
STICHTING 

2e BOERHAAVESTRAAT 49 

AMSTERDAM 

AFDELING TOEGEPASTE WISKUNDE 

Technical Note TN 35 

Some remarks on the arithmetico- geometrical mean 

by 

R.P. van de Riet 

November 1963 



Introduction. 
' $ 

In this note we study some properties of the arithmetico­

geometrical mean M a,b, which is defined as follows~ 

let a and b be two positive numbers, 

let a and b be defined by the following recursive 
n n 

relations 

b 
' n+1 

a b 
n n with a =a 

0 

' 

then 
. ' ' ' 

limb n • 

and 

In an extensive 

n ➔ ao 

* study on 

mean Gauss already derived 

which will be the starting 
1t' 2 

the arithmetico-geometrical 

the rollowing two formulas 

points o~ our study. 

1't 
2 --2 M a,b 

0 

2 M a,b 2 
0 

where 

In section 1 a series 

derived valid for k 
• 

• 

In section 2 a proof 

2 . 2 
a sin~ 

o( 2 -

2 2 
+b cos 

2 . 2 
sin 

a+b, 

-1 2 
d 

a-b " 

expansion for M 1+k,1-k 

< 1. 

is given of the formula 

lim 
£ ··• 0 

4 log 
t 

1( 

2 

and 

' 

' -1 
is 

In section 3 we present a relation between M a,b and M ~, 

1tJ:itr1 0( - a+b and /s = a-b. 

* see C.F.Gauss: Anziehung eines elliptischen Ringes. 
Herausgegeben van H.Geppert. 
Akad. Verlags Gesellschaft, Leipzig 1927. 
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All re8ults given here ar~e well-known, but the treatment 

is .Possibly new. 

1. The 0 ~3er.ies --- M( ·1·+-k, '1-k 
-1 

• 

By aid of formula 2 we get for any f:., 0 < e < 1 

M 1,e 
0 

0 

•' 

• 

5 M 1, £ 

2rc . 2 sin 

2icp 
e -

• 

1 2 2·r.p - - 1- £ e l ·+ 1·+ £ 
-1 2 

we obtain the important formula 
• 

C 

2 z - 1- £ 
1 ·+ £ 

2 z -
1+E 
1- E 

-1 2 

dcp • 

dz , 

where the integration must be performed in the positive 

sense along the contour C. C is the unit circle around the 

origin of the complex plane, which has cuts 

from -

from -

from+ 

CD to 

✓l -· € 
·1 + £ 

1 : £ 
'! - (. 

f . ,,.,. 1,,, i.g. i W.1..1.ere 

6 

-

• 

-1+ E 
1- £ 

-
1 

1 ·1·+ t\ 
1 2 

'· ·1 -- E 1 , 
2 'i 2 ,, 

·"_l ~ ~ 
l 

to + and 1+ f.. 

to+ ro along the real axis, as shown • in 

and ''Y/ 

C 

• 

1- f 

1·+ £ 
• 

We now deform the contour 

(J into the contour K, as 

shown in fig.2. K consists 

of the two contracting circles 

wi tri c;entres + ?'/, and the two 

· lines parallel to the real 
• axis . 



1 
21ti 

-

n z 

' 

K 

i 
i 

figo2~ 

2 2 - 1 
z - 1'Z 

2 
dz 

Ther,efore we obtain from 5 

2 co ,.,.., 
2 2 

) - I 
I 

M 13 t ..,1 +- ;"' '»,,> . . :· 
. ..., 

' . 0 • 
;11i· 

or, when we define k by k 

7 M 1·+k., ~1-k -1 

·v =O 

• 

3. The limit expression .. 
I JI ,r:1••· 1,_;. 
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It is easily seen that for 

even values of n : 

1 
2 • • • • • • 

1-
.,. 2-v 
t. 

1·+ E 
, 

1--£ 
1+t' we obtain 

2 2v 
k • 

n-1 
n 

In the following we use the well known formula 

8 2 2 
Z - X 

-1 2 +m 
dz 

C -oo 
·! 

Where the path of integration C · is along the imaginary 

axis from~i oo to •+.im. t'he com.pl ex plane has a cut+~a:long · 

the real axis from -GD to -x and from + x to +co . 

We assume the convergence of the integrals. 

The contour C in_formula 5 will now be deformed in a 

contour L consisting 

...... 
L 1 

I 

and L2 as shown in fig.3, 

where L 1 and L2 
intersect the real 

axis in the points 

·+ 17 
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After this deformation of the path of integration we may 

write 

. + 71 
2 

1-t2 -1 2 
11 2 2 2 2 

z - 17 z 
M 1 £ 

--
, M + -i ro-- 2 2 

. .. 
+l 00 5+'?/ 2 ' 2 z +II $ IHl"1-• II er --

+1'/ 2 2 z +; I 7 7 ...-.;oil 1 _. dz+ • :t 
• 

-

-1 (ID 

+i 00 
• 

+i aD 

• -1 (ID 

+i co 

-i aD 

2 

+' 
z- 2 

+ z+ 2 

z-

........ 

We put nowg -1 
2 

=•hllo 
1 
2 

+ 
, 1 

2 ·- 2 

1 
:.:: -

2 

Hence we obtain: 

+i co 2 . z -
-i (]) 

' 

-

• 

z+ 

z-

1+f 
1 - €. 

1+c 
( •• 111m1rr: JI■# 
'1- € 

-1 2 

-
2 

1 2 

-

2 

+ z- 2 -

• 

3 +·7l 
z+ 2 

3 + 
z- 2 

•'1- E: 
1+ E. 

1 2 , 1- E 
+3l.1+€ 

+ 1+~ 

-1 2 -1 2 -1 2 

z-

z+ 

dz w•• 

-"I 
2 

-
2 

1-t 

2 - t 

1- ~ 

2 + € 

1- €2 

of..., 

• 

z+o< z+ dz+ 

+i 00 

-i CD 

2 
z - Z-ol z- dz 

dz 

-1 2 
dz+ 

-1 2 
dz 

J 
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+ OD -1 2 
r . 

.. - j 
--· i -

.. 
• -

vJhere we have t sed f'ormula 8 o 

F<~.1r small values of £ we have cl.. •. f3 + O E and so we 

may write 

1t 
M 

..... ""'":. 

·+- co 
i shu+c1.. 

- CD 

Wher·e r ( E ) ... ,. 0 for E. ,> 0 o 
•• 

-1 
-

I 

' 

-1 
shu-o( 

we obtain finally 

We have thus 

lim 
£-,. 0 

- CD 

4 
2 ln ·;;: 

.. •;:z.; 

2 

-t- r E 
1 

ln 

obtained the desired 

. ? 

-·• ,._,,., I 

result 

,, ' . -~i,,,; 

3o The relation between M a,b and M ~,· o 

We next study the relation between M a,b and M «, 
where o1.. ·-·~ a+b and 

From 3 we have 

··· a-bo 

1t 
---2M a.,b 

' $ ji ill 

}l 
,_.,.,,_, Jfl M tt:1,P11; ,_., ____ _ 

2 .Vi o1. + ~ c1.. -11 2 , -
2 

1t;2 2 -1 2 
. 2 d sin ff 'f o 

0 

The second 
1 

identity 
2 

is also true ror ~ 1 ol+ 2, and 

.1 d. ., thus 

-1 2 

• 



2 
11 I ~· I I PII f 

Evidently., M(a.,b .... M 

a and b are defined 
n n 

ct 1 + P1 
2 

d1-
0 Ct ldtf:,Y, 

2 

~1+ P1 
M 2 , 

-6-

2 

0 

acc:)rding 

1 
M•• I 

.~. ±. ,.£ 
2 

' . 2 

M o! + 
2 

-

to 

2 . 2 ,.,. 
1 sin 

~·-· M a b n' n 
1 , but 

and 

, so that 

r:;1...­

, 2 

Thus it follows immediately that 

1t 1 1t 
-··. 

2M 
Ji ♦ 

2 
w-

a.,b 1+ 0(1-f1 2M 1 
2 

, 
2 

•·' 
11;2 

2 
o(1 -

0 

Repeating the above argument we find 

1t 

2M(a,b 

' ., \ 

: 2 . ..,_, ........... ,~ 
.n 
• • ,_ 0 

2 
o< n 

2 . 2 -...,,, sin 
n 

-1 2 

where 

-1 2 
d 

, 

where o< and are defined by o1. ..... °' + n n n+1 n n 

n+1 

The integrand in 9 may be written as 

2 2 
n cos + n 

-1 2 
2 , with 

2 
n 

,,,.... 
C. .~.' 

(Ill t..." n. 

d. 

-

n n 

2 
n . 

1/2 

• 
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Using Mc Laurins:series we may write for this expression 

2 

noose,+ n n -2 cos 
8 n 

with e <1 

Let us now define 

2 

A 

B 

4 
i /> e \ I 2 

n 

and 

4 
n 1 + e 

2 -3 

cos 

2 
n 

2 2 
n cos Cf 

w· .1. t~l1 this simplif'ication formula 10 becomes 

·1 
A-B 

1 _B 
A + A ,__A ___ B_ 

and the integral 9 takes on the form 
• 

1t 1 -2M.a,b •• l n' I_.A' I , • - I 

2 

r T{ 2-

+ 

0 

1l 2 - r, n (3 

0 

2 2 2 
n cos 'f + n 

n 

-1 2 

d 0 

2 -1· 
• 

-3 2 
• 

• 

dcp + 

The integrals appearing in this expression 

I . 
wi 11 be cJ.t:'rlc)t, eci 

consecu.ti vely 

By aid of the 

by I , I and 1,n 2,n 

substitution u 
3,n -

obtain: 



-,-

.11 . , n 
........ 
. ~-~ 

·-~--

Jt/r;....,j'· 
, I C:. .. .. ~ I . a. .1 

0 

2 ,V')f ,f# -;•j COS ~ 1 

nl J l ., 

.j (~' 
I , 

f?l Jl'T4t''3"'J1_,,)•_...,®,;....c;IP'.-a,g; r~~.c..,· $ ··rt:¥ f~ P::\'l#Wtwat• ._,. 

,,, '_,; r --~ ,-,i, - c,_ .. ,_ 
.. t _, ,1"'\, ..-,., '"""' ~· -

I 

\ 2 i COS 
( n 

1 I tr.., ~· ,.., 
n 11 n du 

J "" •.;5 ,-,-·• :>o,n ,.,,. ·2lo;:a ',._ """"2'"' 

cl.. -t· ,..,.,,. - u 

1 
• 

2 2 
ot.n + n. • 

' 

ln 
-

ln 

1 ln 

ln 

n n. 

''""' o£ C: + 
n 

+ n 

c:J.. 2 + 
r1 

2 
o( n + 

2 
n 

2 
n 

2 
n 

2 
n 

+ 

- 2 

+ 2 

- 2 

cos 
n 

cos n 

2 2 
cos 

n 

It is easily seen that the first term of 

n 

n 

n 

n 

n 

n 

-

-

• 

·­_,. 

tends to zero for n > au As to the second term, we 

r·emark tha.t 

2 2 l"J 2 2 2 2 ..... ':: ·"" 1 
,,...) '- c.:. 1 2 ·- -. 1 

-- iq. n ~ 1.,,. 

c£n +· - cos teftl:RICCJ'T ► cl.. - cos ·- I + C i.) ~ t c:: ·~ · .... · .i , --~~-L- -· ?F FD 

n n. p n n n ' n r1 n 

with I -& t .L. 1 
·- 0 

Since lim ln 1 + 2cos 219- _n -,,. 0 
-"!#'· 

n ) 

we obtain finall'!-
1. 

1 2 ln . -
t"" ' 

lim lim 
p J 

4 I 7 •;; 
_, - 0 n- n-1 2 n~c:o 2 n~oo c( 2 + n n 



-9-

Hence we obtain by aid of formula 9 

2 
.-··' 

lim ' -2M a_,b 2n-1 .. n--+ CJD 

ln 

~ ·+ .' n n 

n ·t lim 
n--+-m 

·+ lim 
n. ~ co 

1 

2 
n--1 

n-1 2 

I 
2Jn 

., n 

It will be shown in the appendix that we have the 

relations 

lim 
n--, CD 

1 
n -1 2 I 

I 2.,n 

and therefore we get; 

2M a,b 

lim 
n➔ c.o 

lim 
n .. oo 

1 

1 
n-1 2 

n-'1 2 

I 
3,n 

ln 

0 

' 

L • n 

·t 

We observe now., that ~ 
n 

Ct/. 2 
n C( -

n-'1 n-1 
r. 

2 n-1 
-« n 

' 
' 

' , 
' , . ..._ 

' ' I I • ' 

and therefore ' , I ' ' n 
n-1 2 2 

c,.t ' 

.. ill. n ::.: ·1 • • • ol 1 

Thus we have the formula: 
----1 1 1 2 n-1 

ln ln 0 ln <i. 
2 

·t ex n-1 -0( 1 .. - -n--1 2 n- .-1 n· • • •• n 2 j 2 . 

1 +---n-1 
2 

ln 4 

and so we obtain the following result which relates 

M a, b ) with M rJ.. , ~ • 

2 



14) ·1·r M o( 51 
21n 4 1 

ln _, . 

1 ' S f FA> 

2 -
0 n-1 M' a., b) 0\ ··- - t'3 -
L._ 

From this result we may obtain again the formula 4) 
.,.JerJy eas i 1:y~ u 

lim 

1.-ol 
n 

M( (")(, ,_,. 

then d.. -· 1 + £'., ~ :~: 1- f and 
' 

< 2 f. .for all ol. , we have 
rJ. 

00 1 1 and 1 " 
.1. l,m .. , ri ~-1 

n---1 £ .... 0 2 

2 
o( -

ln ~n 

Substituting these results into 14 we get 

lim 
f ..... o 

M 1,E) ln 4 

-· 0 
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A PP e r1 q ~"~~ 

It will now be shown, that lim 
Il-+CD 

1 
:nrn a 'f I 

.::..: 1 im 
n--,,.CO 

--

1 
I 7 I ri':1 

2 3,n 

In order to do this we make use l·-,_f1 the following lemma 

Lemma Let 

1 2 
1+x 

• 

X .. ,., 1 + 
2 

-
-3/2 

1+9x 

then Min e > o where E is a sufficient1~, srr·1c1ll 
o Lx, ·1·+ e 

_positive number. 

Proof~ We remark that 

-1 
X 

4/3 
X .x 

1 + .... ,_.,, -
' " 
• 
•· 

-··­• 

- 1 +x 
-2 3 

-1 J 

Thus e is a continuous one-valued ~unction of the real 

variable x when x > 0 Q 

It can easily be shown that e is positive f'or o~ x ~ 1+ £. 

By proving that 

lim e > \--~ 
X - ,. 0 

it follows that e assu.mes a positive minimum on the 

interval O < x ~ 1+£ o 

1 /2 
• 

The Taylor series for 1 •· is 

1 + X -
2 

x·.2 
+ + 0 

4 
X , 

• 



• 

•. : uc, \ , .......... .,._.., 
"', - - J I , 
' "+ 
\ 
i 

-1,. 
' 

X < 
' 

• 

-1 
X ' 9 

• 
1 
•• 

• 

X 

3 

1-

·+· 

,,., , ,,,,..,. 
'f b 

,.. X . 
+ o-x~ 

2 

0 
2 

X ·--
' •' • 

. 4 -~:/3 
+ 0 (x. ) 

• 

' 

1 O(x ••r•• + 
3 

which p·roves the lemma, moreo·ver it 1,ollows that 

16) 
w ·1 9 ,G' 'Ii .. 

3 
0 

We proceed now to estimate I2 <.) ,n 

If, 0 :4. 

J; 2 
n 
"" ~· 2 
n cos Cf' 

Thus f ,, .. 

• 

' 

.r 

t :· 
' • 

, .. r1 
< • :11 ,... -I ) .. ~ 
! 1:., . . n 

• -~ 

' 
' • 

. 
• • n t·hen 

,, - l ,, 
' 

' 
sufficiently large l 

\ . I""\ -c. 
2 

..... 1 +· 0 ( /J , 
:1 

we may state that 

where c is a small positive number~ 

From the lemma, proved above, follows the existence of 

a posi.ti.ve mini!Jt•l.ln1 ~ for e in formula 11 ., when Cf var•ies 
.~· Pn · 
- vn 

r. 1 ;re r ..c(_ C~v 

Taking all tt1is ir1to consideration, we 

as follows 

I ·--~ 
2,n ' 

0 

f r 1 om ✓16 t r1a t 

can estimate J~ 2 -,n 
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4 
n 

,aws;, - utr;,ri'-"4+~~ ..... , X 

"·•"' 0 

1t' 

·1,r,... 
' . 

' >,;,J tw, 

2 

• 

2 2 

A trivial calculation 

equal to 

4 n 
Ph ~• 

4b n 

n 

n n 

~ if + 

where we have 

; 111 r rrr r:r 

+ 2 3 
n 

shows that the last integral is 

3 n 
f 7 7' Id I I , •• bill :S 7 + 

.2 
n n n 

--- n + 

n 

2 

s + 
ln n n 

s -n n 

For sufric.i.ently large n the .following estimate holds: 

1 n pq:;;; IIIPY[\bl JI,& ,_,ii F~ 

n n 

1 1 
< L ~ 

- n 

< 1 

\ n - n 
2 • 

Therefore we may write 

. . •. J • 
f ' -· , ... ,. 

< }( 

4 
n 

r ,2 ill sn,:oo \ L 0~ •:.• ~ 

- '} ) 
n n 

K where K is some positive 

constant. 

From this it follows immediately that~ 

lim 
n➔ OO 

1 
n-1 2 

Finally we 

·n-;2 

estimate I ,, .. 
3,n n: ?-

' ' ~"· 2 
+ n 

n 

The length of the integration inter·val is n ~ the 

maximum valu.e hence 

HoBQDwight: Tables of Integrals and other 
Mathematical Data. 

~ The MACMILLAN COMPANYQ New York, 1955. 
Po 30g 
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, 
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I 3,n -· 

lim 
n_.,,,oo 

• 

n .,i ,. t 
I 

n 

-1 
•-.rct.. "J 

2 
n-

-·14-
• 

1 
•.• , :It -

n 

I 0 ---· 
3Jn 

,. 


