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A note on the zetafunction of Riemann-HUrwitz

Dy

H.A, Lauwerier

1. Introduction
Tn this note some old and new results concerning Hurwitz's

9

generallization of the zetafunction of Riemann

ﬂ @©
agef d
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will be discussed,
For simplicity, we shall suppose that a » 0. The definition (1.1)

holds for Re s »>1 but the following analytic continuation can

easily be obtained
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@, s-"1 az
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Hence ((s,a) has a simple pole at s=1 uith thc residue +1.

We note The following simple relation
-1
(1.3) T(s,a) = J(s,a+m) + 7 (n+a

=0

where m is a positive integer. This so-called shift-rule can be

successiully avplied in many numerical avplications.
We shall »nrove the following well-known asymptotic expancion

N B r(n+s-1)
(1.4) r(s) t(s,a) = )
“ n=0 n'!(a-1)

+ R,

N+S - M

where N is even, The remainder is less in absoclute value than the
Iirst omitted term. We note that the Rernoullian coefficients Bn
in (1.4) are defined by the generating function

oe) B
(1.5) —_— =y 2t
e - N=0 )

]

| o / 5 & : ; 3 3
he expansion (1.4) is valid for all s and a with the excention of
course or s=71. The practical applicability of (1.4) can be greatly
ennanced by using the shift rule. We have by combining (1.3) and

(1.4)

¥) Whittaker and VWatson. Modern Analysis. 13.11.
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where m 18 an arbitrary integcr.

Next we shall prove the convergent esxpansion of K(Sﬁa) in &

ffaculty series, This result i1s wrobably new.

QO
A

(1.7) "(s) x(s,a) = 7 C ., Bla,n+s-1),
N=0

where The cogefficients c, are defined by their generating functlon

.S = 00

(1.3) 5‘_u“11n(4mu)§ = zzﬂ cnun :
- - Nn=0
The first few coeifficients are
- IR N AP 7 . "
(1.9) c =1 cqmg(s 1) C o= §E-(5 1)(3s+2) .

They can be calculated from the recurrent relation

N -
B “ n(s-1)-sk _
(/ip/lO) I’}Cn e Z W (.;k o
k=0
Thelr asymptotic behaviour 1s
- ¢ . S = -
(/‘.q/l) Cn = “ﬁ“*g‘%‘ilﬂ(n‘{'g*q)j : ’:!;/]'{"O(ln [3‘1’1)3( .

We note that for s=2 the c., 8re very simple, viz.

(1.12) e = (n+1)7, s=2.

The series (1.7) converges for all values of s, again with s#1.

The case with which the generalized zZetafunction can be
computed by using either (1.6) or (1.7) gives the possibility of a
simple and accurate computation of the two functions

CO

(1.13) o(x,s) 98T 5 cos oomx 0w e,
and =" i
O 1 3 o %P
(1.14) S(x%,s) def 5 sin ’;?m:,}x.j Osx oen,
' N="1 '

1f s 1s a small positive constant.
We shall write

(1.15) F(x,s)

Then 1t follows from a result of Hurwitz ) that
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) Whittaker and Watson l.c. 13.15.

agt C{x,s) + 1 S(x,s8).
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(1.16) F(x,s8) = Eijm%%g-leﬁT(“ S)lg(ﬂmsﬁx)+e 57 (1 S)lg(ﬂmsjﬂmx)é,
(27) J

valid for O «x <1,

1T e.g. the asymptotic exwvansion (1.56) is anplied upon (1.16) we

obtailn i == o
C(x,8) = (2x) *(1-s)sin %ﬁ%'j | n+x .
(#1\‘;’]‘7) OO R P(Q“"S) f - N= -7

T j@

1
3 S"“'n | S“T}
+ “f “1§
g;b n., 0 1ms)'%(m +x) + (m-x) éj*

and a similar result for S(x,s).

1 s 1s a positive integer the result follows by a simple 1imit
operation.

Filnally a simple proof will be given of two expansions due to

Lindelof
(1.18)  ¢(x,s) = (2=)5"7 p(1-s)sins S B < R o N
| 3 B ) -s)sing w s 1 “ T [ (2J ) S(2J+1HS)X"’}{

are
and /

(1.19)  8(x,8) = (2%)%7" P (1-s)coss w s {xg”ﬂ+2 > Smﬂ})3(2j+2-s)le+“
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2, From (1.1) 1t follows that for Re s » -

CO ~at
(2.1)  T(s) §(s,a) = [ S— 57 as
o =€

Since

, N B B.. -

v , Mo, n N A N+2
(2.2) £ — ::E?T B+ & oy B

e L O o v e ®

for even N and | 9| <1, we obtain
N B, ©D
f1(3> E(Sja> :‘:‘f; — Jf o

L~ !
O O

-aft ,n+s-=¢ -
- t;%“ “dt + remainder,

from which (1.4%) easily follows.

If in (2.1) the substitution t=-1n(1-u) is made we obtaln

1 L
(2.3 “(s) ((s,a) = | (1-u)" 7" u”7° £(u)du,
O
rhere
(2.4) f(u) x%im %~ln(1mu)}smﬂﬁ

B i /} ;s g e
CO = ] Cqm§<8“4) Cgm ?E(Smi)(35+2) etc.

we obtain a corvergent expansion of the right-hand side of (2.3) in

a faculty seriegs viz,

0o
(2.6) (2) T(s.a) = 3 o, B(a,ntu-1),
N= () ﬁ
Q1
. _ . r; a) -
(*’—267) ?(S_,Ci) m*ﬁf{;‘” | C,,] ‘ diﬁ (“? | CB'%"W

The recurrent rclation (1.710) can be derived in the following

way. Logarithmic differentiation of u” 'f({u) yields

{wln(ﬂmu)} 2 (u® ey = (Smﬂ}(ﬂmu)“q(ugmqf)ﬁ



Comparison of the coefficient of equal powers on both sides leads
at once to the relation (1.10).

The asymptotic behaviour (1.11) of c, can be found from
Cauchy's formuls

(2.8) c,, = 221 b z7°" fmlm(ﬁwz)ls“qdzﬁ

where the path of integration is a small circle around the origin.

The integrand has a branchpoint at z=1 and the contour can be de-

formed into & path along the upper and lower sides of the cut from

1T to +o0. This gives

CO ; N L
(2.9) T C_ o= Im.‘f e"<n%8“l)tg”mimln(ebmﬂ)}b"%dtg
- !

A
%

The asymptotic behaviour of the right-hand side is determined by

the nature of { ﬁiwln(et~1)§S”1

| . S""‘"/l | S = _
5 ‘?;i--lh(et-fl)j s5-1 (1n %) {1+ .= /})i‘él + O( In 2 %)?j

we have asymptotically

(2.410) 0w s-1)1 1In{n+s-1)}

At The origin,
Since

For s=2 the right-hand side of (2.10) gives also the right expres.lon.
An amusing particular case of (2.0) is obtained for s=2 and

a=m=positive integer. It follows easily that

@ fele ;
(2‘1/}) im “Fgﬁ (Jkn""/])l \Zm WW .
N=m n k=0 (k+1)“(k+2),..(lk+m)
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3. Quoting Hurwitz's result )

{, < -

(3.1) r(s,a) = 2(2wﬂ8"1 P(1-s)4{ sinsws C(a,l1-s)+cos ws S(a, 1-s)t,

1T can easlily be deduced that for O <« x <«

(3.2) C{x,s) = (2‘!"{;)8“/]!“‘(’lmS)Siﬂ‘%ﬁ"‘ﬁiS 5{ T(1-8,%X)+ Y(”imgﬁ”%m}i)é »
and
(3.3) S(x,s) =(2w)5 " (1-s)cosints { T(1-5,%) - §(1-5,1-x)} .
These two formulae may be combined into the single recartlon
(1.16).
From
2 -5 Z2nwXd
(3.4) F(x,s) =C(x,s) + 1 S(x,s8) = » n ~ e ™
="
1T follows that for any positive integer m
m- 1 - a
(3.5) > B(x+ %@s) I “F(mx,s).
J=0
Further we have
(3.6) F(1-x,8) = F (x,s),

where T denotes the complex conjugate of F.

For m=2 it follows from (3.5) by using (3.6) that

(3*7) F(XﬁS) = 28~1{ F(ixﬁs) T F%(E 3358)}

wanen * ..';
o

This means that it is sufficient to calculate F(x,s) for x 1in the
interval (0,1/3) only.

Next a simplc proof will be given of Lindeldf's expansions
(1.18) and (1.19). We have for O« a <

&=L -5
7 (s,a) = a " + 7 n7(1+ %—-) =
N="]
o oo .
= a " & > ("3)adnT"7Yd =
n=4 j=0
O . 0 o
= a > + 7 ("5 ad ) n >
j=0 J n="1|
sC Tthat
-8 - N J
(3.8) r(s,a) = a +-;Z% (:j) T(j+s)a”.
J::::

In a similar way we have
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QO |
(3.9) f(s,1-a) = % (2?) r(j+s)(-a)?.
50
Substitution of (3.8) and (3.9) in (3.2) and (3.3),changing s in
1-s,yields at once

the expansions (1.18) and (1.19).
We shall also

give an indecnendent pnroof which makes no use
of The relation of Hurwitz. Ve start from
Q0 _2rX1

. ] e -
' (S) F(}x‘?S) — jf mts dt .
® e =C
Since eE'ra::x:i 90 { y =7
s = ) 3 t-2(m+xa)wi
etweETkl m:~001 J
we have .
2 d Fa tsmhit
F(x,8) = , ] — =
m=-co ['(s) o t-2(m+x)wi
CO o
= F(’i--S) 2,____,, {H’E(m-!—x)?cijs L ==
M= — GO
O
- = — — — g > - . S - )
= [ (1-8) { (—onx1)S~ 1y Z_....-}‘ils /l(’lmg—)s Tpa 78+ X8 }( )" =
M="
coTNe’s
_ _ Bovied _ s : S | =] 7
= (1-8)(2%) % (=x1)® 2 Y Y (3T Meosim(s+i-1) (ix)Im®I T,
” m=1 j=0 ¢ -
SO That

F(x,8) = M(1-8)(2m)°7 f(-x1)"7

By taking the real and the imaginary part the relations (1.18) and
(1.19) follow at once.



