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1· 
I I ;:ti. 

Intro4uction .. 

,,,,~1:l,•. ir-he method of ?>a. rankings due to M .J'RIEDMAN [ 3] 1) is .. 
treated by M.G.KENDALt in his book about rankcorrelation 
methods (6], chapters 6 and 7.., KENDALL considers .,,,,,.,_ •1ooser .... 
vers'' ft~ .... 3 ~ • Every observer ranks 4 t

1objects" IJ.i.1 .•• ,. 
... ~ bA'j""" and the results are written down in the fol.lowin,s 

scheme .. 

(1 .. 1 .. 1) 

; 
l 

where the letters /1.;Wv 
2) denote the ranks and -4,.= ~ /l-_µi,, 

their eolumn totals .. 
In th1a paper for the ranking procedure the term1- , 

nology used by M.G .. KENDALL in [1] (e.g. the terms: ttra.nk", · 
• "ranking" 1 · 

11 ti•", etc .. ) is applied. 

1,12.. The m$thod of ~ rankings enables us to investigate 
I I,;_ ;H;tll Alf 

wheth$I' the ttobserveratt agree in their opinion about the 
ranks. i'or that reason one tests the hypotheais N0 3), 

•Wh.ieh in the case or ab8enee ot ties states, that the rank 
:tnga are chosen at random from the collection of.all per-

, . 

· mutations of the numbers 
pendent 4) .. · . 

1;) •• · . , "" and · that they are :inde .. 

1) Hum'bera bet.ween brackets of the type C 1 refer to the 
· l1st·ot references .. 

' ' . . . 

2) xr . no .. NS:tr1ct1ons are mentioned 1n this paper /16' is•· · . · . . ·. ·. . .. rv11 th.-~ #, · 
. supposed to • . . · . · . the . value• la a, . . . i -m and JI and JI 

~ 0111" the· valt1•• I, J ~ , ·. ·• , H- · • 

3) When there art.t ties~ a slightl7ditf'erent hypott 

tested# ( ••• 1g -,,I) • 
4) We use the tem "independent"·· tor "11utua11y·· ce•~ 

. ' . . 

independ~nt'' according to J11Nlft'MAN. 
'' . 
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(1.2.1) 

M.IRIEDM.AN and M.G.KENDATJt have computed the probability 
distribution of 6 for the ease that ,¼ 1s true and ~ 
and ~ are small. Jor large values or ~ one oan use the 
etat1st1c (introduced by M.,FRIEDM.AN): 

I, d.t} ,~ §. 
( 1. 2., 2) ,A _,,.,..,, . .,,,"""' - . ,_ 

... ;A. .. • ~"" (?-1 +oJJ , 

whioh, if · Jlo 1s true, 1s d:J.ittributed asymptotically as 
X,,_ with 111-J degree_, of f"reedom.. If' ties occur$ a correct ... 

ion is applied (~ie J.:.i). Alijo an asymptotic -"' -test., due 
. ·'. -1·,a, . 

to M.G .. :a:m>ALL ·'"exists, to be used if "" or ~ is large (see 
[5) chapter 6) _, . 
For the generalization of' the method of' A">'1f rankings 1n this 
paper we only conG1der a statistic analogous to fBIE:OMAN' s 

;r: . -
j,1,,~ :. Th" cri tie al region or FRIGMAN' s test conaiats ot 
all valu$,a of~ , whioh are not smaller than ~ , where S0 

1s the greateist value of S , for which. · , 

1'(§i" .So f~}fot 
and ;;x is a given number ( O< « < i ) , the level of s1gn1f1• ·. 
ea.nee, It th$re is strong eoneordanoe between the observers 
5 will tk, · . a large value and Ho will be rejected.. The · .·· . ...... 
test ie thua a simple method to investigate 1

' concordance" 
. ' . 

in l"()weof numbers (Qbservat:tons) of equal length. It is 
not necessa.ry that the letters O.v 1n aohem.e ( 1 .. 1.1) nfer · · 
to "objeeta" and the letters .~ to "obeerver!i: For example 
fJ" . . . :. P~ may be rnet.surements of d1tf erent quantities 
•xecuted on different moments (!), > •• , 17, CJ., ,. !n that case., one 
eupposea, that the meas.urementsare observationC of random 
variable, =Jtt , one obserivations ~.,,,., of each ~,.....,.., being · .. · .. ··. 
availa'ble. For each )'- the observations ".!'', . . . ;; ~,. are . 

5) Aooordiag to the h11>othesis tested., the ranks are :I'"andom 
variable• ... The· random cha~aoter 0£ a variable is· denoted. 

' . 

· . by underlining 1 ts sy,nbol Values assumed · by a ran.do• 
. variable ai-e often denoted bJ" the . same . ay,mbol, ·· !lot undeP1 

• ·.lined •.. ·.• .. ·· ... ·• dtf 
6) The symbol . = . denote• ·an equal1 t:, ~ 4et1ning the lttt · 

hand mem'b♦Ii" ,I .. · 
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ranked according to increasing values. Then 1/0 :t.s valid it 
e.g.. the sets ..t~., ., ... ;, ',uil'i are independent random samplea 
taken either from the same or also f'rom different distri­
butions. the test is often applied when one expects eon­
eordanoe caused by a common trend within each of the random 
vectors (7t, ._ • . •.i ,~,.,,) .. 

1 .. 4. In practice 1t often occurs that the number of' obser­
vations of .:¥.,..,,.,, is not one, but either zero or another po ... 
sitive integer. In that case we cannot apply FRIEDMAN's 
method or~ rankings ,. 
J,.DURBIN haa given a generali:z:at1on, which can be used in 
,m .. rank1ngt•sohemes in which observations are lacking., but 

these schemes are of a very special type and must be plan-
ned before the experiment.. See C 2 J and ,l.~2, .. ;t>elow .. 

,;t .. ,2.,... In this 9aper we shall consider a much wider genera .. 
lizat1on, where the number of obsGrvations of :!'I°'~ may be 
any arbitrary non-negative intege1'" ~ 11 • To achieve this, 
we rank fe,p each "the observations corresponding to 
11 obaerver1

t ~ .. · .. he ranks or observations of :!:;41;,; are said 

to belong to c,
1
:11 ~/';i ) . The preeent method can also be. · .. 

used if som.~.1-~t:e11s FaPe · emi;>ty., beeauae some experiments have ·•• 
.:-,.:1::,._,_:,_ '··'.· ; . ' ' 

failed.. •i }; ··• · 

As we have 1"~ parameter-a j~v our test is more com­
plicated than FRI$.AN 1 s test. 1'Tbe high number of parame­
ters also forces us to restrict ourselves to an asymptotic· 
test. 

1 .. 6 .. · Summary of · the · pap car' s eon.tents : 
111 .( l li')k1 .a'!II _ ... I:-.; ·_ 

In 2 we describe the computation 0£ our statistic ( ~r,,,,1.""'.~,~
1
§:)· 

and we otnte sufficient t:ton~tt1o:n$ for this statistic to / 
· ) · r •2,9) · 

T onit add. .)ome. . # have asymptotieally a X -distzt1bution (,g .• it ,i:-In ,a we dis-// 
r.tma.rks cor2eerr,,n, cuss some sp~eial cases of outt test and 4 is a matheme.tioai 

. -.. " .·. 

ihe ,,,;t1ca♦ 10,. 0f appencl1A containing the proofs or theorems, on. which our .'. 
th . ··l.ae.t(Q.,l0-.2.•''' lt ' ' '!....' A 

-

e. "'• .. " _-'J reau s are "'as ew • . . . .... -· 

.. 
' 

. ' . . . 
' .... ,, . 
. , " ., .. 

~- = j. Wee have lteen in. 1 ~ ;i;t that in the "' th ranking of our •· . 
: J /.Lt #7\ lit ~ .::Otbi . I · - / 

scheme we have k""' = ,Z; J JWV · ranks ., · In each ranking "ties 11 
•• 

( tsee .1J.1) · .. '-lre allowed. 'fhe nuniber · ot . ranks in a tie 1s · 
ealled the ai~e- ot t.hat t:t•• In particular a rank that ··1s · •· ... 
not equal to any other rank in the same ranking is consider;... 
ed u a ti& of size 1 7) • We dene>te by ~r the number ot ·· 

. . 

rM-.. --.._, ......... ~--·~----........ ... 

-

7) But .. if · all r~ks are untqual we usually &&if that there 
are "no titsfl ·1r1· the echeme. 

., ~, ':­
-_ ,;: . 
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ties of size )I 8) and by 114 the size of the greatest tie 
in the /4' 'th. ranking .. 

.g,~g,t, For eaoh/4' ~ we derive from the ranks of" the/"" th 

ranking, the "reduced'' ranks by substract1ng t t~ ~ 0 11 

the arithmetical mean of the ranks o:f the~ th ranking;_ The· 
sum of the reduced r~ks in cell (/", 11 ) :ts denoted by ~" , .·. 

It /tp,, = o we put "'14'11 = o .. We use the symbol zt~,., because., 
if ~,.,':'I,. at«t" is th• reduced value of W:f.160:atOti' a eta­
tiatie., usually denoted by ff (see [81 and l,13))., of the 
3:ample or observations of cell (/', v ) aa;ainst the sample 
of all othe:t:• observation$ of' ~ taken together. Instead 0£ 

scheme (1 .. 1.1) we now geti 

(!',. @,i. • • . ~~ 
• 

I} 

1 
fl,,,41 ...., 
".&I aii. • • • 

• • • J • • • • 

(2.2 .. 1} • • • • • • • 

• • • • • • • 
P>,J -ufPj, u;,,,, • • • 

• 

f'>oJ i:;;-...,. _, 
where the quantities u,_ = ~ ".;Mv- will be called the 
column-tots.la, 

~,.;If,. We compute the quantities a 

. eJA/ ~ 
0-vv> = ...... ~ ;{..M" i,µv" ~ 

,; - ~ tJ~r 

/::11 '"" ( ~ - 1) 

· !he matr::tx · ( 0.,4,1,) 1a denoted by Vr tor abbreviation we 
otten use er., instead ot V c,;,11 • 

. Under. the hypotheaia }(, ( to be defined · in detail in 2. 7) . 
- .ut,naQ JJI -. 

we have 
. '. . 

.... -..- .:11,liw. .lit#;ff(XAilt: .. ,i:, ~· .. i•--·•· 
. ' ' ' . . 

8) . In thi$ papElr r i& aJUpposfl)d to · asaume all . v.a]:lletS 

• 

' .. ' 

' ' ' 
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( 2 • 3 • 3 ) a;,,,,, a::: -t g. V if:-' 
and so Vis the matrix of tl1e variances and covariances 
fo the column-totals ., ( Pooof see 4 .1 !J Theorem l .. ) 

;q I JJ_ 

-~-~.!!.~. In the following text we shall omit all rowa in 
which all ranks are equal or all ~v are zero except for 
one Vfllue of lJ only,. As for these rows all quantities 
""" tl,µ11 5 0 6 th,. do not contribute to the values o-f the quan-
tities 0"11.,,, • They are called '' su:perfl~ous rows 11 

• 

,5,,,...2,.._, It is possible that in our scheme so many numbers 
..-3',,h'" are ~ero, that we have two or more complementary, 
sets of objecta, so that in every ranking only the obJeets -
of one of these sete occur .. These sets are called non­
c.ompa.red sets of objects; the number of non-compared sets 
of objects will-,.,'li~ denoted by A • Formally the number .4 of' 

•.•~k . 

non compared aets of objects is the greatest number of: 

mututally exelua:tve subsets J; (f ~1,) • • ,,. -d'j into which 
the set of nu.mbere of,. { I., , • . a ~ l can 'be divided so that 

--1.,.V -'/All I -:' C) 

£'or all jt ~ v , v 
1 ~ I- Jt I 

I 
with ;u-.:=. 1~ . . . ,. "'"' ; v e .7t ; 

v' ,£ ,,,,. ' • "' • 1 A -' i I A • ""' '""" "" i ✓i ,) i ., • • • -., '1/1 j i:- = .a • • • , '"<11 .J ,- r e,-, 

If a submatra ( o;lli) ot Y with V 6 /c J and J/ 1~ J- f 
is called a ''1Submatr:tx with complementary s1dee'', then 
if A > I , there is at least one lt submatrix with comp le ... 
mentary sidea" in V , all elements o:t Which are zero. 

In 4.2 we sh(.½11 prove the theorem IIt 
' I& i&J4!i!••!'!II;, ' . 

t..f .,;,,,f.f!4 .... 9.,t!!:X,, ~-:e!.: ... ~R-"~~- "'F.~ .. -~,,- .. n".~., .. ~St!:.1£~~~~ ,,,,S.,~.~,~--, ,9t. ~~~~·~-f:l~~. 
the rank of the mat-:t"i:>t V isM ... ✓ • 
.ill It¢ 714 I _ ;t 1· ,. q(14/JUi1Fl1! I - ➔ ra I :ti :if& •r--~ f •110 I- __ :. . .rttt_t i _;tf?iilil!J'l'r"; 1h ,, Hi)_t. 'i 1 (IQi "€. J lll''t l11At ◄Ii¥-~ il>-.l~ i i i)li ·••VI 14) I 

~i
1
P ., tt __ .J =- I 9) the statistic or our test is defined in_ 

the following way. Consider the matrix obtained from: 
¢lllloil;!I' 

er,, er;~ u, ' • • • ... 
• • I 

• • • 

' ' • 

~I • • 
-

• ,..~ U, 
... 11 

• 

. .-. 

- i 

-
' '. '; ,.... 

u _, • • • 
('w 

""'"' - 0 
• ' ·c, 
• 

. \' 
'•d 

- -. -' _:, 
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·, 
' ' . 

\ 

by om:ttting an arbitrary row and an arbitra:r•y eolumn., 
exeept for the last row and the last column, and compute 
i.te determinant .'1 J consider aleo the matrix obtained. 

' ' 

' 

' 

' ' 

er;, • • • o;~ 
~ • I 

V • 
(2,.6,.2} ' -

• • 

o;,, • ~ • tr,,,., 

by omitting an arbitrewy row and ai'l. arbitrary column, and 
compute it.a determina11t '°~,. Tl1en our atatiatio is: -

~VJQ 

' ' ' 

' ' ' . ' 

... intbj:>.,~ 

' ' ' 

. -.:i .· 
' 

' ' 

. ,yl 
Tl1e s tati.s tie <1. is from the choice of the rows and 
eolumns emitted in ~ and V .,. aa in both matri.ces, i'ible idc.h · 

:r:~tr ( eolumn)L is a 1ine8:: combination of the other 
:rows ( eolwnns} ~ (Cf. l 4. 1. ,l) b~Lo w). 

,?;,f,Z,,.,,, Before we oan treat the aeym.pto·cio distr1btat1on o:r 
z: !J · we first have to describe the hypothesis ~ on which 
:tt 1e baaed., 

The l'"eillJ.lt of an experiment is., aocordi.ng to our test, 
brought in.to a saheme of fH ra.nk;l;ngs; or seta of' ranks, 
e~ch of whieh 1s divided in eubsets., corresponding to the 
objects, oall~d "'cells" .. 

We oono:tde:t> thee -0olleetion of al1 possible results or 
experiments wbere the numbere Kpbl' . (see ,g,_~.1,,) as well as· 

' ' 

the ranks ocourring :tn the rantt1ngs1 are the same as those 
found in the experiment. actually perrorrne.d.. Hypothesis I¾ 
postulates tbat we nave• 

' ' ' i fQr $fl(jh :c,anking all poa1:tbl• manners or dividing the 
: l'1 . . '1'"~ set ot rak$ .1n...to ttM eell't:/have the aaae probability. 

1tstr1'kd. tiri, i The d1tf'.eNnt ra.ntc1ngs EWe irulependent. 

' ' 

lt the ranks are based upon.ob&ervations. ot random 
' ' 

· V&l'iable1 ~~., th$ hypotheairs . t¼ Will be valid it" all . 
~14 ... ~• imiependent and the V$riables ~..A"" with the same • 

&uffix f kl.ave the same diatr1bution functions. . . . : 

· .~,tS1~m. tou.r . aowledge . concerning . the aa~ptot1e d:lst~1t>ution 
t>t j 

4 
.. 1• baed · upon the to1low1ng theorems i 

'l'll,-,,~i•?f\ 1H•• 6f, b~q~n,~,sA, /4 · 1..s valid ••4: tzYlln . .:l.i~t((: :1u11.,::_ J\l ~xn -~'-i J:_: u_.,;,~.J1:n.11, __ 1Jm.1~ .. ,1J _ : 111L.1\1:.tJ1.1rttir11~:11~n,J,rMLJJJW«~illl..J'4Jr, _ 
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IlI1 th:e, ,,n,u.mbep s:,,r eqlum~~-a . 114 . a , is bounded, 
t(:dil!P 4_1thi-ittit'IMU; .! t:. 1:111Ji,l&:l{lrti'.4A \tAH Ii. l!J 1#) h11.: ;.11,1..;:;zll,P'fll.ili.tli :l_t::1 Pit 1111i' 

III2 :t#~,i 1?,W~~er, pf .. ,rf.>'tf~ 1, .;~. a te~d.~. yo inf:tni t;£, · #.l11t 1,_;;_Je:1.IAIJ$.21f11.U .Jl I ,r 11 ;w,; &:Mh>Ot.:U+i.iltl!l.,.,~!Jtlh.:'ti/F Jtttlrl :;r ll11R.hi4#i.~1;1(1til:l1 

III3 fo~ 11•1~.•· .,~+ 
lt;a,4 :171 l J{ Ii J:Pllt. di.tj. i -- I I:; U!. tl'i:jl ill r:l(,n I$-

where 
w,,tztj:Jj'" ;fl I.Jffl 

./ p,, f,~ 
f:a., Fl, 

I 

t 
• 

' \ 

fvvl = 

• • • 

• • • 

• 

' 
' 
• 

val,~t. w-itb tht. (41-1) -dimensional normal distribution with 
:.;Lt_., ~}K ,h, .-Yl! 1 ... fPil' ;; I'. i; A ~ ~~~ . . . . . _ .. . . . . . 

the same aovaria.nce_matrix as tbe exact diatri.buti.on or 
these column. ... totals .. 

i'11tl!"l•.r;_; ;Jt_,.. )◄ A::;,,, 31i;;•11~,·:_r·o,Jl:U#l!ifJiU.I;(;. J fl4! 

( This is a aubmatr1x or 7/ ~ see g,,..~_J 
' .t 

From this tl1eorem it can eaaily be deduced that the sta-
. 2 

t:1.stic i:, defined by (2.6~3) baa under the same eondi-
. a . 

tions asymptotically a ;( ,..distribution w1 th.-,,,-/ degrees of 
freedom. 

Th.is theo:t-~m is a consequence or the Cen'!;ral•limit­
theorem fo:r· random vectors (see for instance [ 12) p. 318, 
where this theorem is proved f'o:1.-- the two .... dimensional case'. 

!h~.9..~!~ .... 1:! • -~f,, .. t? .. X: .... ~.~l ... 17~.!f .. ,,,.,(r,$>,~.;.~R;.f.~~,!. /'ff' ) , .1i.~,. <:O.r..~t,!­
;eo~a;nfii ;e,fil~t;,_ c;>:f ,,hlJ2(1the,s1fi I¼ ia valid and, 

itl!M0!1; .#111:f_8!il?l .... fill[~_ ra•l'f,t 11 h.tl.$ _( I il~fl I JI;;;:;; :_i..01_,ffl!II _ _ . __ __ . __ 

IV 1 the number of ob ects ~ ii bounded _, : 

IV 2 .~h!~.\~~f!~-·•!,,,,;•~ .. ~1:,,.,,,4,., I «'t.t~.,. ... , , .. 2&.+.¼1'9~-~,Y:r,:r..i.~~~-- .c.{:~ ... ~ .L> .!~ 
1,,t V 6 L 1 

. · WMN q 1$ the Sill?:$ ot 
., -1,.01_;,:;1,v, 1[_11 ., //'• t sl_ltell. lilt;btltA!.itJ:',t;J'f.13,l'.il;:lkl:IJIJ@K .•. Iii 

mneorem.l.V 1s due to W .. H~DVlltAL 
. ' ' ·. ' ' .- . -

have · been treated b7 T 11/J .fDI'STRA ( 11\ 
It rollowa tbatt 

. 
. ' . 
' •' 
! 
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has aaym1:itotically a fi i-disti,.ibution w1 th /-1 
freedom. 

' 

degree,J.of 
' . 

For a scheme., all numbers .,JP. of wh1ob are bounded: 
I,; ert: 

( 2. 9 .1) I'µ =- _t( 

IlI
3 

and Itt4 can be replaced by the following more eonve~ 
n1ent conditions: 

11 sufficient for III:, and: 

;:,, . '. ~If'!,>\ 
I \ , 
• 

Jfi,, • 

where X 11111 '(!Iii, .. ~ * ... , 21A fttw11 ~..,"' 1s not a matrix of the type ·. 
,m-,,OQ 

Po1 · . 

. o tSl 
in which f and '5l are square matrices and O and O 

I 
eon ... 

aist of zeros only. (Proof see i.:J.J 
2, 10., It follaWt$ from the theorem1;& considered in 2 .8 that · 
b I l_ :t,IQ!IW.Y!,lfli Ji 11.ti:li -

the sta:t.iiitio X! defined by (2.6 .. 3) uymptoticnlly ha.a a 
/." '":distribution w1 th 1?1.,..1 degrees of freedom., if the 
aeheme consists or a set of rows,. obeying I:t:a:1, ••• ,III4 and· 
a eet obeying. N 1,. .... ,. IV 3 • 

Applying the theorema !II and IV tor finite schemes 
in practice we will transla.tE1 "bounded" by ''small1

"., "inti• 
. . . ~i ~~,:pf.; . ., ; •• 

. .. . .... I ••- .· • • . • . 
nitett bf 11 1arge11 and 'aa ,,~ -~,,: lt::tcally by approximately., Aa 

. . . ,-.1• ~. - . 

. · ... for the limit theorems usid, we have no estimate ot 'the 
ditter~nc~·b•tween the exact al'l.d•th• l.imit distribu.tiona 

· · \. • we Caml()t b,r, more precise in o~r formulation. · In special 

. . . ' . ' 

· ·f.luea, however,. where the exact distribution could be cal- ; 
.·C)ul.att<t,· the· /t ... approximat:t~n QJltlla appeared to under .... 

·· ·· a»t1mate tht levfl or s1gnifioane• tX. * 

'-".'.'1 4 ~ • .. · If the·. number J of non comp. a.red eete! of ob,t•c,4;.s nll•-A-_"1u.fiin _ · -_ _ _ _ · _ · · - ~. V 3!il' "-

. . ( aet f;f,rt,:a.> 1m greater than 1, th• rankings in whioh the ob-
•· ,tctt of one or the non C$ffipar•d aeta occur constitute a 

. . . ' ' . 

isoh•m•li and tor each so obta:tn•d schtme we can <1et1ne a · 
., . 
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at~tistie of the type X-i accoi"'ding to 2 .. 6 .. Under the con...--
ditiona mentioned in 2.8-2.10, these statistics will have _ 

,. - ¢Ji,1 L t,11 1tfl .I I_ -

X · -distribut:tons with numbers of' degrees or freedom _ -
that are one less than the numbers of elements or the 
non eompared sets.. Furtherrnore they are independently 
distributed under~ J h~n.ce their sum will then have a 
:X..,, •dits tril11.1tion with '1"" J degrees of freedom, 

2.12 .. The statistic defined by (2.,6,.3) can be written a& 
t41JJ! •• ,, \I! ;1,:: __ 1_, 

- -a positive definite quadratic fO?"!n in #-I;. column-totals~ 
_· ·. ·. ~ td _.,,._:,1{-. 

- for instance g., ~ . u • :1 .!",,"'f. So :tt may _}}1'·11near transf'or-
••'f'_.'' 

mation be transformed into a quadratic form of the type 
,ZJ Q,. ¥,:"' where a~• > c ( ,· = 1,,, ••• J ,,,,_ 1 ) and ..:!t· ~· 1, .- .:!i _~ .... ·. 

i. - ·~ 
Consequently )(4 will be large if there is a strong va-~ - . ....,.., 
riat1on iri lfhe numbers J:11 ., •• ~ ./jp,;-1 (~· Ji,,, is large),. We 

expect s,:i.ch a strong variation 1:f" the observers are con­
cordant • 

-~-.it,,,JJ.~. :Cf we compute KRUSKAL 1 s /{ (see g,,~) for every. row 
of' our scheme., the sum of tliese statistics will, under the·_ 
appropriate conditions ( theorent IV}, aBymptotieally have 

o/i. a /\ -dia"c:i."'ibution, with a number of degrees of :rreedom 
equal to the sum of the degrees of freedom of the indi" 
vidual terma. In this way we obtain another test £or ,,wa, 

rankings f'ulf:1111ng the conditions of theoreni IV. It is.­
however.t not a test agait1st concordar:ice but against inhomo­
genel ty in each of the rows aer,arately > or in terms of the 

random variables :!l"v , a. test of ,¼ against alte:rma-tives 
inuving, that the differences of' many pairs of these 
variables tti th the S}lme suffix/" have a median different 
from ze1 .. o .. 

l:-,,1.& Iu this paragraph we OOJ:Wider some special caaaa r 
which the soope of the computation of .r, t ean be reduced. 

- -·1' 
We shall also s.ite that man7 non-parrunetric tes~s oan-'be 

considered aa .&peoial caees of ours. 

;
1
.2,. We ehUl prove 1n ,:I- .4 ( theorem Vl) -_ that t1'e atat1s~ 

- :11;a _ u,: _ _ ,- __ .1?1.illt~h _ . fll!it £. . _ .. __ t!la!;8 11 

tic t' is .a line~ eompQaitum of the 1qu8.l"ea «, ;>- - • · -~ 11,., . - - - -~~ . - . 

. 1:r and only if tn•i are po,aitive numbers e v such that 
' . '" ,' -' ' . 
. . ?C:-~' _. 

' . '' 

( 3 II 2 .1) O"v11' = ,,, ,.. e v c Y, 

(! · ll:l' :£v € 11 

(where, ffw·-@2,,S..t, ~ wheIJte e. <fvv :=. ce ... ) • 
- -

In that oue we have· 

-~ 
. ·t' 

I 
,: 

,. 

' 
i 
' 
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P'· 

· For 1~~il!, J condition { 3 .. 2 .1} is al,i,1ri' eat:ts:r,.ed.. ( Pui1 
fa'_,;, ., ',,. 

, etc.'$ the atatistis then beeomesi 
- i "1J\ ""''I, 

o:i.a !, "Y" <7i.,. q, + eJ;& !!:J, ) 
tti'¼d'.:V4f'~cl'.7.-£.,.-.,,."1'£:-!t?,'.1,,C.1ls,J~ffi>liW"il~/'il,•r;m(if!l;~~~_,-;,,:,.>;:,,~ lfi 

v; i '~ l .,, a; I e:r, 'i1 + ~·Ji "j I 

For ~>J condition (3.2 .. 1) can onls" be realised by 

designing the experiment appropriately. For instance, if 

( 3 .2.3). . .. A_µv =' ~ Jv 
then 

where ti= z;, .I,; and ,y:: 1s de.fined 

by {2.3.2)~ (Put 

lf •11'> '=.I 

{omitting the 
l1ave 

, condition {3 .. 2.,,3) is fulfilled if we put 
suffix /1 =-1 ) : av;:::/ , . ~, : J~ ,. we then 

~-~ ·~ 
(3 .. 2.4) 

I 
W:11:W=~•;,,,,-,m~ 

kv 
~1'.l!t~]',),Yh~ .,, 

Thie ia ~ tJpecial ease ( /!;,, ) of the stat1etie H 
. defined bi/ (2.8 .. 1). 

' \ 

,J,,zJ,t lJ!~ statistic ~ defined by ( 2 .• 6 .3) :ts symmetrioa1 
in all ~11 if and only it' all covari a.noes O"vv, are equal "' 
( Proof' see: ~ .• ~, theo~em VII,) 
we then have O-v1.,. <r"' and (by (3.2~1} and {3.2"2)): 

' ' ' ,· a. C,:n-1) I' ' ' 'T I :z;. ~'rl..v ,.., .· 
{ 3 .. 3 .. 1) X, ~ ~~~ , where =- ., _ 1 t.J I J t. 
. . -Jt . ·P'> r ·. . '7 

In each scheme with ,?1l'2- ~· the statistic X,'- is . 
s~etrie&l, 8$0 aiuse Of ffi ,p · y:.._ e () W$ then hav: _ti; t..:= 
-~ 1 'Ii\,,,. ' ' fl/:& a,1- ' ' . ,. . ·. !t. = ~ , and ""'A, : /-1"' hat\! asymptotically a ,.Y-d1s ... 

' ' . - - . ,..,, 
' . . ' 

:j. - I ·· · tr1bution \\Iith one degree of fl'ilet-dorn., i.e .. %- is asym.p .... 
' ' 

' . ' -

. -· ' 

' i " . 
' ' 

;. . 

' ' ' 

" - . I, 
' ' 

' : . . . . 

. '\ ' ' 

' ' ' . ' ' 

' \ I , 
' j '. 

; ; . 1 . 

. i _· 
"(_ 

' ~ 
i\ 

' ' ' 

' ' ' 

' 

I
' ', -, 

' ' t.: 

r 1: .. 

' 

tot:teally normal., under the a.ppropt"1ate oond:tt1ons. Special 
. . . . . 

. · eaees · are tho ~isn•test · C 1). 1 wh•re mo z. .·and. A)" ,. 'l- . · tor 
I' ~,J .... , ""' and WILCOXON ts test C 13.l Jr [7) .,. where /11.-:: z. 

. lffl:/ • ApflJ1ng our, theorem II? to the s1gntest,. we see .. i.: 

.that ~ M',,,, ®. '> iii asymptot1oa.ll:y- norm.a,l to,r, ,IJl11 ., o.:> 1 1f ties< ; 
.. · (aupertluml1;1 rows) aretmitted • .'J'j!~t.JK bas proved that : 
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the signteat is asymptotically t\1ore po~rerful if ties are : 
• 

omitted than 1f we divide them eq1..tally among the positive -• 
and negative observations .. {See [5) .. )This leads ua to con-

' jecture tl1at. tl1e power of our generalized teat of ~ rank- 1 

ings would be decreae.ed if au11erfluous rov1s had not· yet 
. 

-· 

' 

been omitted,. 
'l,. 

l•.~1.. The 1, -statistic fo:t" the ordinary method o~ 1n, x-ank ... ; 
ings with cox,rection fo1"' ties 1a an example of a aymm.etric 
x: with kl"'v e I • We th.en have, 

1. I~!, 
(3 4 ") ,y 

,. \(f 
I A ,e. =-

~ "'11 ( l/i1 r I J -r 
, where 

If the,_re a:re no ties (i .. e., !I: =I f'or each/'}., T=.o 
and J(,,. is equal to tl1e s.tat.istio defined 1:,Y ( 1.2.2) • 

t 
l.!l',2.1:,, The ~ -st a tis tic for the DURBIN .... scheme is also a 
symmetric x: JI with J;t'9 • k ,_ all k/Hv a:re Oor 1, · 
p N,u..- ~v' ~ ) for v 1?f I/ and there are noi ties "' We 
then have -

and 

12..§. 
• ••rt hl : -;i«a--t, ,&111& & wmmc,;,,..,,w .. . 
,,,A (11'-,. ,J 

-_ =t~:.'lr. Theorem I _ ( SEte g_~l,~ 
· Ir flo (~J1;..Y,) is va11.d w• have in the notation of 2.,a .. 

-.~ 

' , .. 

' 

. " 
... ' 

. ' . ' 

•, , . I 
. ', . -· . . 

, . 
. . ' ., 

" . . ' ' 

,, . . . ·, . '· : . . . -· 
.,,,,.. . . ,,, _. . .·;,_ 

.-_,._ .· ':'_;·1.'··.•-·_- ·:",-.•_;-, ', . , ,•- . 

1'~11 ~, -J,.J ~ , _ 
-_ ZA A;,,v ~;;/~ -

.. . . --- _ .. -Ct<: - . : / > -_ - . - -- • --_ .. -- -·_ • - --__ aM-, : 
.. _.,..:,,,_.,:>, ,.{: :.? .. ~;--;·:)-'.-:::' . ·:. ,_. ·. .. ... ' . '_:· ' . .., . . . ,;••-.-~,,·· .. ·.,., ·-_ .. _-.,_ w 

. ''•\ _--,_ : ' . ·'•;/ ,;; :' i ---•_-•··· __ -•· __ • •... < '' _·. /~ ~ {~ -lj .. 
~-~ ' 

. ' . ' .. ' 
' ' . ' '; ., . 

' . ·\ 
I 

. ,; 

. ' . -

• 
~-\- ~ ,-,~-,--: ,·',· __ ,, 

, l; ···;• fl ',l ,', ;' 
Ii, -,. 

. . ' 
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Proof: M.G .. KENDALL 1 s expression for the var1anoe of~ 
his rankcorrelation statistic§. has been adapted by 

J,. HEMELRIJK [ 4 l to the variance of WILCOXON I s ff , his for- • 
mula can ea$1ly be reduoed tot 

\ 

where -?n andM a1""e the numbers of elements of the samples 

eonaidered.t t/' :ts tho t1urriber of ties of s12le r and A{, 
is the hypothea:t.s that all manners of arranging the ,,,,.,.,,.,,, 
ranks in the two samples hav·e t11e same probability (Cf. g..:JJ · 

As e';,v is '~he reduced statistic of wi:L~i~ of the · 
sample of observations of cell (jl, 41 ) against the ·sample . 
ot' all othei"' observations of t taken together ( see 2 .2) Ji 

we have, 

• -· i. ..I '\,, ..,.,. , - ,.,,,,, 
and by -" !d..uv + fA.AA''' = -1,;; + ~ 1,1 1 ..,, 2 (D IANlv l:::M'"': ,~ - ,~. ,,, -yt11 DI - /1' v - ,. . ;· . ,,,. 

(4*1.5) 

Now the form1.ilae ( 4 .. 1. 1) are obvious, as the rankings are 
independent if ft, is true • 

. ~. ",i •,, 51;'!1~.?;te.~ l\ . ( See 2 • ~) . tl I .... ii 4 .. 1.9.l-. ,. . . 111_2 ii ~ 

If end only if there are .4 non com.pared sets of 
obj.eets the :1:~anit of matri:ic V is n- J .. 

fro<;>tt 0.,1?AU.SSKI baa drawn attention to the :f'ollowing theo 
lt,u! :r:hfi.4Wtt'I: _ . 

remt Let { a,N) be an M?<'1f- matrix with complex elements 
· auch that i ·. · 

· · w1 th $quality 1n at most _,,,,_/ oases .. Assume further that 
· .. the matrix. oannot be transformed to a matri:it' or the form · 

Pit 
. tf'.· 

by the as.me p~1"mu.tation of the l.'l'ows and eolu.mna ;J where P 
' ; . 

and ~.. we· square matrice.s · an4 •tP · 4ons1t:3 ts ot' ,i:eroa. tt 
rollowa t'.bai ~ fa,~/4) ,t,o ~{lff Oto)., theo:rn ItI.) · 

. ' . . ' . ', . . 

Xn th$ p,:wgot of this 'theo~ it ii shown, that 1£ the ; 



--' 

~ 

" • 
' "' " .. 
A( 

• 
• 

• 

• 

.. ·-------------------------

MATHEMATISCH CENTRUM 
AMSTERDAM 

.,.. 13 -

. . . 

. \-. 
' 

) ' .· 

. 
• 
• 

/v 

-.- ' . 

' 

Our matrix }"7 has the following properties: 
. ' 

( 4 ,. 2 .J ) f1"111,1 I '= (i.V I V ~ 0 
""l\ 

('v""'vJ 

(4.2.~} e,;41 "> o , 1!' superfluous rows are omitted, see 
2.,4, f!!' 

Hi ftJr, ld1!h• 

( 4,. 2 • *) z;,,, (/"',;,; I _, 0 1 di, iv ~ 0 

By ( 4. 2. f) le ha:1Te immediately: 

( 4.2 .. $1 o&.i v-.o 
Hence the rank of Y is :not greater than -n-1 • 
The matrix 'Yv1 , obtained f1"0m Y by om1 tting the V -th 
row and the~ -th column» fulfills the conditions of the 
theorem r11entioned; henee the rank of I{. 1s only- smaller 

~$,l.,W".fn..t'lr1t. w,t)rr1w . 
than 11'1-I , if Ni:-raf ~v iti"Yl')r-~~fo . ~.a.J). (Ae V---1-e 
a·· e·,-m:meiir:t e · "~te:'bri,e1 U-4 •-•Ail :I, aa ea ... ~¥=--~-,,-e Mls:141 t ,a@-e f 

0 eerot::t .. )=By (4.2~2) V will also be of this :f"orrn. Con-
·f: ' 

versely, if V ::ts of the .form l«. a,!) it is trivial that 
, . ' ; . 
' . 

1 ts rank is n- z.. 
. . ' . 

we have seen 1n .f,•.2 that ti V is ot the form (~ 1, !) '* is 
aequi valent w1 th: •t the number of' non compared aets of 
objects is greater that1 1 11

• 

·If -"' > I , we can., by t•epeating our argument to the 
matrices P and 4?, both having properties anaJ ogous to 
(4~2.1)-(4 •. 2,.,3) prove that the ran.le of P is,,,,.,~ • 

If ( 2 ,.9,.1) 1£; valid, and su_perfluous rows ( 2 4) are 
· · · ,n,v,J1 _.., 1:,:. 

Now by (4.1 •. 4) and (4.1.;): 

(4.J._,1) ~u · IA- e. 0 
. -l'tt -/A"' :tf and only tr k_µ"' ~ 111 , = o 

. ' 

. 
' ' ' 

-_ ~ 

' 

' ' 

tt. · follows that i '.·. · 
. . 0 ·, .. 

(4.3.2) ""~ ~-I f7v ,..., ~ ~Jz._:7 
if (2.9,.2) 1$ val1d.. ii 

. 1#11....,.0@ m~ ·1"' . . . , 

. ,.,.'° ,el· .,. ,.,. h.· .· r::..'<rh_ .... 'l-.,r t '4 \ ~ I /t k I .(. .I. M 1, • ~ .A I U 13 & I. IJ 6 ; 
¥i.'-"' .... ""'.... "v.,. ..,., '_/"'., .. r ,'AV 'Pt/ :, , l,"J ,. Ill<. -/J:) -~v - B ·. : · .. ·.·• 

. . . . ' ' . . ' . _. ' . 
' . . ' . 

' ' ' 
C 

t 
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Now by (4.3.2) and (4,.3.3) we see that the conditions 
(2 .. 9.1) and (249-~) are sufficient for III4~ 

By (4.3w1) and (4.3.2) we have, that if (:2 .. 9.2) is 
valid: 

fvv 1 = 

if' 

I£ follows elltaily that the conditions (2.9 .. 1)-(2.9 .. 3) are 
auf.fic1ent for III4 .. 

1+ • lJ... Theorem VI • 
II' AJlll:('fll 1!1,l ~ _,., i ; ,_ ; • tt f) lf!,·1tt: t/t• 4f@::vili,1. 11, t;_!.11/ 

If and only if t,here are positive numbers C11 such 
that 

.(3.2 .. 1) Ct'a,vl-= - ~JI e,,., Cv'-,1.~) 
~ ( ,-J then porsitive numbers· t!" -. .~ t!vJ 

exist auoh that 

F1-&oof • If the matrix of .6u ia derived from bZ and the ... -
matrix of 4 f1"'0m V 'by omi tt1Ilg the ,n, ... th rowe and columm 
!,e see !,hat J.(! ( defined by ,g,,1,§i,~,~} :ta a quadratic form :tn 
£1 1 ~ ... 1 yt,\,..,

1 
., the mat1"iX of which is the inverse o:f the 

matrix 

. . ' 
. " " 

' J • . . 

• 
I 
I 

If (4,,t~-1) 1s 'Valid we also have (by -:?v tZ, ~~ o 
. . 1:'."i . . 'H ... / -,,,-1 V-1 

y'L : a ( Cv~ + e,J) ~,_, 'f' <- ~: .2, ? 
.. C"' . .. .,=, . . . . ' . ~ V ~, ..._, 

) t . 

' 

-
.~, J , .. • ~ !!n~ • :tts · matr:1:r: · mv.at · .· . 

· b• the :tl'J.1terse Qf'matrix 11," ·. •• · Ws1q tllis.· :relatton ~•e-
.. rem V? la •utl;r. t,~ovec!t1r · ..... 

. . ·. ·.·· .·• > :tid1!at: , 11\"11?8u,,m . (I•• ,bf.) . . . . . . 
· It ·.~ ~ul7 ·it. all covui~•• · t'lj,v1 

11 3Jmctt~1old in the ·eo1'"mn-,•1a11 F"' 11 •· 
. . . 

"' are ·equal• . :Y 1, -
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a. 
1':;:9:q~.= If all covariances are equal$ the aymrnetry of' 1,., -is trivial by theorem VI. 

. /Ya ._ -
!f /l"" is symmetric in ~ J • ., -> tt~ , . it rema;ins a symrrtetria • -quadra:tic f'o:rnn., if' we eliminate one of the variables 
~ ,_ ,.~,,;,;, 11:mJ , 

!11 j•. ) :!~ using ~ Ut; <¼,o .,. fhe matrix of such a quadratic • 
form is the inverse of a matx-·ix i:v obtained from V , 
(2.6oc2) by omitting theV-th row and column. In this Vvv · 
all d:tagonal and all non-diagonal elements must be equal. 

,,.,. .,-r I \ 
'""• , ~ 

It follows tl1at a.11.,,,jovariancea <rvv' 'f!Jtl[ v 'I' v ..1 are equal. 
/·~·,;: 
. . 
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