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§ 1. Introductio
In this report |
of a gilven real function

we shall consider the following exXxpansion

D
f(x) = j;; bn Sih(h%w%dﬂﬁ) 1o
C N=

in the halfperiod interval 0£ x £ 7w, The &E are glven con-
stants, which will satisfy the conditions

o =o+ 0(n0)

_ , O 5

for n-—=co and
~1 < Reo, <« 1 ,

We shall also consider the expansion

oo
f(x) = }: an gin(ﬁxwédn*m) 1.9
N=0

which differs from 1.1 in having a constant term.

These expansions have been investigated by H.A., LAUWERIER 2)

and G.W, VELTKAMP. The former obtalined the following results.

Xpansion 1.1 is generally possible 18 it 1s required that
bnw%ﬁo for n —>co , The coeificients bn appear to be of sub-
harmonic order m1+{Recx{ {'or n-%0ﬂ%N§Xpansion 1.2 13 general-
ly possible 1f 1t 1s reqgulired that E:k%J<:co . The coeffi-
cients a, appear to he of hyperharmogic'order wﬁmlRecx{ for

N —» 09,

In the simple special casc X = o 1t 13 possible to determine
the expansion coefficients in the following way.

To the setf

3)

sin(nx - $xT) , n

the following set of biortnogonal functions 1s assoclated

m
4 T |
kK (x) = 2 tan £x O e sin kX m o> 1.
m( ) = éf;..a.,} MoK 5 ~ 3
W= l
wherec the ek are defined by the generating ffunction i
1) Reasearch carried out under the direction of Prof.Dr D, van
Dantzlg, Y

2) H.A., Lauwerier, On certain trigonometrical expansions.
Report TWU3 (1957) Mathematisch Centrum.,

3) In Lauwerier's notation is o =-2.t,
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The first few coefficients are

3 B 2
EO v— q e/l e 20( 62 i 2& o
We also note the relation
2 " A
= f’can %X sin kx dx = -sec 2« €y s kK >21. 1.5
O
In view of the orthogonality relation
1 f @ ,
% J K (¥)sin(nx-3®mT)dx méﬁ,n , m,n > 1.6
the coefficients bn can be written as
’ TC
?i“[f(x) k_(x)dx , n et . 1.7

'he more general expansion 1.1 can be reduced to a set of
linear equations in the following way. Since the set

sj’.n(nxwé- D(nn)g n21 ,

is asymptotically orthogonal to the set k (x)g m>1, 1t
seems appropriate tTo deturmlne tne coeff101ents b from

02
S Cp nPp = ﬁff Xk (x)dx , m 1, 1.8
N="]
where ’ T
ﬁ:jf k )sin(nxm%dhﬂjdx., m,n >1, 1.9
O i
It will be shown in 5§4 that the Cm , Can be expressed 1in
3
terms of coefficients
TG
_ ] ﬁ 1 . _ -
emjn = = fkm(x)81n(nx+§oc'rc)dx, m»1, n integer. 1.10
O
Comparison with 1.5 shows that
e = -0 for n< -1, 1.1

m,n m, -n

For these coefficients the following relations will be proved

) 1.12

n_ ¢ _aam
(~1)"n e = (=1)"m h m

m,n



m(em_*_,] ,n o m=- n) + (0 )emﬁn-l-/}”(n“q)emﬁnw’tmo’ 1713
em+ﬂ3n+em~1yn“em,n+1“em§nmﬂm em,oeﬂﬁn f 1. 7%
€m0 = Cm 1.15

“m,n = ™ )k -n+2k 1.16

Since the coefficients em.n and e depend on X, we shall

sometimes write em'n(a) and en(mj, For coefficients with
3
opposite &K we shall derive

emm(o&) : 1.17

The rapidly convergent expansion 1.2 may be treated in 8

similar way. We first consider the casec mhch, Then to the

set
sin(nx-4 & ) n s 0,

the following set of blorthogonal functions is assoclated

h (x) = ctan T Ax

z €. emwlr(o{ -1)cos kx, m 20
1.13
iff O <X <11 and
m
S+ - _
hﬁxxj = tan @ 53X 20k gmwk0x+ﬁ)cos'mxﬁrnaw)
- 1@19
if ~1<x <0, (&=1, &=2 (k2 >1) ).
In view of the orthogonality relation
1 " ,
1 [n (x)sin(ox-boam)ax = S, m,n 20, 1.20
0O
the expansion coeflficlients a. can be wrlitlfen as
jrf(x h (x)dx 5 n >0 . 1.21

In the case of thc more general expansion 1.2 the expansion
coefficients again can be determined from a set oOf linear

eqguations viz,

<G
il 1.20
d = ff dxj m =1, .
O

where



I

T

d : 1

dm,n = | b (x)sin(ox-3 ST)dx, m 20 . 1.23
O

A8 1n the previous case the dm . Can be expressed 1in terms of

coefficients
TC

7 ﬁ ! _
fm,n = = fhm(x)s:x_n(nxjt-—gomt)dxﬁ m >0 , 1. 24
O

but tThese coefficients will be shown to be related to the

emjm according to
fmjn(m) == men}m(ﬂmegj 1> X >0 , 1.25
fm}n(mJ = menjm(wﬂquj -1 <X <O .

¢ 2. The coefficients e :

In this section we prove formulae 1.12 - 1.17. We first

derive a generating function for the e n According to 1.6
and 1.10 we have

TC
g : '
= fkm(x)gln(nx—%ot‘m)dx =0

n.n m,n 21,
e
1.
= ka(x)sin(nx-@dm)dx = € m 1.
Addition and substraction vields
. yie
o 1
— n n: = SeCc 5o 2] m,n 2~
Tt»fkhxx)51 nx dx sec 3 (emjn+ mjn)ﬂ 0 27,
O
A o |
o k - O S P4 K = = %"Q{m & MC§ m>‘1 N 2 O¢
= [ p(x)cos nx dx = cse paT(e  -d ), m>1,n3
O
Hence we have o
- O :‘!."... 7@ -3 4
km(x) = gec 5 i;'(c +é&3n)bin nx, m » 1,

s) CcoS nX m > 1.
mjn) g 7

From this formula we find the generating function +)

L) This generating function is due to a suggestion of
H.A., Lauwerier.
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This Tormula has been obtained for m 241. By means of this

expression the €. n can also be defined for m<0O, nx 0.
3
Then we have

®nn = Yom.pn 2 MSD, n20. 2,2
If, in 2.1 we replace x by T-x, we find

QI

cos(mrx+zxTM) = > (-4)0 ¢

cos(nNx-3xTM 2.3
Ne 0 Im , T

Comparigon of 2.1 with 2.3 immediately vields 1.17.
Relation 1,14 can be proved as follows

Infnwﬂ)cos(nx+§Mﬂ3

. s ! . _L
m,nCOs (NX +5oLTT) tep O 08 ( X -5 KTE)

because of e =0 (comp,1.10),
mg"‘"’}

Tdentification of corresponding coefficients yields 1.14.
Diffferentiation of 2.1 and 2.3 yields

ne sin(nxX45 W) 2.4

m sin(mx-5&TC) -
J

i

)m+ne

m sin{mx+s <) n{ -1 sin{nNx-5®&W) 2.5

m,n

Multiply 2.5 with
find

and integrate from O To

f e 9) == p(m/})mh}_pe

m,n  p,n m, P

in accordonce with 1.12.

Relation 1,13 can be proved by means of 2.1 and 2.4, We have

m(e -e )cos {nx+: & TT)

m+1,n "m-1;n

= m COS { (m+1) X =5 oi‘l't:}w m COS { (mm’l)x--%mm\}



- ii sin x g;; g im}n51n(nx+§m:?)

= %‘1 n e 3ncos{(n+’l)x+—§-oﬂi}m Z n e ,,nCos { (n*")x%dn}
- ri="]

= > {(e-tey o am(nst)ey Y cos(merbam),

because of e =0,
my“/l

ldentlfication of corresponding coefficients yields 1.13.

For the proof of 1.15 we first show

iem_k(c&)ek(mo() = JJ . 2.0

m, o

O

Indeed we have, because of 1.4,

4 ’l+:’3)°((1+s>“°(
1-8 1-5
O

t

i
M

&
=

sX 89in KX O4dX

because eomﬂ,

We shall prove 1.106 by induction. By substitution 1t is veri-
fied, that 1.16 satislies the recurrence relation 1.13. More-
over for n=0 1.16 becomes identical with 1.15 which we already
know to be true, For n=-1 we find from 1.16 e _,=0 in ac-
cordance with 1.11. Hence, since 1.16 is validng? two values

of n, 1t must be valid for all values of n,



- -

We conclude this section with a remark concerning the

practical evaluation of the e . Let 1t be required toO

5 1

evaluate a square array of em " m,n=7...N., We start with
b
the column € =€ For tThe e Lauwerlier proved the recur-
7
rence relatlion
me — 2“@ o »
" e T (m 2)emm2 2.7

which admits the evaluation of all em f'rom e@mﬁ and eqm2cx,

Then fthe €. 4 can be evaluated by aid of 1.13, except e

3

N,1°
However, from 1.13 and 1.14 we obtain

(m+n+1)e =2m e ~(m-n+1)e

m, 1+ m--1,n M, o° 2.8

m,n-"1 m,0 m

and this formula can be used {or evaluating

S .
N,
In general we evaluate ¢

N m2n, m<N from two preceding

cclumns by aia of 1.13. Form n we use 1.12 and S is found
7

by aid of 2.8.

A table of e, m,n=0(1)6 is added to this report.

3

§ 3. The coefficients f
T 22 T,

According to 1.20 and 1.22 we have

T

] @

= .O[hm(x)aln(nx*%;;o{n)dx mcymﬁn ,  m,n 20,
T

d jﬁ ] . ) g

= J hm(x)51n(nx+§m‘rc)dx = T M Q.

ITn a similar way as before we [ind

cos(mx-% ®xTC) =

£ cos(nx+EXT), m>0 34

Furthermore we have, becauge of 2.5 and 1.12,

Sin(mx+3 04T ) = D (2q)™P e (o)sin(nx-fe )

0y

e ()sin(nx-z XT) 3.2

If O< ™% ¢1 we put ®=1- X', Substitution in 3.2 gives, 1if the
primes are dropped,

{
:

cos(mx-% oL TT) 1-o)cos(nx+s®TT) 3.3




_8.

Comparison of 3.1 and 3.3 yields

fmsn(O() — men,m(q“{}{) 5 1 » o >0,

If' =1 < XKX<0 we put A=-1- &' and find in the same way

f‘mm(o() = menﬂm(m'l--cx) 0>x>=-1,

Hence the relations 1.25 are proved

§ #. The general expansi

We shall show how the expansion coefficients bn in

N2
f(x) = Zﬂ b_sin(nx-}& )
==

can be determined.

Let d%wﬁ»m for n—y 0o, By meang of the trigonometrical

identity
.
4.1
h.,2
4,73
Proceeding as indicated in the introduction we find
o\ y T ;
! . : ! — T ' X 1‘{ }; d X P Lg‘ 5
IR EAE R COR S RICIINCS

In the same way we can derive for the rapidly convergent
expansilion 1.2 the sets of linear equations




where sin-%@1+a%)

al =
N a

sin T I

If for f(x) a Fourier expansion valid in the half-period in-
ferval O<x <™ 1is known, we can evaluate the right hand mem-
bers of 4.4, 4.5 or 4,6 in a similar way. Let e.g.

oo
f(X) == 1;1 ‘aniI'](ﬂXw%CfnTC)
then
™ AW
1 f i : h
& tONg(0ex = 2 ey 4G, raney ()]
O o—
- where sin (X +4 )
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~057 %ad? 2 >,
5= 1% (1-c7) (7+27)

825m - -/-‘--%-5—-»0(( 7 - ‘t ( 5“20(
2 4

= -?——fxg(’\wccz)(f)mm o)

2_pot)

©35% 15

eu5m - E%%-O(( ,l“ad) (45-290(2+40(4-20{6)

epe= 1 - 78—%3-5 o<2(5O9~39Oo£2+’112044-’10046+40<

epn= e o (1-08) (675-41402 41360 1o +hex”)

3

06 © ’
e p= - 3?gnqﬂm0?)(9+46d?+2a¥)

926-'::: .E%Q{Q( 1*0?) (6"50(2"-0(4)

e36m - E-g-g-(x(’iwﬂig)(45-‘-’140&2-{-’100{4%-4&(6)
ea6m 6%—5-0(2<1“0(2)(27 +}+D(2+20(u)

_ 4y 25/, i 2 4 0 05,8
(’3’56-- - m (’l“f}( )(675*"4‘4 X +’136QL 4 o7 - el )

PP m'géggwxz(4662m3499&?+4096d#w22235~8d§~4030).



