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An elliptic singular perturbation problem with

almost charateristic boundaries

J. Grasman

Mathematisch Centrum, Amsterdam

1. Introduction

We investigate the Dirichlet problem for the second order, linear,

elliptic differential equation

= + = <e<< 1.
L€¢ (eL2 L1)¢ o, 0<e<< (1.1)
in a domain G = {x,y : Qixi1,Q§yi1}. When L1 ig a first order differen-
tial operator with constant coefficients the asymptotic solution of the
problem exhibits a well-known boundary layer structure. The position of
the boundary layers depends on the values of the coefficients of the

operator L In this problem the boundary values are chosen in such a

way that f;ee boundary layers do not occur in the first order approxima-
tion. The remaining boundary layers lying along the sides of the square
are either parabolic or ordinary. There exist a large number of papers
dealing with this subject, we mention Visik and Lyusternik [10],

Knowles and Messick [7] and Eckhaus and De Jager [4]. In these studies
neighborhoods of the corner points of G were excluded from approximation.
In this paper it is shown that the seemingly singular behaviour of the
asymptotic approximation is due to the presence of corner layers, which
are visualized by applying the coordinate stretching method to both
coordinates. This technique has been suggested by Eckhaus [2] and was

worked out in Grasman [6]. Following this method we should obtain in



straight lines the result we claim. However, there is another aspect
which can be included in this study, that is the problem of almost
characteristic boundaries. Let the subcharacteristics of L1 be lines

x = constant, then for the square of figure 1a and for the diamond of
figure 1b we may expect different boundary layersa(Theboundary values

are chosen in a way that no boundary layers arise at the right-hand side

of the domains.)
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It will be shown that the transition from one type of solution to the

other is not so abrupt as the‘figures suggest.

Before formulating the problem in all details we give some
definitions which can be helpful to understand the method we apply.
Let us examine the behaviour of (1.1) near the corner (0,0). For that

purpose we introduce a transformation of the type
o
x =&, y = neB. (1.2)

By substituting (1.2) into (1.1) and by letting € - 0, we obtain the

so-called limiting equation

(a,B) -
LO wa,B =0 (1-3)
Before letting € » 0 we multiplied (1.71) with an appropriate power of
€ so that (1.3) is a non-trivial equation with bounded coefficients.
The functions wu B(E,n) are called formal local approximations. The
H
integration constants of these functions are determined by matching con-

ditions and by boundary values.



Definition 1 A formal local approximation wu
if

1s contained in wY’S,

»8

lim ¥ a(sa'Yg,SB_én) =V, B(E,n)
e>0 " ?

Definition 2 A formal local approximation is called a significant

approximation, if it is not contained in any other local

approximation.

For a theory of singular perturbationsbased on more general definitions

we refer to Eckhaus[3] and Grasman[6].

The differential equation which will be studied in particular is

of the form

Y 8¢ ¢ -
eAd + ae &Z-bg-};-cd)*O (a,b>0). (1.4)
The boundary values are
¢(x,0) =0, ¢(x,1) = g(x) for 0<x<1, (1.5ab)
6(0,y) = £(y), ¢(1,y) =0 for O<y<1, (1.5cd)

where f(y) and g(x) are continuous functions with f(0)#0 and £(1)#g(0).
This problem differs from the one we discussed in the beginning.
Instead of moving the boundaries we rotate the subcharacteristics of

L.. It is easily seen that the effect is the same. The advantage is

1
that in the computations less coordinate transformations are needed.

For € - 0 equation (1.4) degenerates to a first order differential
equation. It can be demonstrated (seell]) that the solution of this re-
duced equation only satisfies the conditions (1.5a) and (1.5d). This
(trivial) solution will hold in the greater part of the domain G, only
the neighborhoods of the lines x = 0 and ¥y = 1 need to be excluded.

Near these lines ¢ has a boundary layer structure. Special attention
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will be given to the boundary layer along the side x = 0 including the

end points (0,0) and (0,1). This is done by stretching both coordinates
X = 518 b, Yy = e . (1.6)
and

y = 1-n_. (1.7)
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Near x = 0 we may expect an ordinary bbundéry layer of thickness 0(e)
for >8>0, v = 0(S8 arbitrarily small but independent of €) and a para-
bolic boundary layer of thickness 0(ve), for a=0. This would suggest
that a parabolic boundary layer is an unusual phenomenon in physical
problems (e.g. in magnetohydrodynamics).

It is the aim of this study to demonstrate that there is a
smooth transition from one type of boundary layer to the other for
a > 0. In such a transition interval the ﬁoundary layer will have
properties of both the parabolic and the ordinary boundary layer. Al-
though we obtain a similar formula as Comstock[1], there exist consider-
able differences in the interpretation of the result. For instance we
do not find a boundary layer with abubble shape. According to our idea
such a type of layer occurs when the tangency of the boundary with the

subcharacteristic of L1 is of higher order, see [6].

2. The ordinary boundary layer

Substituting (1.6) and (1.7) into (1.4) and letting € > 0 we obtain
various limiting equations depending on the values of a1,a2,81, 62 and
Y. Taking in account the matching principle and the boundary conditions
we find a certain number of significant approximations. The value of
Y determines the configuration of solutions. Such a configuration is

sketched in a 0 ,B-diagram, see for example the figures 2a and 2b.
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For vy = 0 we distinguish the following significant cases.

(a) The ordinary boundary layer along the line x = 0

For o = 1, Bk =0 (k = 1 or 2) we have the limiting equation
2
3121 +aglg—=o (2.1)
9 k k

The significant approximation satisfying boundary condition (1.5c¢) has

the form

_agk
U(Ek,y) = f(y)e . (2.2)

(b) The ordinary boundary layer along the line y = 1

2
8V ¥ -0 (0,=0,8,=1) (2.3)
N2 an 2 2

N5 2

Clearly this problem has the following solution

-bn2

Vix,n,) = glx)e . (2.4)

2

(c) The corner layers near(0,0) and (0,1)

For ak=6k=1 the limiting equations are

2 2
W, W oW W,

2k N 2k +a éék + (-1E %_E =0 , k=1,2 (2.5)
8, an_ k "

(k=1 corresponds with the corner layer near (0,0),and k=2 with the corner
layer near (0,1), see figures 2.abc). Tha boundary values are, respect-

ively

W(E0 =0 W (o) = £(0), (2.6ap)

W_ (& ) = £(1). (2.6cd)

2 2’0)

g(0) w.(o.n

2 2

Moreover, the functions Wk are required to satisfy the matching condi-

tions



w1(£1,n1) = £(0)e 1 for n, > >, (2.7a;
_agg

W,y (E,m,) = £(1)e for n, > =, (2.7b)
—bﬂ2

W,(E,5n,) = g(0)e for g, >, (2.7c)

For the solutions we write

and

exp{—%E_,1 22 +po+HIAS +

W1(‘S1 9n1) =

+ dn (i)} —3— ar (2.8a)
LX"+b
=bn -af
Wy (E,n,) =g'e C (e © o+ (2.80)
hg” ‘%a€2+oo 2 2., .2 A
- J exp{-2€ Va ™ "+hA" - In (b-2i0)} ——5 dt +
m e UA"+p
1'b Foo
-1 A
be(1) 72 J exp{-In Va+0?+in® _3E (a-2i))} —*— dat ,
ML : l}>\ +a
g =g(0) . (2.8¢)

Since for A= 3ib the integrand of (2.8a) has a pole with a residu inde-

pendent of n, it is easily seen that condition (2.7a) is satisfied by

taking a contour as given in figure 3 and by letting R,n1 + o, The

properties (2.Jbc) follow straight forward from (2.8Db).
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3. The transition boundary layer

For 0< y<3 we observe some changes compared with the situation
of the preceding section. The local solutions in the corners follow
from (2.8ab) by taking a = 0. The ordinary boundary layer increases and

will have a thickness of order 0(81_Y). Moreover, two new significant

approximations are considered B
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() The intermediate layer
The function X(£1,n1) has to satisfy the limiting equation
3% | 3% X
> + aag - ban =0 (a1=1-Y381=1_2Y)3 (3-1)
& 1 1 '
and the boundary conditions
X(0,n.) = £(0) ,»  X(g,,0) = 0. (3.2ab)

The matching conditions are

. -1 - .
lim W1(€a 51,62(a 1)1']1;23,=O) = 1lim X
>0 ‘ €>0

1-y<a<1 (3.3a)
_ag 1
and lim X(il,nl) = £(0)e . (3.30)
n,>® ‘

It appears that the solution of this problem already has some proper-
ties of the well-known parabolic boundary layer solution in the case

of charateristic boundaries (3.4)

-af £ 3 i
X(€1,ﬂ1) = Eégl {e 1erfc(§lJ§% - %ng) + erfc(glvg? + EJ;E)}



We used the name "intermediate layer'" to express that the layer forms 2
linkage between the corner layer and the ordinary boundary layer. For
increasing Y this layer grows in thickness with 0(81_Y) and in length
with o(e ~2Y).

The solution (3.4) satisfies condition (3.3a) which can be under-

stood as follows. From (3.4) we deduce that
g1 2
X(g,,n,)=f(0) erfc(zr#a-? for n /g7 = 0(1), 0<g <<1
; !

For the proof that on the other hand

El-‘——) f /€2 = 0(1), £,>>1
2 'n, T Tl e 5770

o'

W1(E1,n1,a=0)=f(0) erfe(

we refer to Temme [8]. He shows that for &=p sin V,N1 = p cos V the

expression (2.8a) (with a=0) behaves as

-+co
1 —
%%91 e2P oSV J exp {-3p sinV 2+ 0 cos A.
i} —2— =
UAT+b

£(0) erfe(ypob sin%) s p>>1 , 0=v<m/2.

Thus for v,p = 0(1) , p>>1 we have

W, = £(0) erfc(gyk/%s.

(e) The ordinary boundary layer along y=1 near  (0,1)
The significant approximation has to satisfy equation (2.3)(a2=1-y,62=1)

and match three other signifiééht approximations:

_bn2
Y(g,.n,) = 8(0) e for £, > % s
WE(Eg,nz) = Y(O,ne) for £y > s
_ag2

Y(Eg,ng) =f(1) e for n, >,



If we substitute the values a=0 and g*=g(0)—f(1) in (2.8b), then it is

readily verified that the function

ek, -ty
Je

Y(Egmz) = (g(0)-f(1)e (3.5)

fullfills all conditions including the boundary condition Y(%§.,0)=g(0).

29

4, The parabolic boundary layer

For Y=3 the ordinary boundary layer vanishes, and the intermediate

layer transforms into:
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(f) The parabolic boundary layer
°z . 82 .0z
— +t &~ -by--cl =0 (0,=3,8,=0, k=1or 2). (k.1)

1 oy ~

The solution that satisfies the boundary conditions is written as

(L.2)
Z(Ekay) = —23{—\/% e 27k J f(P) eXP{h(l.;_p) - (,_l,a,2+c)(y—P)}( : >3/2 ’
y-D/

0

so that the boundary layer solution (3.5) transforms into

_bng

Y(Egang) = {g(0) - Z(€2,1)}e + Z(E,,1)

23
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From (4.2) we may conclude that Z remains regular for a -+ 0. Therefore,
Y>3 has not to be considered as a separate case. This means that the
parabolic boundary layer solution is represented by (L.2) in alle cases
where the boudary coincides with the subcharacteristic of L. with an

1
accuracy of 0(ve).

Remark. For the construction of a uniform asymptotic approximation the
reader is referred to [6] where for the Dirichlet problem of (1.1) in

a stricktly convex domain G it is proved that by an appropriate com-
position of significant approximations the exact solution is approxi-
mated uniformly in G within a certain accuracy.

For this problem a similar proof can be given.
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