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MATHEMATICS

ON SLIPPAGE TESTS?Y)

I. A GENERAL TYPE OF SLIPPAGE TEST AND A
SLIPPAGE TEST FOR NORMAL VARIATES

BY

R. DOORNBOS awp H. J. PRINS

(Communicated by Prof. D. van DanTtzIic at the meeting of September 28, -1957)-

1. Summary

In this paper slippage tests for variates following various specified
distributions, viz the normal, the Poisson, the binomial and the negative
binomial, as well as a slippage test for the method of m rankings and a
distributionfree k-sample slippage test, are discussed. These tests are all
of the general type discussed in section 2. The choice of a test criterion
for this type is a plausible one, but in some cases the tests ean be proved
to be optimal in a sense as described by a theorem of Warp.

For discrete variates the tests are derived as special cases of a slippage
test for a general class of distribution functions. The class of distribution
functions consists of all distribution functions, for which a close approxi-
mation to the true significance levels using a specified method is possible.

In the case of a test for Poisson variates it is possible to give the power-
functions of the test in very good approximation, using the same method.

The same techniques were used previously for obtaining slippage tests
for gamma variates by W. G. Cocaran (1941), R. DoornBos (1956),
and R. DoornBos and H. J. Prins (1956) and for normal variates by
E. Pavison (1952). The slippage test for normal variates given here is
a generalization of the one given by Pavrsox. H. A. Davip (1956)
applied the same principle, without proof however, in two other cases.

2.  Introduction

The general type of slippage test considered in this paper serves to
decide whether one variate (or a group of variates if the variates occur
in groups) slipped or no slippage occurred. These tests arise from the
demands of a practical problem which is of a more general type, than
the tests describe. For instance in industrial quality control in investi-
gating a process one does not want to decide whether one variate slipped
but one wants to decide if variates slipped and if so, how many and
which ones.

Thus the tests described here have a restricted practical usefullness,
as under the hypotheses considered at most one variate slipped. Still

1) Report SP 62 of the Statistical Department of the Mathematical Centre.
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until a more general solution is found to the practical problem, these
tests may serve their purpose.

MosTELLER (1948) and PEaRsoN and CHANDRA SERAR (1936) already
pointed out this difficulty and Turry (without date) and Rosgt and Roy
(1953) tried to find a solution for the general problem for normal variates.

The tests dealt with in this paper are of the following general type.
Suppose

—>

Yo o5 Y 2)
are k random vectors. Thus

Yi=()'i1, (RS ] )’m,) (Ib = 1, (AT k)

The variates y;; are distributed independently and have all the same
type of distribution function. These distribution functions contain an
unknown parameter 0, as well as other unknown parameters. The test
serves to decide whether one of the 6, has slipped.

The simultaneous distribution of the y,; is

F(?/li e ylc{ea 0’);
where

6 = (g, ..., Op)
and §' is the vector for the other unknown parameters.
We want to test
HO:BIZ e =9k
with the % alternatives
H, 0, slipped to the right (¢ =1, ...,k%)
or we want to test H, with the %k alternatives

H,: 0, slipped to the left (¢ =1, ...,k).

In order to get rid of the unknown parameters in all but the distri-
butionfree cases sufficient estimates are used.

This sometimes implies using new, one-dimensional, variates, which
are functions of the original variates and which have a simultaneous
distribution function (in the discrete case a conditional distribution)
which does not contain the unknown parameters.

We state the test criterion in terms of the new variates. These variates
are

(2.1) Xy, ooes X

which are, under H,, the hypothesis tested, distributed simultaneously
with some distribution function F(z,, ..., %), which may be continuous
or not.

. %) Symbols printed in bold type denote random variables.
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Suppose the observed values of x;, ...,x; are x,, ..., %, respectively.
When testing against slippage to the rlght we determlne the rlght ha,nd‘
tail probabilities

(2.2) GEPxz%], (=189
We reject H, and decide that the m-th population has slipped to the
right if
(2.3) d,, = min d; < «/k.
i

Testing against slippage to the right requires computing
(2.4) e = Plx; < x;], G=1,..%k).
Now H, is rejected and it is concluded that the m-th population has
slipped to the left if
(2.5) e, — mine¢; < x/k..
The probability that an error of the first kind occurs when this procedure

is applied, is derived along the following general lines. Consider a set
of k real numbers ¢, ..., g, and the probabilities defined by

Pi d—_e-fP[x‘ =gl

P = Plx;<g; and x; =g,], (@ #7)

% = Plx [x; > gil,

0, EPlxi>g; and x> g, (i #9)

(2.6)

all computed under H,.

Denoting by P the probability that at least one of the x; does not
exceed the corresponding value g;, it follows from BoNFERRONI's inequality
(cf. W. FrrurEr (1950), chapter 4) that.

(2.7) 2p=2pusP=3p

For @, i.e. the probability that at least one x; exceeds g;, we have
(2.8) $6-26;=0=34

Then in each case separately we proceed to prove the inequality
(2.9) Pii = Dilj»
or
(2.10) , %5 = 49

which is equivalent with (2.9) (cf. R. Doornsos and H. J. Prins (1956)), .
Of course, (2.9) and (2.10) to be only hold for a class of distribution
functions F(ay, ..., ;). The problem of finding general conditions to be

3) The symbol £ denotes an equality, defining the left hand member.
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imposed on F(z,, ..., %), sufficient for the validity of (2.9) has only
partly been solved in this paper. Besides in some cases (2.9) only holds
for some sets g, ..., g;, for instance for »1 ¢,=0.

Assuming that (2.9) and (2.10) are true we get immediately from
(2.7) and (2.8) respectively

(2.11) Zpi—zpipiépézpi
i i<j i

and ,

(2.12) 24—-26L =@ =24
4 i<j 3

respectively. Denoting Zpi (p needs not be =1) we have
Pt = (3p)* =2 3o+ 30F 22 3 0ums
where the equality sign only holds if all p, vanish, or
Z iy < 3%

i<y

Thus

(2.13) p—iPsP=p
and similarly

(2.14) -=Qsq

where >,q;, = q.
Now, when testing H, against slippage to the left of one of the k

variables the critical region is of the form {x, <g¢,, or ... or z, < g}

The values g,, are determined so as to make all p; equal to «/k where
o is the prescribed level of significance. In the discontinuous case this
will in general not be possible; there g,, is the largest value which can be
attained by x; with a positive probability, satisfying

(2.15) o E Plx; < g0] < afk.

So from (2.13) it follows that the probability P, of rejecting H,, if H,
is true, satisfies

(2.16) x—o?2=P, <«
or
(2.17) o — (B2 P, <o (o = > o)

respectively, according to whether the continuous or the discontinuous
case is considered.

Testing slippage to the right we get similar bounds for the probability
of rejecting H, when H, is true.
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3. The slippage test for normal distributions

We consider k normal distributions with unknown means u;, us, ...,
and common unknown variance ¢2. From these distributions we have
samples of ny, 7y, ..., n; independent observations respectively.

We want to test the hypothesis
(3.1) Hy:py= ... == pu say,
against the alternatives

M= e Sl =R = e = =4

2 P

#2) L IR

for one value of ¢, which, however, is not known, or

M= e = Uy = Ui = oo = Ml = U
(3.3) 21,{

pi=p—4 (4>0),

for one unknown value of 4. From the observations

y117 ey y1n19
(3.4) Y217 ] an,,,
Yieos =005 Yimg
the variables
(3.5) b= Yui=y) g
sz (yin—y)?
7.
are formed, where
def 1
(3.6) o1
E_—f N 2; Y7l:
1,
and where N is defined by
(3.7) NESa,.

;
The b, take the place of the variables x; in (2.1).

In the following section we shall prove the inequality corresponding
to (2.9) if g, and g¢; have the same sign and it will be proved that

N
(3.8) :h=%(1+VN_mb»
has a B-distribution with parameters (¥ —2)/2 and (N —2)/2 or, that
Ve
(3.9) t=)N—2 =2t _,
E P
N — n;

has a Students’ ¢-distribution with N — 2 degrees of freedom, for ¢=1, ..., k.
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Thus the procedure described in section 2 can be applied and the d;
and ¢; values as defined by (2.2) and (2.4) may be obtained for instance
by means of (3.8) and the methods described in section 6 of R. DoornBos
and H. J. Prvs (1956).

In the present case the determination of the minimal d and e values
is much simpler, however, because these minimum values correspond to
the largest and the smallest of the u; respectively and thus of

BC

and consequently only one incomplete B-integral has to be computed.
The critical values g,, for the b; are determined from

—Y)

N—mn
(3.10) = V 2 (21, — 1),
where u,; is defined by
(3.11) Plu; < u,) = k.

Because of the symmetry of the distribution of u; with respect to the
point 1, the critical values G, for the test against slippage to the right are

N—mn;
(3.12) G = VI oy = 1) = — g

In the simplest case, i.e. n;=...=m=1 our test-statistic reduces to
the one suggested already by E.S. Prarsox and C. CHaANDRA SEKAR
(1936), but for a constant factor. Using previous work of W. R. THoMPsSON
(1935), who derived in this special case the distribution of ¢, as defined
by (3.9), PrarsoN and CHANDRA SEEAR were able to derive certain
percentage points of max b, and mm b, without deriving the exact

distribution. They used the same apprommatlon as is done here, but
only up to

k—2 kE—2
glocz"'zgkzx:g(xé— z_k(orazxg 2]{})’

because, if all n; are equal, in that region the probability that two of the
variables, e.g. b, and b;, both do not exceed g, or exceed G, is equal to
zero, Thus the level of significance is then exactly equal to «.

The exact distribution for n;=...=n,=1 has been computed numeri-
cally by F. E. Grusss (1950), who gave tables of exact percentage points
up to k=25 for ¢=0.10, 0.05, 0.025 and 0.01.

E. PavLrson (1952) proposed the same test statistic (but for a constant
factor) for slippage to the right and the same approximation as suggested
here in the special case n;=...=n,=n but he gives no bounds for the
corresponding level of significance. PAuLsox proved that in this case the
use of max b; as test statistic has the following optimum property. Let
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D, denote the decision that the &k means are equal and let D, (=1, ..., k)
denote the decision that D, is incorrect and the ,u, max (g, -y M)e
Now the procedure:

If b, > A, select D,
(3.13) {

if b,, < 4, select D,

where m is the index of the maximum b-value maximizes the probability
of making a correct decision, subject to the following restrictions.
(a) when all means are equal, D, should be selected with probability
1—q,
(b) the decision procedure must be invariant if a constant is added to
the observations,
(¢) the decision procedure must be invariant when all the observations
are multiplied by a positive constant, and
(d) the decision procedure must be symmetric in the sense that the
probability of making a correct decision when the i-th mean has
slipped to the right by an amount 4 must be the same fori=1, 2, ..., k.
The constant A, in (3.13) is determined by requirement (a). Our critical
value G, is an approximation of 4,.
The case of slippage to the left, although not mentioned explicitely
by PavuisoN is completely analogous and the same optimum property
holds there.

4. Qutline of a proof of the results stated in 3

In this section we merely sketch the proof of the inequality
(4.1) P[b;<g; and b; < g;] < P[b, < g;] - P[b; = g;], provided g,9; = 0,
where b, and b; are defined by (3.5) for all pairs 4,7 (1 £ 4; ¢, =1, ..., k).
Giving all details would require too much space.

First the marginal distributions of b, and b; and their simultaneous
distribution have to be derived. These are

N—1
—e [ —— N4
N 2 1 N
(£2)  fb) = VN m (N——>-V_l =0T, =10
(55 *

and

9(bs, b)) =
(4.3) TN N-3 N—ny 2)/nin; N—mn; %’é

‘/N—ni—’nj 2 {1——N—-n,;——1n,-bf—N T— ] bb mb?}

Both formulae are valid in the regions where the expressions between
braces are positive, outside these regions the respective density functions
are zero. The region where g(b, b;) differs from zero is bounded by an
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ellipse in the (b;, b;) plane, with principle axes of length 1 and l/—l\—’:%—"ﬁ
and equations

b’i + Eb' - O,
(4.4) ‘/’_’_ ’
b, — )V 2p = 0.
% nj 7

When proving (4.1) we may obviously assume that the point (g;, g;)
lies within this ellipse, because otherwise P[b,=g; and b; <g;] = 0.
Further we suppose that both ¢; and g; are <0. This is no restriction,
for, when (4.1) holds for a pair of values g, and g;, the inequality
Plb;> —g; and b;> —g;] £ P[b;> —g;] - P[b;> —g¢;] also holds for reasons
of symmetry. Consequently (4.1) is also true for —g; and —g; because
of the equivalence of (2.9) and (2.10). We shall see that in the (g;, ¢;)
region considered (4.1) holds with the < sign. We have to prove

(4.5)  $(g;,9) E P[b;<g;] - P[b;<g;] — P[b,<g; and b;<g,]> 0.

The proof consists of showing consecutively

N_ni—mn;
(4.6) ¢(— 'ml: gy') > 0,
(4.7) ¢(0, — %‘ﬁ) >0
and
d4(9,95) N—ni—mn;
(4.8) R =0 (— miggjgo).
From (4.7) and (4.8) it follows that
ppry—
(4.9) #0.9) >0 (- <g <o),
Further we can derive
. N—-1
— (21 N-4
06(gugs) _ 1/ N ( 2 ) 1 N N2
(4.10) SEII ) e F(N_Z)V;(l - ¥ gi) ¢, (9::9:)
2

where ¢,(g;, 9;) is a decreasing function of g; if g;9; = 0, thus P—é%;i")

is everywhere positive, everywhere negative, or positive up to a certain
point g,; (depending upon g;), say, and negative thereafter. So in virtue
of (4.6) and (4.9) we may conclude

Hgi,g5) > 0, if g; 0,
g; £0 and

_ N—my 5 2]/mn,~ N—n;
N——-’ﬂi——-n,' v

(4.11)

1 2 = 0.

Nemi—m 39~ N 9 =

A detailed proof can be found in R. Doorxsos, H. KEsTeEN and
H. J. Prixs (1956).
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MATHEMATICS

ON SLIPPAGE TESTS

II. SLIPPAGE TESTS FOR DISCRETE VARIATES
BY

R. DOORNBOS axp H. J. PRINS

(Communicated'by Prof. D. van Dawntzie at the meei;ing of September 28, 1957)

5. Slippdge tests for some discrete variables -

In this section slippage tests will be discussed for variates which follow
the Poisson, the binomial or the negative binomial law. These are special
cases of a general class of variates determined by the condition of
theorem 5.1. First we shall consider the Poisson case in some detail.
Suppose we have a set of independent. random variables

(6.1) . : Zy, e 2

distributed according to Poisson distributions, i.e.:

(5.2) Plz=z] = Z28% (=1, .., k), u; > O.

zi!

Now we want to test the hypothesis H; that the means y; have known
ratios

(5.3) H,: —2% =i, G=1,..k).
i

This situation occurs for instance if from % Poisson-populations with,
under H,, equal means, known unequal numbers of observations are
present and z,, ..., 2, represent the sums of the values obtained in these
observations. In this case the p, are proportional to the numbers of
observations. Also & Poisson processes with the same parameter may be
observed during different lengths of time. Then the p; are proportional
to these lengths of time.

We want to test H, against the alternatives

R Y . S S 4 . 1
(64) Hy;: _2'“7' = CP;, o Tom P (=7, l1<c< o © unknown,
] ]



48

for one unknown value of ¢ or

(5.5) H,;: —2’%} = CP;, _ZL% = %T_%p, (I #4),0 <e¢ < 1,¢ unknown,
? 7
for one unknown of 5.

A well known property of Poisson-variates is: If z,, ..., z, are indepen-
dent Poisson-variates with means uj, ..., u,, then the simultaneous
conditional distribution of z, ..., z, given their sum (i.e. >z=N,N
a constant), is a multinomial distribution with probabilities p,=u;/> u;
and number of trials >z;—=N. As the hypotheses (5.3), (5.4) and (5.5)
only contain the ratios p, it seems natural to use a conditional test for
H;, using only the multinomial distribution

N1
]___[zi!

From this it is clear that a test against slippage for Poisson vairates
is closely related to a similar test for a multinomial distribution. The
reader may easily translate the tests stated here into tests for the multi-
nomial case. '

In the next section the following theorem will be proved.

(5.8) Plz;=2, ...,zk=z,€]zz;=N] = Tlps, if 32=N and 0 otherwise.

Theorem 5.1. Suppose the discrete, random variables
(5.7 ’ oy, ., u

are distributed independently and can take integer values only (the latter

assumption is not essential but gives a much simpler notation ).

I
P[> u—u;—u=a]

(5.8) P u—u—uj=a+1]

where a is an integer, is a non decreasing function of a, then

(6.9) Plu;zu; and w; =z, >u;=N] < Plu;=u| D u=N]- Plu;zu| Y u=N],

for every pair of integers u; and w, and for every non-negative integer N.
In the special case where uy, ..., u, are distributed according to the
same type of distribution and this distribution has the property that
a sum of k independent variates has again the same type of distribution,
it is easy to verify whether condition (5.8) holds or not.
In our case the sum of k—2 of the variables z;, (given by (5.2)) has a
Poisson-distribution with mean u, say. So condition (5.8) states that

e—wrue  (a+1)! a-+1
(5.10) e

is non decreasing in @, which is clearly true.
Thus the inequality (5.9) holds for every pair z;, z; and the procedure

J
described in section 2 may be applied to the variables z, ..., z; under
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the condition »z,=N ). Now the marginal distribution of z; under the
condition > z;=N is a binomial one, so when testing H, against H;
(=1, ..., k) we compute, if z,, ..., z, are the observed values and >z =N

(5.11) 7, d—erP[z 27 {Ezt‘—N] E (I;Z) PE(l—p)¥ *= Ip;(zi’N_zi_‘"l):

T=2;

where [, (2, N—2;+1) stands for the incomplete B-function

N1
TW_N—:;-F _[ 'u,z_l(l u)_N_’id’u,.

Now H, is rejected if
(5.12) mi_n s ofk

and then we decide that u;/> Hi> Dj if § is the smallest integer for which
r;=min 7,.

If under Hy: u,=...=py, all p; are equal and the smallest ; corresponds
to the largest value z,.

The test for slippage to the left is completely analogous.

A table of critical values for max z; is given in section 11 for the case
Pr=-er =Py

Along the same lines as followed by R. Doorwsos and H. J. Prins
(1956) in the case of I-variates it can be shown that the probability
@; of making the correct decision when the j-th population has slipped
to the right (i.e. Hy; is true with i=4) satisfies the inequality

Gﬂj(GIP D"N G:l (x+1) [l_ ZII 01)1 (GZ(X!N G1, zx+1)] <
(5.13){ - =N
<Q,=1,(6, WN—G,+1).
1) The validity of (5.9) in the case of Poisson-variates can also be proved in
the following way, using their relation with I'-variates. The ‘well known relation

N

« " ]
Plnza|3z=N= 3 (,) s(l-p)" =
(1) . T=2 .
= G W A0
can be generalized to
N N NI .
hd L1 —_—). —_m. —&y...— —
mgzi "'wrgzi Tyl (N —2qe.. —) 1 £ o PE(L=pyy. =) a:,
N Ph
(2) T Dz, 1) (N—24,... —2) 1 {
s,

o Juim s (L — g — W)Y AT, duy L d,
0
(r<k—1,(%,....5) €(1,.... k),

which may be proved by induction or otherwise. Using (2) for r = 2 it is seen
immediately that inequality (4.10) in R. Door~xsos and H. J. Prins (1956) is
the same as (5.9) for Poisson variates.
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Here G,, (I=1, ..., k) is the smallest number which satisfies

) (5.14) P[Z,ZG,'“lzzizN,Ho]é(x/k
or
(5.15) 1,(Gh0s NGyt 1) < ],

Clearly @; converges towards its upper bound when ¢ — 1/p; and for
each ¢=1 the factor between square brackets is larger than 1—(k—1)afk
according to (5.15).

In the case of slippage to the left we have analogously

[l_ICPj(g]- mN——g,- »AN]A—-a) =

(=10, (g N—ja+ DI [1— 2 {11, N Gi0o N =it 1)}] =
(5.18) & —
¢

éPi=-<“1 cpj(gymN gjzx+]‘)
where ¢, , (I=1, ..., k) is the largest number satisfying
(517) . l—Ip;(gl,u+ I:N”'gl.oc) = “/k

We can apply theorem 5.1 also to the case of independent variables
(5.18) Vs ooy Vi
which are distributed according to bimomial laws with numbers of trials
7y, ..., 7, and probabilities of success py, ..., . Now the hypothesis H, is
(5.19) Hy:p, = ...=17p,=0p, say

and the alternatives are

H’i: = wee =W 4 = Py =.’..= =.,
(5.20) { 1P Pi1 = Pipa D=7

pi=c-p (L=c=1/p),

for one unknown value of ¢ and

{H2i5p1= =Py =P = .. =P =D,

(5.21) p=c-p (0=c=l),

for one unknown value of <.

Because, under H,,, the sum of (k—2) of the variates (5.18) has again
a binomial distribution with number of trials, » say, and probability of
a success in each trial p, the condition (5.8) of theorem 5.1 reads:

(5.22) (n) PO—PMC a1 1oy
(a+1)pa+1(1 —pp-a-1 PTE P

is a non decreasing function of @, which is true. So in this case also the
approximation procedure described in section 2 can be applied to obtain
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a conditional test for slippage under the condition that the sum of the
variates > v; has a constant value N. The conditional distribution of v,
is a hypergeometrical one

(5.23) Plv,=v|3v=N] = () (ZA’;?‘_ ‘U") (Z;f)‘l (v, = 0),

so with help of this distribution critical values for the tests with prescribed
level of significance may be obtained, in the same way as was done with
the Poisson variates.

Provided that none of the values n;, > n;—n;, N and Y n,— N are very
small, a good approximation to the sum of the tail terms of the hyper-
geometric series of equation (5.23) may be obtained from the integral
under a normal curve, having the mean n,N/>n; and variance

ni( 3 ~ni) N(Z n; —N)

(Znm)* (Zm—1) 7
In the special case n,=...=mn;=mn, the test procedure for slippage to the
right reduces to comparing the largest variate v, with a constant v,
determined by the level of significance «, such that v, is the largest
value satisfying

Plv, z vy|>v; = N] = afk.

The same holds for the variates

(5.24) ' ' Wi, oo Wy
which are independently distributed according to negative binomial laws,
with parameters 7, ..., r, and probabilities p;, ..., Py, Le.
B e et N
(5.25)  Plw=w] = () prap

where r; is an integer =1 and 0<p,;<1, whilst p,+¢,=1.
The hypothesis H, is

(5.26) Hy:q,=..=q,=4q, say

and the alternatives are
H.:.q=...=¢ 1=y = - == ¢,

(5.27) f 1+ d i1 = Gin1 =49
| G=c-q (L=c=1]y),

for one unknown value of i or’
Hy:q,=...=¢;1=¢y= - = =¢,

(5.28) [ 2: - Q1 Fi—1 = Qi1 =9
\ gi=c-q (0=cs1),

for one unknown value of i.

The hypotheses are stated in terms of the g; and not in terms of the
p; in order to obtain that slippage to the right of the i-th population
corresponds to a large value of w,.



52

Under H,, the sum of a set of independent negative binomial variates
has again a negative binomial distribution with the same probability p
(or g) and a parameter r, say, which is the sum of the »; of the individual
variates. So condition (5.8) gives here

G e
o - el |

is a non deecreasing function of @, which is true if r=1. Thus again the
method of section 2 may be applied. The conditional distribution of
w, under the condition S w;=N, has the form

) O

(5.30) Plw,=w; ZW N] = (N—{—Zr?-—l) , (w=0,...,N).
>ri—1

The critical region for the test against H,; (i=1, ..., k) (5.27) consists

of large values of the variables w;. In the case where r;=... =7, the test

statistic is the largest variate w,,, when testing against slippage to the
right and the smallest when testing against slippage to the left.

If in the Poisson case (5.1) p;=...=p,, then the following optimum
property can be proved 2). As in the case of the normal distribution we
denote by D, the decision that H, is true and by D¢ (1=1, ..., k) the
decision that H,; is true, i.e. that H,; is true and that the ¢-th population
has slipped to the right. Now the procedure:

if z, > 4, 5 select D,
(5.31) { ’

if z,, <4,y select D,

under the condition that » z,= N, where m is the index of the maximum
z value, maximizes the probability of making a correct decision when
H,, is true subject to the following restrictions:

(a) When H, is true, D, should be selected with probability =1-—«.
(b) The probability of making a correct decision when the 7-th population
has slipped by an amount ¢ must be the same for i=1, ..., k.

The constant 4,y in (5.31) is determined by the level of significance
o and depends on N, the sum of the variates. A proof will be given in
the next section.

6. Proofs of the results stated in section 5
Starting with the proof of theorem 5.1 we have that

(6.1) Plu;=y] - Pluj=z] - P[Suy—u;—u;=N —x—y]
) Plu;=y] -P[u,-=ac—i—l]-P[zul~ui—u,-=N—x—y—l]

%) In the sequel only the case of slippage to the right is considered but al]l
statements may be easily translated for the other case.
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is non-increasing in y, according to (5.8). Dividing (6.1) by the factor

P[Su=N and uj=z-+1]
P[>Yuw=N and uj=x]

(6.2)

which does not depend on y, (6.1) changes into

Plui=y|Zuy=N and u;=x]

(6.3) Plu=y|>du=N and u=2+1]"

Thus also (6.3) is non increasing in y for all values of x. This means that
there exists a value y,, which may depend on z, which has the property
that
Plu,;=y|>u=Nanduy;=2] = Plu;=y|>u;=Nandu;=x+1],ify =y,
Plu;=y|Yu,=Nandu;=z] < Plu;=y|Su,=Nandu,=z+1],ify <y,

,

Y, >y
Fig. 6.1. Pluy=y|3uy=N and u;=z] (dotted lines), and
Pluy=y|>wy=N and u;=z-41] (full lines).

(6.4) {

This situation is sketched in figure 6.1. It follows that for each value
of u; :

(6.5) Px) ¥ % Plu;=y|3 u,=N and u;=2]

y=u;

is a non increasing function of x. Now

Plu; = u; and u; = w| Ju;=N]
Plu;= w3 u—N]

> Plu=z|>u=N] § Pluy=y|>u=N and uj=x]

a=u; Y=

(6.6) = = <
> Pluj=z|3u;=N]
T=u;
\ = 2 Plu=y|2u=N and u=1u].
y=1

In the same way we have

Plu; 2 w; and uj <w;|3 u=N]
Plu; < uj| Suy=N]

(8.7 z Plu;=y|> u,=N and u;=u].
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From (6.6) and (6.7) it follows that, in the notation of (2.6), where
w=¢;+1 and wu;=g;+1, whilst u; under the condition Y u;=N stands
for x; and u; under the condition Y u;=N for x;

6.8 9 B0
(6.8) g = l-g
or

(6.9) Gi=q-q

which proves the theorem, because (6.9) is the same as (5.9).

The proof of the optimality of our procedure in the Poisson case is a
straightforward application of the theory of A. Warp (1950). It consists
mainly in showing that for any ¢ and N there exists a set of non zero a
priori probabilities g, ..., g5, which are functions of IV so that, when g, is the
probability that D; is the correct decision the decision procedure described
in section 5 maximizes the probability of making the correct decision.
Assuming that this has been demonstrated, it follows easily that (5.31)
is the optimum solution. For suppose there exists an allowable decision
procedure, which for some ¢ and N has a greater probability than (5.31)
of making the correct decision when some category has slipped to the
right by an amount ¢. Then this procedure will have a greater probability
than (5.31) of making a correct decision (for these values of ¢ and N)
with respect to any set of a priori probabilities, with max ¢;>0, which
would be a contradiction.

According to A. Warp (1950), pp. 127-128 the optimum solution is
given by the rule: “For each j (j=0, ..., k) decide D; for all points in the
sample space where j is the smallest integer for which g, f;=max {gofo, ..., 9xfe}»

where f; is the joint elementary probability law of z, ..., z, under the
hypothesis H,,.”
We consider the special a priori distribution gy=1-—g k, g;=...=¢,=9.

For instance the region where D, is selected is given by the points in the
sample space where f,>f;, (¢=2,..., k) and gf,> (1 —gk)f,.
Here we have :

folz1, ~-,.,zklZzz=N) = % (%)N

(6.10) )
I\ I —c\N-z;
filz s 2| 22=N) = sz () C"(k_;) » (I<e<k).
As ¢ (Z 1>N " s monotonously inereasing in 2z, for l<c<k the

region where f,>f,; is given by z,>2; and the region where gf, > (1—gk)f,
by z;>L, L depending on ¢ and N.

Thus the Bayes solution is: if 2, is the maximum of z, ..., 2, select
D, if z > L, otherwise select D,. Define the function F(g) by the equation

k— \N 2y, 1—gk
(6.11) F(g)—couv(k 1) x_ 1-gk

.9



55

where 1, y is the constant used in (5.31). It is obvious that F(g) is a
continuous function of g, with F(1/k)>0 and that there exists a § with
0<d<1/k such that F(8)<0. Hence there exists a value g* with 0<d
<g*<1/k such that F(g*)=0. To get the Bayes solution relative to
(1—kg*, g*, ..., g*) it is only necessary in the solution given above to
replace L by 1, 5. Thus the procedures (5.31) is the Bayes solution relative
o (1—kg*, g%, ..., ¢*) which proves that it is an optimum one.
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MATHEMATICS

ON SLIPPAGE TESTS
IlI. TWO DISTRIBUTIONFREE SLIPPAGE TESTS AND TWO TABLESY)
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(Cominunicated by Prof. D. van Dantzic at the meeting of May 31, 1958)

7. Slippage tests for the method of m rankings

In the well known method of m rankings due to M. FriepMAN (1937)
(ef. M. G. KENDALL (1955), chapters 6 and 7) m “observers” are con-
sidered. Each observer ranks & “objects”. The method of m rankings
enables us to investigate whether the observers agree in their opinion
about the objects. For that reason one tests the hypothesis H,, which states
that the rankings are chosen at random from the collection of all permu-
tations of the numbers 1, ..., k and that they are independent.

Here we present tests which are powerful especially against the alter-
native that one of the objects has larger probability than the other ones
of being ranked high (or low), whilst the other (k—1) objects are ranked
in a random order. We denote the sums of the m ranks of each object by

(7.1) 15 -e-s Sps (m <s;, km).
Obviously we have
k
(7.2) > s, = smhk(k+1).

i=1

In section 8 the following theorem will be proved.
Theorem 7.1. For each pair s, s; of the variates (7.1) and for every
pasr of tntegers s;, 8; the following inequality holds under Hg
(7.3) Pls; <s, and s; <5;] < Pls; <s;] - Pls; <s].

So we can apply our approximation method of section 2 for obtaining
slippage tests for s;, ..., s, Because the marginal distributions of
the s; are all equal under H,, the test statistic for the test against slippage

to the right is max s; and for testing against slippage to the left min s;.
The critical values are determined by the smallest integer S, satisfying

(7.4) Pis; z8,] =ufk
and the largest integer s, satisfying

(7.5) Pls; <s,] ok,
respectively.

1) Parts T and II in Indagationes Mathematicae, 20, 38-55 (1958) and Proc.
Kon. Ned. Ak. van Wetensch., 61, Series A, 38-55 (1958).
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The distribution of s; is easily seen to be symmetric with respect to
the. mean value im(k+1), so we have

(7.6) s, = m{k+1)—8,.
In section 8 it will be shown that the distribution of s;, under H,, reads

Pl =) = 3 Lsen(D) (007 (10,

(7.7) S

(G =1,....k; m=<n<km)?)

where I, is defined by
I =0if y<O,
(7.8) % ! LY
I,=1ify=0.
The tables of critical values s,, presented in section 11, are based on
this formula.

8. Proofs of the results of section 7

First we shall prove theorem 7.1. We suppose that both s; and s; are
lying between m and km, because otherwise (7.3) obviously holds with
the equality sign. For m=1 we have

8 8; — 1nin (8;, 8;)

P[s' ési a:nd s,és,lmzl] == k(k-—l) 3

(8.1) Pls;<s|m=1] = %

Pls;<s;|m=1] = %,

80 in that case (7.3) is true. Now let us suppose that (7.3) is true for
m observers, then we have

Pls;<s;, and s; <g;|m+1] =

I

> P[s; <s;—a and s; < s;—b|m] - P[the i-th object has rank
b e and the j-th object rank b
in the (m -+ 1)-st ranking] =

A

1
G%P[s- <s;—a and s; <s;—b|m] - Y

(8.2)

IA

1
ang[$~ <s;—a|m]-P[s; <s—b|m] - kE—1) ~

a=1

x 1 & 1
> Pls; gsi—alm]-z . bglP{s-és,-—bIm] 7t

1 k 13
+ m—:l—)azll-"[s- <s;—alm] - IZI P[s; <s;—b|m] +

%) We owe this formula to Mr. A. BENARD, Statistical Department of the
Mathematical Centre.
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1 k
i 5, Pl S ocalm) Py Sy alm] =

1 % f: Pls; < 5, —b|m]
(8.2) - magl P[S gs,;{-(llm] __b=1 k .
§ P[s; £ 8;—b|m]
Pls; <s;—a|m]— == z <

| < P[s; <s;|m+1]-P[s; =s;|m+1].
So theorem 7.1 is proved by induction.

Formula 7.7 can be proved in the following way:
kmP[s;=n|m]=the number of partitions of n into m positive integers,
no one being larger than k (different permutations of the
same integers are counted as different partitions).

Thus
kmP(s;=n|m] = coefficient of 2" in (2+22+...+2")™ = coefficient of 2"

—_ m
in (}_tz_:) = coefficient of z* ™ in

1
% (;”’> (— 1)z b % (m—i-:—l)zr —

z=0 r=0
-3 ()

which proves (7.7).

9. A distribution free k-sample slippage test
We consider the independent variates
(9.1) Uy, ..., Up,
which have, under H,, the same continuous distribution function. From
the i population we have f, independent observations u; (=1, ..., &).
We want to test H, against the alternatives
gl wl (i
(9.2) Hn'{P[m > ul > : 4 # o P
u; (j=1,...,5—1,4+1,....k) folow the same distribution,

for one unknown value of ¢ and
T L (iess

(o) B[ =t 07D .
uy, (j=1,...,1—1,5+1,...,k) follow the same distribution.
Now the following test procedure is proposed. If all observations
u; (1=1, ..., k; j=1, ..., t;) are ranked, we denote by T; the sum of the
ranks of the observations u; (=1, ..., %). As T; is a linear function of
WircoxoXN’s test statistic applied to the 7t sample and the other k—1
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samples together, its distribution function under H, is known (cf. H. B,
Maxy and D. R. WarrNey (1947)). So for each set of values 71, ..., T,
we can, under H,, compute

(9.4) g = P[T,=T].

Now, when testing H, against H,;, H, is rejected when min ¢; < «/k.
A similar procedure is followed for slippage to the left. In the next
section we shall prove the inequality

(9.5) P{T, 2T, and T, 2 T;] < P[T,=T]-P[T, = T},

so the limits, between which the level of significance may vary, are
known also in this case.
Let now for every fixed ¢ the hypothesis H 1,i be

Plu;>w] >4 (j#1),
u; (j=1,...,9—1,9+1,...,k), follow the same distribution.
Put
P(T|Hy) & P[T, = T;| H,).
This probability still depends on ¢, ..., ¢,.
In the same way as in sections 3 and 5 we consider the decision

procedure 9:
Decide that H; is true if

P[T;|H,] >% 2 for j=1,...,k.
Decide that H, ; is true if j is the smallest integer such that
P[Tj|H,) <5 and P[T\[H,] = P[T}|H,], 1 #j.
We prove in the next section

Theorem 9.1. If H,; is true, the probability of a correct decision with
the procedure 6 tends to 1 if t; — oo, ..., b, — oo such that
lim inf y >0 (i=1,...,k).

Another test for the k-sample slippage problem was proposed by
F. MosTELLER (1948) (cf. also F. MosTeELLER and J. W. Turey (1950))
who uses as test statistic the number of observations of the sample with
the largest observation which exceed all observations of all other samples.
A comparison of the power of both tests with respect to some alternatives
of practical interest seems desirable.

10. Proof of the inequality (9.5) and of theorem 9.1 3)
For definiteness we take in (9.5) i=1, j=2. We also take k=3. This

3) The proofs in this section were found by Mr. H. KusteN, then working in
the Statistical Department of the Mathematical Centre.
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is no restriction on the generality as pooling of the 3rd, 4th, ... and kth
sample does not affect

P(T,|H,], P[Ty|Hy) or P[T,,Ty|H) EP[T, 2T, and T, = T,|H,).
Put now
(10.1) 12 byt
and define
P TV PIT, | Hy) if =1, ty= 1, by =15
PrnnlT 11ZP[T, = T, and the largest element belongs to sample
number 1|Hy] if ¢,=mn,, ty="n,, t;="n,.
Pnhng,m[Ti[l]gi—f the conditional probability of T, = 7; under H,, given

that the largest element belongs to sample number 1
if t,=mny, ty="n,, ty=mns

In the same way we define
Pnl.nz,na[Ti’Ta’]’ Pnl.ng.n,[Ti, Ta" 1] a’nd Pnl.na,na[Ti’Til ]-]
for the events {T,; =7, and T;=T,}.

t

We shall prove (9.5) by induction with respect to n;+mn,-+ns. So we
have to prove

(102) Pn,.ng.na[Tl’Tz] = Pnl.'nz.na[Tl] ’anl.nz,ns [Tz]-

Clearly (10.2) holds for n,+mn,+n,=2 (we take T,;=0 with probability
1 when #,=0). Now suppose (10.2) holds if n;+n,+n;=t—1. We have

3
t; .
(10.3) P 1. [T1,T5] = 21 7 Py 1 [T1,To1].
For the first term of the sum in the right hand member we get
Py [T1,To|1] = Py_yy ([T1—8,T5] =

(10.4) (according to our assumption)
gPt:‘l-tz-ta[Tl—t] 'Pt,—l,tg.ta[Tz] = Ptl.tg.t,[Tll 1]- Pt,.t,.ta[T2l 1].

In the same way, it can be derived that
(10'5) Pt[,tg,tg[Tl’Tzlz] é Pt,,t,.ta[Tll 2] 'Pt;,tg,t;[T2|2]‘
Further
P, [T, 15|31 = Py g 41 [T, Tl = Py, i [Th] Py g1 [Ts] =
= tl.ts.t,[Tll?’] : Ptl.a.a,[Tzlz"]'

So, combining (10.3), (10.4), (10.5) and (10.6) we find, dropping the
subscripts

(10.6)

(10.1)  PITuTy = 3 % PUTL-PITL = 3 P PLTyi.
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We have

(10.8) P[T,|2] = P[T4|3] = P[T,|2 or 3]

and similarly with 1 and 2 interchanged, and

(109) \ PITy]- P[Ty] = {2 P73 1] + 22 PI7y 2 or 31
| ( {P[Ty, 1]+ P[T,,2 or 3]}.

From (10.7), (10.8) and (10.9) we see that it is sufficient to prove

’ i P[T,|i]- P[T,,i] = P[T4|1] - P[T,,1] + P[T4|2] - P[T,,2 or 3] <
(10.10) {i=1

< {%P[TI]I] +%25% PIT, |2 or 3]} {P[T5, 1]+ P[T},,2 or 3]}

or its equivalent

(10.11) {P[Ty|1] —P[TI{Q]}{t""—j—t—"iP[Tz,l]—%P[Tz,2 or 3]} < 0.
But the inequality

(10.12) P[T,[1] = P[T,|2]

holds as can be seen in the following way. (10.12) is equivalent to

(10.18) t, P[T,,2] < t, P[T},1].

Consider now a ranking which gives 7, and 2 (i.e. the largest element
belongs to the 2nd sample and T, =7T)) and interchange the last element
with every element of the first sample. This gives ¢, different rankings
with T and 1. In this way we get each ranking with 7, and 1 at most
f, times, because in a ranking with 7, and 1 the last element can be
interchanged with at most ¢, different elements of the second sample.
This proves (10.13) and thus (10.12). Interchanging 1 and 2 in (10.12)
we find

(10.14) P[T,|2] = P[T,|1].

. (10.11) and thus (10.2) is an immediate consequence of (10.12) and (10.14).
This completes the proof of (9.5).

We now turn to the proof of theorem 9.1. Let H, , be true. If {, — oo
(1=1, ..., k) such that

k
t _2 ti—4
lim inf —*~ > 0 and lim inf = > 0,
2t 2t

i=1
we know that Wilcoxon’s test comparing sample 1 with the other samples
pooled is consistent. This means

(10.15) m P[P[T,] <n|H,;] =1 for every n(0=n=1)
ti—>oo
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or the exceedance probability found in the first sample converges to 0
in probability (cf. D. vaw Dawtzic (1951)).
In a similar way as in D. vax Dawrzic (1951) we find, if

p== Plu, > | Hyq1> %
(10.16) - E(THy) = 33t —t) 35+ 1)
and
(10.17) E(Tj|Hyy) = $4,(26— 1t —t) + (1 —p) ity + 3t + 1) < B(T;| Hy).
Further
(10.18) o¥(T;| Hy,q1) = 30X, Hy).
From (10.15) we have
(10.19) éi_{g P[P[T)] = P[T{]|H,,] = é}glo PP[T}] = n|H, ]

for every n(0=gn=1).
As the limit distribution under H, of I%If{—!—)lﬁ’—)
1 [}
mean 0 and unit variance (10.19) leads to

is normal with

t@]ilg P[P[T]] < 5|H4] = t}i’g P[ o(TiHy = ‘E"lHﬂ] =
(10.20)
. T,—EMWH,) - /5 1
s Jim Pl omnyt = 136/t = 5

where £, is defined by
o0
1 -z
—VZL;I e s dr = /B
E’?
(10.20) is valid for every n(0=<n=1) and as & -> oo (n— 0) (10.19)
combined with (10.20) gives

(10.21) lim P[PIT] < P[T,]|H,4] = 0.
ti—>oo

If H,, is true the probability of correct decision is

P[P[T,] =% and P[T,]< P[T,] for j£1|H, 1=
(10.22) %
2 PIP[T) < |Hys) = 3 PIPIT}) < P[Ty)| Hyql.

(10.15) and (10.21) show that the probability of a correct decision
converges to 1, which proves theorem 9.1.

11. Tables of critical values for the Poisson distribution and for the
method of m rankings

Table 11.1 gives critical values for the test for Poisson variates against

slippage to the right if H, is: p;=py,=...=7p;. The critical values for




445-

max z; as test statistic are given for the values 0.05 (the upper
numbers) and 0.01 (the lower numbers) of «. Owing to the discontinuous
charaeter of the binomial distribution the true level of significance will
generally be less, and very often considerably less, than «. Therefore
approximated true levels of significance (i.e. &’ c¢f. (2.17)) are shown also.
The exact values satisfy inequality (2.13). The table ‘was constructed
with the help of a table of the binomial distribution. This can also be
done for critical values for the test against slippage to the left.

Table 11.2 gives critical values for specified o for the method of m
rankings, when testing against slippage to the left with min s, as test
statistie. If this critical value is equal to 1, the critical value r at the
same level of significance for the test against slippage to the right is given
by r=m(k+1)—1. As in table 11.1 the approximated true levels of
significance («') are also given.
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TABLE 11.1

Critical values for the slippage test to the right in the Poisson-case with Hy: pty = uy = ... = .

Test statistic: max z;. Approximate significance level 0.05 (upper values) and 0.01 (lower va.lues)

The approximated true level of significance is written behind the critical value. Number of
observations %k, sum of the observations n

: —
N 2 3 s | s 6 7 8 9 10
20 D D DU R AU R, N PR R
g |— — |— — |— — | 30040] 30028| 30020] 30.016| 30.012| 30.010
_ = == — = — = — = —|= —|—= — | 30010
4 |— — | 40.087] 40.016 40.008| 40.005| 40.003| 40.002| 30.045 3 0.037
— — |— — |— — | 40.008| 40.005| 40.003| 40.002| 40.001| 40.001
s |— — | 50012] 50004 40034/ 40.020) 40.013| 40009 40.006 4 0.005
\— — |— — | 50004] 50.002] 50.001| 50000 40.009| 40.006' 40.005
o | 60.031] 60004| 50.019| 50.008| 50.004 40035 40024| 40017  40.013
| — — | 60.004{ 60.001| 50.008 50.004 50.002| 50.001] 50.001 5 0.001
o | 70016 60021] 60005 50023 50012} 50.007| 50.004| 40.087, 40.027
— — 1 70001, 60.005| 60.002/ 60.001 50.007| 50.004| 50.003 f 5 0.002
g 80008 70008 60017/ 60006/ 50028/ 50016 50010/ 50006/ 50.004
80.008 | 70.008| 70.002| 60.006 60.003 60.001| 50.010| 50.006 5 0.004
o | 80.039| 70025/ 60040| 60015/ 60007 50032| 50.020( 50.013) 50.009
9 0.004| 80.003 7 0.005 ; 70.002| 60.007| 60.003 60.002| 60.001, 50.009
Lo | 900211 80010/ 70014/ 60032 60.015) 60.008| 50.036| 50.024 50.016
10 0.002 | 90.001| 80.002| 7 0.004| 70.002| 60.008| 60.004| 60.002| 60.001
11 1100012} 80.027  70.030 { 7 0.010 | 60.028| 60.015| 60.008| 50.040| 50.028
110001 | 90.004] §0.005 70010 70.004 70002/ 60.008| 60005 60.003
1o |100.039| 90012 ; 8 0.011 § 70.020| 60.048 | 60.026| 60.015| 60.009| 5 0.043
110.006 |10 0.002 90.002) 80003 70.008) 70004 70.002) 60009 60.005
13 |110.022) 90.027) 80023 70.035 | 70015 60042 60.02¢| 60.015| 60.009
12 0.003 | 10 0.005 | 9 0.004| 80.006| 80.002  70.007| 70.003| 70.002| 60.009
14 |120.013/100.012 1 80.041| 80.012 70.025 70.012) 60.038) 60.023| 60.015
13 0.002 | 11 0.002| 90.009| 90.002| 80.004| 80.002| 70.006| 70.003| 7 0.002
15 112003510 0.026% 90.017| 80.021| 70.040) 70.019] 70.010| 60.035| 6 0.022
 130.007| 11 0.005 10 0.003| 9 0.004| 80.008| 80.003  80.001| 70.005 70.003
16 | 130021 100.048] 90.030 80.035, 80.013 70.030 70016 70.009| 60.033
5 1140.004 |12 0.002 | 10 0.007 | 9 0.007, 90.002| 80.005| 80.002| 70.009 | 7 0.005
;7 1180, 049 | 110.024| 9 0.050 | 90.013| 80.021 70.045' 70.024| 70.013, 60.047
|15 0. 0021 12.0.006 11 0.002 10 0.002| 90.004; 80.009 $0.004| §0.002 70.008
i i |
g 140081 11 0.044/100.022 ©0.021 80.032 $0.014 70035| 70020 70012
/15 0.008 | 13 0.003 11 0.005 10 0.005 9 0.007 9 0.003 8 0.007| 80.003 | 8 0.002
lg | 150019 120.022 100.036 90.033' 80.048 $0.021 70.050| 70028 70.07
| 16 0.004 | 13 0.006 | 11 0.009 ' 10 0.008 | 10 0.002 | 9 0.004 9 0.002| 8 0.005| 8 0.003
9o | 150.041 120.039110.016 90.050 90.017 80031 80.015| 70.040 | 70.024
117 0.003 | 14 0.003 | 12 0.004 : 11 0.003 | 10 0.004 9 0.007 9 0.003 | 80.008 8 0.004
|16 0.027 | 13 0.021 | 11 0.026 10 0.020| 9 0.026 | 80.044, 80.022| 80.011 70.033
17 0.007 | 14 0.006 | 12 0.007 | 11 0.005 | 10 0.006 | 10 0.002 9 0.004| 9 0.002| 8 0.006
i
17 0.017 | 13 0.035 | 11 0.040 | 10 0.031 | 9 0.037| 9 0.015| 80.031| 8 0.016 | 7 0.044
18 0.004 | 15 0.003 | 13 0.003 11 0.008 10 0.009 100.003 9 0.007| 90.003 8 0.009
17 0.035 5 14 0.019 | 12 0.019 | 10 0.045 10 0.014 | 9 0.022 | 80.042| 80.022| 80.012
19 0.003 | 15 0.005 | 13 0.005 | 12 0.003 | 11 0.003 | 10 0.005, 9 0.010| 9 0.004 9 0.002
18 0.023 | 14 0.031 | 12 0.029 | 11 0.019| 10 0.020 | 9 0.030| 9 0.014| 80.030| 80.017
19 0.007 | 15 0.010 | 13 0.008 | 12 0.005 | 11 0.005 | 10 0.007 | 10 0.003 | 9 0.006 | 9 0.003
! i |
118 0.043 | 14 0.049 | 12 0.043 | 11 0.028 | 10 0.029 | 90.041 9 0.019 | 8 0.040 | 80.023
| 20 0.004 | 16 0.005 140,004 12 0,008 | 110,008 | 11 0,002 10 0.004| 9 0.008 9 0005
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TABLE 11.2

Critical values s, of the test statistic min s; for the slippage test to the left for the method of
m rankings. Level of significance &, number of rankings m, number of ranked objects k. The
approximated true levels of significance are written behind the corresponding critical values

m !
k 3 4 5 ! 6 7 8 9
x !

0.05 - - = — |- - 6 0.031 7 0.016

8 0.008 | 10 0.039

2 0026 | — — | — — | — — i— - 7 0.016 8 0.008 9 0.004
0.01 e B B B 8 0.008 9 0.004

0.05 —  — | 40037 5 0.012 i 7 0.029 9 0.049 | 10 0.021 | 12 0.032

3 0025 | — — | — — 5 0.012 6 0.004 8 0.011 | 10 0.021 | 11 0.008
0.01 _ = = - |- - 6 0.004 7 0.001 9 0.004 | 11 0.008

0.05 _ — 4 0.016 6 0.023 8 0.027 | 10 0.029 | 12 0.030 | 14 0.029

4 0.026 | — — 4 0.016 6 0.023 7 0.007 9 0.009 | 11 0.010 | 13 0.011
0.01 —_ = = — 5 0.004 7 0.007 9 0.009 | 10 0.003 | 12 0.003

0.05 3 0.040 5 0.040 7 0.034 9 0.027 | 11 0.021 | 14 0.038 | 16 0.028

5 0.025 | — — 4 0.008 | 6 0.010 | 8 0.009 | 11 0.021 | 13 0.016 | 15 0.013
0.01 ~ — 4 4 0.008 6 0.010 8 0.009 | 10 0.008 12 0.006 | 14 0.005
0.05 3 0028 5 0023 8 0.043 | 10 0.027 | 13 0.037 | 16 0.045 | 18 0.028
6 00256  — — . 50023 70016, 9 0.011 | 12 0.017 | 15 0.023 | 17 0.014
0.01 — — | 40005 6 0.005| 8 0.004 | 11 0.007 | 13 0.005 | 16 0.007

0.05 3 0.020 | 6 0.044 8 0.023 | 11 0.027 | 14 0.029 | 17 0.029 | 21 0.048
7 0.025 3 0.020 ! 5 0.014 8 0.023 | 10 0.012 | 13 0.015 | 16 0.016 | 19 0.016
0.01 — — | 4 0.003 7 0.009 9 0.005 { 12 0.007 | 15 0.008 | 18 0.008

0.05 3 0.016 | 6 0.029 9 0.031 | 12 0.028 | 16 0.043 | 19 0.035 @ 23 0.046
8 | .0.025 3 0016 5 0.010 8 0.014 | 11 0.014 | 15 0.025 | 18 0.021 | 21 0.017
0.01 —_— 5 0.010 7 0.005 | 10 0.006 | 13 0.007 | 16 0.006 | 20 0.010

0.05 40049 7 0.048 | 10 0.038 | 13 0.029 | 17 0.036 |

9 0.025 3 0.012 6 0.021 9 0.019 = 12 0.016 | 16 0.022 |

I

{21 0.042 | 25 0.045
b t t

|

19 0.016 | 23 0.019
18 0.009 | 21 0.007

0.01 — — | 5 0.007 8 0.009 : 11 0.008 | 14 0.006 |

0.05 4 0.040 7 0.035 | 11 0.046 | 14 0.030 | 18 0.032 , 23 0.048 | 27 0.045
10 0.025 3 0010 | 6 0.015 9 0.013 | 13 0.017 | 17 0.019 | 21 0.020 | 25 0.020
0.01 3 0.010 { 5 0.005 8 0.006 | 12 0.009 | 15 0.006 | 19 0.008 | 23 0.008







U £LOS



