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Tntroduction.

In this note we study some properties of the arithmetico-
geometrical mean M(a,b), which is defined as follows:
let a and b be two positive numbers,

let a_ and bnbe defined by the following recursive
relations

1/2
Q/?) al’l:i*-'t = (an+bn)/2 s bn_l_/' =~ (anbn) with 8.028.
and bomb,
then M(a,b) = 1lim a = lim b
n-»> o n ~» 4D

*
In an extensive study ) on the arithmetico-geometrical
mean Gauss already derived the following two formulas

which will be the starting points of our study.
/2

, -1/2
(2) m = of (agsineyo +b2c082(f? ) dgo and
T
. /2 -1/2

(3) 5wy = ° Of (= -—pzsinggo) d ¢

where > = a+b, g = a-p

In section 1 a series expansion for {M(’I+k,1-—-k)} - is
derived valid forilk{ < 1,

In section 2 a proof is given of the formula

(4) 1lim M(1,£)1log s I

£ -0 . e

In section 3 we present a relation between M(a,b) and M(o(_,p)
with o« . a+b and g8 = a-Db.

A e SN

*) see C.F.Gauss: Anziehung eines elliptischen Ringes.
' Herausgegeben von H.Geppert.
Akad. Verlags Gesellschaft, Leipzig 1927.




All results glven here are well-known, but the treatment

18 possibly new.

1. The series expansion of {Mgﬂ+k5ﬂ"kj}”
By aid of formula (2) we get for any g 0 <& <7

Substituting zmelw, we obtain the important formula

- -1/2
(5) %) - WV—_T { R Rl %{-;)} °Z

where the integration must be performed in the positilive
sense along the contour C. C i1s the unit circle around the

origin of the complex plane, which has cuts

from - ® to - {jféﬁ Ve 5

g 1/2 1“€iﬂ/2
from -~ 07;2) to + O7I€) and

1+ € 1/2 : .
from + (5—¢) to + o along the real axis, as shown in
ffig.” where

N/ 2 /2

(6) £ = (X5 2 ana g = (225 /

We now deform the contour
¢ 1nto The contour K, as

shown 1n fig.2. K consists

o e R — s
AN ) *3 of the two contracting circles
o ' wlth centres t+ %9 and the two
fig.1. - lines parallel to the real

axils.



K It i1s easily seen that for

even values of n

11— €

we obtaln

or, when we define k by k =

/‘+£ b

2 Y

(7) {w T4k, -**:-m}““ - ) "Bk

3. The 1limlt expression,.

Iin The followling we use the well known formula

(8) d/l (z) (zgm xg)“q/2 dz = ‘;03 f(ix shu)du ,
C

- OO0

Where the path of iIntegration G{ is along the imaginary

axls from-imwmto+im, the complex plane has a cuttalong-
The real axis from - to -x and from + x to 400 .

We assume the convergence of the integrals.

The contour C in. formula (5) will now be deformed in a
contour L consisting of Lq and L2 as shown in fig.3,
. and L2

intersect the real

where L

axls 1In the polnts

-(g +7)/2 and (¥ +7)/2.




U -

After this deformation of the path of integratlion we may
write

+1 o+ +1 0O~
ml/1- €< ﬂ_{ / 2 / 2 }%(zg ’?2)(::2*52)%“1/2@3 =
M(1,€) ~ ‘ ) ' ) -
-1 oo+§-g~z -1 oo--i%:-z
+1 -1 /2 -1/2
- 17@ {(z—l-igl)z -"22 % / i(z-%—igﬁ)g "\52% dz +
-1 @
" , -1/2 -1/2
 tioo {(z“_%ﬁ)g “,,?2§ / 4?(2-1-31)2 62 l iy o
1"w )
-1/2 1/2 L =1/2 g, =1/2
= +1f@ (z+ %ﬂ) (z+ ig-z) (z+ 2‘;&2) (z- E??) dz +
-1 ®
-1/2 -1/2 -1/2 g =1/2
T e e BT e AT e B
-1'®
) . 1/2 e 1/2
We put nowzi"é"?mg;*((j“}%) - (H) >m qfs "—-—“f,

2 +1 @
M = f ‘(22--/2) (z+cX) (z+p) dz -+



w...5.....

+ @ r

ﬂ -1/2
= g( iy shu+ao ) (1y Shu—k/@)} = %( 1 / shu-~- o) (i(yshu-/ﬁ)}

N
.

o !
I

{en

where we have tsed formula (8).
For small values of € we have o = 8 + 0(€) and so we
may write '

1
- (1) shu-«) %du + r(e)

Wherer ([ £¢}-—-0 for € —0,
Completing the reduction we obtain finally

2 + QO
W ﬁ7£  = 2 /ﬂ
f - QD
4 ,., _
=2 1ln & + rﬂ(e) , Where rq(a)“*o for € =0

We have thus obtained the desired result

ﬁ . 4 T
(4} lim M{ﬁ;ﬁ) in *’m*?? o

£ = () €

3. M(a,b) and M(«,8).

We next study the relation between M(a,b) and Mﬂdﬁﬂ)
where « = a+b andap'm a-p.

From (3) we have

Y

‘i.[ B | K B 2 /2 2 2 ] 2 )m1/2 d

2M(a,b) T L dAf L=fy” (" -p sing P
ll( 2 $ —g'é) Q

The second identity is also true for «, = (d+F)/2, and

Bg = Giqu/g’ thus

1 /2’{1
|

X

.

P
S

P



g -
e i L S * P
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Evidently, M{a,b) = M(aﬂ,bﬂ) = .. = Mgan,bn) where
a_ and bn are defined according to (1), but

%+ O A -~ P
(__.._.’Lé..._mi +m.j..§.........i)/2 = %* (2(-2—:};—'@) and

X e
(M a ,miwmf.:‘; - 1 (.i"i.;,é) s 50 that
2 o 2 .

At Pq K47 P4 " L+ 8 ok —
I G- a2

Thus it follows immediately that

™ : T |
2M(a,0) 2 oyeiqtPq %17 )
2 )

5
/2 -1/2
2 2 2

O

Repeating the above argument we find

T/ 1/

i (I > 2 .2

(9) °M{a,b) " 2 n A (o(n "/Gn >1h cfj) aq ,
== 2

where o and{en are defined by «_ 4 (Nn+f%)/ ,

1/2
/6 n+1 (dnfén)

The integrand in (9) may be written as

-1 /2
(10) (pn?cosgq’+-ln?) ,» with [nz = dnd - Pp -

)
N



m?ﬂ

Using Mc Laurins series we may write for this expression

v 2 [4 r 2 -3/2\ _4
¢! ca
pncoscf+2/6 cosy 3n 3 v 0 2 5~ )
g 8ﬂh=cos v pn coS ¢
with |6] <1
Let us now define
A = PHGOS?+W and
4 2 -3 /P
b= “““')3/'9”3*“ (1 +6 ““"é"”{%“> ~
86, cosy B, cOS ¢

With this simplification formula (10) becomes
4 _ 1, _B
A-B A AiAmBS

and the integral (9) takes on the form

I

-
e~y /p Ve-y /8
1 S in 4 n‘'n B de +
Jé d9°+,/

b o d

3 : A(A-B)

A
/
ﬂ

/2 - gfn/(ar1

n /P
> o > =1/2

(le’n S0OS ”C’p +J/n) d<f o

The integrals appearing in this expression will be denoted

consecutively by Iﬂ,n’ I?,n and Iﬁgn'

By aid of the substitution u = V2 4 _sing we obtain:



It is easily seen that the first term of ~;ﬁ:¢ Iﬂ,n.

tenas to zeroe for n = oL .

rell

wit

S1in

W e
L

1im
Il -3

ary that

2 A s > !n o

i
o

B - f_..p;;os ﬁ: = ol - g

h & <€ 1.

ce 1lim 1n <1 + 2cos(2V
n —>00

obtain {inallx

CO

1

to the second fTerm,
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,...,9.....

Hence we obtain by aid of formula (9)

7 d
- + 1im I +
°M(a,b) I 2,n
d
+ 1im
N QD '2nn1 3,0

IT will be shown in the appendix that we have the

relations
“] . 1

1lim = T = J]im
n-—-"-"
Nn=»00

N-»Q0 2 ,n

and tTheréfore we get:

(13) ZWaBY = W F)

|

We observe now, that fn =

_ 2n—1
U
n
ol
and therefore /n - cﬁ)
f n n-— "
Mg _1d 4 < '2
N B -y
Thus we have the formulsa:
~ 1
’ /o ’ | 2 oH |
m4 ln/' -1nwﬂ-~ A= In(a . « & ) o+
+ ;Lq In 4
2

and so we obtain the following result which relates
M(a,b) with M(«,p).



From this

very easily.

e

Tet a="1, b=¢ then d= 1+¢&, /@w 1-€ and cxz--(ﬁ")' = 4 &
Sinece l"“iﬂ-dni  2¢ for all dr" we have
A

00
- 1
: o - ~ ; —.
lim Mit,8) = 1 and lim ) = inesl = 0
£ = © E» O nN= =

Substituting these results into (14) we get

(-}-l} 1im M(ﬂ, E} in "Zt“ — % o
& -» O | 3



_AA

It will now be shown, that lim *%:11 -
2

i -»Q0 2 ,Nn
= lim miwq*I =
n“ &
n-o0 2 5, N

In order to do this we make use «f the following lemma

Lemma Let

1/2 L2
(1+x) = 4+'§: “*g' (1+6x)

-3/2

then Min © >0 where € is a sufficiently small
O £x=£ 1+¢

positive number.,

Prcof: We remark that

4/3
-1 {x

. —— =2/3
X
(15) © = x T (1 + W V1 +x) -1{ ,

Thus 6 is a continuous one-valued function of the real

varlable x when x >0.
It can easily be shown that © is positive for 0« X = 1+ ¢,

By proving that
1im e >
R =y O
it follows that © assumes a positive minimum on the

interval 0 = X = 4+¢€

The Taylor series for (1 « is

2 G2
1+ 55 v 40 (x),



We thus obtain, subst - ating this into (1%},

o - o _ /2
5 . -4 ?{f | ﬁf.d ~ __)Ej + 0(34) ) /j wﬁiz’ o
P Y 6
.....,"? f’ PY i’: m?/g :
= X < ("1“ "fé" -+ O(X )) — >
L )
wﬂﬁjx. 2 } 4
Y — e wew o OX
which proves the lemma, moreover 1T follows that
(46) Min © ﬁ’% o
Oux=T+ ¢

We proceed now to estimate I? "
3

-
#
'..I)-
o

If, 0O « &<« /2 - * 'n then

s
/2 2 (1 dnd 7°
_ 2 | 5 i
i é 243 {’* *I&Ei - n -+ » & o z e ﬁi -+ O( Z < ) »
/8 | 2 O < [ 65D Y 1
n ¢cos @ ¢ YL N T J
Thus f:. sufficiently large . we may state tThat
g 2
ﬁn ol 3 iy
RN~ < 1+ & where ¢ 1s a small positive number.
"n cos k5

From the lemma, proved above, follows the existence of
a positive mi nlmum}#,fOP © in formula (11),when ¢ varies
from O to~§m Fn/ " moreover we know from (16) that

fo /2

Taking all tnis into consideration, we can estimate 1? "
-2

as follows
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A trivial ealculationéﬁ shows that the last integral is

equal toO
Hon (6 -Ff,) Sa’ni(sn -6.) 168 6. “-£,,
ﬂ 2 2 2
where we have substituted Sn = £ 'ﬂﬂﬁn .
For sufficiently large n the following estimate holds:
< “""?5'1"“"‘?‘" 2
(5,° =)
where K is some positive
constant.
From this it follows immediately that:
lim 1 Yoo o= Q.
n--1 oo 1
N -» G 7z W/Q
. f - 2, V2
Finall j = * V- :
y we estimate Iy K/ﬁmfn/fskﬂﬂ cos ¢+ N ) de

The length of the integration interval is /Pn » the

: * ﬁ 1/,
maximum value of the integrand /Xn ,» and hence

et e et RN B PR

") see e.2. H.B.Dwight: Tables of Integrals and other
Mathematical Data.

. The MACMILLAN COMPANY. New York, 1955,

p. 250,






