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1. Introduction. 

CONFLUENT HYPERGEOMETRIC FUNCTIONS 
H.A. Lauwerier. 

The confluent hypergeometric functions are defined as the solutions 
of the following equation: 

:2J + {A+i+J\ bO 
•r in standardized notation 

- ¼ + ! + ¼ 2 m2 ~ w = O 
Z. 

(1) 

Putting w -+ t'l')H{ 
=e,.,z "v , (1) may be trahsformed into 

dv 
( Z - ~ ) dz - «tY, V = 0 (2) 

with\== 2 m+l and ~- = ½ + m-k • 

Equation (2) is satisfied by-the series 

V = b1- ~~o(+l~ lFl (c<, ~, z)= l + ~ z + (> ~ +l 
z2 
'IT+.~. (3) 

Another solution is found to be 

(4) 

·For non integral values off we get two independent series solutions 
but difficulties occur whenr is integral. 

The solution of (1) obtained from (3) will be denoted by 1\,m(z): 
z 
~ m+.l. 

1\,m(z) = e z 2 
1F1 (½ + m-k~ ~ m+l, z) (5) 

Another solution is obta~ned when substituting m by-ms 
z 

- ~ 1.. 
1\,-m(z)= e z-m+ 2 

· -,F1 (½-m-k, -2m+l, z) (6) 

The solution (6) can also be obtained from (4). 
When 2m is not an integer (5) and (6) form a fundamenta_l system 

stnoe the singularnies in the origin are of·a different nature. 
Since these functions depend ·on three variables they are practice.:• 

ly beyond ~he reach of tabulation in general. If a function of one 
variable takes a page ;o tabulate, one •f two variables wil1 take a 
book and one of three variables an ordinary sized room of bo.okshelves,. 
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C~nse.quently the theory of this function is mainly a matter of general 
propositions with detailed applicatipn to a few special oases. In the 
following pages it will be shown where in mathematical physics C.H. 
functions occ~r and to which problems, in particular asymptotic ex­
pansions, they give lead. The concerning asymptotic expansions will 
be treated irt detail. 

2. Integral reRresentation. 
Integral representation·s can be obtained by Laplace's nethod t 

Putiting in ( 2) f e). z r c;l,) cl )i 
L we find 

v= 

for {f the conditions: 

( f\-A 2 ) 'f .(. t\ z I ::: 0 
L 

- ( ~ ~ <.p )
1 + ( ~ 'f) I + ~ A_ tp - Cl <f C 0 

9r ~ ,,. .:- ' + <>I + ~ ~ - £) )._ 
'f /)- A .... Qt+P-1 

<f = 
(-;.)-1} ). ..i, 

which is satisfied by • 
. ;\ 1-~ 

Thus the solutions of (2) 

f o 11 t v=C ~ 

'-c a certain constant. 

can be brought in the form: 
(l--;\)~+m•t dA 
;\ ~.,.-m+f 

ft\O. . 
From (8) it follows that L ~ be a non •verlapping contour 

(7) 

(8) 

(9) 

starting from infinity where ; (arg A z .4. TI encircling-one or 
two singularities (the origin and the point~= 1) and returning to 
infinity in a suited direction; 

In (9) the following useful 

/\ = 1 z 

er \ =~ 
r"\ 2 

transformations may be performed: 

From (3) we obtain as a standard solution of 

of Whittaker: 

(1) the so called function 
0 st: 

' 
wk m (z)= z¼r , f(½ + k - m) e- ½ zk Jet t-k+m-½(1-f f+m-!a 

( ~-

The advantage ~f the use tf this function in stead of the.Mk m(z) 
function is dae to the fact that wk (z) has a meaning for ail values ,m 
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of k,m,z in particular for integral values of 2m. Moreover Whittakers 
function.admits a very simple asymptotic representation. 

It may be remarked that, if not otherwise sta~ted, the complex 
powers are understood in the convential way e.g. t Ct/= e °' emt. ; 
arg t = 0 for real positive t, for other t values a:l;.one; the contour t O< 

is defined by.analytic continuation. 
(10) can also be brought in the following more symmetrical formt 

f ... ,rtr . 
1 ji""l I z m+ l f ~ 1-u k du 

Wk m(z) = 7T i ( ~ + k - m) (4) J. e :t. <1+u) 2 -m+J. • 
' · ( 1-u ) · l 

(11) 

Formulae (10) and (11) become meaningless when -½ + k - m is a negative 
integer. For these critical values another representation may be used, 
obtained from (10) by a simple transformationi 

dt (12). I 

t 

The contour is a non overlapping curve starting from infinity encircling 
both singularities ~ 1 in a posit.ive direction and returning to infinity. ' + 
Proof; J( 0 , 

1
) .J. 

I'(2m+l) :f -rrr - f vz (v-1) k-m- l. 
right hand side :: 211 i z . , e . e vk+m+i dv = 

I - -m -}J vz -l-2m 1 k-m-t 
~) = . zl e e V (1- -) dv = 

V 

fc2m+l) 
}; -m - ~ ! j k-m- j 

)~ 
.VZ 

::: z_ e (-1) ( j e 
0 

1(2m+l) ' 
Oo fct 2m+j 

% --m ~ -k+m+j) z 
= e-r z..} L f < j+2m+l) f(i -k+m) Q j! 

m+i -l ,F, (f -k+m, z) = ?\ m (z) 
,, 

2m+l, = z e 
' according to (5) 

. 
Par. 3 Asymptotic expansion of Wk (z) ,m 

-2m-j ... l 
V dv = 

= 

From formula (10) it is easy to derive an asymptotic series for 
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. wk,m(z). ln order to get an estim~tion for the error the following 
lemma, due to Jacobi will be provedt 

m tl,m j m m 
iemma (l+z) = L (j)z + (n+l)(l+z) 

0 

Proof; m m m-n 1 == --

j 'Z n+l 
dt 
(l+t)m+l 

() 

:: 
(n 

Rn (n)(l+z) .t d nr (l+t)m 
0 

' 

m-n m 
(:) (l+z) nr r(l+t) = -- { )zn + m-n 

m n m 
0 

rrr 
= - !!!=.!! ( )zn + !!!::!1 R + n R m n m n-1 .m n 

hence we have·the reduction formula 

From this and 

the lemma easily follows. 

(15) may 

w k,m 

dtn 
(l+t)m+l 

/ 

+ error} 

= 

-j z 
-.---r + J • 

Using formula (12) for the error, supposing sufficiently 
larges 

I' ( ½+k+m) 
error= -r~c--~--k-+~m~)-r__,.(~k-+m---;:-n-)_n..,..! 

where f Jt/~un du 

= (l+u)k+m+fr 
0 

(16) 
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Denoting the coefficient of z-j in the asymptotic expansion of 
Wk (z)eZl2z-k by A., the error may be expressed also in the 

m . J 
form: (n 1)A G>O 

+ n+1 J -t -k+m-1/2( t) error= __ ...,.__;;::.:....:.______ e t 1+
2 zn+ 1 r (n+1+1/2-k+m) 

0 

Supposing fargzf < rr We have for large values of tzl 
jerrorf - 0 ( 1 ) 

- lzl n+1 

as the reader will prove without d __ fficul ty. 
The following special cases will be considered~ 

a) Re z = x ~ 0 k,m reali k+m) -2/2 

For lzl > 1 we have. 

I f
t . undu < 

t 
{ undu = tn+1 

) n+1 ( 1 +;) k+m+1/2 -

o l141 k+m-1/2 
(I 

hence (n sufficiently large to secure convergence)~ 

lerror 1 ~--~+1 . j00 

e-t t-k+m+n+1/2 ·(1+t)k+m+1/2 dt (.18_) 
1 - r{n+1'+3/2-k+m) 

It is not possible to express th
0
e integral in ( 18) in elementary 

functions such as gamma functions~ But however a simple approximation 
can be derived. · 

Starting from the function 
_ f (a,b) = rt!J f~e-t ta-1 (1+t)bdt 

We get the following trarisformations 
1 . j°'° -t a-1 b f w -a 

f = 2lfI e t ( 1 +t) J e w d wd t 
o . . . l 

where L is a loop round the negative real· axis. 

Further: f _ 1 Jco (i+t)bdt Je-t(1-w) w-a dw. 
27Ti o L 

The contour L can be transformed into a vertical line: 
w = k+ui f 0(k<1 

t-~<u<+oo 
Performing -the_ substitution it is found: 

a> 1 
b>-1 

k. constant 
u variable 

:f =__1_ Joo ( 1-tt) bdt r e -( 1-k) t+uti ( k+ui) -adu 
2Tf «, 0 -~ .CKl 

Jf f ~ . ;'Tf J ,:e "'."( 1-k) t ( 1+t) bdt J ( k2+u2).-1/2a.du = 
0 -~ 
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0Q 00 

= ....!.-.-1/i (a-1) J e-( 1-k) (v-1) vbdv j __ w~_ dw 
21f I O ~a 
1-k re ) 

= e .. 1+b B (1/2, ½ a-1/2) = 
2rrk¾ (a-1>,1-k) 1+b 

1-k 
= --- .,..e___,....,...._.......,,,__ 

2rr1/'2. k1/,. ( a-1 ) ( 1-k) 1 + b 

Choosing k = 1/2 we find. 

f( a, b) 

r(1/,_.a:1/2}, r { 1+p) 

r<½ .. a) 

fil a :1/ 2) .Jl:t + b) 
f{ ½. a) 

For high values of a the quotient 

r(¼._o.:3/2) can be approximated as follows: 
r(½ .. a) 

l fi-1, f! x:::f 2) = ( x-1) ln( x-1/2) -( x-1/2) lnx+1/2+ 
~ rczj 

f 
p (:t) 

+ ~ · 1 , dt 
(x+t)(x+t-1/2) 

() 

where P 1(t) = 1/2-t+ [t] 

(19) 

Using the second mean value theorem we set: ~ 

li,.C(x-1L'.2 ) = (x-1) ln(1- J.-)-lllnx+1/2+ d~2 jP1(t)dt == 
r(x) ~x '?"' ~x,x-7~1 

0 

= -(1/2+s½-- +--:½ .... ) + ( h+ ::2-z+ 13 •••. ) ~ 
x 24x 8x 24x 

- 1/l lnx+1/2+ "l"Gxrx-1/2) o < e < 1 

or for X ~ 1 
1 r ( x-y2) ~ _ 1 lnx+ 3 + 

1 
_ + 

r (x - 2 rx 8x2( 1-J) 
ln - 2 1 - - -

16x (1- -) 2x 
1 ~ - 1 lnx + _ _i + _j_ 

- 24x2 2 8x 3x2 
hence: r(x-r2) ~ 

r{x 

3 1 
'ffi'c+--"'2 __ < 1 e jX __ V_x___ Vx-1 

For high values 

f(a,b) ~ 

of a (19) may be replaced by 

,.,.½. a+b 1+ ....i+ 4 
~ e~ 4a 3a r(1+b) 

Vrr a 
(21) 

( 20) 

+ 

For the remainder in the asymtotic development (case a) we get the 
approximation: 

,. m+k+1/2 = cl_ ~ 0 

]errorl 
m-k+1/2 = /3 1/2(n+1+ ~) 

< 2 oe. r( 1+ cl.)llI _g_ 1/2 vn- (n+1+ ~ ) 
exp { 

_..;:::.3 ___ + 

4(n+1+ fo ) 
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+ _,_4_. __ _ 
3 (n+1+ ~) 2 } !An.di ,~ 

valid for n ~ 1- j3 

b) Re z ~ 0 
Now ws have 

k 1 k < -'1/2 ,m rea, +m 

( 1 + E.._) -( k+m+1/2) 
~ 

-(k+m-1/2) 
( 1+f) 

Hence we find the verY, simple expression~ 

lerrorj f 1An+1} 
-lzl n+1 

the ideal result for an asymptotic series. 

u 1+­z 
-----=t-

1+­z 

(22) 

-(k+m+1/2) 

~ 1 

( 23) 

Remar.!L,1 A~ will be seen in the following section the functions 
Wk m( z) and Wk ( z) are identical. 

' J -m 
This means for the remainder an important extension of the range 
of validity; 

( 22) is valid in the range k+ imi +1/2 ~ o 
c/... = least positive value of k+m+1.12 ..., I 

(23) is valid in the range k+1/2 ~ 1ml 
Remark 2~*' 
clecond proof of the Jacobi formula (lemma of §3) ~ 

The Taylor expansi.on of ( 1+z) a with the remainder in integral 
form is as follows: k 1 , 

f( ) -( )a f Z (k) Zn+ j n(n+1)· z = 1+z = t_ -k, f (0) +---,- (1-u) f (uz)du = o • n. 
rr k "' 

= f-rr f(k)(O) + a{a-li· .. ··L? ... n) zn+1J (1-u)n (1+uz)a-n-1du 
() 

Putting 1-v it is found u- . 
1 - ZV+1 I 

£(1-u)n(1+uz)a-n-1du = (1+z)a jvn(1+vz)-a-1dv 
which proves Javobi's lemma. 0 

XX XX X 

( "'°) Cf. 1-'lhittaker and Vlatson. Modern Analysis, 5.41 and ch.5 ex..6. 
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CONFLUENT HYPERGEOMETRIC FUNCTIONS 
H.A. Lauwerier. 

IIt 6. 

§ 4. Consequences. _. 
Wk m(z) and Wk (z e"') form a standard set bf solutions •f the , - ,m 

basic differential equation. Their independency follows from the fact 
' . 

that they admit different asymptotic development 
The functions Wk ( z) and W k ( z e iii ) are solutions as well and ,-m - ,-m 

each of them t~us may be expressed as a linear combination of Wk m(z) 
( 

7H ) ,, 
and W-k,m z e • However, since wk,m(z) and wk,-m(z) have exactly the 
·same asymptotic representation, it follows 

wk . (z) = wk (z) ,-m ,m (19) 

a result, difficult to prove by means of the integral representation. 
Returning to the original differential equation (1) 

:2J + { - ¼ + ~ + iz2 m2 J . w = O 
there are three important solutions: 

w<l) (z) = 
k,m 

w< 2) (z} = 
k,m 

~ m (z) c 

' 

ir r( ½+k+m) (~)-m+½ 
4 

,;. i. ( ½-k+m) <!).-m+½ 

7h (1+2 m) {~)-m+½ 
4 

-+ 
(-1) 

f e 
u/· (1-u)k 

l+u 

-+ 
(+1) 

J 1!,1 ( h) k e 4 
l+u 

+ 
(:t I) 

J e 1;_-z. (u-l)k 
u+l 

•I 

(1) 

du 
( l-u2)"m+½ 

du 
(l-u2)m+½ 

du 
(u2.i..l)m+½ 

(20) 

(21) 

(22) 



- 7 '- II. 

C 

1) The contour in (20), a loop round the singularity -1 .in a certain 
dir-ection, is represented in fig. 1. To assure •ne-valuedness in A on t·· 
real axis between -1 and +1 we take arg(l-u)= arg (l+u) = o. 

0, may take any value in the interval 

- Ti < f), < + 11 

Formula (20) thus is valid in the region 

11 e rr . 
- 2 + . ' < arg z < 2 + E-J, 

Hence w(l) (z) is uniquely defined in thew_ hole region k,m 

- 3 ; < arg z < + 5 ¥ 
2) Analogously for the contour in formula (21), represented in fii.2. 
we have in B on the real axis 

arg (1-u)= arg (l+u)= 0 

Bais .bounded by 
- n < 62. < TT 

F,rmula (21) is valid for all z for which 

- 3 ~ + e. < arg z < .... ~ + e2. · 

Consequently w< 2) (z) .i~ uniquely defined in the region: k,m 

- 5 ¥ < arg z < ¥ 
3) The contour of ~,m(z) is represented in fig. 3~ 

In Con the real axis we take again 

arg (1-u)= arg (l+u) = 0 

8.l is lying in the interval 

- rr < e, ( ... 1T 
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Formula (22) is valid for all z for which: 

rr 0 n - 2 + ~ < arg z < + 2 + eJ 

Hence t\,m(z) is defined in the region 

- 3 ¥ 4: .. arg z < + 3 ; 

II. 

§ 5. At first a summary of the properties. of W~~~ and W~~~ will be giv0n: · 

{

w(l) (z) = W (z) k,m k,m 

w ( 2 ) ( z ) = e ( m+½) rr i w ( 1 ) ( z e 17 l ) 
k,m -k,m 

{

w(l) (z)= w(l) (z) 
k,-m k,m 

lft/ 2) ( z) = e-2m 1T i 
k,-m 

k,m · e k,m 

r 2m+l 
r· -k+m+2 

~ 
M (e21 rciz)= 1(2m+l)Tr i M (z) 

M. ( e 1T i z ) = e ( m+½) TT i M ( z ) 
1 an integer 

-K,m -k,m 

W(l) (z)= _r_(-_2_m_) _ 
k,m r(-k-m+½) 

r'( 2m) 
l\,m (z) + r(-k+m+½) 

(23) 

(24) 

(25) 

(26) 

wt~~(z~ 
(27) 

(28) 

(29) 

(30) 

( 2) _£_(_ -2m \ e ( 2m+l) 7T i l' ( 2m) 
wk,m (z)= ~f-=m+½) ____ 1\:,m(z) - F(k+m+t) i\: ,-m ( z) 

(31) 
z 

w(l) (z)= e2 zk j 1 + k,m 
[Jm2-(k-½)2j.f m2-(k-t)2J-{m2-(k-n+~-)1 

n 

valid in the region 

valid in the region 

3 rr -~ 

I n! Z 

+ O(z-N-1)1 

< arg z < 3: 

- 5 n <arg z< !! 2 2 

(32) 
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+ (k-m-½) 1T i _! k e e 2 z • 

(34) 

valid in the region - ;l < arg z .< f 
§ 6. Proofs cf the formulas in 15. 

The relation (23) is obvioW3, (24) qan be ~roved by,a simple t:r.ans­
iormation of the variable of integration: 

Suppo~ing .... 5 : , arg z ( ¥ we have 

·• 
W ( 1) ( z e 1T i) = ~ r ( -k+m+½) e ( -m+½) 11 i ( J) -m+½ 

-lt,m Tll. it 

'(l"iv)k 
l+v 

_J!_' 
(i-v2)m+i 

= e -( m+½) 1T i W ( 2 ) ( ) 
k,m z ' 

Formulae (25) an(l (26) are simple consequences from (23) and (24). 
-The proof of.(27) is simple too. The contour f'Jf (22) is equivalent 

to th·e oombinatidh of the contours of ( 20) and ( 21) , further on 
u - 1 = Jf i ( 1-u) • 

m+1 " -Sinc.e t\,m(z)= z 2 analytic function, the zlelations (28) and (29) 
are evident. 

Replacing in (27) m by ~m and making use oi (25) and (26) we reay 
eliminate either w(l) or w< 2) and we get for~ulae expressing the W 
functions as linear combinations of Mk (z) and~ -m(z). These for-

. (1) ,m (2) ' 
mulae (3·0) and (31) def'ine W and W for unrestricted phase 
.-.,f z, and it is easy matter 

1

to express let us say W~ ~: ( z e21 TT 1 ) where 

1 is any integer as a linear combination of Mk m(z) and t\ -m(z) or of 
. ' ' 

Wk(lm) \F) and Wk( 2) (z). The formulae obtained in this way may be useful , . ,m 
in order to get asymptotic representations valid-for unrestricted phase . 
. of z. Henc~ it is sufficient to get asymptotic relations in a strip of 
2 n. for arg z. The fact,:nowever that the asymptotic relations obtained 
viz. (32) and (33) are valid in the extended range of 37f giv'es rises to . 
the phenomenon of Sto~es, i-e• there are,regions where two different 
asymptotic representations are ya.lid at the same time. 

I 
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§ 1. The asymptotic representation$: 
Start~ng from + 

.Z 0 

wk(l) (z}= 21. r (k-m+½) e 2 zk j et t-k+m-½ (1..i)k+m-½ dt ,m n1 z (35) 

we follow the same way as devised by Watson for ~he Hankelfunctions 
whicp are indeed special cases of Whittakers functions. 

The path of integration in (35 is a loop round the line 

- t = t: e ~-~ t ~ 0 

I~< rt 
. ' 

<{1+TT .(35) is valid for ~ - 7T < arg z 
t A The development of (lz) A; k + m - ½ into a series as a special 

case of the Taylor series in the following forms , 
L11, !Lj ( J') hn+l j n (n+l) 

f(a+h)= 
0 

j! f (a) + rir (1-u) f . (a+uh)du. 
0 

is n, 

= L. (-l) n J.~L,\_ -1) ••• ( A -n+l) 1:: · A ( A -1) ~ •• ( ,\ -n} . + I • o n! 
I 

zn n. . 

•(-tf.j(l-u)n (1-~)A·-n-l du (36) 

0 

It is convenient to taken so large that 

Re(k ± m - n - ;) ~ 0 

Then we choose any positive angle 6 which satisfies the inequalities: 

l~I f t · t 
From this it follows 

-2j--+2S ~ 3 rr arg z ~ 2 

1 -
tu Hence the minimum value ~f z is the distance of the point +l 

to the line t e H ( - oo < 1, < + cc ) .. r 

Further 
I ( tu\ I < 'IT arg 1 - •r::.·., ! 

Applying this it is fo~nd 
nlJ mA I 

e ( . "')Re(>.-n-1) sin 1J . . = 

For the remainder in (36) we get. the approximations 
I. - . l 
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1 
The contour of the integral in the remainder of the asymptotic develop­

-t -k (1)( · ment •f e z. wk,m ZJ may be transformed int0 twice the straight 
line - t = -c e~• and we may writet 

00 

J 
0 

•r 

I r(k-m+½) • A( A - 1) • ~· • ( ,\ -:q~ I sin(-k+m+n+ t) rr I . 
rr nJ lzl n+l 

- t C:.05 \3 
e -r- Re(-k+m+n+½) 

" d 1: • 

I 

j (1-u)n du 

0 

( n+l) ! J'l lz I n+f I sin (k-m+½) r (k-m+½). r\ ( ~ -1) ••• ()-n); 
! 

_ci)1S"J::.!£±:~+fl+ + ) i ( 3 7) 
( ccs~ )l:er-k+rn+ri+fY 

Indeed it follows from (37) for \arg zj< 'if- and for all k,m values, 
negative integer values for k-m+½ included, that 

jRt_ = o( lz I -n-l) 

This proves (32). Using (24) we g8t (33). 
i 

Combining (32) ar:rl (33) and using (27) the asymptotic repres~ntation of 
?\,m(z) is found, valid in a. phase range 271. 
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COfl{L ~NT HXf~RGEO~'.IBTRIC FUPCTIONS 

§5~ Some $peoial cases 01 ~hittaket fupot1ons 

Some important special cases are given here without pro9f: 
1) cylinder:functions 

2) 

3) 

4) 

. it' 

{

H( !) { z) ~(tr¾) 1/2 e-(m+1/2) ¥ WO ,tn ( 2eEt "l.J 

H( 2)(z) =(_g) 1/
2 

e (m+1/2)~ W . (2e ¥ :z.) 
m ~z o,m 

( ) . (, 2 1/2 e-(m+1/2)fk-L ( ) 1ri orH ! (z) = .,rz) .. w
0

:m (2e-Tz) 

:: (Jf..) 1/2 . Km( z) ~:4 w0 ,m(2z) 

-2m-1/2 -1/2 (m+~12) El J (z) 
m 

I (z) 
m 

z 2 z e i 

incomplete r-function 

r(m+1). 

r(2m) -
'L 

t e dt f 2m-1 , -t = z m-1/2 e-1/i.·.z W 
m-1/2,m 

0 

Error function 

[e-t\t = 1 -1/2 - ½.zl ..... z e 2 
z 

Laguerre :functions 

ta) (z) = r,a+n+1) ... _ 
n r(a+1) TT.n+1) 

2 
w-1/4,1/4 (z ) 

Z
- Ml z --2-· e'i' 

§6. A physical problem 

(z) 

( z) 

An interesting physical problem which needs the use of con­
fluent hypergeometric functions in the theory of heat effects in 
capil!ary :flow (Cf. a paper of Dr H. C. BrinLman to appear in appli 
scientific research) will be treated below. 

law: 
The velocity of flow in a capillary is given by Poiseuille's 
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V = 

whe:re 

III, 13 

R radius of the capillary while the z-axis coi~es with· 
the axis of the capillary; r distanc~ to the axis. 

1 viscosity 
p pressure assumed to vary linearly with z. 

The heat of friction generated in the energy done on an element 
of volume by the normal and shearing stresses: 

2 2 
lp ~ 4; (~) 

For the stationnary state the temperature distribution is deter­
mined by a differential equation expressing the heat bal.1nce for 
an element of volume: 

(1) 

where 
~ is the heat conductivity and 
c is the specific heat par upit of volume 

The first term of (1) is related to the heat transport by conduc­
tion, the second term to that by convection. 

The he~t conduction in the z-dircction is supposed so small 
that this may be neglected. 
For sufficie~tly large v this is physically permitted. 

The boundary conditions may bei 
1. the walls of the capillary arc kept at constant temperature: 

T=O for r=R. 

or 2. the walls of the capillary have zero heat conductivity; 
i>T -= Of,•r=R. ()r , 

Moreover it is mssum0d that tha fluid is introduced into the capi­
llary at zero temperature: 

T::;Q for z=O. 

Choosing new variables, the whole problem may be rastated mathema­
tically as follows: 

1 ~ ( (JW) r 5r r or 
t=O W=O 

r=1 W=O or 

It is easily seen that w=C-r4 

the boundary conditions. 

= 4( 1-r2) 
i) w 2 
25 t - 16r ( 2) 

vw = O 
c) r 

satisfies ( 2) and for suitable C 

Introducing a new dependent variable; w' =w+(c-r4) it is found for 



w~finite 
w=given function o:f r 

¢0urae the apparently more geneI;al eql.}atior: 
1 .... >i · · ::t w 2 :)\ w 
1.·.·~ tr~) = (A-Br ) ~ 

:xnay be reduced easJly. to the form in ( 3). 
The general solution lJlay be rep.resented QY 

w .::: ~ a e ---w; t 1,, ( r} '- n· Tn 

The eigenfunction lf n(r) satisfies the ord'inary second.-order diff'e.,-,.>< 
rential equation: 

Q.
2

4(' +. 1 !!t_ + 4W 2 ( 1-r2} If ==O 
~ r dr (4) 

Introducing new variables defined by 

X = 2 W r 2 

lf = 1 4' 
r 

(4) is transformed into 

,, 1 1 w 1 j ll, ~ + t 
4

x2 + 2x - '4. ·,- = 0 ( 5) 

the well-known equation o f the Whi ttnker functions~ 

and W (-x) 
w ... 2'0 

To avoid a singularity in the origin''we have to choose the M­
, function. 
Hence the Gigon:functions are~ 

lD = 1 Ji! ( 2 w r 2 ) r r w r,o 
2 

or lp = ( 2 td ) 1/2 e - w r _.F, 1- w 2) 
2 , 1, 2 w r 

1. ~ 
<>r. = (2 w )1/2 e- w r J:._ (1-; w )(3- <.v )·:•{2n:-1-~ l. 

0 n! n! •l)" • ( wr- ( 
I,n oa.se 1, which will be considered only, the eigenvalue equatiori 
:te· .... \t(J) =;. o or M , (2 w )= o ('1)' . ½,o 
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From the series representation of (7) only the first eigen­
values can be calculated and therefore it is advisable to derive 
an asymptotic expansion for the functions 

M~ ,o(2w) 

and 
M"-' 2 
~ ,o(2wr) 

It may be remarked that from a well-known theorem of Laguerre 
it follows that (7) admits only real positive zeros. 

---------. 
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CONFLUENT HYPERGEOM~RIC FUNCTIONS 

9. Asymptotic development of M..; 0 (2tJ). 
t ' 

The following formula has 

.!. 

M~ 0 (2u))= {2lJ) 2 

2' 2TI i 

where 
:f(u)= 

g(u)= 

1 u-1 
u + 2 ln u+l 

(u2-1)-½ 

(+1) -,.. 

J 

been proved 

e'Jif'(u) g(u)du 

IV, 1. 

(8) 

Only those parts of the contour lying in the vicinity ef the 

saddlepoints, i.e. where f'(u)= o, contribute essentially to the 
value of the integral. 

Here u2 
::f' (u)= ~ 

u -1 

hence the origin is the only saddlepoint~ and of the second orderc 

In accordance to this fact the path of integration can be 
chosen as follows: 

' 

Ll • u = t exp 2 11 . 0 ~ t<: oc - - . J. • 3 

L2 • t arg(u-1)= -it o~ (' 
• u .= , = t ~ 1 - li 

C .. u - 1 = S exp f i' -11 ;;-. ii n • 

arg( u-1)= Tl 
I'\ 

L3 • u = t 0 ..c ii ~ 1 -J • ' :;II!' s 

L4 f u = t exp g_ TI i 
3 

0 jt,~ 

It is easily seen that the contribution of the S -circle rounci 



,, ', 

,ciGJe:f:fi.cients ck satisfy ihe recurrenoy relation: 

··i••.· ( it+f )·c··· Ii:? = it ck-1 - W. ek'."4 

o = l . . () 

¢lt is a. polyh•mial of degree [JJ1n iJ.,.-o 
Frotf. · Supposing \zl '( 1 for F(z)= [ ckzk the following di:fferen-, 

t.i.al equation may be derived 0 

(1-2?) ~ = (z ... w z4) F (11) 

Subs-titu:tir..g again the aeries expression and equating powers Z ~ 
it is found 

From F(C) = l it follows C = 1 • (') 

In particular we have 

1 1 
C = c5 = - ~ W • 
cl= 0 C - 5 6 - 16 
c2 = ½ c7 = - ~ v). 

03 = 0 0s = i2is 
C4 c i C _ 649 \~ 

9 - - 2520 

The ~em~inder Rn will be estimated later 

0 10 i::; & 1 
+ 50 , .. i 

on. 

N•w the asymptotic development may be easily obtainedt 

.l.. f ~ 
du. _ 

(2 w)-.a ?,(f {2<-J'}= _L mJ cu-1,2 
211i e u+l (u2-1)I -,o L1+L2+L3;t-L4 

f l t8~1li J -tu3i {ck~+R~di = -I e . 
½_+L2 

11 m Ll'~L2 t 



J' e:-4 1;'3 tk .dt + 
0 

Hence 
1 . 'YI 

e 
. •.~ .. 1 'T'1 • }· ·· .. ·••. ,...,~2' 11;L. 

() 

t~ dt + 1 I 
71 m 

( 2'~)-~ ~'tl ( 2w) = 
2'0 

. k+l TI (tt.l k 1) ck sin 3 cos 2 + 3 - 6 n, ,) -0 

( Remainder I ~ A -
+ Remainder 

bo 

-, k+l 

.J(~)(~)T+. 

-~ J vJ t3 2 n i 
c · + 1 e ~ / R ( t e -~) ! dt 

Tl n 
. I> JI U: 3 

-,y t 
+ ~ e :; I Rn ( t) / dt 

0 

where A is beunded for u.) ➔ r.X> • 

+ . 

EstiIIl@:.tiq_I'!, •:f the remainder. 

Substituting F :-Y ck zk + Rn in (11) it is found , 
0 

(12) 

(l-z2) R~ = {z - ~ z4) Rn+ Q(z) (14) 

where Q(z) is a certain polynomial of the following form 

o/o zn + ~l zn+l + ()(2 :tn+2 + o/3 zn+3 + a<4 zn+4 

the coefficients o<1 are linear combinationsof 

0 n+l' 0 n+2' 0 n+3' 0 n+4' 0 n+5. 
1 

~he solution of (14) is, remembering Rn(O)= 0 

f
~ . 

:R (z) = ]' ( z) . Q ,J )d '5 2 
n 1. o F_(}Hl-"5.) · 

·· ...... ·.··· ..... · ... ··. ·•· ... · ··.J·· e~p .. q)f~+ l~+~ ln i+i Q Cr)a·> 
· o~. Ril(lit·•·•·)- F(.z) .·· .. · ... ·.. . ..... ·.· .•. ~ .... ,-.,..~···.· .. · '-------,..... 

. • . i· l't ""4'\'2' .. 



n :tncreasing 1~.e in-. ~ . 
''"' • ,... ""'"'~,,-~n<Q.. m~Y be p:r;-oved by substituting the ~xpres13lp:ri 

:lead13 to tedious calouli3,tions' and ¢rily the 
i'ighthand !!Ientber. of (13) will be c.onsi<ieredf 

lt, .· . .·. . ., J · 
IR1/i:)/ :! (l';'t2 )-½ J (1,-,l)-l exp ,j{ t + t + 

u3 . i u l O ~ - u - 3 ... ½ ln 1;u J Q (u)du 

+ ··•f- + ½ ln ·. i;! is monotonously decreasing and · 

f(t) -.. 'f(u) i O •· 

t 

J (l-u2 )-½ t(~)du 

)r:rom this it follows 

i (l-t2)-½ 
0 

*< ) . (n:t....,.54-J" The coefficients of Q u contain u.J ➔.n the maximum power L 
consequently: 

.! 
T1 

for 
0 

with a certai~ power t:.~r > r increasing with n. 

and 

The tina1resu1t is of course far from satisfactory, in the 

first place owing to the rough inequalities used in (13) and_in the 
second place owing to the fact that the asymptotic s~ries (12) 
oscillates v.ery slowly, being a po~er series in (t~-~ .. 

In the coefficient ck vb. occurs in a power~ L ~ \ • This means11 
that after five ternrs the essential gain in ltJ is only 1.,//3: w-l = ) 

Therefore iit ±s advisable to derive another asymptotic represer-

tation of~ 0 (zw). This may be performed by rearrangement of the 
2' !f'/ 

series (12) accovding to equal powersw- 3in such a~~~ that apart 
from a sinus or dosinus factor the coefficients of <J ~ are oonstcnt 
numbers only depending of n. 

The asymptotic series thus found is simply the Debije-series 
and may be obtained ·directly by means of Debije' s method which uses 
a bette;r contour in the definition integral (8). 

:.tebije's method will be considered later on. 

1'earrangem~nt of the as:y.mptotig deyelopment ( 12). 

TiJe conterit of this paragr.aph will be summarized briefly. 

who i.~ £:nteI"est.~d in th$ detS:ils may con.sult a paper a.pout< 
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the same subject, to appear in applied scientific research. 
The coefficient en is

1
a polynomium in-w. en gives a contribu­

tion to these powers of w-~in the rearranged series for which the 
exponent e equals: 

fn= 51,·,1 + 2, 51 + 4 
l j== o, 1 1 2 ••• j e = n - 3 if~) -2 j ~ ~ n 

e=,n-3 f{~J-2j-l}in r;:~\~/'..51+3 
In view of the sinus factor e can only have the following values 

Se= 6 p 

te=&:,+4 

So we see that; 

p = 0,1,2 ••• 

(f.1- ) 6P gets contribution from c6p, c 6p+3 , c6p+6 • • '• 

(4J,- ) 6p+4 " ll ti C 
6p+4, c6p+7 

. . . 
Denoting the coefficient of L$j in ck by cf w~ have from the 

recurrency relation: 

l 
c~ = kkl ~t-2 - ~ ct:; 

. ci = o j > [ ~) 
Now the rearranged series can be written as follows: 

.i. 'll; r 
2 2 w ) j' 1 \\) 1 ~ -2p 

l"1 ~ -- ( z~) ~ ·t, -1 ( i;-) cos ( 2 - b )11 L ap W + 
~,o 3 -011 :;, '-' 

'I C' <:::"'" -2p➔ .i. 
+ 2. 3 ~ H~) cos <'4/ + trn L bP ~ 
~ 0 

L 114.7 ••• (6P + 3 j -2) cip+3 j a = p 

bp = y4" 5.8,11 ••• (6p + 3 j + 2) cip+3j+4 

(16) 

(17) 

(18) 

i'-"O 
Writing D(j,p)= 1.4 .. 7 ••• (6p+3j-2) cip+

3
j a rather complicated 

recurr~ncy formula results viz.: 

D( J' p)- {n-l)(n-3 )(n-5 )
2 

D( J" p l) n-8 • 
' - n { n-4) ' ' - - n { n-4 )( n-7 ) 

f (n-l)(n .... 3}(n-5)(n-7) + (n-~)(n-4)(n-5)(n-8) + (n-2)(n-4)(n-6)(n-8', 

D(j-l,p-1) +-;,;.:, ni n-i6 ~ (n-l)(n-5)(n-10) + (n-2)(n-6)(n~lO) + 
" n- n- ( . 

+ {n-2)(n-7)(n-11) i D(j-2~p-l) - (11;-2Hn:~l(~~tl)(n-i4J. D(j-3 9 p·--: 



q:£' course D(j ,p) = O tor j > 3p~ 

t~:r E(j,p)= B. s.11 .... (6p + 3.j + 2) cip+:3j+4 

relation holdsjortly n has now to. be 

n.;: 6 p + 3 j + 4 

and E(j,p):= O :for j>3p + 2 • 

The initial D's are 

D{O,O) = 1 
D( 0, 1) = i D( l, l) = - 6

7t9 54 D(2,1) e-,-
(surprisingly small!) and analogousl) 

As has been remarked (19) represents the Debije-series of !'~\o (2w) 

which will be derived afterwards in a -more direct way. 
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a/ series ml3.Y 'be obtain<3d for the ei~enva.lues 4), 

?+.A .. G~J..Vt,"' The first approximation of ~ 1 (~~ is: 
~o , ~o 

1 'IL -
. '2° v r jj) . ·l¼ 

l,oCa•)= -2 
;''~ Jf)3)cos{2 - ¼>n + O(t;J- b) 

From this we get as the first approximation of the eigerivaluess 

<-vi = 21 ·+ r + 
1 h 1 = o , 1, 2, 3 •.• 

convergent se~ies representations •f ~» { ~ the first 
~,o 

value is found to be vb = 1,35217 • • This reveals the remarkable fact that (20) approximates the first 
eigenval-ue 1 = 0 already very good. More accurate results may be 
.obtained when assuming for w1 a development of the following type 

~ ~ v + '"'I + . ~, + • • • (21) 
T{v ) ·1{v , 

{ 

2C< 2 f~ 

v=2l+l+'I-, 

( 0:f c"urse a priori the exponents of the powers in v are unknown but 
soon it will be seen that L1}3 and 8J:; are the exact values). 

Substituting { 21) into ( 19) and equating powers of v we find for r:J. 

and~ : 

hence: -4. 
u)"l ~ V + 0,031580 V' - 0,000904 (22) 

W 1 = 1,35 

<A.i2 = 3,340 
c.v, = 5 ,3367_ 
w4 = 7,33554 

12. The exact derivation ff' the asymptotic series by means of Deb;lj_e_~~ 
methed,. 

Starling anew from the fundamental formula 
'I f r1:1) t,_) 

M ( 2~ = ( 2W) ~ __L. e,wz ( tl ff ·wo . 211 i z+l 
2' . 

dz (1) 

the. asymptotic expansion will be d.erived by means of Debije' s method of 
steepest desc~nt. 



. .., . .., ... ,. .... ;1:4~ting only ... tte upper half pl~ne: 

J.·.••.•·.'/ .#::· 2y ootg 2! y + l - y
2 

land r-os 

s 

F•r (1) we write 
Yt 

tA (2w)= - iiWL Re w O rr 
2' 

[ ~ e 2 

where If (z)= z + ½ ln i;! 

X· 

J a"' 'f(z) 

S+L 

S: a segment ef the real axis (0,1). 
L: a curve in the second quadrant with asymptote y = I::2

1 and 
2rr tangent y = x tg 3 in the origin, 

Now two ways may be :followed: 
,. { ! ~ A. Perform-'the transformation S = - lf(z)J and apply the Lagrange 

expansien : 

l 
Yl-1 k ,.(t', r dt L.. mkS 

½ (3) F'(Z)'-\-'(z) == +217T j \if (t)Fff(t){~(t) ... _s} 0 

~ C 
~ Perform the substitution v = Ll.J Z and develon the integrand . of 

•f ( 2) as :follows: 
v3 2 

( 1-z:t )- 11
"- e'J.J lfl ( z) 3 ---~ 

pk(v) (t.o 3 )k = e L_ 
0 

Both methods lead to different e,i;pressions :for the remainder of the 
asymptotic series. Here we prefer method A. Te calculate the coe:ffi~ 
cients of the asymptotic series method Bis more suited. 

Method B will be distiussed in the next paragraph. 

13. Lemma. 

(l-z2)-i w(t+½lni::) 
e 



be r~presented in .the following .form: 

'iJ . If ·1· .· 3 ._.'/3 J 
(. 2 -""!\"""'ii. . . . 1fa .. V ~ 1· i•VW . 
1- .v w J exp vw + 3 + 2 n •··· +v~/'.; ·. ., 

.'l3. 
VW I '4' 

1 .. . . .. Pn ( L
1 
w ) d t 

.• . . :?)Y. . j -3 1 1-1:.J (6) 
·. (1-i- 1 exp .w11'.+ ..u.:;:3, · +:a ln l+"" 

0 2k ~ 
. .h. --

Proo!, Denoting L pk t,J 
3 by F n ( v) we get: 

0 

i J J l 2 z
3 

1 . 1-z)} 
ov 1n(Fn+Pn)==azt- 2 1n(1-z)+w\z+ 3 +2lnl+z i 

F' + P' n n '+ p e: n n 

V .... y4 
1/5. 2 w -v 

F•rmall~ it fol~~s ~ 
00 

_.2k 

(w)J?i_ v·2) L pk w 3 e (v -v4) L. ~ W 3 
0 G 

or 

Since Pic(O)= 0 (k ~ 1) which follows from 

oo 2k 
1 == L_ pk(O) w-, 

() 

we get integrating the last equality: 
. " 

Pk+l(v)= J { v2 Pic(v) + (v-v4) Pj/v) J 
and :f :1.nal:t.y: 

\/ 

() 

2 
Pk+l(v)= v :P1/v) - J {t+ t 4 ) 

I) 

I.A;~,.1.;i.u.1..\/·JL.v,1,.J. Jl
0

(v;)~ l a¥,d by m~ans 

dz . rv 

(7) 

dv 



~~tf~r~rii±ii±i~ua~J$h 1rtay be 

2 ' · J. ... A··· 
;= v· Rn(v)+ .. (v-.v;-) >Rn.(v) 

2(n .. 1) 
I 4 •.. . ·.... . - ; I 

Rn(v) + (v -,-J· Rn(v)= w ··. Pnfv) 

solti:tion .~ the homogeneou~ equation is .of course R0(v)= F(v)= 

L '1>itw-t 
·•·. ~ Hence the solution of the 

_2(n~l} 
R (v)= w ; 

n 

2n -tr R (v)= w 3 F(v) n . 
(9) 

Formula (9) may be chosen as starting~po;nt for the estimation of 
the remainder of the asymptatic series. However an•ther method will 
be adopted in the following paragraphi. 
Applying the .lemma on ( 2) - the shape of the Debije contour is nt,t 
essential here lo. it is found: w~ 

, '/2,. '/6 [ GIJ 1f i . J . y3 2k 
llf . (2.w)= i w Re e 2 e3{ ~ n,u.,3+ Pn} u.J o TI · L .. ~K i' 1.Ji:t. 3 0 0 

w1I.i Jooe ;; ...Y- 2k 

- e---Z- e 3 ff' P,; I.JJ3 + Pn} dj 

dv -

0 

Since Pic(v) is of the form v2k. polynomial in v3 this may be written 

as follows: 

2 
'11 1/<, 

M (2w)= ~-
~,O 1f 

' 11-1 

- cos (~ - 2(k-l"z) TT L 
3 <> 

·{ 

= -(:½'1~) 
1 

k l 
_!z\M - 2 sin ... 3 TC ; cos 

Tr 

,4 •la r h::lJ 0,,0 v3 

cos(! ... gYTr 
- .I -2.e J 0 3 = (6<o ) L w 

0 0 

(} 

p
3
i(v)dv + nemainder 

~ 
Cl(; 

( ~•13)Y1 
o•s(f+¼)TC 

-2-€- J Tr 
(M 

0 ,0 

y3 

e3 P3£+2(v) dv 



M .. ·· .. (flu)= 
.·•.\Wt::t 

. 211:;,( 
•t. ~ 61.d +-rr + en 

[ 
tyll'i ·1,Kt· v3 

n-t . 2k ] 
Re .. e 2 

1 

e 3 L_ pk ( v )up - 3 dV: ·. · + 
- w i:J. 0 .!!l!, 

- w 13, 3 . 00~ ~ 3 

Re l eu,fi f e-3 Pn dv - eu,~J. f e--¾ Pn dv] 
0 

Q 2(n+l) 
- 3 The reader will have no di:f:fioulty to prove that Cn = 0 (W }. 

However the remainder occurring in the A-method will be seen to be 
more 

Hence 

suited for the calculation .ef an approximation.· 
From (5) it :follows that pk is of' the :form 

·r k 

0 

pk(v)= v2k t_ 8kj v3j 
j ,,_ 0 

c,.::, v3 

= t ak. j e3 v2k+3j dv = 
0 J ¢ 

2k+3j-2 
3 3 

k 
L_ (2k+3j-2)(2k+3j-5) ••• (2k+l)8kj 

0 . 

In particular 
2/ f o ~ ;- ~r <}) 

= - .11... 3 i11 r < 2.) 
280 3 

The actual oomputation of' the higher fkts remains however as oom­
plicated as in our :former considerations. Moreover we meet the same 
diffi01.i'!.ty, that. there seems to be no a priori reason why the rk' s 
'become so small t 

§> 14-, The original m.ethod. of Debije by means of' the Lagrange~Burma.nn 

~,p~fisi9~1• 



Starting a.gain from (2) we find: 

'6. Re [ . e. W2l'f i .J·Q>() e-'il>. 3 
M. (~) = (a..) . -:, 1,0 1f 

•tri 
c,o e ,tl 

C) 

w2ni f··· -w~3 , d ~ ] 
- e e ~ (l-z2)~ 

9 dz 

According to the Lagrange expansion we have 
h-1 

l 
~(l-z2) 'I,.. 
dz . 

= L -~~ k + Rn(~) 
C 

where II1k = 2 ~ i f dt 
( 2)½. ( 1 1 1-t) 1-t -t-2 n I+t 

d~ . 
~·(1-z2 )g_ -
dz 

(integration round the origin) 

path •f integration a curve enclosing the Debije contour i.e. the 
1-t 1/; ;; ~oints where (-t-½ ln l+t) =~ ~ '. 

Proceeding along the lines we find: 
k+l 

2 mk f (k;l}-•sin k;l 11 • sin~ + k;l)n:.w-3+ 
- ~t)) '/1 ~{ t (c:t11) - 3 rr L 

2'0 Q 

+ remainder (ll) 

remainder.= (~ Ile { cos ';{1T Je--u1i3 ,5 n Rn(~)d.':, -

r ~ <>oe. 3 3 0 . 

- R~ L e , J e ...._,.,s ~ n Rn (s) d £ ] (12) 

It is easily seen, that 

~ t 0 only if k = 6 p 

k == 6 p + 4 
p = 0,1,2 ••• 

This neans, that (11 may be written in the following form: 
¼ ~ ~I 

M ( 2w)' = g_ ~ _ c•s(!4J
2 

- i)"i[ )
0 

m6p f ( 2p + -
3
1 ) w-2P + 

~,o 31,.rr o 
,, , ( 13; 
h. 1/6 h-1 :1.1 

2 W (\"\ 1 \ .l) -2p- ~ + -:r: cos 2 + 6) il L- m6p+4 r ( 2p + '% w + Remainder. 
3 1 n o ~ 

Oomparation of this result with (10) shows, that 
/-'is_ = } r ( 2p + i) mhn ; U n 1 rr ~ '-/ ~r.~~ = - ?~ +~ ,m_ 



ChoOl'!e st cbntonr qn. w.hich /"" t - [ /,. ~:~ } 
facto;r .is minimal in the origin, so t has. to be 

trom O • Therefore in view of the branohpoints 
path is oho.sens 

~ along the positive real axis from /·to ev, r:vif (1-"t LJ:::: .... 7r 

i a large semicircle round O with indefinitely increasing rndius. 

2. ~ from -c.o to -1, 

4 1526 in a similar way in the lower halfplane. 

The contributions of the semicircles tend to zero. Remembering that 

mk is real, (14) may bo transformed into: 

· · (15) 

To get a estimation of { 'WJJ) we rema.rk that for small t values the 

faotorj{t +; 4+{)~ i 2

} 

(i / /) t /) 
1 

t + -::- <11 -.- has. passed his zero value wo make use of a better 
, 4.... T../-1 

can be minorated by , When 

approximation: 

{t+/. t1 t I )i- ff 2. 7ri 

I< t<c{.. - ~ 
4- -t1- I 'I y 

(t+14 t-1)2+ . 2. 
~ (<+)~ 2.. 

(t- }_ Jr 
t;>.~ 7[ ;:;;: 

.2.. t+I - :,;:;---- tJt..-1 1/ I/ 



we have 

< 
lem.ma 

0 

~Inserting this in (16) we get finally: 
,1 2..)k.;1{ /) ~} 3 L I ':'.1 f f < rt { -;r J 1 f-,1 (a + 4 ..:. 1 / + {i_'f_+_1_)_c_i_( 1_+_c_1:J-.1----s-- J 

f 
c::::: -i(l'l-!f:-n1.±l) 

, ff '- a.-1 

Cl> "1y 

(17) 

Taking c = 1 or a= 1,938 a useful formula may be obtained: 

") '~ . 3 1 
/m,.1,)<._ ,t(Ji:) 3. [ 0b<-1 f- (2k+1J z ,~ (18) 

f ·17. ,lQs.t;,mation of the reminder of the asymptotic series. The re­

mainder o~~the Lagrange-BUrmann expansi0n used in the derivation of 
·. tile asymptotic series has the form: 

dt: 

t: _;, ... ~ t:.,, !__ .. · .. ·. ·.~) %. s .{-t-l.. fv, '~)~ Jc) . . ~ /+t: ~. .t lt-t: ) ~ 



'', ',",' ',', ' 

jhQ #;sy~pt~ti¢ S(,7:t>ies ends with 

. I ~ 2 • tc-tJ % . 1/1 / ;,-: / er;·..,. 71'1 + .J - > -

, the a$ymp:t0t ic 

T"' [@1-i. fj'/~ 
series ends with coefficient "h7 ·· t;, f- t/ . • 

l!i1trttrna.tion Q.f. the product 

I { 0 r !f!) 'IJ - ? e ?:S'j/ ( 0 + 

CUl; t = 0 I 

The path of { 0 + 7;_' ) 1 
is a curve F with. equation 

'.1 l.. ~ 7(" .;; xl -c1 = .z. 

{ e .--~ and ? represent points 21 , Z'i of two fixed halflines. If P 
is a variable point of Four problem is reduced to that of finding a 
minorant of the product P z, ; P z.2. 

·-·----

,. 

axis of symmetry of Fas new X-axis we get better symme-
relations. ':l'h£n new va.riables t,u,z 

'13, . t 



~~·~·_..,... new var~ables ~ W clef ined, by 

2 '>. IIW'-- 0 V ,, , ·-::;::::. 

y 

it7.(t- z) 
t/t: (t _, -z/2:. 

) 

lemma There exists a constant a with tho property that f'or all admissible, 

VJ w th.e f'ollowing inequnlity holds: 

V 7:... VW-f w 2
- f/- W-f I~ 

{-a{v- w)+ (y vw) 
1h,f l...~l 

i. 
32roof' tedious calculations~ It appears that 

F:r-om 'tll;i.s it follows direc~ly 

Pr: . Pr; .. ~ I+ t?..Z-

( 11/i) '/2 

I+ J{ 

a.;::,?+ v,S = 

:tfl 

4,309. 



int~r~retat£Qn we read immediat€)1;1 .··• 

l-e ~(f If& -+ ti',/), 1/3 ~ t l ~ orp~ tr :!2 ½ 

B2i.lculat;i.f!>n sb,o;Ns that cvs;:.,n the following stronger 
f a 

l)e~9t:i,.ng the. right.:..hand• member of .( 18} by @1-r : 

.. . . k+'/ S J } 
ek = {-j;:) .J l o, l,V -f (k.) &ti · +1 2 t; 

je !g.et for /flrn (;) J the following estimntion: 

~ 013 t ~ 0 

l'R>i r, JI ~ 
'h = t1-1-v 
I 7? rv f4J I ~ 

~ = t /:> + t 
I 7?, ft)) ~ Ur)¼ [1 + ts) ec1--v 

i:._ ti.A-? ? = 2Jff 

a -

(24) 

. (25) 

(26) 

(27) 

For the temainder of the asymptotic series wo found the expression: 

·r,.u1J½ t Crri ¥ I /;-,.,;;("I??, rtJ I ct t -. 
() 

C1<.i , 

~t;/14/f -W~ ( ~ / 7?, ( t e 21;'/{ d J 
0 



VI, 

(26) {27) cqn bG substituted in ( 28) 
integrals o:f type 

.· ¢ ),-3 . m+I t e-~', (~d t .. j w - 'T rr~+:) 
qih$ :final result may be expressed as :follows: 

$:Utnmary 

/\/t~;1 0 {2w)admits :for real positive values o:f Wthe asymptotic 
.2 

:representa:tion 

f"¥J h * o 
~a -:::- ,3 1/J 

s = 1 i:f k = b )> J 6 /.> + l/ 
s = 2 i:f k = 6p-1-2. 

r(*J t) Jt,,~, k;1. Jr f~ (1 + /.rt Jif• lt)­
. -f fh 

??}6 = 

3 

(k...;. 1) 2. 

/J 
'-/ t) 0 

3 '/'!, 

} 

!.~ The :finite series stops at the term k = 6~ taking n = 6p -1-y we get 

~ ½ -
f {11 / ~ 2 ~ f / CrJ ~ 1r / { fo -f c,/; + c:z J;_) en-z + (d;_, -f c3 rt;) f\1 l 

3~ ~ L 1 

2° id. at k =' 6j.J+'/ • Take n = bp-1- 6 

I /' I < ~ ¾ w ½ [ I· 4) 'le I ( y .Y) r. 

L-;, ' s/ C-cr::f --:;- Oo + C.101 e~-.2. 
!;'it '.J '- . 

.Numerical exemple 

t-<J = 8 

cf,; ,, r { 11 + ~ + J c,.; - n +r I 
C = 4,70 

I 
Ci. = 4, 78 

M ($,)= 1,4494 - 0,0136 - 0,0013+(= 1,4345 + C 1./, rJ lo IO 

Ci> ~ 0,0009 

= \,- 0,047 

0,184 


