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A note on a problem of heat transporf

. ¥)
by B.R. Damste.

The mathematical model under consideration describes the

heating of a railroadcar by hot air, which is blown into it

at one end (x=0) and which leaves the car at the opposite

end (x=1).

W #®

.—.—.—_—_)

O,(x,t

AMIIHRRRINNY

Vv
—

Temperature

of

——>

X=0

) |
R TR
# A

X=1

Longitudinal section

Temperature

surro%Fdings

N
E”/Q/y NI

5\\/@é@ :&(/“\\ﬁplrcumference C,
Nge /§)§

SOENNENRN

lcircumference C

Cross section at x=

For the temperature of the air entering the car, Qq(t), we

have

@1(t) = arbitrary given function of time t.
(For the particular case @1(t) = A(1-e” 7‘t) see (15) seqq.)

The air inside the car is thought of as moving in the x direc-

tion only, with a constant speed v.

It i1s assumed that inside

the car there is no temperature gradicent normal to the x

direction,

have @2=Q2

so that for the temperature 9, inside the car we

(x,%).

2

For x=0 we have the boundary condition
0,(0,t) = eq(t)

The car loses heat to the wall, which again gives off heat

to the environment.
The temperature inside the wall,

e

3

is assumed to be a

function of x and t, 93=@3(x,t), so that inside the wall
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*)The author wishes to thank Prof.Dr. H.A. Leuwerier for his

valuable suggestions and his stimulating interest in the

problem,

aﬁ"g")For a list of the symbols used see p.7.



(6)

there is no temperature gradieént normal to the x direction.
Furthermore we assume that inside the wall no transport of
heat takes place in the x direction. The local loss of heat
from the car to the wall is taken to be proportional to
eg(x,t) - @B(X,t), that from the wall to the surroundings
proportional to QB(X,t)c

The proportionality factors arc qEB and qBO respectively per
unit of area and per unit of time.

The constant temperature of the surroundings is taken as zero.
For the circumferences C and Cq and the sreas D and Dq see
the cross section.

The specific heat of alr is Aps the specific heat of the
wall 1is q3°

For t=0 we have the initial condiftions

@Q(X,O) =0 and QB(X,O) = QBO(X)“
We now introduce the constants
_ Cdpy Capg ~ Cq930
a= mme—=, pP= ———= c=
Dap D45 D45
This gives us the following simultaneous eqguations:
20,(x,t) 20,(x,t)
- + v 5w = -a(e,(x,8)-0,5(x,t))
3@3(x,t)
——— = b(@g(x,t)—gs(x,t))— 0@3(x5t)°

By applying Leplace transformation to (5) and (6), and using
the initial conditions (3), we get the system

20, (x,p)

pge(xsp) + v D x = _a(gg(xsp)—éé(xsp))

pﬁé(x,p)—GBO(X) = b(@é(x,p)—@é(x,p))— Céé(xsp)s

in which p is the variable of Laplace ftransformation and
the bar indicates the Laplace transform.

3
2% N p2+p(a+b+c)+ac T - __0.
X p+o+c 2 p+b+c

Elimination of ©, gives

a ~

\Y



The solution of this differential equation is

p2+p(a+b+c)+ac a8

(8) ©,(x,p)=K(p) exp.{ —(pmie) x} + o
in which K(p) is a function of p which has to be determinsl
Amd¢ from the boundary condition (2).
From (2) we see that

(9) ©8,(0,p) =8,(p).
From (8) we get

0
(a+b+c) +ac

' ae
- o 0
(10) B,(0,p) = K(p) + —5—ri :
p~+p(a+b+c)+ac

ae

Deneting the inverse of — 30 by T(t) we have
p“+p(a+b+c) +ac ‘

. (a+bic) )
(H(%) - "%30 — : ’ (tJ(a¥b+c ac)
\/(a+g+0)2__ac

for (a¥b+c)2> hac

a+b+c

ae - t - = ,
(11) T(t)= SH(t) 39 e e Sin(’c \/acP(itgi%)e)
y/,._(a+b+c)2
av- (=%
2
for (a+b+c)“< bac
f a+b+c
| -7 ¢ 2 |
xH(t)BQBOtG for (a+b+c)® = lac
In these formulae H(t) is Heaviside's unit step function
0O t<o0
[
H(t) =<
{1 ts0

We can easily find K(t), the inverse Laplace transform of
K(p), from (9), (10) and (11) as

(12) = {eq(8)-1()} H(t)

For the exponentlal factor in (8) we have



(13)

(14)

(15)

(16)

(17)

(19)

o -
= def p~+(a+b+c)prac_ | v )
U (p) "= exp {- vl Do) x}~e exp-{( p+b+C <t

Erdélyi et al.: Tables of integral transforms I section 5.5
formula (31) gives:
a
ef- 1 £/ % I,(2Vat)
so that the inverse transform of TU(p) is

ax

U(t)—e v { «“:'C/-* ij/ -

L

~(b+c)(5- &) ‘
7 VD 1, (VEE B - B}

We thus find the following result for Qg(x,t), in which the
symbol # denotes convolution:

0p(x,) = K(£) % U(5) + T(t).

For @B(X,t) we have from (6) together with the boundary
condition (3):

-(b+c)t

05(x,t) = 059 @ + E%E 0,(%,t).

30

A particular case

We now use the heating function

e.(3) =& (1-e" %)

in which A and » ere positives constants.
Then (12) becomes

K(t)::{A(ﬂ-e‘“t) - T(t)} nit).

For 6,(x,t) we find from (15, (18) and (14)
_ex b
0 (x,t)= T(t)+e V‘f {A(ﬂ-e” “(t'm))—T(t-n)} H(t-7t).
@]

VT =X

X _
NP Lo V- =AY - e VR

X .
For t <« 7 we have obviously



(20) @z(x,t) = T(t).

Assuming now t:-% , (19) may be reduced to

(21) o,(x,t)= T(t)+e ?7-{A(4_e“ ME= PNy (e 51

”

Elbte)) [EX_ 1 (2 y/mEx(ve))av +

/ X
N Aek"a+b+c)§'j
x/v

4
U

_ pel-atbie)i - at ‘[ e~ T(bre-n), /abx 1(% Vobx(ve-x))dv +

vVT-X

x/v

t
(~a+b+c)= jr =t(b+c)m, ., /abx ,2
- e v e Tﬁt»,,\/vv_x I, /8bxivr x))dwT,
x/v

which may be simplified to

ax
~—= X

(22) o (x,t)= T(t) + e " {A(q_e‘“t* - a(e- B

2
_ax e(x,t)  _ v(bte) 2

+ Ae 2

- he VY v / e abx Iq(w)dw +
ax el sl wioiel G2 -
v ranx X VW
- e j 2 T(t o - nagidlq(w)dw
@
in which @(xgt) ez 3 v a)f'v* -3)

The temperaturs €.(x.t' follows Zrom (15),

For tw-»eco the fourth tera ir the right-hand side of (22)
converges even for 2 > b+c 77 virtue of the factor e—v\t

with which the integral is multiplied. The other terms give

no difficulties, which mean~ Thnt evontually a steady state is

reached.



We are now going to dztermine the behaviour of the solution

92(x,t) as b oo,
Since a steady state 1s reached, we may take
20 o0

*5%2': — - .= 01in (5) and {5), which then become

Q
(23) (v =5 = -a(9,-0,)

o X

(24) be, = (b+c;e,.

Elimination of @

3 zZives
| ee,
(25) v - = 6

which, ftogether with thz boundary condition (2), leads to

(e6) ©

2(x,t)~* A exp {— aox } f_ﬁwémw¢o.

F\b +C~,~ )
For thes steady-state soluticn of @B(X,t) we find from (24)

and (26)

(27) e (x, )= i=— exp e =20
J D C T
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List of symbols:

speed of the air inside fthe car.

the variable of place.

the variable of tTime.

length of the car.

the variable of Laplace transformation.
the Temperature of the air inside the car.
the temperature of the wall.

the initial tempcrature of the wall.

the temperature of the air which is blown into the

car at x=0,

constants n the equation of Qq(t).

the loss of heat from the inside of the car to
the wall is proportional to q23 per unit of area
and per unit of time.

the loss of heat from the wall to the surroundings

is proportional to q30 per unit of area and per
unit of time.

specific heat of air.

specific heat of wall.

inner circum? : nce of cross section of car wall.
Outer 11 11 ik} 1 1" n "

area of cross section of car interior,

3 1 i 1l 1 Wall.
E.(}E_B_ . Db C:AB- , O3 C/]O'LBQ
DQE ' 3 D1q3
ilbavigide s unit otep function H(t)= {1 Somte o
' L0 for t<¢O
Ui svmbol = indicates correspondence in Laplace

transformation,

the bar indicates the Laplace transform of the

ffunction.



