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The following problem was posed by the Statistical Department.

Let Stirling's number Cg be defined by

N -1

x(x+1) (x+2) ... (x4n=1) = g_ CJ xP7 (1)
O

Then an asymptotic expansion of C% is sought where J 1s moderate

and n very large.
This problem may be solved in the following way. For (1) we

may write

] n-" ; ,
["(x+n) ST o¢d x7d (2)

x (%) o N

|

If x is very large, X >>n we have (sce c.z. Whittaker and VWatson,

Modern Analysis 13.6) ——
| (-*/l) (Fm+/}(n)

m= "1} m(m+1 )%

; (3)

log M(x+n) = (x+n-)log x-x+s1log(2w) +

0]

where<$m(z) 18 the mth Bernoullian polynomial which is defined by

ZT QO m
Tt e B T
et“/] - Q~“¢m(z) m ’ ()_l-)
ve nnte That
__ R _ e d
¢o = 7 4= 27 @EE_-Z Z+E§
¢3 = oo %zg+ %z , and generally
¢, (z) = (Brz) (M) (5)
where
— ".' — ___1 7 : : g
Po =1y By=r5 s By =5, B3 =0, B =-935,B85=0
From (3) it follows that
log: M(x+n) _ E:;'¢h(n) (6)
7
<P (x) m="] X
wnere _
¥ (z) = (-1)m P4 (2) -8y 4(0)
m m{m+T ) ) (7)
We note that
3 , 1, 2 g
\"’j:} = -§(Z ~Z ) = §Z(Zw’1)
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M+ aal Z o 0
=(-=1) ‘{HNHH45 “om T T T '“'} L9)

From (2) and (6) we may derive that

n--1 . ﬂ - (n)
J_ CoxTd =exp 2 ——5
O m= "] x( )
Won
:ﬂ{exp mm} (9)
m=" X
or written out in full changing % in x
2. 2m 3 Am
n-1 . , _ v, m WK ¥ X
ZCJ X+J=~“Tr§’1+ mx o, T oy 0 +..a},(’10)
o N m="1 11 D! 3!
Comparing the coefficients, of f OE both sides gives
k <
ﬂ — 7. ¥ gva >
cd = 2 L= (11)
Ir
k1k2k3'°’ k 12 3
where k1+2k2+3k3+.5am3

This important relation is obviously an identity which of course
could have been proved in a more direct way.

The polynomial y - 1s of the degree (m+1) in n. Therefore the terms
on the right-hand side of (11) can be written in the following

order + ' .
ﬂ j -2 | -3 j-4 2
v Ty 7Y e, wd Ty
3 D T Ve { L AT e L e
J! (J-2)! (5-3)1 (j-4)r2!
Hence we obtain the asymptotic erPeSSlOn
1  j-2 d
_ ] {ign(nwﬂ)}g { - 6—(nm4}(2n~1)}
{
g (§-2)!
m{%nhm’l)}a %,} 3 2J J--/i) 21’)“/[)‘}’ (13)
j! 3n{n-1)

Thls indicates that this expression only holds for j~c<M/n¢

For the Stirling numbers of the second specis as defined by



I CO

X _ Z(_q)J Dg ij (’“-l—)
X(x+1)...(x+n-1) O
we obtaln of course instead of (11)
o i Ko 3
q | kK +K 4+, ... , Co
pd = (-1)d 2 (-1) T P ——
qu2k3,.g 1+ Kp %y
(15)

so that (13) becomes

5d o L2n(n-1)}? { |4 24(3-1)(2n-1) } | (16)

n o 'y



