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Abstract

An analytic . proof is given for the author's product formula for
Jacobi polynomials and a new integral representation is obtained for
the product Ja(x) JB(y) of two Bessel functions. Similarly, a product
formula for Jacobi polynomials due to Dijksma and the author is de-
rived in an analytic way. The proofs are based on Bateman's work on
special solutions of the biaxially symmetric potential equation. The
paper concludes with new proofs for Gasper's evaluation of the convol-
ution kernel for Jacobi series and for Watson's evaluation of the inte-

gral

(o]

I Ja(Xx) JB(Ay) JB(XZ) by
0

-0 g .



1. Introduction

In recent papers ([13], [14], [15]) the author derived the addition
formula for Jacobi polynomials by group theoretic methods. It was pointed
out in [13] that the product formula and the Laplace type integral repre-
sentation for Jacobi polynomials immediately follow from the addition
formula. The way of obtaining these results illustrated the power of the
group theoretic approach to special functions. However, it was felt un-
satisfying that no analyti¢ proofs were available for the addition for-
mula and its corollaries.

Next, an elementary analytic proof of the Laplace type integral
representation was given by Askey [1]. Our main result in the present
paper is an analytic derivation of the product formula. It is based on
important but rather unknown results of Bateman ([3], [L4]) concerning
special solutions of the biaxially symmetric potential equation. The
present paper is a continuation of Askey's paper [1]. We would like to
thank Askey for communicating us the results contained in [1] and Gasper
for calling our attention to reference [3].

Immediately after this work was done both Gasper and the author
extended the results to an analytic proof of the addition formula. They
used different methods and will publish their proofs separately in
subsequent papers.

Section 2 of this paper contains a review of Bateman's work on the
biaxially symmetric potential equation ([3],[L4]). Admitting transforma-
tions of the variables, Bateman obtained solutions of this equation by
separating the variables in three different ways. We prove that, in a
certain sense, these three posibilities are the only ones. Bateman's
special solutions involve Bessel functions, Jacobi polynomials and n'th
powers. They can be expressed in terms of each other by means of a
number of identities, one of which is the bilinear sum obtained in [1].

By using these identities the product formula for Jacobi poly-
nomials and a new product formula for Bessel functions can be derived

from the Laplace type integral representation for Jacobi polynomials.



This is done in section 3. Section 4 discusses the analogous results
connected with an integral representation for Jacobi polynomials due to
Braaksma and Meulenbeld [5] and a new proof is given of a product for-
mula due to Dijksma and the author [T].

Gasper ([10],[11]) settled the positivity of the convolution struc-
ture for Jacobi series. His explicit expression for the convolution kernel
is derived from our product formula in section 5. Some formulas from
Watson [17], which Gasper applied in his proof in [10], here arise in a

natural way. Thus, a deeper understanding of Gasper's proof is achieved.
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2. The biaxially symmetric potential equation

The partial differential equation

2 2

9 2B8+1 9 3 20+1 3 _
(2.1) ( 2 * u ou * 2 * v ov ) Fu,v) =0

ou oV

naturally arises from the potential equation in two different ways.
Firstly, if o and B are non-negative integers and if
(x1,x2,x3,xu) = (u cos ¢,u sin ¢,v cos ¥,v sin ¥)

then the equation

2 2 :
> 3‘5 ) (B BOp(y 1)) = o
3 Bxh

(2,88 L3
Y
1 2

(2.2)

is equivalent to (2.1)(cf. Bateman [4], p. 389).

Secondly, if 2o0+1 and 2B+1 are non-negative integers and if

\
|2 2 2
u = \/x1 + x2 + ... + X26+2 and
\
v = \/v2 + 2 + + 2 then the equation
Vg T ™ eee T Vo040 4
2 2 2 2 2
(2.3) (‘Q_E +-§7§ + ...+ g + 2 St .t ——g——— ) Flu,v) =0
xy ¥, %04 Oy O o2

is equivalent to (2.1).

Therefore, equation(2.1) is called the biaxially symmetric
potential equation. Special solutions of this equation were studied by
Batemen in [3] and in [4], p. 389-394. We will summarize some of
Bateman's results in this section.

The differential operator in (2.1) has two singular lines u = 0O
and v = 0. It is natural to consider solutions of (2.1) in the upper
right quarter plane. Equation (2.1) admits solutions by separation of

variables. Regular solutions of this type are

(2.4) F(u,v) = u b Tg Ou) v (Av)
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where the functions JB and I, are Bessel functions.

Let D, be a simply connected domain in the (s,t)-plane and let

D, = {(u,v)|uw0,v>0}. Suppose that the mapping (s,t)> (u,v) is a

conformal mapping of D1 onto D2. It means that u(s,t) and v(s,t)

satisfy the Cauchy-Riemann equations

(2.5) u, = v, and U, = -V

and that

/ - -
(2.6) Als,t) = UV VLV # 0 on D1.

After this transformation equation (2.1) becomes

(2.7) __L_[32_+((25+1)11-§+(2+1)Y§-)§-+
T As,t) 332 u o v ds
2 u v
+ §;§-+ ((28+1) EE + (20+1) ;E ) %E] F(u(s,t),v(s,t)) = 0.

It is not difficult to prove that for a fixed conformal mapping
(s,t) > (u,v) as introduced above the following three statements are

equivalent.

(A) For all values of o and B equation(2.7) admits separation of

variables.

(B) Both the functions u(s,t) and v(s,t) are the products of a

function of s and a function of t.

(C) The mapping (s,t) » (u,v) is given by one of the three complex
analytic functions

s+it
e

u+ivs=s+it, u + iv = or u+ iv = cos(s+it),

up to translation, dilatations and rotations over an angle k Tr/2

of the (s,t)-plane and up to dilatations of the (u,v)-plane.



We did not succeed in proving or disproving the equivalence of (B)

with the following statement (A').

(A') There is a value of o and B (-3270#B#-3) for which equation (2.7)

admits separation of variables.

However, the equivalence of the statements (A) and (C) suggests that
one should especially consider the three forms of equation (2.1) connected
by the transformations

x+iy

(2.8) u+ iv=-e = cos(&+in).

The pictures below show the domains which are thus mapped onto

each other. :(_2} -

% Y
o 7
/// - : /'

p ~ ) N - //<
. ez ¢

U x ,/fﬁ

|
hai-
\\q

The first identity in (2.8) is equivalent to
(2.9) u=¢eXcosy, v=elsiny

and equation (2.7) becomes

3° 3 . 9° 3
(2.10) L — * 2(a+B+1) =t 3t ((20+1)cot 8y - (2B+1)tgy) T J1.
90X X oy ¥

. F(e* cos y,ex siny) =0

with the special regular solutions

2nx P (asB)(

0 cos 2y)

(2.11) F(e¥ cos y,ex siny) = e

(ef. Bateman [L4], p. 389). Here the function Pn(a’B)

denotes a Jacobi
polynomial.

The mapping (&,n) -+ (u,v) in (2.8) can be written as



-7 -

(2.12) u = cos & ch 1 , VvV =-sin £ sh n

and after this transformation equation (2.1) takes the form

2
(2.13) [ &5 + ((20+1) cot gE - (2B+1) t€E) -g—g ¥

13

52 5
5+ ((20#1) cth n + (28+1) th n) a3

on n

. F(cos £ chn, =sin £ shn) =0

with the special regular solutions

)

(2.14) F(cos £ ch n, -sin £ sh n) = Pn(a’B)(cos 2F) Pn(oc’B (ch 2n)

(cf. Bateman [L4], p. 392-393).

Bateman ([3], [L4]) has derived some identities which relate the
special solutions (2.4), (2.11) and (2.14) of equation (2.1) to each
other. We need two of these identities.

Solutions of type (2.4) and (2.11) are related to each other by

2 2
} 2 Pn(u’g)(HEZZE)
-0 _ 2\n u +v
B(u) v Ia(v) = Z an(u +v7) - (a,B)(1)
n

(2.15) u"BJ

22T (0+1) 8 n=0

o]
(2.16) ———uPs (u) = § au
(formula (2.15) with v=0). For a detailed proof, see Bateman [3], p. 113,
114. Formula (2.15) is a generating function for Jacobi polynomials, which

is also mentioned in Erd&lyi = [T7], vol. III, § 19.9(12).



The substitution
(2.17) s = cos 28, t = ch 2n

combined with the substitutions (2.9) and (2.12) gives

2x 1 + st
(2.18) e =s +t ,c082y=—s—T—t-

In terms of the variables s and t, the solutions of type (2.11) and

(2.14) can be related to each other by the identity

P (Q,B)(s) P (Q,B)(t) Pk(a’s)(1+st)
(2.19) Rogy— Py = [ by (40—
p (0B (1) p (HB)(q)  ymo Fom P P(1)

Il o~

where b is defined by (2.19) when t = 1, i.e.
H

Pn(u‘gs)(s)
(2.20) —/——— =
n
Formula (2.19) is proved in Bateman ([4], p. 392, 393) by using the fact
that both sides of (2.19) are solutions of the same partial differen-

o~
o
w
+
T

tial equation (2.13) (after the transformation (2.17)). The converse
identity (formula (L4.1) in Askey [1]) was first obtained in [3],

p. 122, 123. For another result of Bateman, which expresses the solution
(2.4) in terms of the solutions (2.14), the reader is referred to [3],
p. 115 or [17], p. 370.

The preceding results might be extended by considering other
special solutions of equation (2.1). For instance, one may take n
complex in the solutions (2.11) and (2.14). In this way Flensted-Jensen
and the author [9] generalized (2.19) for complex values of n. Another
possibility is to replace one or both of the factors in (2.4), (2.11),

(2.14) by a second solution of the (ordinary) differential equation.
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It should be pointed out that Appell's hypergeometric function

Fh(y,6;1+a,1+83—v2,u2),
defined in [8], vol. I, § 5.7.1, is also a solution of (2.1). This can
be verified by termwise differentiating the power series of the function
Fh' The methods of this section may be applied in order to prove the
generating function for Jacobi polynomials mentioned in [8], vol. III,

§ 19.10 (26) and the Poisson kernel for Jacobi polynomials (see Bailey
[2], p. 102, example 19).

It would alos be of interest to express the solutions (2.11) and
(2.14) in terms of the solutions (2.4) by means of definite integrals
over A.

Finally, we mention the work of Henrieci [12], who used equation

(2.1) in order to prove the addition formula for Gegenbauer functions.
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3. The product formulas for Jacobi polynomials and for Bessel functions

The Laplace type integral representation for Jacobi polynomials

is
1 it )
(3_1)3(0‘ B)(y) = J J (B2 - 222 i Via® r cos ¢)°
r=0 ¢$=0
o ( s¢) 9 o > B > 2
where
(3.2) dm g(r,0) = /QF%SE“+926+%) (1-r2)2B=1 28T (50 )28 ar as.
Following Gasper [10] we use the notation
(0,8)
P 27" (x)
(a,B) - .n
(3.3) R "7°"(x) = ———yv—
n Pn(a’aB)(-‘)

The measure (3.2) is normalized by

T

(3.4) J J dmd’e(r,¢) = 1
00
(

3.1) was first proved by the author [13] from the addition
formula. Next, an elementary analytic proof of (3.1) was obtained by
Askey ([1], section 3). The derivations given below were suggested by
the way Askey proved the converse of (2.19) (see [1], § k).

It follows from (3.1) that

(3.5) (ery)® B (%8 (1) -
1

= J T [23(1+x)(14y) + 3(1-x)( + /1-x° /1-y° r cos 61"
00

. dmu’B(r,¢)
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and

R 5 (x2-y2r2+2ixyr cos )"

1

2 2
(3.6) (Pa®)® g (@B - |
X+y 0

oOv———3

(r,0).

0 ,B

Combination of formulas (2.19), (2.20) and (3.5) gives the product

formula

n

+ /1—x2 ¢1-y2 r cos ¢-1] dma B(r,¢) , O >B > -3

1m
(3.7) B %Py »_(*B)(y) - J [ 7 (B3 ()3 (1) (10?4
00

In his original proof the author [13] derived (3.7) from the addition
formula by integration.

In a similar way, it follows from the formulas (2.15), (2.16)
and (3.6) that

x'BJB(x) y'ala(y) =

j
J(xg—y2r2+21xyr cos ¢)" dm_ B(r,¢)
0

1]
~ 8
(Y
[a]
OV =

S 2 22 . n
J nzo an(X -y r"+2ixyr cos ¢) dma,B(r’¢)

I
o——=
=

\

I T JB -y r2+21xyr cos ¢)
= \ dm (r,¢).
2 F(u+1 00 V& —y r +21xyr cos ¢)B o8

The interchanging of summation and integration is allowed because the

infinite sum converges uniformly in r and ¢. By using that

y I (y) = (i) (iy)
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and by analytic continuation it follows that

1

-B -0 _
(3:8) x () v 0o lv) = 2% (1)

)

M
j I JB +y r +2xyr cos ¢)
00

d-m (r3¢) E) u>6>“l-
(V& +y r +2xyr cos ¢)B a,8 :

This formula seems to be new.

It is surprising that the two product formulas (3.7) and (3.8),
which seem to be much deeper results than the integral representation
(3.1), can be derived from (3.1) so easily. Another surprising fact is
that formula (3.1) implies (3.7) but is also a degenerate case of (3.7).
In fact, one obtains (3.1) after dividing both sides of (3.7) by
Rn(a’s)(y) and then taking the limit for y - o,

Formula (3.8) follows from (3.7) by applying the confluence rela-

tions 5
(0‘38) 1= L—é')
11m n 2n _ A0 -0
(3.9) - (G,B)(1) =2 T(a+1) y {I(Y)
n
and 2
p (o) B) (X< -1) .
lim n 2n B -
(3.10) = 2"T(B+1) x "J,(x)
we " (B ) g

(cf. Erdélyi [8], vol. II, § 10, 8(41)).

If B+a then the measure dm_ ,(r,$) defined in (3.2) degenerates

a,B

to the measure

I'(a+1)

7o ot ) §(1-r)(sin ¢) 28 dr d¢ .

Here §(t) represents Dirac's delta function.

The degenerate forms of (3.1) and (3.7) for o=B are Gegenbauer's classi-
cal formulas for ultraspherical polynomials (cf.[8], vol. I, § 3, 15(22),
(20)). Formula (3.8) degenerates to the product formula
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1

-8 -
(3.11) x "J, (x) v "J,(y) = —5—— =
g B 2B/ar(g+d)
p JB(/§2+y2+2xy coéig) 28
J ———————————————-——E'(Sin )" ap, B > -3
(Vx:+y +2xy cos ¢)

0

This is an integrated form of Gegenbauer's addition formula for Bessel
functions(cf. Watson [17], § 11.4(2)). It should be pointed out that new
proofs are obtained for these two classical product formulas of Gegenbauer
if one applies Bateman's identities (2.15) and (2.19) to (3.1) in the

case o = B.

Askey [1] derived the Laplace type integral representation (3.1) from
its degenerate case 0 = B by using a fractional integral for Jacobi polynom-
ials. In a similar way we can derive the product formula (3.8) from its
special case (3.11) by applying Sonine's first integral

1
(3.12) y™%9,(v) = <= J (y0)Paglye) w28 (17)0P T
2 I'(o-B) 0

a > B > -1 (see Watson [17], § 12.11(1)).

This method of reducing the case (a,B) to the case (B,B) fails for the pro-
duct formula (3.7).

If B ¥ -3 then the measure dm, B(r,¢) degenerates to the measure
b

5%%2&%;7 (1-x2)%2 (6(¢)+8( -0)) ar d¢ .

The degenerate forms of (3.1) and (3.7) which are thus obtained are related

to the degenerate forms for 0= by the quadratic transformation

P(a’—%)(2X2—1) P(u’a)(x)

(3.13) = T = 28 (see [8], vol.II, § 10.9(21)) .

P(u,-z)(1) P(a’a)(1)

n 2n
Formula (3.8) degenerates for B = -3 to

+1
' 1
(3.14) cos x . Y—aJu(Y) = “a——L'———-J cos(x+yr)(1—r2)m_2 ar,
27T (o+3)

-1

For x = 0, this is Poisson's integral ([17J1, § 3.3(1))
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=

(3.15) Y_aJa(Y) -1 J cos(yr)(1—r2)a_% ar
o /FT (a+d) =1

and, conversely, formula (3.14) immediately follows from (3.15). Thus,
the double integral (3.8) connects (3.11) with Poisson's integral in a
continuous way.

The remarks at the end of section 2 suggest that other integral
formulas can be derived by the methods of section 3. One case, for
Jacobi functions, is worked out in [91.

The left hand sides of formulas (3.1), (3.7) and (3.8) can each
be considered as the first term of an orthogonal expansion with respect
to the measure dmd’s(r,¢). An orthogonal system of functions with

respect to this measure

-

(3‘16)'fk’l(r’¢) = Pl(u—6-138+k—l)(2r2_1) rk—l Pi?;é,ﬁ- )(COS ¢)’

k=212 0.

The expansion corresponding to formula (3.7) is called the addition
formula for Jacobi polynomials (see Koornwinder[13]). The expansions
corresponding to (3.71) and (3.8) can be obtained as degenerate cases
of this addition formula. Recently, Gasper and the author independently
gave analytic proofs of these expansions.

Gasper first derived the expansion corresponding to (3.1) in
an elementary way and next applied (2.19) and (2.20) in order to
obtain the addition formula. Similarly, one might prove the expansion
corresponding to (3.8).

The author obtained the higher terms of the addition formula by
doing integration by parts in (3.7). The same method might be applied
to (3.1) and (3.8).

These two methods of proof will be published in the near future.
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4. The integral representation of Braaksma and Meulenbeld.

By interpreting Jacobi polynomials as spherical harmonics

Braaksma and Meulenbeld [5] obtained an integral representation for

.Jacobi polynomials which is different from (3.1). Their formula is

1) (a+1)n(8+1)n .

(1) 7 (958) () = LlatI(e

nllo+3)T

(g+z) (2)_ n!

/=X cos w)gn (sin ¢)2a (sin w)QB a¢ ay ,

1 1
a>=-z ,B>-3

As pointed out in [5], the analytic proof of (L.1) is easy.

By using (2.19) a product formula can be derived from (L4.1).

The explicit form of the coefficients b, in (2.21) follows from

P (a’B)(X) P (B,@)(_

9

x)

(4.2) = £

P (QQB)(_1) = P (B,G)(1) = 2

n n

n (—n)k(n+a+6+1)

F.(-n,nto+B+1; B+1; 155) =

- k ,1+x.\k
-kZO (3+1)k k! ( 2X) '
Hence,
(a,B) ,
Pn o (X) Pn(a B)(Y) _ F(u+1)F(B+1) .
p @By p (@8) () T TI(E+)
k(n+a+6+1

(-n
(

)
%)k k!

OY——-3
W

Il o8
o

A ot con 6 VBV g

(sin 6)°% (sin ¥)°® a¢ ay .
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JO+B+1

Let C on (t) denote a Gegenbauer polynomial. By using

n (—n)k(n+a+8+1)

k 2k 2
z (z), k! t = 2F1(‘n3n+a+8+1;%5t ) =
=0 k O
(-3 ,0+B+3) 2 o+B+1
_ Pn (1-2t°) ) 02n (t)
- (-2,048+3) T B+
P (1) C,y (0)

we conclude that

(a,B) (a,B)
(h.3) Py (x) 2 %P (y)  P(er)T(os)

p (W) 1) p (0B (1) ar(asd)r(ard)cZt® (o)

o A VL con ¢+ VISV con )

n

OvY—m13
O;-'—‘\:i

)2 (sin 9)%® a9 ap ,

(sin ¢
a > -%98 > —%

Formula (L4.3) was first obtained by Dijksma and Koornwinder [T].
They used similar group theoretic methods as Braaksma and Meulenbeld [5].
We can also derive from (2.15) and (4.1) that

1
OB (abd)T(B+E)

(4.1 %7 (0) v Pa,(y) =

)2% (sin v)%P a9 av ,

o+——3

m
I cos(x cos ¢ + y cos ¥) (sin ¢
0

Writing

cos(x cos ¢ + ¥y cos V) = cos(x cos ¢) cos(y cos ) +

- sin(x cos ¢) sin(y cos V)

we can reduce (4.4) to the product of two Poisson integrals (3.15).
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5. Gasper's product formula

The right hand sides of the formulas (3.1),(3.7) and (3.8)

all have the form
T

f 2.2

J f(a“r“+2abr cos ¢ +b
0

0

2)

dma’g(r,¢) ,

where the function f is continuous on (0,®), the letters a and b repre-

sent positive real numbers and the
(3.2). By a transformation of the

can be rewritten in the so-called

|

= J f(t2) Ka
0

(5.1) f(a2r2+2abr cos ¢+b2)

2B+
’B(a,b,t) t

where for o > B > -3 the kernel Ka

measure dma B(r,¢) is defined by
3
_integration variables this integral

kernel form. We will prove that

dm

G,B(r’¢) =

! dt

is defined by
B

_ __2l(o+1) .
(5.2) X, glasPse) = =T a)T(aD)
T
- 2™ J (a®-b°-c2+2be cos w);a_8-1 (sin ) ay .
0

In formula (5.2) the notation

A
+

A
X

0

(x)

if x>0 ,
ifx<0

is used.
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Formula (5.1) can be proved by succesively performing the following
transformations of variables to the left hand side of (5.1). First, we

put

x=rcos¢ ,y=rsin ¢ ,

next x!'=ax+b ,y'=ay
and finally x' =t cos ¢y ,y' =t sin Y

Thus we obtain the equalities

o——=

T
J £(|ar ei¢4b|2) (1-1'2)&-6_1 r2B+1
0

(sin ¢)2B dr d¢ =

J £((ax+D)2+(ay)?) (1-x"y?) OP!
0

. y2B dx dy =

00 0O
= a2 J f £((x7)2+(y)?) (eP0P-(xr)P(yr)Pranx!) 2B,
- 0
(yi)QB dXI dy' =

= gm0 2 .2 .2 )3-6-1

f(tg) (a”=b"=t"+2bt cos Y

I
88
o——3

2B g ay

Formula (5.1) follows by substitution of (3.2) and (5.2).
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The kernel K 8> defined by (5.2) is clearly non-negative. Putting
9
f(x) 21 in (5.1) we find

t28+1

(5.3) J Ka,B(a,b,t) at = 1.

0

The analytic form of the kernel K was studied by Macdonald(see
Watson [ 17], p. 412) and by Gasper [11]. It turns out that three different

cases have to be distinguished. Let

then (5.2) takes the form

®Pria+1) 20y 0BT,

_2%*r
(5:5) %y g{esP0)= ViTlagIT (841 2

+1

1
-J (s-3)2F1 (1-6%)%2 s,
-1

Case I a < |b-c| , it means 1 < B .

Then K (a,b,c) =0

»B

Case II |b-c| < a < b+c, it means -1 < B < 1. Then

_ T(a+1) -20, a-B-1 2\0~3
(5.6) Ka’s(a,b,c) = VTlo+D) & (be) (1-B7) .
cytl. =B
° 2F1(0L+B:O"'830L+29 2 )-
Case III b + ¢ < a, it means B < -1. Then
(5.7) K .(a,b.0) = O Fr(arn)  pa o o-ge1 (1-p)%2
oe 1) Ky, pt%00¢) = Tag)T(B+1) ; (1)B7s
2
o P (0FB,B+2326+15 7o)

For these results, cf. [17], p. 412 and [11].
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Next, we will rewrite the formulas (3.1), (3.7) and (3.8) in
kernel form using formula (5.1). It follows from (3.1) that

(5.8) 8P ) = 3 [ ™, 0BT VET /) ay, x> 1.
0

A Mehler type integral for Jacobi functions(also for complex n) which
follows from (5.8) leads to an explicit expression for the Radon trans-
form for Jacobi function expansions(to be published by the author).

The analogous Mehler type integral for Jacobi polynomials was independently
obtained by Gasper(yet unpublished). He applied the formulas [8], vol.1,

§ 2.4(3) and § 2.8(11). The kernel form of (3.7) was first obtained by

Gasper [10]. It is /2

(5.9) Ria’s)(cos 261) Ria’B)(cos 262) = J R;
0

oL’B)(cos 263)

. . : 2B+1 .
. Ka,B(Sln 6_1 sin 62, cos E)_1 cos 62, cos 63) (cos 63) sin 63 d63,

0<8, < n/2, 0 < 6, < n/2 ,a > B > -3

Here, the range of integration is restricted, because
a = sin 61 sin 62,b = cos 61 cos 62 and ¢ > 1 would imply the condition
of case I.

Formula (3.8) can be rewritten as

[o0]

J (x) J,(y) J,(z)
(5.10) aa. BB =3 ! : J _ﬁB K, B(x,y,z) 2B+ g,
X y 2°T(a+1) 0 2 ’
It follows by the homogeneity of Ka 8 that
- TP P Ky g(¥s752)
(5.11) J_(Ax) I (Ay)\A " = J - 2 J,(Az) z dz.
a B 5 2% T(a+1) B
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By duality it follows from (5.9) that

S . (a,B) (a,B) (a,8) (a,B) _
(5.12) nZO h R (cos 261) R (cos 262) R, (cos 263) =

K ’6(51n 91 sin 62, cos 81 cos 62, cos 0.)

o 3
oc+3+2(Sl

2 n 06

20,
3)

where (hr(l""s))‘1 - J (R§“°B)(x)>2 (1-0)%  (1+x)® ax

and cos 6, # ‘cos(61#62)|.

It follows from (5.11) that

< X
(5.13) J I Ox) 3,00y) J,(az) A% ax =
. o' g B 7" 2% T(a+1)

for z # |xty| .

In order to prove (5.12) and (5.13) by duality one has to
use that the function Ka,B(a’b’t) is continuous differentiable
on the intervals (0, |a-b|), (|a-b|,a+b) and (a+b,»). In the
Jacobi case, the equiconvergence theorem for Jacobi series (Szegd
[16], theorem 9.1.2) and well-known convergence properties of
Fourier-cosine series then can be applied. In the Bessel case, the
tool is Hankel's inversion theorem ([17], p. L456).

Combination of (5.12) and (5.13) gives

(5.14) ) hia’s) R;Q’S)(cos 261) Riu’B)(cos 26,) Rﬁa’s)(cos 20_) =

=o 2 3
_ A—=B-2 . . .2 -0
=2 T(o+1) (sin 61 sin 62 sin 83) (cos 61 cos 62 cos O
. . =0
. J Ja(k sin 61 sin 62) JB(K cos 61 cos 62) JB(K cos 93)A
0
a >R > -3, cos 83 = |cos(61162)l.

3

7B

ax,
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See for (5.13) and (5.14) Watson [17], p. 411,413. Gasper [10]
obtained (5.12) by combining these two formulas of Watson. Formula (5.13)
was applied by Copson [6], p. 352 to the Riemann-Green function for
the hyperbolic analogue of (2.1).
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