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A. Introduction.
1:1. %he method of # rankings due to M.FRIEDMAN [ 3] 1 is
V“~ﬁt$é by M.G.KENDALL in hils book about rankcorrelation

methods [ *:’3 s thapters 6 and 7. KENDALL ok t‘.}bﬂ@‘r’m )
veras" /7, ..., /3. « Every observer ranks 73

Lo l!::?",,-.' :Y:: Wi |
R B qﬁ y

th@iﬁ @Qlumn tatalaﬁ o
In this paper for the ranking procedure the termi- gi_

. d by M.G.KENDALL in [1] (e.g. the terms: "ramk",
ing", "tie", ete.) 1s applied, ' '

1,2, The method of # rankings enables us to investigate

'*wh@thar the "observers" agree in their opinion about the
ranks ., Por that reason one tests the hypath&%i% A 3),

_thiﬂh in the case of absence of ties states, that the rank

'& are chosen at random ffax-tha eollection ef all pﬁfw'

- ing
_“mﬂtatiﬁna of th@ numbarﬁ -f nd ﬁhat ﬁhay arﬁ iné@w

"pandant )

ey MM# mmmmm‘sﬁﬂﬂi##w st v s Wt iy

 f ' 1} Eamﬁ@rﬁf%atw&an brackata af the type Eiiraf@vrte th@

liat @f r@f@r@naaagl_. |
’Jf aﬁr1at%?naé§rﬁ mﬁnti@nad in thie paperfﬁ¢'iaf
g ey | 2SR .y aﬁ a » aﬂﬂ v

trough tne values 432, ...,% .
' 3} wh&a te&r& are ti@sﬁ a alightly'diffarent hypetr

. tested, §ﬁ&@ 2.7). | SRR
&) We use the term ﬂinf

inﬁ&gﬁﬁmaﬁt“ aéﬂﬁriifﬁ.”~}‘$§aqu-




- For the general i.a atlon of the method of #24

o ”-';if#aria'hlw wﬁw‘ s one abwwaﬁ:mm %ﬁa ﬁaﬁf e—aah

;_,wv-,variax}&aﬁ;#
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The statistlc used 1813

4 8
~fantne)) . 5y 6y

and »+ are sgmall, Por large values of »»

statistic {introduced by M.FRIEDMAN):

I+ -; X
g & &l b
T
F j B
2 " . * . ER A T ot oy o P o Lo o - ey Ol et P e I o T S
w A e {97 fasd B 3
- ~ *"

ed asymptotlically as B
! degrees of freedom. If tles occur, a correct-j§

ion is am&li@ﬁ {%ee 3.4). Also an aﬁym§te;atia 2 ~test, due |
2 18 large (ge@f j

which, if 4 1is true, is distribut

to M,.0.KENDALL @xima , to Dbe uamfi 1f ¢
[5) chapter 6).

rankings in this §
EDMAN g

paper we only conglder a statlistic analogous to FRI

3
A -

' 3¢ Th% aﬁtic&l Mgien of FRIEDMAN's test cmmima of
all values of S , which are not amaller than s where S,
is the greatest value of S , for which

néi @ﬁ is & glven number ( O< o & S }; the level of zﬂ-ignifiﬂf ~
aanw, .'Ii' ﬁh@ra is strong concordance between the cbservers
S will see s large velue and 46 will be rejected, The §
test is i;hua a simple method to investigate "concordance"

in rows of numbers (observations) of equal length. It is

- not ﬁaaamm that the 1@%@% @, in scheme (‘1‘ 1.1) refer

| o abj@cw and the letters 7, 1

DU : 7?3 .. 5 5, may be m@aaummntﬁ of dif‘famnt quantities
B emmt@é. on diff@mnt mamem;a @H - . In that case, an@

to "observery. fﬂr-axamplﬁ ]

wailabl%s For &mh the cbﬁﬁwa’biﬁna %15

mﬁm##“ﬁﬁ*ﬁﬂ#mﬁﬁﬂwﬂﬁm_  .

- 5) Ac cording to the hwethmm tested, the ranks are ran

m{%
he random character of a variable is denoted §.
1ts symbol Values assumed by a. raﬁg? '

linﬁig?f 
} T™e Eml
hand mzabm* ‘.

f éamtw m mualiﬁm Mﬂmng tha lai‘t 3
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. Ing to increasing values. Then A is valid if
- €.8. the pets 2 ,@w 3 o .ﬁﬁgﬁﬁ are independent random samples
= taken either from the same or also f{rom different distri-
butions, The test 1s often applied when one expects con-
cordance caused by a common trend withln esach cai’ the random
vectors (&, s Yl

4.4. 1In practice 1t often occurs that the number of obser- '
vatlons of ,w i8 not one, but either ze10 or another poO=
sltive integer, In that case we cannot apply FRIEDMAN's
method of »% rankings.

DURBIN has glven a generaligstion, which can be used in
7 rankingfschemes in which observatlons are lacking, but
these schemes are of a very specisal typ& and must be plan-

5., In this r::am@::* we shall conglder a much wider g@nﬂaram
g | Mzatitm where the number of Bb%wati@ns of W}w may be
) any arbitrary non-negative integer » 1O achieve this,
; - we rank for each 4 , the observations corresponding to
"abaaw-ar“fb . The ranke of observations of %/M , are sald
to belong "I;a cell ( /y N 4 ). The present method can also be.

. I
-_-ifJ-l*_*"

used 1f some,@ells ave empty, because some experiments have |
falled. o f ; f[ﬁ
- As we haxm " pavamatam our test is more com-
plicated than FRIEIMAN's test. The high number of parame~
| mm also foreces us to remriat ourselves to an asympt@tia
_tﬁstg |

4.6, Summary of the paper's contents: _ R
In 2 we describe the @@ﬁxputam@n of our ﬁt&ﬁiﬁtiﬂ (Qﬂﬁg 5
' - and we state sufficlent condttions for this statistic to N
7 and add some  have asymptoblcally a x ~distribution (___‘19 FIn 3 we ﬁmw
. ramarks conc@ning oygg some speclal cases of our test and 4 is a maﬁh&matmm §_

 the app“ﬁéﬂm of appendlx contalning the proofs of the&r&mm on. whiech our
| tha l%f(“@ 3’ Qa) maulta &m ‘Bamm

v .- I
A e U LY - - .',. . )
. S T F A '
. a-_ B Mﬂ . a o 5] Bowdu {"...-:l\.pl'l-n. '

Xy

- jmham we haw A:-;M é , ng
- {5$&5§i ) are allawad¢ Th@ numbar &f raﬁkg iﬂ a tiﬁ iﬁ -k*
o called th@ ﬁim of that tie, In gmrtiaular & ramg tha‘t 18
. hﬁ‘i’i aﬁgual to _'_am:f,r other rank in the same ranking is cons M@zwf
@g&  ~& ‘bm @f‘ ﬁim 4 73 {m 4 &m% o by ??:a ¢ the m,bar Qf ;;
?”} But: 1{‘ aﬁil mmm are umqual we uauall;y aa;y that tham 1

w& “no Mﬁﬁ in the scheme, - B
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ties of size P 4 3 and by i}@ the size of the greatest tie
in the /@, ranking.

2.2, ¥For each o

mnkmg# the "reduced" ranks E};r ﬁubatz*acting
the arithmetlical mean of the ranks of the ge
gum of the reduced ranka in cell ( AV ) ia éamt@d b;g ;y - o
If /gfw = O we ];:‘11’5 é%,w =0, We use the aymbal é%ﬁy because,|
i Ai@w & “ 43w |
tistic, uﬁually denoted b;v (%@ Lﬂ and E“i?:j }3 of the
sample of observations of cell { M ¢ } against the sample
of all other observations of /; taken together. Instead f}f B
scheme {1.1.1) we now gets '

; Wi

AT T AR TAT o it B A D Nt | i a1 e e T iy 8 e e e L 4 DA POV B, T e e g A g o DT

“n

where the quantities &, = 2 a}; , will be called the

column~totbals.,

2:3. We compute the quantities:

cgﬁﬁ#ﬂ}

. where
~ (9§342)

’Th@ matr
 often use @”y ﬁ.nataad f}f _ B
 Under the hypothests ¥ (to be a@fmm in detail in 2, ‘?“}

 we hm_@ - | , -
.W*WHWM#HMM#ﬁﬁﬁﬂHﬂ@W#

8) 1n thts paper J
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{2§3¢3) q;w =

and B0 v i8 the matrix of the wvariances and covarlances
fo the column~totals, {Poool see %,1; Theorem I.)

2.4, In the following text we shall omit all rows in

which 811 ranks are egual or all » are zero except for
one value of ¥ only, As for these rows all quantities

'Z%w 2 0 , they do not contribute to the values of the quan~ -
tities O, . They are called "superfluous rows". '

2.5, It 1s possible that ln our scheme so many numbers
#,, are zerc, that we have two or more complementary |
gets of objects, so that in every ranking only the objects
of one of these sets ocecur. These sets are called non-~

compared gets of abjeets 3 the number of non-compared seis
of objects wlll, ﬁ@ denoted by 4 , Formally the number 4 of |
non compared E&tﬁ of abjﬁew 'ia the greatest number of
mututally exclusive subsets Jy (#24..., €) into which

o/ © {f;, Le s WE can be divided so that

;v ey
c2E e

If a submatrix {_, y w) of V¥V
18 called & "submatrix with cemplementary sieﬂ@a", then
1f 4>/ , there 1s at least one "submatrix with comple-
mentary ﬁid@ﬁﬁ in V s 211 e—i@mnm of which are zero,

- In 4,

ﬁmﬂmmmwmmﬂm%mmmmﬂm#ﬁﬂ

9) Thé case fd > 2 will be wmiﬁamé 1in 2,
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_..-._ : N by omitting an |

g gxcept for the last row and the last column, and compute
= L its determinant & s conglder slso the matrix obtalned
- fromt

by omitting an arbitrary row and an arbliravy column, and
compute its determinant 4, . Then our statlistic ils:

T | The statistle g ¢ ?Qm - ¢cho ice of the r™ows and

. columns @mﬁ,tﬁ@a in V and V s BB in both matrices, twe &
exsiebsd row {co :Lumn) is & 1;{2'1& ar combination of the other
rows (columns). (Cf. 74.2.3) below).

.a&f@% we ¢an treat the mmptmi& amtmmmen of

o braught inti a.aaheme af?@% :
each of which is dlvided in ﬁuha@t33 COPrresy
objects, called "cells”. . | | |

We consider the collection of all possible results of J
experiments where the numbers é;w- (see 2,1) as well a8 \;E
_ tha aﬁka-&aaﬁrriu{ in the ramkima;#.afa the same as those ;3
' found in the experiment actually performed. Hypothesis 46 |

o __;'mmmmaa ‘i:;hah we havet - | -

E,;,_‘ ;¢,_,_ If th&‘?&ﬁk& are’baaa&«u@mﬁﬁahaarvatiena of ranﬁam;
R j_f-vwﬁ.ab&% 240 the hypothesis % will b@z valid if all

o e af/w w@ isf@p&ﬁd%ﬁt and the variables %, with the aamfj

have the aama éi&%riwatien functiwnaﬁ _ 1t
'f””éf§§w1$éga eanaﬁrnimg ﬁh@ aa;ﬁgtitia éiaﬁribaﬁiaf;f.
‘ u;.thaaramag ' B
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III, the rank of the mabrix

ame an?imw mtrix
_thea@ﬁealumnmtatalsg |

{Thiﬁ is a submaterix of Zﬁg see 2.0)

From thia theorem 1t can easlly be deduced that the ata-
tiﬁtia Af » defined by (eﬁ -3) has under the same condl-
tions aﬁymptaﬁigally'acﬁﬁ “ﬁiﬁﬁfib&ﬁiﬂﬂ’ﬁithﬁw

Freedom.

This theorem 15 a consequense Of the Central-limit-~
theorem for random vectors (ses for instance [12) p. 318,
where this theorem is praveﬁ o th& two~dimensional case
Theorem IV. If for any row fix /—f )g the corres-

,andm __ ; /%» mii@

have wm  treated by Ty J JTEF ;—&- f'?_‘ ;f'f;a C;iﬁ
It follows ﬁhaﬁ o
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{2.8.1)

has asymptotically a J greed of

freedom.

2,9, Theoren V.
Por & scheme, all numbers -

1113 and III% can be r&pl&aei by the following
nient conditions:

of which are bounded:

more conve~ |

» sufflcient for III., ands

3

éﬁw é;w ‘is not a mabtrixaf the type

y,
and & COT)

1n which ~ and § are square matrices and €
sist of geros only., (Proof see X4,3y

2,190, It fﬂlmwa from the theorems consldered in 2,.,;_ i:hat
i:m statisgtlic ;f% defined by (2.6.3) zsymptotically has »
/{ “~distribution with #~/ degrees of freedom, 1f ‘&;ha
gocheme conglsts of a set of yows, ﬂbaying III,H “«% 6P Iﬁ:g ami ;_’j_’
a selt obeying wﬁuumgg _
- Applylng the theorems III and IV for finite schemes
o in practice we will wamlam | “‘bﬁmmi@d" by "small®, ‘*infim
. nite" by "large" end aa‘fi.{:ally by ‘approximately. As [
| . Por the limib theorens .:‘w; we have no estimate of *ﬁh&

SR ;"_ggiffwama %&W&eﬁ the exmﬁ &ﬁd ‘t»h@ 1imit ii’.g tr-ibn'biw;ﬁ

- '~._'H:3%ts ﬁi" @m é;a-f t;ha non mﬁipwim wm @amzﬁ M;Mituw a
- aﬁéham 'y ﬁﬂﬁ f@? gach go @hﬁam&& mh&m ’m mn a
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- statistic of the type X according to 2,6. Under the con-
ditions mentioned in Eﬁamamﬁﬁﬁ these ﬁtatiﬁtieﬁ*will have
X ' ~distributions with numbers of degrees of freedom -
that avre one less than the numbers of elements of the
non compared sels. Furthermore they are independently
distributed under s hence Thelr sum will then have a

Y ~dlstribution with #

= ¢ degrees of freedonm,

212, The gtatlstlc delined by (2.6.3) can be written as
,ﬁga.paaitiva éﬁfinite quad?atia farm:in.ﬁ%g column~totals,

. for instance éﬁiana - 5 e Sﬁ-itpmay'ng*linaar transfor-
matiwn.b@ transformed into a quaératic form of the typa

Q&naaqugntly A W1LL be Larpge if there 18 & %tr&ng Vae-
- Fu G

riation in the numharﬁggﬁ€;‘¢ §§§ag{ﬂf'§& is large). We

gipect such a ghrong variation 1T the observers are con-
cordant .,

2.13s If we compute KRUSKAL's // (see 2,8) for every row
of our scheme, the sum of thepse statistics will, under the g
appropriate conditiona (theorem IV), asyupbotically have
apjy&nsistfibuﬁian, with a number of degrees of freedom
equal to the sum of the degress of f{reedom of the indl-
‘vidual terms. In this way we obtaln another test for |
rankings fuifilling the conditions of theorem IV, It is, ~”;
however, not a test against concordance but against 1nhomo |
genelty in gach of the rows separately, or in terms of th@'f
random varisbles g;ﬁ,ﬁ a test of 4, apalnat alternatives 4
invdvring, that the differences of many palrs of these
varliables wi thgthﬁ Same mﬁff&ﬁiﬁé nave a madlan diff@?@mt
from zZero,

3'43' . ,.-:* ﬂﬁ &

3als In,nhiﬁ paragraph we consider some speclal cases I
which the scope of the cam&utaﬁimntfgﬁ% can be reduced.
We shall also see that %ﬁﬁ?‘ﬂ@ﬁﬁ@&fﬁﬁﬁtriﬁ t@&ta aan.ba |

mansi*@raﬁ ag 5@&@1&1 cases of ﬁursy_'

Jels We shall ?ﬁﬁ?& in_hﬁﬁfithﬂaraMJVI) that ﬁha ﬁtﬂtiﬁ*
tiﬂ ﬁﬁ is a limﬁaftﬂﬂmfﬂﬁiif#-&f the aquarﬁasﬁ;@~ a@;&;

1f and ﬁﬁl‘? it “are pe o8 iti’f?'% numbm*s €, sueh that

In.ﬁhaﬁ ﬁ&ﬁﬂ ﬁﬁ hava
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"-"&mibuﬁMn with orie degree of freedom, i.e. % is asymp-

 cases mre tho sign-test [1), where mat
o W LV and WILCOXON's test L‘iB) L?’J . wimrﬁ P 2
PR w{ P ﬁpplzgiﬁw our ﬁhﬁﬁzr&m IEI m the %igﬂ‘bﬁﬁ‘%‘z s ‘&m ﬁa@ f

AMSTERDAM

[ e e ¥ S

o ¥

;1* gsabisfied, (Pub

A B T TS L R AR

&) v Yty G, /% , etc., the statistis then becomes:

= b oA d %’3@’

Gis &)+ Gy dy+ Ty

=T TR EPRE s e me e st S s SRR S e

T Oy v T,

A B AT A RV

é g T éé% %’ Y

For #2>3 condition {3.2.41) cap only be realised by
designlng the experiment approprlately. For instance, 1T

, where S Z* & and »ii; is defined

R I S s e mp e sty

| S | N — b : |
by (2.3.2), (Put e = b, VF 44, )

1f amsy ﬁﬂnﬁi‘&ifz’m { 34&3) is fulfillaﬁ 1f wa put
{amitmng, the mffi'sc by =4y, » We then
have

(3 a".:."#l;) /{:«

This is a speclal case (£®#) of the statistic 47

defined by {2.8.1).

1
Thea ﬁt&ti&tia Y, defined by {2,6,3) 1s ﬁ_.&tr’i@ﬁi s |

in | ali é@. if and if all covariances Uy’ are egqual.
{ Praol ses 1!‘ _ th@fﬁf“@m '%f’iiI,} 3
We then have @‘V z@* and (by (;1*2 1) and {3 2.,2)):

(3.3.) A= D wnere T35 2‘2'(/’-/)/

In @@,«ch scheme with =2 , the statistic xm is
-_@@&ug@ af d{, * GT # 7 We thﬁ?l have 5’; = |
5 and X ‘2 % /e hos mmpwtmally 8y “aig~

totlcally normal, under the appropriate conditlons, ﬁpmm};

and é & % fﬂ:f"

ﬁ haa m*mraﬁ tha'i;
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the sipntest is asymptotically more powerful if tles mre
omitted than 1f we divide them equally eamong the positive

P
e
w . .
. L
. T .
. St v .ul.-'_' - !
L L - A AN O S0 M L L0l .

bl - n
- [ - s

and negatlive observationa. {See A _;D )This leads us to eanm |

Jecture that the power of our generalized test of 722 rankﬂ
ings would be decreased if superfluous rows had not yet

been omitted,

| 1
ing: with correction for ties is an example of a symmetric
)(7' with é’/m_,. 2 / . We then have:

g

(3,.4.9) g’:

SRR T ke 33 = bt e SR

s Where

CB@M@E}

Lf there are no tles (l.e. ¢
| ¥
and ;{ is ﬁqual to the stabtistic ae:{‘mmi ’;zy (*1 2 o ‘?3

3.5, The % m%mmma for tm 5.. Lg also a
== } for V' and there are mﬁ ti@a . We

e [ . : R e e . . e
0 . e u att - . - - . - - o uw L . .
o RTTTe  ee T a v .. Lo - L I ;
. - . e omr atme d e o TLTI e e 3 . . . . . - . '
T T A L O S VO, - . - L. . o — . . . .
u ) ar o Vi . .
—_ e e L S Fa e e . B .- . -
" T P T n : - . . . . .. .
e i PO .
- o I K v, . : .

- . . - D .
g sy im0 R AL 0 Ll Al L il it ik o P b b B bde b e ci —epat By e =

The X ~gtatistic for the ordinary method of #»2 rank- -f

.o ot . '
. - .
L et - g M B 1 st - e W ML
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where
congidered, ; 13 the number faf ties of size f and A
o is the hypothesls that 2ll manners of srranging the
renks in th@ two samples have the same pﬁﬁbabili'&:g Cfe 2.7)
o Ag ﬁw 1s the reduced statistle of WLLEBXER) of the
. i sample of observations of cell { Y a4 ) ageinst the sample N
P o af all other observations of P taken together (see Eﬁﬁ)g
- - we have: |

o

L

5

Now the formulae (%.41.1) are obvious, as the rankings are : E
independent 1f A6 18 true.

k.2, ZTheorem I1 (See 2.5) | |
: I:E‘“ﬁmi &33,1;9' 1T thef&? &f‘a <  non aempafeé gets of
objects the rank of matrix & is #=7 | 2 |
Proof: mmﬁsam has draﬁm attention to the i’mllm:img th%

‘rem: Let { é) be an A?H)p- matx*i:ﬂ: with complex elements
ﬁueh that% = ]

FE N5 ey
i [ !
- .
= Ty At
i . . .
Ak, e T e
e

e wii}h @ﬁﬁﬁli‘i}y in at mwt- ﬁa%w . ﬁwumﬁ further that §
i ’c;h@ matrix ﬁ}-“mt be transformed to a matrix of the form [

?ifif ﬁmnﬁmﬁta mf zeros. Ib B
ueﬂ ‘theorem III.)
it ia ahwm t;hm ii" 't;m

m the proo: @f this *tma o
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matrixz iz of the form é? 2, 4) . f @gﬁj = & .

Our matrlx y has the f@llmeing propertiesy

LV 'he matrix 4, , obtained from /7 by omitting the ¥ -th
row and the ¥ -th column, fulfills the conditions of the

theorem mentioned; hence 'hha rf ik of V i.a anly smaller
@'lm , e

'vargalyg if ;f
ita rank is
We have geen in “-__3 that " J” 1s of the form (¥ 2 /) ¥ is
aegulvalent Wi‘ths "the number of non compared sets of
objects is grester than 1",

mw d>27 we can, by repeating our argument to the
matrices ~ and &, both having properties analogous to
(#,2.1)~(4.2.3) prove that the rank of ¥ 1is # <4

Prof _of Theorem ¥V (See 2,9)

If (2.9, "’%} i1s valld, and ﬁu@erﬂuafuﬁ rows {2.4)
mmithad we have:r )

4f and only 1if #rne é@,@, te O

50 ]
JAf (2.9.2) 18 valtd, |
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Now by (4.3.2) and (4.3.3) we see that the conditlons
(2.9.1) and (2.9.2) are suffielent for III,.
By (4.3,1) and {(4.,3.2) we have, that if (2.9.2) is

1f follows @

2aslly that the condlitilons (2.9.1)~{2.9.3) are
gufficient for Iilui o

A.t. Theorem VI.
IT and only if there are @tﬁiti?% numbers &, such

A that
(3.2.1) Owr = = €y Cyy

| N _ -
then positive numbers &, = (¢ ¢
eéxisgt such that
g &
> ¢ &,

(h41) Y e

A. is derived from V4 and the

e

Proofs: If the matrix of .
matrix of A from ¥ by omititing the 22 ~th rows and Qﬁiumm

e see that ﬁﬁ% (defined by 2,6,3) 18 a quadratic form in
é&aiw*,@é 2 the wmatrix of which is the inverse of the J

azs? e PR f
matrlix

* *_{~alau S qﬂ@%iﬁtiﬁ farm in' &%;¢ - _ﬁgwnjltﬁmatrixraa)f; f}
' “é-fxevth@ imv&raa~af‘matrix ﬁ” .wﬂai% :9hia r&lati@ﬁ fftaﬁfﬁf
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Proofy If all covariances are equal, the symmetry of jf
is trivial by theorem VI. " :
It ﬁ/ ig gymmetric in J e e 35, , 1t remeins a sm-amf;etriﬁ}

quafira'i;-ia form, 1if we ellminate one of the varliables

’::, By 2

2y e p &8 , The matrix of such a quadra‘cia

et i
g& 42 ¢ > ﬁﬁ uﬁiﬁg

oo g

form is the inverse of a matrix #» obtalned from 27

.;f‘a‘
P
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