoted by X' and H0 by SCHEF~o 



Inputi 

code number 

k 

descr 40a5 

the k samples~ each given in one of the two forms described in note 3 

a 

the number of models to be tried 

the models~ each consisting of: 

code number of the model 

l 

p 

r 

I 
j=1 

m 
p 

where: 
k 

mo= I 
J i=1 

- - z pm 
p 

Xo o = number of 1~s in the j th column of X 
J.J 

z O 0 such that x , = and z, , 1 J .,J.= u J J. z 00 J 
J J. 

so z z are the row-indices of the j 1 ~ - - - - -, jm, 
J 

elements of the J=th column of X which are equal to 1a 



s = number of parts of C(b) to be computed 

see description of output 

1 
s 

u 
s 

The program contains XEENtalo 

Outputg 

fResult<code number of program>} 

{Analysis of Variancei see descr 40} 

{samples} code number 

fT 
T 

df 

of each modelg 

R 

R 

tmodel nrf code number of model 

fdeterrninantf det (X 0 NX + H&H) 

{vector bl 
b, II - - - -

fvector a} 

fS = R 

i b p 

df 

S = R k=r 

fparts of matrix C(b)} 
the s parts of C(b), t "' 1 ® 

lt ut 
C lt 
I 1t -- --. ---b ---

lt - - - - - - - -:_ - C 
U. ut t 

F 

F 

0 0 Q i) 

ut 

when Co"= covariance (b,i b,)o 
1J 1 J 

sg 

df f 
n=k 

df 

k=r 

df 

n=k 

descr 40o6 



STAT 

000 

STAT programs 

contents dd. 10-3-65 

001 Crossproduct sums, covariances. correlations see descr 2 

002 Stepwise Regression 

003 

004 

see descr 3 



begin 

PPP: 

-comment program JMA 100364 10693, STAT 001, 
---Matrices of Crossproduct-sums, Covariances and Correlations, 

see descr 2; 
integer p,n,m,tal,band,nl; 
boolean nfq; 

NLCR;PRINTTEXT({JMA 100364 10693 put input tape into reader, set XEENtal, press BVA :j.);stop; 
tal:=XEEN(-0); 
band:=read;n:=read;m:=read;p:=(m+l)x(m+-2).:_?;nfq:=n<0;!L nfq ~ n:=-n; 

begin integer kl ,k2 ,k3 ,k4 ,k5; 
real a; 
oooiean een,twee ,drie, vier; 
integer arrav N[l:m+l]; 
real arrav M[l:p]; 
Fedure OUTPUT(naam,code);intee:er code;strine: naam; 

egin integer_ i,j,k; 

end• =' 

RUNOUT;PUNLCR;PUTEXT({Result JMA 100364 10693, STAT 001:t);PUNLCR; 
PUTEXT({see descr 2:j.) ;PUNLCR;PUTEXT({Matrix of ~) ;PUTEXT(naam); 
FIXP(l0,0,code);FIXP(l0,0,m+l);k:=0; 
fo:r i:= 1 step 1 until m+l do 
begin - -

PUNLCR;PUNLCR;FIXP(6,0,N[i]); 
for j := 1 step 1 until i do 
begin - -

k:=k+ 1 ;FLOP( 6 ,2 ,M [k]); 

end• =., 
TAPEND 

end 
!f. jg_0xlO=j ~ begin PUNLCR;PUSPACE(8) ~ ~ 

0 
0 .... 



for kl:= 1 steb 1 until p do M[kl]:=0; 
!!_ m=l then N l]:= lelse Tor kl:= 1 step 1 ~ m do N[kl]:=read;N[m+l]:=11111; 
k5:=0;nl:=(available-l00}:(2xm+(if nfq then 0 else 1)); 

LAB: k5:=k5+nl;!f_k5>n ~ nf:=n-k5+nl; - -

begin 

end; 

integer arra) F[l:([. nfq ~ 1 ~ nl)]; 
~ arrav X l:nl,1:m]; 

for kl:= 1 step 1 ~ nl ~ 
begin 

!.2!, k2:= 1 step 1 ~m ~ X[kl,k2]:=read;!!,_ lnfq then F[kl]:=read 
end; 
k3:=0; 
for kl:= 1 step 1 ~ m do 
for k2:= 1 step 1 ~kl ]2, 
begin 

k3:=k3+1;M[k3]:=M[k3]+(if nfq then INPROD(k4,1,nl,X[k4,kl],X[k4,k2]) 
- ~se SUM(k4,1,nl,X[k4,kl]xX[k4,k2]xF[k4])) 

end; - . 

for kl:= 1 step 1 ~m ~ 
begin 

k3:=k3+l;M[k3]:=M[k3] (if nfq then SUM(k4,1,nl,X[k4,kl]) 
- else INPROD(k4,1,nl,X[k4,kl],F[k4])) 

·end; 
ivi[p]:=M[p]+(!f.. nfq ~ nl ~ SUM(k4,l,nl,F[k4])) 

lik5<n ~ goto LAB;een:= read=l;twee:= read=l;drie:= read=l;vier:= read=l; 
iT een then OUTPUT{{Crossproduct sums;l,-,l00xband+l); 
k3:=0;k~mx(m+l)~;k5:=M[p];!!,_ ltwee ~ goto LAC; 

RUN OUT ;PUNLCR;PUTEXT({Result JMA 100364 10693, ST AT 00I:i-) ;PUNLCR; 
PUTEXT({see descr zj.) ;PUNLCR;PUTEXT({Means and V ariances;I,-); 
FIXP(l0 ,0 ,100xband+2) ;FIXP(l0 ,0 ,m) ;PUNLCR; 

0 iJ.l 
01-'l 
a> -~ g 
CD 0 
P-o ..... 



PUTEXT({index N mean variance ~); 
for kl:= 1 step 1 until m do 
begin - -

~ 

PUNLCR;if m+l then FIXP(6,0,N[kl]) else PUSPACE(8);FIXP(6,0,k5);a:=M[k4+kl]/k5; 
FLOP(6,2:-a);FLOP(6,2,(M[klx(kl+l)~]-:axaxk5)/(k5-1)) 

TAPEND; 
LAC: if ldrie /\ lvier ~ goto OUT; 

for kl:= 1 step 1 ~m 22, 
begin 
- a:=M[k4+kl]/k5; 

for k2:= 1 step 1 until kl do 
begin - - -

k3:=k3+1;M[k3 ]:=(M[k3 ]-axM [k4+k2 ])/(k5-1) 
end 

end; -
for kl:.= 1 step 1 until m do M[k4+kl]:=M[k4+kl]/k5; 
!!_ drie then OUTPUT({Covariances:!.,100xband+3)~ lvier ~ goto OUT;k3:=0; 

for kl:= 1 step 1 until m do 
begin - - -
- a:=sqrt(M[klx(kl+l):2]); 

!£!. k2:= 1 step 1 until kl-1 do 

end; 

beltin -
end; 
k3:=k3+1 

k3:=k3+ 1 ;M [k3 ]:=M[k3 ]/a/sqrt(M[k2x(k2+ 1)~ ]) 

for kl:= 1 step 1 ~ m 22, M[klx(kl+l):_?]:= l;OUTPUT({Correlations:l,,100xband+4); 
end· . 
~ 

OUT: tal:=tal-1~ tal>0 then goto PPP;NLCR;PRINTTEXT({ READY :t,) 
end 

0 Cf.l 
01-3 
i:a. > .... 1-3 g 
CD 0 
p.. s 



bee:in -----

PPP: 

comment program JMA 270563 9603, STAT 002, 
- - -Stepwise Regression, 

see descr 3; 
intee-er tal ,k; 

NLCR;PRINTTEXT{<fJMA 270563 9603, put input tape into reader, set XEENtal, press BVA{);stop; 
tal:=XEEN(-0); 
RUNOUT;PUTEXTl(<f'. 

Result JMA 270563 9603 ST AT 002 
Stepwise Regression 
see descr 3 

inputj.) ;ABSFIXP( 10 ,0 ,read) ;k:=read; 

begin intee-er kl,k2,k3,te,con,stap,m; 
real a,b,c; 
boolean v; 
inteP-er array N ,M[l :k]; 
real arrav A[l:k,1:k],C[l:k]; 
procedure WSL(een,twee);intee-er een,twee; 
beirin inteQ:er r; -- ~t; 

for r:= 1 steo 1 until een-1 do 
beirin -
-- t:=A[r ,een];A[r ,een]:=A[r ,twee];A[r,twee]:=t 
end; 
for r:= een+ 1 step 1 until twee-1 do 
begin -- t:=A[een,r ];A[een,r ]:=A[r ,twee];A[r ,twee]:=t 
end• _, 
t:=A[een,een];A[een,eenl:=A[twee,twee];A[twee,twee]:=t; 

~ 
► ~ 
0 
0 
i:-., 



Ll: 
L2: 
L3: 
L4: 
L41: 

for r:= twee+l step 1 ~ k do 
begin 
- t:=A[een,r ];A[een,r ]:=A[twee,r ];A[twee,r]:=t 
end• _, 
for r:= 1 sten 1 until stap do 
begin - - -- t:=A[een+ 1,r ];A[een + 1,r ]:=A [twee+ 1,r ];A[twee+l ,r ]: =t 
end; 
r:=M[een];M[een]:=M[twee];M[twee]:=r 

~ WSL; 

for kl:= 1 sten 1 until k do 
oegin ~ 
- N[kl]:=read;for k2:= 1 step 1 until kl do A[k2,kl]:=read 
end, 
ABSFIXP(lO,O,read);te:=read;con:=read;m:=read; 
for kl:= 1 sten 1 until k do M[kl]:=kl;v:=true;stap:=O; - ---- --kl:=read;if kl=-1 then goto L3;k2:=0; 
!!,_k2=k then goto L4l;k~2+1;!!,_kl1N[M[k2]] ~ ~ L2;WSL(k2,k);k:=k-l;~ Ll; 
if te=N[M[k]] then goto HIER;k2:=0; 
ilk2=k then goto L4l;k2:=k2+1;if ted:N[M[k2]] then e:oto L4;WSL(k2,k);goto HIER; 
NLCR;PRrnTTEXT(<~input contraci.ictory;j,) ;stop;- - --

c,) UJ 
0 ~--3 
g_~ ..... ~ 
§ 
(I) 0 
p..O 

t,:, 



@ 

, 
'lli 
:l 
Ji ¾j 

,,"f.; 

I,,< 
\, 
t,,, 

HIER: 

L5: 

L6: 

DAAR: 

step variable 

stap:=stap+ 1 ;te:=0 ;a:=0; 
for kl:= stap step 1 until k-1 do 
bemn - -__...._ 

NIET: 
end; 

if A[kl,kl]<10-ll then goto NIET., 
b: = A [kl+ l ,stap ]:= A [kl ,k}i2/ A [kl ,kl]; 
!!_ b>a ~ hegin a:=b;te:=kl end; 

ifte=0 then e.-oto DAAR; 
ll 7V then gotoL6;kl:=read; 
if kl==Ithenv:=false else te:=kl;if 7V then goto L6 ;kl:=stap-1; 
likl=k-lthen goto L41;kl:=kl+l; - - -
![ te+N[M[kf]'f then goto L5;te:=kl;N[M[kl]]:=-N[M[kl]]; 
if te:rstap then WSL(stap,te);a:=A[stap,stap]; 
fur kl:= stap steu 1 until k do A[stap,kl]:=:\[stap,kl]/a; 
for kl:= stap+lstep luntil k-1 do 
for k2:= kl step llintilkdo -
A[kl,k2 ]:=A[kl ,k2 ]-A[stap,kiTxA[stap,k2 ]xa; 
if stap<m then goto HIER; - --
if te=0 then stap:=stap-l;c:=0 ;a:=A[k,k]; 
"P"'UNLCR;PUTEXTl (<tSum of squares{) ;FLOP( 6 ,2 ,a); 
PUNLCR;PUTEXTl(·f 

R ~um ~er ~u~e~); 
for kl:= 1 step 1 until stap do 
bee.-in - - -----
end; 

PUNLCR;ABSFIXP(3 ,0,kl) ;ABSFIXP( 8,0 ,N[M[kl]]) ;b:=A[kl +-1,kl];c:=c+b; 
FLOP( 6 ,2,b) ;FLOP(6,2 ,c) ;ABSFIXP(3,2,100xb/a) ;ABSFIXP(3,2,100xc/a); 
if con=abs(N[M[kl]]) then PUTEXTl(<fconstant :j,); 
ti N[M[kl]]<0 then PUTEXTl(·tf'orcectt) - -

c:, UJ 
0~ a;:i:.. 
j"~ 
0. 0 

NI 



survey of Itj.); 
PUNLCR;PUTEXTl({ 

for kl:=: 2 step 1 ~ k ~ 
begin 

k3:= if kl<stap+l then kl-1 else stap;PUNLCR;if kl=stap+2 then PUNLCR; 
ABSFIXP(6,0,N[M[ki=I]]); - - -
for k2 := 1 step 1 until k3 do 
oegin - -

FLOP(6,2,A[kl,k2]);[_k2.:J.0x10=k2 ~ begin PUNLCR;PUSPACE(S) end 
end 

end· -';;::;:;;;:,/ 
PUNLCR;PUTEXTl({ 

regression coefficients*); 

end -

for kl:= 1 step 1 ~stap ~ 
begin 

C [1 ]:=A[kl,k];A[kl,kl]:=0; 

end· ';;::;:;;;:,/ 

for k2:= 2 step 1 until kl do C[k2]:=-SUM(k3,l,k2-1,A[kl-k2+1,kl-k3+1]xC[k3]); 
PUNLCR;ABSFIXP( 6 ,0 ,kl); -
for k2:= 1 step 1 ~kl ~ 
oegin 

a:=A[kl + 1,k2 ]:=A[kl ,k2 ]+C [kl-k2+ 1 ];FLOP( 6 ,2 ,a); 

end 
!!,_ k2.:J.0xl0=k2 ~ begin PUNLCR;PUSPACE(S) end 

STOPCODE 
end· ';;::;:;;;:,/ 
tal:=tal-1;!!,_ tab0 ~ goto PPP;NLCR;PRINTTEXT({READY;}) 

Q CJ) 

0 i-3 a::i--
-1-3 g 
(D 0 
p.O 

l\) 



SP 

100 

101 

102 

103 

104 

105 

106 

107 

108 

109 

110 

111 

112 replaced b.y SP 

113 sort1 

114 SORT1 

115 RANK1 

116 _ C gamma 1 

117 Q gamma 1 

118 C beta 1 

119 Q beta 1 

120 replaced by SP 

121 

122 

123 COMBINA 1 

124 

125 

126 

127 

128 

129 PHINV 

130 WILCOX 

142 

139 

SP procedures 

contents ddo 10-3-65 

see descr 18 

see descr 18 

see descr 18 

see descr 25 

see descr 25 

see descr 25 

see descr 25 

see descr 20 

see descr 24 

see descr 19a 



SP 

131 t Distr 

132 COMBINA 2 

133 

134 

135 

136 

137 replaced by SP 

138 replaced by SP 

139 PHI 

140 TIECORR 

141 RANK2 

142 set1K 

143 Cgamma2 

144 Qgamma2 

140 

141 

SP procedures 

contents ddo 30..,3-65 

Continued 

see descr 28 

see descr 22 

see descr 23 

see descr 32 

see descr 32 

see descr 18 

see descr 27 

see descr 27 



comment SP 112, see descr 18; 
procedure setlK(A,K,i,p,r);value p,r;integer K,i,p,r;real A; 
begin integer h; 

real a,b,c; 
F<5oi'ean g; 

a:=b:=O ;i:=p-1; 
LO: i:=i+l;c:=A;a:=a+c;b:=b+~;g_ i<r ~ go to LO;h:=p+r;g:= b>axh/2;1:=p-1; 
Ll: i:=i+l;K:=!!_g ~ i else h-i;if i<r ~ go to Ll 
end setlK; 

comment SP 113, see descr 18; r~e~ sortl(A,K,j,_P,r);~ p,r;integer K,j,p,r~ A; 
~ mteger e,d,h,1,m,k; 

~a,b; 

L: 
LO: 
Ll: 
Lll: 
L2: 
L3: 
L4: 
end 

d:=entier(ln(r-p+l)/ln(2))-1;!!_ d:s_O then d:=l;d:=~d-1; 
m:=p-1; 
j:=i:=m:=m+l;if m>_J>+d ~ go to L4;j:=K;a:=A; 
j:=i:=i+d;g_ i>r then go to LO;k:=j:=K;b:=A;if a>b then go to Lll;a:=b;go to Ll; 
h:=i;j :=i:=h-d;e:=K;j :=h;K:=e; 
j:=i:=i-d;if i<m ~ go to L3;e:=j:=K;if b2::_A ~ go to L3;j:=i+d;K:=e;go to L2; 
j:=i+d;K:~;i:=h~ Ll; 
d:=d~;if d>O ~ go to L 

sortl; 

t'/.l 
'"Cl 
I-' 
I-' 
I:\) 

I 
I-' 
I-' 
C,j 



comment SP 114, see descr 18; 
imeger procedure SORTl (A,i,p,r ,j ,q,k,K,F) ;value p,r ,q,k;integer i,p,r ,j ,q,k,K,F ;~ A; 
begin integer e,g,h; 

LO: 
Ll: 
L2: 
L3: 
L6: 
L5: 
L4: 
end 

~t; 

j :=q;sortl(A,K,i,p,r); 
i:=g:=p;if p=r then go to L3;i:=K;t:=A; 
i:=g+l;i:=K;if Aft then ~ L2;g:=g+l;if g<r then gt) ~o Ll; 
!f_g=pVj=k ~ go to L3;p:=SORT1(A,i,p,g,j,q+l,k,K, ;1:=q;go to L6; 
i:=p;i:=K;F:=g-p+l; 
r:=r-g+p;if p:j=g ~ for h:=p+ 1 step 1 ~ r ~ begin i:=h+g-p;e:=K;i:=h;K:=e end; 
if p=r ~ go to L4;p:=p+l~ LO; 
SORTl:=p 

SORTl; 

comment SP 115, see descr 18; 
procedure RANKl(A,B,F ,i,p,r);value p,r;integer F ,i,p,r;real A,B; 
begin integer g,h,m,n,k; 

real a,b; 
I'Iiteger array K[p:r]; 

setlK(A,K[i],i,p,r);sortl(A,K[i],i,p,r);i:=K[p];a:=A;m:=g:=p;h:=F;n:=0; 
Ll: !f_ g=r ~ go to L3;g:=g+l;i:=K[g];b:=A;if b+a ~ go to L2;h:=h+F~ Ll; 
L2: g:=g-1; 
L3: a:=b;b:=n+(h+l)/2;for k:=m step 1 ~ g do begin i:=K[k];B:=b ~ ; 

!!_ g<r ~ begin n:=n+h;m:=g:=g+l;1:=K[gT;h:=F;go to Ll ~ 
~ RANKl; 

en 
"'d 
1--l 
1--l 
~ 
I 

1--l 
1--l 
c:n 



S!Llll!!1~ SP 116, see descr 25; 
~ procedure Cgammal (n) ;~ n;integer n; 
begin integer i; 

~fac; 

fac:= l;i:= O; 

SP 116 - 119 

LL: !f. i = n-1 ~ ~ MM;i:=i+l;fac:=fac >< i;~ LL; 
MM: Cgammal:= fac 
~ Cgammal; 

~!E,ent SP 117, see descr 25; 
~procedure Qgammal(n,x);~ n,x;integer n~x; 
begin integer i; 

real s,t; 

s:=t:= 1,;i:= O; 
LL: !£ i = n-1 ~ go t( MM;i:=i+l;t:=txx/i;s:=s+t;~ LL; 
MM: Qgammal:= 1-s><exp -x) 
~ Qgammal; 

22....ln£1~ SP 118, see descr 25; 
~ Procedure Cbetal(p,q) ;~ p,q;integer p,q; 
begin integer i; 

~a; 

a:= 1/(p+q-1) ;i:= O; 
LL: if i = q-1 ~ ~ MM_;i:=i+l;a:=a><i/(i+p-1);~ LL; 
MM: Cbetal := a . 
~ Cbetal; 

£2...Ill!!1£!!.t SP 119, see descr 25; 
real procedure Qbetal (p,q,x) ~ p,q,x;integer p,q;~ x; 
begin integer i; 

~a,s,t; 

LL: 
s:=t:= x,,~p/p;i:= O;a:= 1/(p+q-1); 
if i = q-1 then ~ MM; 
bi+ l;t:=t><x><(q-Hx{l~i-p) /(i +p) /i; 
s:=s+t;a:=a><i/(i+p-1) ;~ LL; 

MM: Qbetal:= s/a 
~ Qbetal; 



comment SP 120, see descr 23; 
real-procedure PHI(x);va.lue x;~x; 
begin ~ procedure psi(x) ;~ x~ x; 

psi:= 1 -
(1+.0705230784xx +.0422820123x~ 

+.0092705272xx;1'3+.0001520143xx.-1'4 
+.0002765672XXl}.5+.0000430638X~6)1'(-16); 

PHI:= 
if x>O then • 5 + psi( x/1. 4142135623731 )/2 
- - else • 5 - psi( -x/1. 4142135623731 )/2 

~PHI; 

SP 120 



comment SP 123, see descr 20; 
frocedtire COMBINAl(T ,t,n,first,READY);~ t,n;integer t,n;Boolean first; 
integer array T ;~ READY; 
~ intee:er kl; 

kl:=t+l; 
FIRST: if lfirst then e:o to NEXT; 

fur kl:= 1 step 1 until t ~ T[kl]:=kl;first:=false;go to OUT; 
NEXT: kl:=kl-l;if kl=0 then e:o to READY;if T[kl]=n-t+kl then go to NEXT; 

T[kl]:=T[ltl]+l;for kl:~1 step 1 until t do T[kl]:=T[kl-lJ+l; 
OUT: 
~ COMBINAl; 

r:n 
"d 
~ 
~ 
t.:J 



comment SP 129, see clescr 2°1; 
real-procedure PHINV{x);value x;real x; 
beiriii_ real procedure psi{r);valuer;real r; 
- bee.in - --

end; 

r:= sqrt(ln(l/r/r)); 
psi:= r - (2. 515517 

(1 
+ .802853Xr + .010328xr,i2)/ 

+1.432788xr + .189269xr,1\2 + .001308xr,,~) 

PHINV:= if x<. 5 ~ -psi(x) ~ psHl-x) 

end PIITNV; 

00 
1-t:J 
.... 
~ 
c.o 



comment SP 130, see descr 19; 
procedl.ire WILCOX(X,FX,i,m,n,Y,FY,j,p,q,W)~ m,n,p,q;integer i,m,n,j,p,q,FX,FY;real X,Y; ~array W; 
begin integer fx,fy ,f,xf,yf; 

~x,y,w,d; 

cfx: 
LO: 
Ll: 
L3: 
L2: 
L4: 
exit: 

i:=m-l;f :=0 ;d:=O; 
i:=i+l;fx:=FX;f:==f+fx;d:=d+f~;!f_ i<n ~ go to cfx;xf:=f;yf:=0;w:=0;i:=m-l;j:=p-1; 
j:=j+ l;y:=Y;fy:= FY ;d:=d+fytf,.3 ;yf :=yf +fy; 
i:=i+l;x:=X;fx:=FX;!!.,x>y ~ go to L2~x,ty ~ go to L3;w:=w+fxxfy;d:=d+3xfxxfy~+3xfyxf~; 
f:=f-fx;.if i<n then go to Ll;go to L4; 
w:=w+2x:fxfy;i:=i-1;.if j<q thengoto LO; 
j:=j+l;if j>q then ifd§ exit;fy:=FY;yf:=yf+fy;d:=d+fy,~;go to L4; 
f:=xf+yf,-y:=xfxyf;x:= -d)xy/f/(f-1)/3; -
W[l ]:=W;W[2 ]:=y;W[3 ]:=sqrt(x) ;W[4 ]:=d;W[5 ]:=xf ;W (6 ]:=yf 

~ WILCOX; 

~ 
.... 
Cl) 
0 



comment SP 131, see descr 28_; 
real-procedure tDistr(m,t};value m,t;integer m;~ t; 
begin integer i; 

~x,s,u,v; 

x :=arctan(abs( t) / sqrt( m)) ;v:=cos (x)12; 
if m:2x2=m 
tlien begin s:=u:=sin(x)/2; i:=O end 

SP 131 

eise" begin 
u:=4><arctan(l);s:=x/u;u:=sin(2xx)/u/2; 
!!., II12:.3 then s:=s+u;i:=1 

end; 
m:=m-2;-

L: !!_ i2:_m ~ ~ out;i:=i+2;u:==uxvx(i-1)/i;s:=s+u;~ L; 
out: tDistr:= if t<O then • 5-s else . 5+s · -- -~ tDistr; 



comment SP 132, see descr 22; 
procedure COMBINA2(T ,g,t,F ,f ,h,n,first,READY); 
value t,n;intee:er T ,g,t,F ,f ,h,n;Boolean first;label READY; 
begin integer i,j,k; -

g:=t;i:=j:=0;if first then begin first:=false;g:=0;h:=l;go to next end; 
NEXT: g:=g-i;if g=Othen go to READY;h:=T;i:=f;!!_ h=n ~~NEXT; 

h:=h+l;if f=F then ~ NEXT;h:=h-l;f:=f-l;h:=h+l;j:=g:=g-1; 
next: i:=F;j:=j+i;if j>t then i:=i-j+t;f:=i;k~=0; 
rrrr: k:=k+l;g:=g+l;T:=h;if k<i ~ ~ rrrr;h:=h+l;if j<t ~ ~ next; 

!2!:_ h:= h step 1 until n do f :=0 · 
end COMBINA2; 

U). 

1-d 
1-l 
c:,.:) 
t-.) 



comment SP 137, see descr 32; 
procedure TIECORR(A,F,i,p,r,T);~ p,r;integer F ,i,p,r;~ A;~ array T; 
begin integer g,h,k; 

Ll: 

L2: 

real a,b,d,e ,f; 
Iil.'t'eger array K(p:r]; 

setlK(A,K[i],i,p,r) ;sortl(A,K [i],i ,p,r); 
i:=K[p];a:=A;f :=h:=F ;g:=p;d:=h42;e:=~3; 
g:=g+l;i:=K[g];b:=A;k:=F;f:=f+k;if a=b /\ g<r then g~o L2; 
if a=b then h:=h+k else g:=g-l;a:=b;d:=d+~;e:=e+ ;g:=g+l;h:=0; 
h:=h+k;if g<r then go to Ll; 
T [1 ]:=f ;T [2 ]:=d;T [3 ]:=e 

~ TIECORR; 

comment SP 138, see descr 32; 
procedure RANK2(A,B,F ,i,p,r,T);~ p,r;integer F ,i,p,r;real A,B;~ array T; 
begin integer g,h,m,n,k; 

real a,b,d,e,f; 
iii'teger array K[p:r ]; 

setlK(A,K[i ],i,p,r) ;sortl(A,K[i],i,p,r); 
i:=K[p];a:=A;f:=h:=F;m:=g:=p;n:=0;d:=h42;e:=h4,3; 

Ll: g:=g+l;i:=K[g];b:=A;k:=F;f:=f+k;!£. a=b /\ g<r then ~ L2; 
if a=b then h:=h+k else g:=g-l;a:=b;b:=n+(h+TI72; 
d:=d+~;e:=e+hf,.3;n:=n+h; 
for h:=m step 1 ~ g do begin i:=K[h];B:=b end; 
m:=g:=g+ 1 ;h:=0; 

L2: h:=h+k;if g<r then ~ Ll; 
T[l ]:=f ;T[2 ]:=cl;TL3]:=e 

end RANK2; 

w. 
ttJ 
j...l 
c,:, 
-;i 

I 
j...l 
c,:, 
00 



comment SP 139, see descr 23; 
real-procedure PHI(x) ;~ x;~ x; 
begin ~z; 

end PHI; 

z:=abs(x)/sqrt(2); 
z:=(l+zx(.0705230784+zx(.0422820123+zx(.0092705272+ 

zx(. 0001520143+zx(. 0002765672+zx • 0000430638))))))~(-16); 

PHI:=if ~O then 1-z/2 ~ z/2 

~ 
.... 
C.:> 
1:0 



comment SP 140, see descr 32; Fceruire TIECORR(A,F ,i,p,r f T);value p,r;integer F ,i,p,r;~ A;!:!?!!. array T; 
~ integer g,h,k; 

Ll: 

L2: 
L3: 

real a,b,d,e,f; 
i.iiteger array K[p:r ]; 

setlK(A,K[i),i,P,r) ;sortl(A,K[i],i,p,r); 
i ·-K(p] ·a·-A·g·i..·p•h·-F •d·-e·-f·-o. .- J .- ' .- J .- J .- .- .- J 

if g=:r then go :o L3;g:=g+l;i:=K[g];b:=A; 
!!)+a ~ S2..!2. L2;h:=h+F;go to Ll; 
g:=g-1; 
a:=b;f :=f +h;d:=d+W;e:=e+h-µ; 
if g<r then Eagi[ g:=g+l;i:=K[g];h:=F;~ Ll 
T[1]:=f;T[2J:- ;T 3]:=e 

~ TIECORR; 

end• '=1 

comment SP 141, see descr 32; reaure RANK2(A,B,F ,i,p,r, T) ;value p,r;integer F ,i,p,r;!:!!!:!.. A,B;~ array T; 
·,eidn integer g,h,m,n,k; 

real a,b,d,e,f; 
i.iiteger array K[p:r ]; 

Ll: 
L2: 
L3: 

setlK(A,K[i],i,p,r) ;sortl(A,K[i],i,p,r); 
i ·-K(p] •a" ·-A•m•-g·=p •h·-F •n·-0 •d·-e·=f•-0 • .- , .- , .- .- , .- , .- , .- .- .- , 
!!_g=r ~ go to L3;g:=g+l;i:=K[g];b:=AJ!!.bfa !!!!!!_ go to L2;h:=h+F;go to Ll; 
g:=g-1; 
a:=b;b:=n+(h+l)/2;f:=f+h;d:=d+~;e:=e+~; 
for k:=m stjf' 1 until g do begin i:=K[k];B:=b end; r g<r then egin ~n+n;m:=g:=g+-1;1:=K[g];h:=F;go to Ll end; 
T[1]:=f;T[2]:=d;T[3J:=e 

~ RANK2; 

~ 
..... 
~ 
0 
I ..... 
~­.... 



comment SP 142, see descr 18; 
nroceaure setlK(A,K,i,p,r);value p,r;inte2'er K,i,p,r;real A; 
begin integer h; - -
- ~a,b,c; 

a:=b:=O; 
for i:=p step 1 until r do begin c:=A;a:=a+c;b:=b-<-ixc end; 
fi:=p+r; - - - -
if b>axh/2 
then for i:=p step 1 until r do K:=i 
else for i:=p steo 1 uiillf r do K:=h-i 

end setlK; 

Ul 
"'d 
.... 
.i:-. 
~ 



SP 143-144 

£2!!1!!1~ SP 143, see descr 27; 
~ procedure Cgamma2(n) ;~ n;integer n; 
begin ~g; -

K: 
L: 
M: 
end 

g:=1. 77245;!£ ~7 then go to L;if n.:_?><2=n ~ g:=1; 
n:=n-2;if n<l then ~ M;g:=g><n/2~o to K; 
g:=gxexp{-n/2)'xiiifJnT2--=-:-5)x(l+(.16666 +. 0138889/n)/n)/2Ji(n/2-1); 
Cgamma2:=g 

Cgamma2; 

£2!!1!!1~ SP 144, see descr 27; 
real procedure Qgamma2(n,x) ~ n,x;integer n_;~ x; 
1:iegin integer k; -

rear a,s,t,u; -
LE: 

Ll: 

I : 
L2: 

II: 
L3: 

s :=0 _;!!., x:s_0 ~~ go to out;a:=n/2;g__ ~100 then ~ WH; 
!i,n~6 then~ LE;iJ_x~ then ~ I else go ~o II; 
!i, n.:_?x2~n then ~ Ll;t:=exp(-x~-t;if n=2 ~~out; 
t:=txx;s:=s-t;if n~en ~ out;s:=s-txx7'2~ out; 
t:=sqrt(x);s:=Y:2xPHI(-txl.4I42135624);!!.,n=l ·~ go to out; 
t:=exp(-x)xt/. 8862269255;s:=s-t;!£ n=3 · ~ ~ out; 
s:=s-txxx·2/3;~ I out; 
s :==t:=exp(-x)x a a/Cgamma2(n) ;u:=x/(a+ 1) ;k:=1; 
if u<. 001 then g}~ out;t:=txx/(a+k) ;s:=s+t; 
k:=k+l;u:=lx?ra+k ;go to L2; 
t:=exp(-x)xxf.,(a-1)/Cgamma2(n);s:=1-t;u:=(a-1)/x;k:=1; 
if u<. 001 then ~ out;t:=tx(a-k)/x_;s:=s-t; 
k:=k+l;u:=uxfa-k)rx~ L3; 

WH: s :=PHI(((x/a)~(l/3)+ 1Ta79-l)xsqrt(9xa)); 
out: Qgamma2:=s 
~ Qgamma2; 




