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Introduction. 

North Sea. In this paper the stress i~"J laic) upon the 1nl::thod t~,3tr1e,~ 

than upon nurnericol results. 

The problem is to find a solution of the equGtion of Helm­

holtz in the x,y plane with a semi-infinite barrier at the posi­

tive x--axis. At the barrier a derivative of given constant oblique~», 

ness is prescribed. 

This problen1 is some\>Jhat relnted to S01rrrnerf}eld's wel].-l<:r1owr1 

diffraction problem. A sin1ilar probler:1 has been t1-.eated recently 

who reduced his problem ton singul8r integrnl 

equation which could be solved by n1ea1-:s of tr1e fan1ilinr \\Jiener­

Hopf technique. 

However, we consider a problem wl1ich 1s essentially of o 
• 

non-stationary kind. A more direct wa~ of solving will be developed 
which has proved to be successful a lsc:; j_n rn,JrE.:~ (JO!!lplica te(i t)t·10-

blems. The method consists of the reduction to 1 Hilbert problem~ 

for sectionally holomorphic functions. Throughout this paper ~1 

frequent use is made of Laplace transforn1ation. 
By way of illustration the elevation of the sea at the b8r­

rier due to 8 stepfunction windfield will be calculated. In 

p2rtic1.,1lar ·the inflUf;nce of the rotc~tion of the earth and <Jf~ t:"l·1e 

bottom friction will be studied. 

Let the x,y -plane represent a sea of constant depth with 

a barrier F3t the positive x-E1xis. vJe shall asst~n1e that; tlt: t=C, 

everything is at res·t and that f'o1--. t > 0 th(~ elevation of i;hf:.' r;E:ri 

u~oon the time t . .. 

The equations of horizontal motion are 
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where u,v are the components of velocity, U,V the components of 

the surface stress due to the wind,\ 8n effective friction coef­

f1cient accounting for the botton1 friction, r1nd - the Coriolis 

pa rametcr ; 

the u11 it of'.I 

•••• 

gh , wt1ere his the constant 

velocity. To this we may ~dd the 

c>v + 
ZJy 

vf 
Z>t =·" 

At the barrier we have 

X > 0 

depth, is taken as 

equation of continuity 

1.2 

If upon 1 .. 1 and 1. 2 I,aplace t-:·rnnsfor111a. tion is ,?pplied 

GI) 

X, y, p --~ x.,y,t dt 

etc. 

we obtain for 

where 

a Helmholtz equation 

-q_ 

2 q 

p II, Ill 

-·"" () , 

with the oblique boundary condition 
9'i'II• 

Y=O., x > 0 

where tg 

Solution of th€· problE:1n~ 

u J 

1.4 

1,. 6 

1.8 

Then 

We shall provisionally take q 1 , 

the solution of 1.5 with 1.7 will be represented in the fol-

lowing form 
; ;y;;+Mq: 

x,y.,p 1 
2-n; 

The continuity of 

so that 

I 

exp - ixz + y 1+~ 

..... 

the full 

I"') 
c.. F z dz. 2.1 

.. 

• x-axis givts at or1ce 

F-G 
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lZ - .... , G z • 2.2 

--·· 
The continuity of at Y---0, x: < 0 ts i ve s 

-1 

1. or X.-(0 • 
I') 3 '-· . 

.. e.o 

This is true if G z .. 1 c-, ..,.._ .._,., 

free from singularities 

holo11·1orpl1.ic in tl1e upper halfplane Im z > O, 

and vanishing Gt infinity. ~le shall write 
+ z • 1111.e c~ ()1'1d it~ ion .~:J t y-·-0, x > O gives 

" -J_XZ 
e 

" 
-{ 7 

➔- -( r z ~· ~ 

'7 + t l d,1'._j -

dz ··- 0 for X > 0, 
- (../.:.) 

• 

where t . ➔ +0. ,Similc=J rly l~e 

- 2 2 
,7 -'~(' 0 c,) \ / 
~ 7 ... ✓ I --

z+ti 
, 

-whE:re 

J:\ t the 

z etc. the lovJer hal1,plane Im z "'O. 
r.., e r-:1 1 .~1 x 1" r.::; . ..I ' . ., L . I,,,,) 

" -l - we _. 

z+t::l 

irJ h i ch i s the I-I i J~ 11 e r t p r o 1) 1. e 1r1 rr1 E~ n t ion e c.i in the in t rod u c ti o t1 ,, 
~ 

This problem can be soJ.vecJ in 2 stralghtforw8rd way. 

I Y"\ v i" e w o f th E-; f.',;:., , ... t- o 1--- ..L., C" ... '; t·· _,,L. c1 ·{~-, L J ....... . \._,..< ·'.._] V . ~ ! -~i "- _;, _ . .., ,i 

p • ,, 
r~ -1- "l r, c·· ("; V /-1 ..l.. .._., ,) ' ,) 

( ' 
7 --L (l '")Cl __ , _ , L. 1:> , 

the relation ,") r:: -· ,., } 
l,_ 9 _,.,. 

a..., ..,..,. 

/"I ~ ··i-·i· z I ,:..., 

.. , ... o 11 M Jj WA ; i V• ,~·- .. ···• .. :• ~•••eo ""'ii.,.,,., ... 

\ /-·' ·"1 ,··;• 
·1 \ - ; 
• ~..L '·-J 

" ' .. Lr ,,,. ; 
- l V l. 

---
\ 1 . 

t - r7 
7 -'· £...J ( 

, ...... -·-

--

1+iz 

- r;, ,_, 

.. ,-- l ' , 

' -L.t • cosr 

, 

The simpler Hilbert problem 2.6 hc1s the solution 

z+i C. OS 

1 1"' r•:, - ,· ... J 

+ 
• 

1 
-- 7 7 o:ra•=' 

) "M~ l (.._ It,._ 
dt Ir11 z > 0. 

,,-
0 t·, c.. • .) 



} -- ... j~ --

Without difficulty we obtain 

1-iz 

z+ t. i 

The solution 2 .1· bf:;Co111es 
(/;;) +ti ..... 

x,y,p ... '" 
2TC 

e:xp -

' Z +l (• oc·• ... , . V . lJ 

p 

lXZ 
L 

+ 

) 

17 
,.; 

,.____ 
2 ,1 .l_r;r -

I 7 44 

,, 
,.) 

11 ism 1•• 

I ·y 

iz tg Y + IIM: Iii I II M z y jr;:... 

... , + c::: 
I Z 

• 

2 p 
- • CJ 

1-iz ------da 
z z+icos 

2.9 

In polar coorc]i11c3tes X=r cos cp y~ .. -r 

becorrtes after tr1e subs·citutio11 Z=Sr1vJ 

• 
;;3 l 11 Cf 

. .,,.,. 
-1 

1 ...... 
t: .. 

wl1ere o ~ fJ) < 2-rc: • • 

' e 

I.1 

and 

• sl·1 1 -lr 
tAJ I) rl }-,C,.. i.....,., J ~i • , 

·0 
L-

Min(O,cp-n:. < I'V"(l _.1l w < <.(), - c...o < Re V-J < 00 

From 2.10 we may derj.vc 

"1)Woll 

r:, Cf ,P l ') r, "TI: (f 
.l. -·- ••• 

,""") - - 2 r") ,;· 
. -

C:. 

r, oz. 

In ps rt j_c ula 1,, we obto in at thF:: 

X J +0, -~) "' a - .. ... 

Applic8 t~lons. 

:-• 1'); 11 .J l . l 

·+- er f-1 

only 

'J 

r, ..)iC 
r, 
c._ 

1-cos _,, 

0 
U -- 0 V ,,_ . 

then we hove at the upper side 0 ·f .,L_ 1·• c· l i .. , 
. . .... 

.... ) 

x,+O,p ..... 
11 4 a W erf \ C1.X - 1-C OS ,Y 

(,, 

• 

C: 

- . . ·- ··-· ,, ... ¾( 1 1-l $ -·u 

.. 1-cos l 
+ - .. vv 1-~. _}_:_ 2S11 0 C \\} -") .,. i, 

;{;.. 

'-

({J +- 1 _,,,.., 0<"3 J/ - ' V ! 

0 0 {'.:' ~/ 
\,_.,, •· J, .J 0 

winc1f'ield 
t < 0 

-qxcos 
e 

J 

,-=1 w , . .I J " 'Tel J i- I'"') 

c.. 

2 .10 

r ,tt·+-Y- r;:;; , 

2.11 

-------
x 1-cos )•' 

3. 1 

• 
' 

• • • 

' 
• • 

1-C OS -

3 .. 2 
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where q cos 

a • ...... 

Formula 3.2 reduces to 
1111# ,,, 

erf px 
., • • I - II OI ~f 0 

p 

The inverse transform beco~es 

t 

= 
2t arc 

We note tria t for t ...... , cA:l 

l1. 
I 

•• t •• 

v-1 e l1.a ve 

'I w11e re 

l 
xt + 0 t-·2· 

j O I l\fl\ . .. 
erf qx 

- pq_ 

2 
P + /\.p. 

X 2 t + .,. 0 

0 < t < X 

------·-
X t-X , t >- X 

The inverse trans for1n is e lementa r-y only for t <:. x. We have 

0 

We havf:: 

••• 
1 

1 11,t V ttl;U I o lU 

pq_ 

where 
' 

t \ 1: -
- I 

0 

qx -

ea •wt• a a ••t ,v 

O<..t<.x, 

-1 ll. + 0 t I 

q-p e-px 1+erf 
q 

·-

t ...... ~ £!'.-0 • 

The inverse transform is elerr1enta ry 01-Jl7y1 for 'c ~ 2-c. 

t 

0 

• 

3.4 

3.6 

3.8 

3.10 
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Since for p ·••«,;- 0 

we have 

-

...... 1). ..... 

1 
pq 

)_ 

r 
-r1--.., 

1 I ''\ ~ru p 
• 

• 

In figu.res 1 a1'ld 2 tt1e cleva;cior1 Dt t:1e uppe1,., side of the barrier 

is sketched in the case □ 

'10 b X 10 , X O .1 C X 10 , n = o. 4 • 

Also the grapl·1s of for 8n :infinite barrier -<1/.) <: x < v-.:, are given. 

For O < t < x tl'1ey coincide v--1i th tr1e graphs of 

barrier. 
for a semi-infinite 

• 

• 
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