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On Kelvin and Poincaré-waves in a strip.q)

1. Introduction.

In this report we ghall consider elementary solutions of the set
of differential equations 2)

ou oy .

5§+5§+1w¢=0
Hw+hﬁz—ﬂv+w%%=o (1.1)
Ly 4 (1w Ny +%%- = 0,

which are defined in the region D: O&«x &7, qu‘:y < Wbe (we may have
b= - o and / or b=
the following boundary-condition applies

+ @) and which are such that at x=0 and at x=7
3).
u(x,y) is continuous up to x=0 and x= % and u(0,y)=0, u(w,y)=0,

for *b,dy {Th (1.2)

1 2°

In the equations(1.1) {Land A are non-negative real numbers; w
is a complex number which we assume, however, to be limited by the
conditions

Re w >0, 0O ¢Imw <A . (1.3)

It will be convenient to introduce the complex number } ,
defined by

2 def W-iA s
b = ===, -5 <arg A &0 (1.4)
T

Since by (1.3) O farg we¢X , -

= ¢arg (w-12) £ 0, we have
w=12

- T ¢ arg £ 0, hence the condition in (1.4) can always be satis-
fied.

By variation of Im w (between zero and XN ) it is easily seen
that we shall always have

N
~arc tg ?’éE"CT‘ ¢ arg | £0,

i

the minimum being attained for Im w = % A, On the other hand, if w

is real then arg X = -5 arc tg %} > - % for all values of A

Obviously,if A tends to zero, ﬂf tends to one. The factor /% can
be used for a formal elimination of the parameter A from the equations
(1.1). Indeed, putting ('= z%u, Q= 0/), u'= L u, vi= J v, we see
that (1.1) reduces to :

1)} Research carried out under the direction of Prof,Dr D. van Dantzig.

2) For the physical meaning of the variables and constants we refer
to foregoing reports,

3) In physica’ terms: the lines x=0 and x=T7 are coasts,

4) It may be shown that the second condition is always satisfied if w
is a free frequency of the system (1.1) in a closed domain at the
boundaries of which either & =0 or n1u+n2v=0 (With 04505 components
of the normal).



u' |, dv! C

-5—-}-(—4'-5—3]—'}'1&)&.30
26

Twhu'- vt == =0
?

Qluiti wivt 52 =0,

whiech is formally equivalent with (1u1) when there A is taken to be
zero, We shall not use this formalism in the sequel. But the above
remarks may illuminate the fact that in the follewing formulae [
alwais will oceur in one of the combinations Q%u ,11/3’, 1 u or ]fv.

2. Kelvin- and Poincaré-waves.

We first may try to find solutions of (1.1) for whieh u(x,y)=0
throughout D, In this case the boundary-conditien (1.2) 1s automatiecal-
ly satisfied,

Such solutions indeed exist and they are easily seen to be

&O(x,y)ggf CO+ exp ( é} (x- 5) - 1 wXy) +
L 0, exp (- %%-(X— B+ 1w)vy), (2.1)
v_(x y)dzgf =2 exp { L (x- Diw)y) + ’
o\he X X 2
C
- —753 exp (- =& (x- v 1w )y).
+

The constants Co and CO" are arbitrary complex numbers,

If Co"=O then (2.1) elearly represents a progressive wave in the
direction of the positive y-axis (when the time-factor el 4y
adjoined). If A =0 and accordingly w 1is positive (and ¥ =1) then the
wave 1is undamped and moves with unit velocity. The particle-velocity
is everywhere parallel to the coasts but the force of foriclis causes
the amplitude of the waves to be increasing towards the right side of
the wave., If J #1 then the behaviour of the wave is somewhat more
complicated, If «w is real (so that we have strictly periodic motions)
and A >0 then we see that the amplitude decreases exponentially
towards the direction of the wave. Some aspects of these damped waves
have been discussed recently by PROUDMAN (1954) and SCHONFELD (1955).

. Of course similar statements apply to the case CO+=O, in which
case we have a wave in the direction of the negative y-axis,

We shall call these types of solution Kelvin-waves.

Another type of solutions of (1.1) which satisfy (1.2) is found
if we suppose u(x,y) to be proportional to sin nx, n=1,2,.,, . '

Let for n=1,2,... the functions fn(q)(y) and fn(ej(y) be defined
by
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e (1 (yy def ¢

e M +C 7 e MY

n n (2.2)
def . + - .
fn(g)(y) = ¢ T ™M - e MY,
where
def 2.2 2 2 ; 7
/u,i ef n2l W Yo +05/ 7, -g— (arg/um_/:% (2.3)

+
and Cn" are arbitrary complex numbers,
Then by substitution it 1is easily verified that we have the
following solutiong of the system (1.1)

l_ﬂ/u
& (%5 yaef fn(q)(y)oos nx - — a fn(g)(y) sin nx
2 2,42 0w
Un(x,y)qgf 1 2 gjl /X fn(qx(y) sin nx (2.4)
S ATnw ,
vn(X,Y)QSf - Létj {fn(g)(y)cos nx + ;jis)fn(q)(y)sin nx}.

The waves which result when to this type of solutions the time-factor

eicot is adjoined, are called Poincaré-waves, these are of a more

complex nature.

If A=0 and accordingly t is positive and X =1, My is eilther
positive real (if ne- w2+112‘>O) or a positive imaginary. If cn‘zo we
have in the first case something like a standing wave in the x-
direction with an amplitude decreasing exponentially in the direction
of the positive y-axis. The particles move in elliptic orbits, except
at the boundaries x=0 and x= %, where u=0, In the second case we have
products of progressive waves in the direction of the positive y-axis
and standing waves in the x-direction. The velocity of propagation is

in this case
w w

C = = - . -
I Y SRR

3

hence depending on w and (for fixed n) decreasing to unity if w
tends to infinity 5).

If A >0 then the behaviour of the Poincaré-waves is still more
complex. Since then Re Ma 2> 0 we have,for all values of n,products of
damped progressive waves in the direction of the y-axis and standing
waves in the x-direction. But of course, if A 1is small then either
the exponential decrease or the progressive-wave-character dominates.

For more information we again refer to PROUDMAN and SCHONFELD.

It should be remarked that if «ww is such that for some integer N
M=0 then for n=N the solution (2.4) only contains one arbitrary
constant. It may be verified, however, that in this case solutions are

- e e e o R G e o e e e

dec._ =1

. . w
5) The group-velocity, defined by cg:cp(ﬂ- E; 33?) proves to be
cg:cp"’l and thus 1s always less than unity.
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i

aﬁ(x,y) = (CN—DNy) cos Nx - —5 Dy sin Nx
. A Nw
uN(x,y) = - —ﬁi (CN-DNy) sin Nx (2.5)
1

i

BN
D cos NXx + =5 (Cy=Dy¥)
X2a) N XEN N N
which can be obtained formally from (2.3) by taking fN(q)(y)=CN—DNy,

/‘nfn(g)(y)zDN’ ‘UEP( 2 _(12/)( 2=N2.

VN(XJy)

3, Completeness of the system of Kelvin and Poincaré-waves,
In 2 certain way (to be made precise below) the solutions
considered in section 2 constitute a complete system,

If we are concerned with flows in the domain 0¢x ¢ T,
wbq Ly é‘wbg then it is natural to require that <i, u and v are
regular in the interior of the domain and that the only singularities
will occur at the boundaries and more specilally near the corners. To
be more specific, we shall require that u(x,y) is twilice continuously
differentiable in the semi-closed domain 0 £x £, Th, ¢y <¢Th We
then may prove the following
Theorem
1f 1° the functions <i(x,y), u(x,y), v(x,y) satisfy the differential
equations (1.1) in the domain 0 <x <, mwh, Ly e Thy;

2° u(x,y) and v(x,y) are twice continuously differentiable for
Oéxoéﬁ', 'n-b,] <y<7rb2;

3 /] 2’

u(0,y)=u(m,y)=0 for wb
+
then uniguely determined constants Cn"(n=0,1,...) exlst such that

g 2°

Ly ¢Th

8

& (x,y) = C,(x,7)

=

!
™Ms &

u(x,3) = 2 u (x,v) (3.1)

0

>3
Il

v (%)

(s

V(X:y) =
¢

o]
il

where the functions tn’ u, and v are defined by (2.1), (2.2) and (2.4).
The series in (4,1) shall converge uniformly in any closed domain
0&x ¢, wh + § ¢y éﬁbg—g with & > 0,arbitrary.

Proof,

Let é,u and v be given functions which satisfy the conditions of
the theorem,

From the equations (1.1) we have

u = - X_qkngiiw){ -%f:% + (L2/%) _aa—%-ﬁ
-, - P .

TR ) 2o ey 25

v

it



5=

A~ kPG = 0, (3.3)
wnere 15 & (0 /7)%-0F) B e ( 0F-(w-1n)?) | (3.1)

If u and v are twice differentiable, then from (1.1) 1t appears
that & is three times differentiable, whence from (3,2) and (3.,3) we
find

Au - k% = 0 o (3.5)
Now let the functions C_(y) (n=1,2,...) be defined by
s
Cn(Y)qgf % j u(x,y) sin nx dx, (3.6)
0

~

. D} .
Then we have, since u and 5% are continuous for 04 x ¢ ™ and u(O,y):
=u( T,y )=0

™ 5 -
2 { 3~§ sin nx dx = - 2n { EE-cos nx dx =
¥ o ?x L 2
™ 0
- ~ S X,y)sin nx dx = -n? Cn(y) (3.7)
o}

2
And, since ——Z is (two-dimensional) continuous,
2y

o 2
2 a-c
2 27U . n
= 5in® nx dx = 3.8
“’i byg dy2 (3-8)
combining (3.5), (3.6), (3.7) and (3.8) we find
2
d—C ;
_En%.- (KFm®)e, = 0 (3.9)
y

Henece the functions Cn(y), which are derived from the given
funection u(x,y) by (3.6) satisfy the ordinary differential equation
(3.9). It thus follows, that uniguely defined constants Cni (n=1,2,...)
exist, such that

"“Q?/X (c,* M - e/’“y), (3.10)

c - 4
n(y) ' x n w

when u is defined by (2.3):
2 -
Moo= n°- w27(2+ﬂ_2/)(2= n2+k2, - ’§'<ar'g M g

Let & be an arbilitrarily small positive number., Then since the function

2
o u is bounded in the closed domain O¢X ¢ T, Th,+ 3 ¢y« Thy- by
% have from (3.7) and (3.10)

+ - L= ALY
Cn v /hy+ Qn e 0= O(n ):

uniformly in the interval 'Wb1+ ¥ ¢y S'ng— S, whence, since Re/an> 0
for sufficicntly great n, it is casily dorived that
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o -
¢, =0 (n 3 exp ((7rb1+ S )Re /Ln))
- -3 (3.11)
Cl’) = 0 (n exp ((-’Tbg” § )Re /un));
which implies 5
- MY - MY _ -3 Re wm
v Cn+ e B +C 7 ¢ P2 o(n 2 e oy, (3.12)

uniformly in the interval wb4+285y.éwb2—28,

Now let the constants Cni-be determined by the glven function
u(x,y) in the way indicated above., With these constants we construct
the functions Cn(x;y), un(x,y) and vn(x,y), as defined by (2.2) and
(2.4), Then, in view of the estimation (3.12) and the fact that
Re M N for n - o the series

1UMXJ)=UWJ)

Me 7178

e, y) 20 e (kL)

def
v (%,5) =" vi(x,y)
/‘

>
it
BN

=
It

will converge uniformly in the c¢losed domain D': 0L x¢ T,
rbqﬁﬂ'é y ¢ ™b,y=28 . By (3.6) and (3.10) the sum of the first series
must be the original function u(x,y). Furthermore the series are
differentiable term-by-term in D' and since each of the sets
(¢,,u,sv,) satisfies the differential equation (1.1), the set (&',u,v')
does 80 as well,

From the linearity of the differential equations (1.1) we now
infer that the set (¢&'= &- &', u"=0, v'"=v-v') also satisfies (1.1),
which equations reduce to

tH
2; Filiwd" =0
o it DC”
Tw)v" + =7 =0
At
_ov" oy 2 = 0.
2 X

From the first two ecquations we infer

&= o M(x) e WAy ¢ "(x)et WY
V” - 7{ CO+(X)€—iU)Xy “X_/l CO"(X)eiwx y’.

whereggs from the third equation we have

ac £
2= 2 (/) 0 E (x)
hence Coi (x) = Coi ot (2 /X)x ,
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so ¢" and v" must have the form (2,1) with uniquely determined
constants Coi .

Remarks.
1. From the proof of the theorem it is clear that if we are dealing
with flows in the semi-infinite domain Tqu <y < e© and C,u,v remain
finite for y — e, then Cn'=O for n=0,1,..., unless A=0, w is real.
In the latter case we may have C_~#0 and C_"#0 for those values of

o} n
n »1 for which 4 1s a pure imaginary (i.e. for n'<Vcoz~£1 ).

0. It is clear that if w and £) are such that Vw©-0°

integer, the theorem and the proof must be modified somewhat, We shall

is a positive

not go inteo these details however,

3. In later work we shall meet the case that on the line y= qu,
0¢x ¢ ™ u(x,y) is continuous except near the points x=0, X=7 , where

we shall have u(x,'wbq)nax'1+'d1 i u(x,’rbq)rv(7r-x)"1+°%3, with
O«fo(,1 5 ¢ 2, It then may be shown that we have
¥
-
Cn('ﬁ‘b,l) = O(l’] ),

with o = Min(e,,e,). This implies that the series for & (x,y) will

converge uniformly up to y= qu.

4, Some auxiliary cstimates.

In the course of following work we shall need some information

concerning the complex numbers

L2
def iX“nw
= L=, n=1,2,..., (4.1)
o e ’
the inverses of which occur in the formula (2.4) for & (x,y) in the
case of Poincaré-waves, And especially we want to know whether

\Jﬁ[> 1 or <1,

A, We shall first consider the case A =0, w real (and hence ]:Ez
In this case

kh = 1 . (4.2)

Il - w
T EE

We shall now prove the followling statements:
1. I 0 < Ll <1, and
o) 0 ¢ w <, then Ll €15 p=152,00.
p) w=0, then Vo=1s n=1,2,... ,
é/) (A))—O"’ then ld/ni>/|’ n=/],!2,|o- 'y

e o o e A T wm e wm em @ SN @

6) Compare e.g. BROMWICH (1949),p.494%, ex.5.



II. If £1>1 and
d) O(W(..Q, then \Xn}<q, 1’12’1,2,... ¥l
/5) w=<, then {n=i’ N=1,250..

D ——
y) Dcw <Q\/—*1—” , then [ f 121, n=1,2,. .,

. ;xQ?_q

—r—
Q

5) QLEJQ'N/ 02+3 , then
~<_L f 4(\74.3.._().
}{f/n\i_/‘ Of'l’]_;:_;m-

The statements I o, ITA, IT<, ILp are gbvious from (4.2),

i N >
If w >{land n2 >uﬁ—»Q? then \/%_ Jﬁ——524 is positive and < 1, so
Jn 18 pure imaginary and [y ¢} Loy, , )
n n oA 2 2 2 2 0
We thus are left with the cases 1w > Q, 14n< Vw0 (if n“=w-Q

then [ = c0 ), In these cases /p 1s positive and

X 2_ /ugn2 -1+ w2+.92 { nz_ 02 a?-_ﬂg%
i -ﬂ?(zug-.ﬂg—na _QQ(UJ2~11?-n2) Lu§+11§
2 u)z- _Qg (4'3)
If gex ——2—‘—? Ve /1, (4.4)
Lo +Q

clearly 3%2 >1 for all values of n of the range to be considered
(1 4n Au?-ilg). Since (4.4) is equivalent with

W0 o) £ 02(0°%),

/_QE
this situation occurs if either 0 <fL ¢1 or )31 and <) 12+q .

a=-1
This completes the proof of I y and II)/

—4-—-—2—-—»——,
If, however, lea-ﬂ and cug,g_Qg ‘Qé+q , we have
07=1
2 2
2 L L) 2 2
/15__(-1 ——“72-———§l(«()—[l,
W+ 0

and from (4.3) we see that in this case

/2 > o Jwea
30L 1 for n j.fzv'"é“‘—ﬁ s

w + -0
which completes the proof of II & .

AN\,

B. In the case A > 0 and (v complex the situation is more difficult.
Here we shall only prove the following partial result:

If 0 € A4L Y2 Re w and |w+iA| ¢ (L (4.5)
/.7[’ —
then | fh[ < 1 and O £arg {n” = for n=1,2,... .

This clearly corresponds with the statements I « and II &« made above.
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Since 0« Im w < A, we may put for shortness Re w = Wy Im w = 04,
0 £ § <1. Then

-1(1- 6 )7
. 0 2 Yy
W = [AJO+'1 gx 5 X =

cuo+i9 Py
and (4.5) is equivalent with
0€AE3VE w ; 07 dw Pe(1+6)7 A%, (4.6)
Now Re( 02/ 2= L2y ?) -
= Re [_Qg (::i?'l@fg X - (wo+i @A)(wo—i('l— d) 9\)] =
2 2
LR Luo2— 6(1- 92),12 _wog- b(r- 0192,

w (1= 8) N

2,2 2.2y 3. ne Ny
Im ( Q7%= ™Y %) —‘Rtoléu02+(1- 9)2;\2 + 1-2 l

Henee, by (4.,6)
Re(n2/x%- wfx?) >
> Lo (14 0)2 A (%= 8(1- 9) APY - B+(1- 0)% 2B {fw, B+ 6 (1-8)27%

Q,,62+(1— 0)% 2%

2 6 A2 [ (1+6)w -2(1- 6)(1+6%) 2 2]
- w02+(1- 9)° A°

>0,
since by the first condition (4.6)
2(1- 6)(1+ 6°%) A% ¢ (1- 8)(1+ 6%) w "¢ (140) w B,
Furthermore, by (4.6)

2,2 2.0 ne
Im (N°/7 "= w )2 A w - 1 2 0.

2 e 2~ 2
So, since Lo = 1 + 27/ —éu 1 , we have
n n
2 2
yr
Re n2 > 1, Im Zﬁ%—.g O, for all n=1,2,...
n n
hence
M A T
|’21 31 and 0 £ arg L ¢ T
2 - . ~1(1- 6 )A
Finally, since Xw _w-ir o s
0 0 L2
2 N 2
‘ A w I (1 and - ﬁ / arg X 400,
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» 2
Combining these results, we see that for % =1 X e . D the desired
n 0 Mn

properties follow.

5, Propagation of energy by Kelvin-and Poilncaré-waves,
We shall now suppose that A =0 and that w is real. Then by the

theorem of section 3 every solution of (1.1) in the domain 0 <¢x < T,
Tb, <y € Tbg which satisfies the boundary-condition (1.2) can be

.1
represented by the series

00

é(x,y) = __7:_ Cn(x,y)
n=0
s

u(x,y) = L un(x,y) (5'1)
N="
&

V(Xsy) = >_._,_ Vn(xsy) g
n=0

where now

Col%,v) Co+exp(£1(x- %)~iu)y)+ C,~

it

exp(~ (x~ T+ 1wy),

e o
¢ i

vo(x,y) = ¢C Texp( N (x- é)—iu)y)— ¢,  exp(-L(x- §)+ iwy),

o
ifu
Cn(x,y) = fn(q)(y)cos nx - E—ZTE fn(e)(y) sin nx |
2 2
. + 0 .
u, (x,y) = -1 EZTE_“ fn<1)(y) sin nx
1m ;N :
n 2 w
vn(x,y) = - {fh( )(y)cos nx + %7;; fn(q)(y)sin nx%

(Vo) = v ™0, o = A7 @)y o+ MY - Y
£ (y) =C e +o, e, I 7(y)=C, " e -C, € i
M= m/n2-1u2+112 , arg A =0 or g .

We shall now calculate the fcllowing integral
‘ T
S def < ~S Re [v(x,y). Z;(X,y)] dax, (5.2)

0
) wherezz denotes the complex conjugate of (o
From the differential equations (1,1) it may be proved that
> Y Y
- Re [g;-(u o)+ gy(v ¢ )] =0, whence by Gauss'theorem and the fact that
u=0 for x=0, x= T 1t follows that S is independent of y (for
vrb1<y<7Tb2).
In an other report we shall motivate that S may be called the
mean flux of energy through the line y=const, 0 ¢x £ 7in the direction

of the positive y-axis.



-

The calculation of S is most easlly effectuated with the aid of the
following remarks.
We have

Co(%,9)k v (x,y) = 2 CFexp (+Q(x-5) F iwy)

0

CU(X,Y)i,Vn(X,Y)={fn(1)(y)? Eﬁ?ﬁ £ (2>(yﬂ(cos nx

N sin nx).

n
New by direct calculation 1t appears that both sets{tfn+(x)g and
{q)n—(X)i 5 n:o,’],... ¥l

where + N
@o (x) = exp (+ O (x- %)),
@ni (x) = cos nx if% sin nx, n=1,2,... ,

are orthogonal over (O,7r)?)
Since furthermore

w
[exp (22 0 (x- P)ox = 2=,
0
" n 2 L8 0®
S (cos nx + 7% sin nx)< dx = 5 (1+ —?—),

O

we have (in virtue of the uniform convergence of the series (5.1))

\ 2 + 2 gh 7{L
J‘C‘i vIi© dax = 4 |CO { =t *

N

O
_ 2
D N e A R N O

n="] n

With these results we find for S:
T

1 g L 2 2 Sh'u‘_Q
S = I +vi = 1 & =v dx= ic
8 0 { S 20 ( o

>© 2 i
v (e =y e, (i) 22 e (B 2 e

'Tr
16 n=1 n t n

T T 2n ©
. Now fn(qj(y) f

,;"Ey Re /“'n_

(>

gy e F1

b ’~21y Im,un s - 21y Im,un B

C e - o0 e =

2yRe u foo - -21y Im,an

+ 21 Im(c_"T_Te ).

= o _*|Z 7 ReMn g
n n

—12 e n

n
7) By application of a criterion of DALZELL (1945) (see also TRICOMI
(1955) it may be proved that these sets are complete over L2(0,77)
as well, We shall not use this, however.
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Hence im '
re 452 2,070 £, P §-
#n I - . 2 J.P. 02
e mC. "C~ if u  is real (n% >w©-07),
) . (\c +\2 \C —\2) if is a pure imaginar (n2 cuz-.Q?)
So finally 8)
h +,2 2
§ =2 2"ﬂ (1o 1= 7]%) +
A 2
T p Q 12 -2
+ 21—“—)- 1‘1,]2(“2_&2 (1+ ——1:;?) I/An‘(‘cn \ )Cn i ) +
P ) (1+ 512) Im (¢t E—’) (5.3)
2w - ) A n “n /° .

Formula (5.3) admits a number of statements in physical terms,

a). By Kelvin-waves an amount of energy is propagated in the
direction of the waves, which is proportional to the squared modulus
of the "amplitude", By interaction of Kelvin-waves of different
direction no energy 1is propagated.

b). By Poincaré-waves of progressive-wave-type (/xn imaginary,
2 2 2
n ¢ w - 0)

an amount of energy 1is propagated which is proportional
to the squared modulus of the amplitude. By interaction of such waves
of different direction no ehergy is propagated.

¢) By Poincaré-waves of damped type (/xn feal, n21>uﬁ-.ﬂ2) no
energy 1is propagated., By interaction of such waves of different
direction energy may be transported, however,

d). No energy is transported by interaction of Kelvin-waves and
Poincaré-waves nor by interaction of Poincaré-waves of different

index,

If the reglon under consideration is infinlte: wbh, Ly< @, and G,
u and v remain finite for y —=ec@ we have Cn+=0 for those values of
n 21 for which n2> u)z—ilg. Hence the third sum of (5.3) vanishes in

this case.

o an  ww v - o o

8) If it happens that w - NN
™ ) > O &) = 5
e Im(CyDy)» where Cy,Dy are the constants of the solution (2.5),

2 (N a positive integer), a term

should be adjoined.
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