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1. Introduction 

This pape r is tho second of the set of pa~ers dealing with the 

problem mentioned in the i ntroduction of the pr evious paper 1 ) 

Refe r ences to that pape r wi ll be indicated by I followed by the 

section number or f or mu l a number. We shall use here the same notation. 

Here the G-problem is so l ved in two differe nt ways . In section 2 the 

p r oblem is solved by r(~ p r esenting the Gr een I s function by a Fourier 

int eg ral;the i nt eg r a nd of which satisfies a certain functional r e­

lation. The latter functional equation has been considP r ed in con 

ne ction with the F--problem trea t ed in the p r eceding paper (cf I4 ). 

This method is a streamlined version of Va n Dantzig ' s method 2 ) . In 

section 3 a few e l ementa r y cases are conside r ed for which the method 

of the p r evious s ection can be successfully applied . Ins ction 4 the 

G-problem is solved by a different method. The Green ' s function is 

now represented essentially as a Laplace transform, the integrand of 

which is a sec t ionally h ol omo r phic functi on . The boundary onditions 

lead eventual l y t o a certain generalized Wi e ner -Hopf problem . The 

latter p r oblem may be formulated as follows . Let g_
1 

( w) be holomor·phic 

in the s trip cp1 -½-n: ~ I m w < cp1 +½ -rc and symmetric with r espect to i cp
1

, 

l e t g 2 (w) be holomorphic in the strip cp 2 --½ 1t":; Im w ~ cp
2

,-½ 11: and sym -­

metric with r espect t o i <f 2 . It will be as sumed that O < cp
2

- (f
1 

~;c 

so that the two strips overl ap or at least have a line in common. 

If in the common region R( f 2-½ ic ~ I m w ~ 91 +½ ,\;) h
1 

(w), h2 (w) and k(w ) 

a r e give n functions, then t he p r oblem is to determinP g
1

(w) and g
2

(w) 

fr om the f ollowing func tiona 1 equation in R (cf . ( 4 . 1i+ ) with a s light -­
ly diff e r ent nota tion). 

( 1 . 1 ) 

If <p 2- Cf 1= -rr R is a l inr-: and the problem is equiva l ent to a Hi l be rt 

problem in the z-plane, whe r e Z=sh w. The so l ution of (1.1) involves 

a factorisation pr ob l em of the quotient h
1

(w ) /h2 (w ) which appea rs to 

be equiva l ent to the abovementi oned functiona l equation of I4. 

The final form of the solution is given by ( 4 . 25 ) which may be t r a ns­

formed i nt o the elegant form ( 4 . 28 ) o r the series Hxpa nsions (4 . 35 ). 

Cont r a ry to the f orm of t he so lution obtained by the first method 

that obtained by the second method lends itself r eadily to th e dis-

1 ) Cf . H.A. Lauwerier (1 95gb ). 

2 ) Cf . D. van Da ntzig (1 958 ) . 
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cussion of special ases . In section 5 we have cons idered the 

cont inuation of the Green's function ac ross the sides of the ang l e 

in the Riemannian p l a ne. The p r ima r y reflections of the logarith­

mic po l e of the Green's function with r e spect to the sides a r e 

dipo le tails upon which the continued func tion make s a j ump. The 

second a r y r eflections a r e bundles of dipo l e tails . In the specia l 

case r,,=a2=0 or l 1=J"2-1 ": the tails are absent and only the r e­
peate d reflect ions of the l oga r ithmic po l e remain., Jus t as in the 
well-known Somme rfeld pr ob l em. 

The G- pr ob l em so l ved in this paper gene r a lizes a ll sort of 

p roblems of diff r action of acoustic, e lectromagne tic a nd hydro­

dy namic waves a rising from a finite or infinite sour ce . The wel l ­

known p r ob l em of the s l oping beach has been trea t ed in a simi l a r 
way by the same author 3 ) 

3 ) Cf . H. A. Lauwe ~ier (19598
). 
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2 . The G-problem., first method 

Let G(r,o/,r
0

.,~
0

) be a function of Gr een satisfying I(1 . 1) and 

I(1.2) which is continuous at r=O and which vanishes sufficiently 

rap idly for r ➔ oo ., e .g . as exp -er- whe re c is a pos itive constant. 
Then we take its complex Fourier transform 

CD 
( 2 .1) W(w.,cp) = -rc-

1chw J exp (ir shw)G(r , (f., r
0

,(f
0

)dr. 
0 

By partia l integ r a tion it can ea sily be proved tha t 

( 2 . 2 ) ( 4 + ~) w = 
c) W u <f 

1 CD 2 ·;} 2 2 
;c - chw j exp(irshw) t(r :_~"r) + ~-r j G dr. 

0 0~ 

Then it follows from (I 1.1) that 

(2.3) 

Hence in the (w.,~) -p lane ., whe r e w i s r ea l, the function W(w,~) is 

a ha rmoni c funct ion with a line - source at <f=~. Inversion of ( 2 .1) 
0 

gives the integral representation 

00 
( 2 . 4) G(r.,(f _,r

0
., ~

0
) = ~- j exp (-irshw) W( w, <,o)d w. 

- 00 

The va r iab l e: w in ( 2 . 1 ) may be complex with O ~ Im w ~ ic • In thi s 

r egion the function Wis r egular. We note that the right-hand side 
of ( 2 .i--l-) vanishes for r < 0 . 

If w is a r ea l va riab l e it wi ll often be r ep l aced by u. Then 

we may define functions U( u ,~) and V(u., ~) by me a ns of 

( 2 . 5 ) def U(u .,cp) = ½ { W(u,q,) + W( - u,(f')} 

and 

( 2 . 6 ) 

They rep r es ent r e spectively the cosine transform and the sine 
transform of G. 

It follows from ( 2 . 4 ) that 

CD 
( 2 . 7) G( r., <f,r o , <po ) = f cos (r shu ) u(·1, rp )du 

-00 

and 
CD 

( 2 . 8 ) G(r,cp.,r
0

, 1
0

) = J sin(·:-- rhu) V( ll ,f) du . 
·- 00 
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Since Wis harmonic in wand ~ we may put 

( 2 . 9 ) 

whe r e g1 and g 2 are a na l ytic functions of their arguments . Then it 

follows from ( 2 . 5 ) and ( 2 . 6 ) that we may put 

( 2 . 10 ) 2U(u,~) = g (u+i~ ) + g (-u+i ~) 

and 

( 2 . 11 ) 2V (u ,o/) = g (u+i ~) - g (-u +i~), 

where in both cases g ( w) is an ana l ytic function of the comp l ex 

argument w. In view of the line-sourc e at <f = Cf 
O 

the function is 

sectionally ho l omorphic in <f 1 < Im w < <f 
O 

and Cf 
O 

< Im w < <p
2 

with a 

jump line at Im w = r . It follows from ( 2 . 3 ) that W( w,f) is con-o 
tinuous but that its pa rtia l de rivative with r espect to~ makes the 
following jump 

( 2 . 12 ) 
o/ -- 0 

0 

= -~- 1r chw exp ( ir shw). 
0 0 

In view of (2 . 5 ) and ( 2 . 6 ) we have simi l ar l y for U(u,~) and V(u,1) 

( 2 . 13 ) 

a nd 

( 2 . 14 ) 

Then it follows 

( 2 . 15 ) 

u U 
r

0
+0 

-✓1 
= -ic r chu cos ( ir

0
shu), 'o'f 

cf - 0 0 
0 

~v 
'i"o+0 

-·1 
-:S""cp = - 1t r chu sin(ir

0
shu). 

'fo-0 
0 

from ( 2 .10) and ( 2 . 13) that 

g (u+i cp ) I <fo+o = -(-11: ir·1sin (roshu ). 
'f o --0 

Si mi l a rly it follows from ( 2 .11) and ( 2 . 14) that 

( 2 . 16) I 
<f +o 
0 1 

g (u+i~ ) 0 = (~i)- cos(r shu). 
(,do- o 

After thes e pre limina rie s we shall introduce the bounda ry con -

ditions (I 1.2 ). Since the rer ~esentation ( 2 . 4 ) implies ( 2 . 7 ) as well 
as ( 2.8 ) we conside r ( 2 . 4 ) on ~ . . Then by using ( 2 .9 ) we find for j=1 
and j=2 
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00 
( 2 . 17 ) J 

- co 

These conditi ons a re satisfied if 

( 2 . 18 ) ch( w-if . )g 1 ( w+i cp , )=ch ( w+i v , )g2 (-w+iqi , ). 
J J OJ J 

In the r ema ining part of this section w~ sha l l treat thP. cases 
Re / 1 ~ Ref2 , a nd Re / 1 >Re [ 2 sepa r ately . 

8 Re { 1 ;; Re f 2 . 

In thi s case the cosine rep r esentation (2 . 7) has certain advantages . 
In v iew of ( 2 . 9 ) and (2 . 10) we may put 

( 2 .1 9 ) 

We sha ll next introduce a new unknown sectiona lly holomorphic 
function P( w) by means of 

( 2 . 20 ) 

wht2re the 

( 2 . 21) 

g(w ) = P( w) ¢ ( w) 

auxi lia r y function ¢ ( w) is give n by (cf . 1(5 . 10)) 

e ( w- i <p1,f2 ) 
¢ ( w) = ----. 

e ( w- i cp2,f1 ) 

Then substitution of (2 . 20 ) in ( 2 . 18 ) gives for W=U with real u the 
symme try relations 

( 2 . 22 ) P( i cp . - u ) = P(i (f 0 +u). 
J J 

From ( 2 . 13) it fo llows tha t P(u+if ) makes the fol l owing jump at 

(2 . 23 ) P (u+i cp) 
If --0 

0 

= -sin(r0 shu) 
ic i ¢ ( u+i cp

0
) 

In or der to cons truct a solution of (2. 22 ) and ( 2 . 23 ) we consid e r 
the following function 

r f(u ) sh v( uq+i Cf'o_....._ __ du , 
co O ch v( u +i <p ) -ch v w 0 

0 0 

( 2 . 24 ) F ( w) d~f 2: 1 

where f ( u 0 ) is absolute l y i ntegrab l e in ( -co , oo) . Thi s function is 
clearly holomorphic in the st r ips <,0

1 
~ Im w < c;,

0 
and cp

0 
< Im w ~ Cf'

2
, 

satisfies the symmetry r e l ations (2. 22 ) and makes the jump f(u) at 
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the l ine w=u+i ~0 • Hence a solution of ( 2 . 22 ) and (2 . 23 ) is obtained 
by an appropri ate choice of f(u ) viz . 

( 2 . 25 ) p ( w) = r sin(rd3hUQ.L_ 
- oo ¢(u

0
+i <p

0
) 

sh v( u0 +iq0 ) du
0

• 

ch v(u +ii;; )-ch v w 
0 0 

Substitution 
l y 4 ) 

of this result in (2.20 ), ( 2 . 10 ) and (2 . 7 ) gives final-

( 2 . 26) 1 r = 287C' 
- m 

b Re ( 1 > Re ( 
2 

In this case the homogeneous He l mholtz equation has a solution which 

is continuous at r =O (cf . I(S . 13 )) . Therefore the solution of t he pro­

bl em of Gr e e n is not unique. Howevery a unique Gr een's function may 
be determined by requiring t hat 

( 2 . 27 ) 

Now the sine representation ( 2 . 8 ) is appropria t e. In view of ( 2. 9 ) 
and ( 2 . 11) we put 

( 2 . 28 ) 

and next as in ( 2 . 20 ) 

(2.29 ) g(w ) = P(w ) ¢(w ), 

whe r e again ¢ ( w) is given by ( 2 . 21) . For P( w) clear l y the symme try 

re l ations (2 . 22 ) are obtained but the jump condition at ff = 9' is here 
0 <f'o+o 

(2 . 30 ) P(u+i cp ) Cf -O 
0 

= cos ( r 0 shu ) 
,cj_ ¢ (u+i<p

0
) 

By a similar argument as in the previous case we find the s olution 

( 2.31 ) 

4) Cf . D. van Dantzig (1958), fo1°mula (5.10). 
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Subst itution of this result in (2 . 29 ), (2.11 ) and (2 .8) final l y 
give s 5 ) 

(2.32 ) 1 
= 2811; 

00 

J 
- co 

sh v( u+i Cf) du du . 
chv(u+i<p)-chv(u

0
+icp

0
) 

0 

The result s (2 .26 ) and (2 .32) can be obtain~d from each other 

by r ep la cing r1 and / 2 by --f
1 

and - {2 , i.e. 

(2. 33 ) 

The latter r e l at1on may a lso be derived from Green's theorem . 

- - -- - -·-- - - -- - ...-

5 ) Cf . D. van Da . ttzig (1 958), :-ormula (5 .11). 
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3. Examples 

satisfies the Helmholtz equation I(1.1) in the full r,f-plane , i . e. 
for O ~ r <CD, 0 ~Cf~ 2 -rt . We note that G

0 
has also a meaning for 

negative values of r but that the reflection r+ - r may be conside r ed 

as equivalent to the trans l ation 'P ➔ <f± :t . According to ( 2 . 1) the 
complex Fourier transform W (w,f) will be taken with only positive 

0 

values of r . In order to carry out the transformation we need a few 
auxi l iary formulae. We have the following integral representation 
of the modified Bessel function K 

0 

✓ 2 2 
00 

K0 ( x +y )= ½ J exp-{ych(u+ic)+ix sh(u+ic)}du)I 
-· CO 

( 3 . 2 ) 

where c is an arbitrary rea l constant . This expression converges in 
the halfplane x sin c c y cos c. By changing c this halfplane may 

swing round the or igin so that the full x,y - plane is covered. Sub ­

stitution of po lar coordinates X=-r
0
cos c:p

0
+r cos cp, Y=-r

0
sin rp

0
+r sincp 

gives w1 th either C= Cf or C= Cf ±_-n; the result 

(3 . 3 ) Ko( l r
2

+r;- 2r rocos(q,-q;o )) ½ j exp-{irshu-irosh(u+ilt'f-(fo !)}du . 
-00 

Using this we find for W ( w,o/ ) without difficulty 
0 

co 
( 3 . 4) W (w,tp) = 

0 
1 

-4 2. J 
1C l -00 

This function is clearly holomorphic in the strip O 1; Im w ~ "1C" and 
satisfies there the symmetry relation 

( 3 . 5 ) 

Further we note that W
0

(w,cp) is continuous at cp=cp
0

• However, oW
0

/ 0 cp 

makes a jump at r:p = cp
0 

the amount of which can be determined in the 
fo l lowing way 

= 

"w 0 

0 ((J 

r chw 
0 

2 2. 
1t l 

Cf - 0 
Q -

r O CD 

= - -:-2- J 
2 1'C ·1 -00 

chw ch t ( ) sht-shw exp ir 0 sht dt = 

m exp ir z 
j O dz= -~- 1r

0
chw exp(ir

0
shw), 

-oo z-shw 
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which confirms ( 2 . 12 ). 

Any fun c tion of Green s a tisfying I (1.1) a nd some bounda ry 

condi tions can be considered as the sum of G, the singu l a r pa rt, 
0 

and a function wi th continuous de rivatives , the r egul a r pa rt. Sinc 2 

the compl ex Fourier transform of th e r egular pa rt is r egular at 

o/=~0 the p r eceding a rgument may be considered a s a n independe nt 
p roof of the jump condition ( 2 . 12 ). 

In o r de r to obtain from ( 3 . ~-) a n i llus tration of the p rope rty 
( 2 . 9 ) we ne ed the identity 

( 3 . 6 ) chw e t 
sht- shw - t w 

e -e 
t -w . 

e +e 

Then it ca n be easi ly derived that ( 2 . 9 ) holds with 

( 3 . 7) C, 00 
g . ( w) = ~ j 

J 4 rc - i -oo 

w 
e exp (t ir

0
sht )dt, 

t+iq,o w 
e --e 

whe r e E- =+ for j=1 and c =~ for j=2. 

Evidently g 1 ( w) and g 2 ( w) re sect~onally holomorphi c with the 

bound a r y line at Im W= ~
0

• Wri ting w=u+ir with rea l u we have at 
~= <po 

(3 .8) I 
Cf. +o 

g . (u+i Cf) o O = 
J ({'. -

0 

b If the comp l ex Fourier t r a nsform w1 (w, 'P) is t aken with posi tive 
a nd negative va lues of r we obtain 

- 1 CD 

w1 ( w, cr) = 1t chw J exp (irshw )G
0

d r = 
- · 00 

( 3 . 9) 
( 2 -it) -1 exp {ir 

0
sh ( w+i\ <p -cp

0 
\)} = 

This function is holomo r phic in the st r ip - 1t ~ Im w ~ ,c- but the 

r e l a t ion (3.5) no longe r h olds. In this case we have ( 2 . 9) with 

( 3 .1 0 ) g
1

( w) - 0 l 
O for <p<<p 

- ( 2 ,c)-\,xp{ir
0

sh(w- :.,o )} for <1>-<p
0

, 

a nd 

( 3 . 11) g 2 ( w ) = { ( 2 n:) - 1 e "{ p -· ! i r 
O

s h ( w - :i_ cp) } 

· ) 

for cp<<p
0 

for rp >-cp
0

• 

From this the jump condit i on ( 2 .1 ~) follows wj_ · ·hout difficulty . 
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4 . The G- p robl em., second method 

In this section . the G- pr ob l em for the angle ~
1
<f <r

2 
wi ll be 

so lved by a different method . We sha ll start the discussion by 
assumi ng tha t (cf. 1 (5 . 17 )) 

( 4 . 1 ) ½-rr:< 0 <"!C', Re ( 0 > ½ ,r; - 6 . 
C. 

In that case we kn ow fr om 1(5 . 19 ) and 1(5 . 20 ) that the "regular" 
solution of the F- probl em can be writ t en in the fo rm 

( 4. 2 ) 

whe r e 

( 4 . 3 ) 

oo+ic 
F( rJ,) = j exp{-rch(w-i,)} H(w)dw ., 

-co +ic 

<f 1 +Re / 1 ,:. C < <p 2 + Re t 2 • 

The funct ion H( w) is holomorphic i n the strip given by (4 . 3 ) so 

tha t the r epres entation (4. 2 ) ives a r egul a r solution in the l a r ger 
a ng l e (cf . I( 5 . 18)) 

(4.4) 

A Green ' s functi on may be consid e r ed as the sum of a singul a r 

pa rt for whi ch the function G of ( 3 . 1 ) can be taken a nd a r egul a r 
0 

pa rt which is a sol ution of the homogeneous Helmholt z equation 

t( 3 . 1). It wil l be tried to r ep re sent a function of Green sat isfying 
I(1 . 1) and 1 ( 1.2) by 

( 4 . 5 ) G( r.,cp .,r
0

, <p
0

) = G
0
(r .,<p .,r

0
., ct

0
) + 

oo+ic 
+ ~ j . exp {- re h ( w i <p)} g ( w) d w, 

-oo+ic 

whe r e g ( w) is holomor phic in the strip (4 . 3 ) and of the order 
0(exp -cl Re w\) as Re W ➔ +co . 

In ord e r to i ntroduce the boundary conditions 1 ( 1 . 2 ) in (4.5) 
we not e that from ( 3 . 1 ) and (3 . 3 ) it fo llows tha t for j=1.,2 at <p =cp . 

J 

( 4 . 6 ) (cos v. 12- - sin Y . ~) G
0 

= o J r -acp o J v r 
co -i ~. r shw 

= J;c J e J ch ( w+i v . )0x_{i t . sh(w+iip - i cp.)\dw., 
- CO d J J o J , 
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where e. 0=+1 for j=1 and t- -=-1 for j=2. 
J J 

Then the bounda ry condition a t (p = Cf o gives 
J 

( 4 . 8 ) 

whe r e 

oo -i~ orshw J e J 
-00 

g . (w)dshw = O, 
J 

( ) h def h( . ) ( o 1 o ) gj WC W = C W-l[j g W+l~j-2 l~ 

- ch (w+ijj) exp{i~jr0 sh (w+ir
0
-i o/j) 

The conditions ( 4. 8 ) shou l d be fulfi lled for r > 0 only so that it 

is sufficient to assume tha t g1 ( w) is holomorphi c in the upper 

strip O <Im wcit a nd g 2 (w ) holomorphic in the l owe r strip --it<Imw< O, 

tha t g . (w) is symmetric wi th r e s pect to ½ t o n:. i, a nd that go (w) 
J J J 

vanishe s at Re w--+ +oo. 
The r e l a tion (4,9) g ives either 

( 4.10 ) g (w) = h 1 (w)g 1 (w-i,1-½iTC")+k1 (w) 

va lid in the strip 4' 1 
1 

< Im w < 1 -J:(Tt "'1 +2 1C ' 
or 

(4 . 11) g (w) = h 2 ( w)g2 (w-i ~2+½i K)+k2 (w) 

valid in the strip 'f 2 
J 

- 2 'It < Im w < 4' 2 +½ TC" , 

where the functions h j (w) and k o ( w) 
J 

cJ rP. defined by 

( 4 . "12 ) 

a nd 

(4.1 3 ) ( def / ) kj w) exp {r0 ch ( w- 2i <p j+icp
0

) } sh(w-iq,j+i[j) sh (w-iq.,j-iJ'j . 

From ( 4 . 10 ) and (4 . 11 ) there follows for the common strip 

( 4 . 14) 

The s olution of the functional equa tion (4 . 14 ) is the crucial 

point of the method of this section. The p roblem ( 4 .14) may be 

formulated as r ep res ent ing a gene r a liza tion of a Hilbert p roblem or 

u Wiener-Hopf pr oblem. It does represen t a Hilbert p roblem on a line 

in the special cases o/1=-½~ and q2=½~ . By transfo rming (4 . 14 ) 
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from thew-p l a ne into the comp l ex z-plane by means of Z=shw we 
obtain with a simi l a r nota tion 

(4.15) 

valid for real z, where h1 (z),h2 (z) and k(z ) are give n functions a nd 

where it is r equi red that g 2 ( z ) is holomorphic in the uppe r halfplane 

Im z > O a nd g 1 ( z) is holomorphic in the lower ha l f p l a ne Im z < 0 . 

Hence (4.1 5 ) r ep re sents a Hilbert p ro bl em on the real ax i s of the 

z-plane, the solution of which involves the Wie ne r-Hopf facto ri sation 
of the quotient h 1 (z ) /h2 (z) . 

The more gene r a l p r ob lem (4 .14 ) might be also i nterpreted in the 

z - p l ane which is now a Riemannian p l ane with branch point s at z=+i. 

Therefore (4 . 14) may be considered as a Wiene r-Hopf p r oblem in a 

Riemannian plane . It s solution invo l ves the followi ng facto r i s ation . 

To f i nd functions Hj ( w), j=1 , 2, which a r e free from po l es and zeros 

in the strip <p "-½'ll: <Imw <cp -+½ '71:" , which a r e symmet r ic with respect to 
J J 

i ,;oj a nd which satisfy 

(4 .16) 

From 

functional 

(4 . 17) 

the symmetry r e l a t ion s of the H . ( w) we may de r ive a set of 
J 

relations for H(w) . We have by using (4 .12 ) 
H ( i cp .+w) hj (icp . +w ) sh(w+if . ) 

0 J = J = J 

H0 ( i <pj - w) hj(i<tj--w) sh(w--ifj) 

But these a r e exactly the functional re lat ions of the function H(w) 
discussed in 1(5.20) and 1(5.22). 

Therefore the function H (w) can be id entified with the latter function 
0 

H( w). 

Hence a f ac torisation (4 . 16) is obtaine d by taking 

(4 .18) 

As a verification of the fact that e . g . H
1

(w) is free f r om poles and 

. zeros in the s trip cp1 -½ 1c < Im w < cp
1

+½ 1t we note tha t the nearest ze r os 

a nd po les of H1(w ) are a zero i (cp1+e ) and u po l E-: i( 1
1

+e+ t
2

) on the 

, upper sid e and a zero i(o/1 -e) and a pole 1 (1
1
-e-02) on the lower si,e. 

It may be r ema rked that at this point an es s 9ntial use of the in­
equa lit ies (4.1) is made . 
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By using the factorisation (4.1 6 ) the r e l a tion (4 . 14) can bG 
brought i n the following form 

(4 . 19) ir2(w) - ir1(w) = '\f (w), 

where for j=1 and j=2 

(4 . 20 ) ,;r . (w) def 
g . ( w-i Cf . - t.½ i 9') /H . ( w) 

J J J J J 
a nd 

(4 .21 ) VI( w) def 
{ k 1 ( w) --k2 ( w) } /H ( w) . = 

The unknown function lf . (w) is holomorphic in the st r i p 
J 

cp .-½11: < Im w < cp .+½ it" and symmetric with r espect to i <p,. 
J J J 

The problem (4.19)~ a simpl er version of (4 .14) may be inter-

preted in the fo ll owing way. Let y;(w) be a given analy t ic function 

which is holomorphic in a strip Ol
1 

< Im w <. <X
2 

wi th cx.
2

- oc.
1 

< ,c • Then 

1f( w) should be split in two parts yr
1

(w) and y; 2 (w) as i ndicated by 

( 4 . 19) whe r e 1j/ 1 ( w) is ho l omorphic and symme tric in the l owe r st r ip 

o: 2 - n: < Im W< <X 2 and 1.f/ 2 ( w) is holomorphic and sy1Tu'netric in the upper 
s tr ip °' 1 < Im w < Ol

1
+1e (see figure 1). 

---------------------- ~+f r. 

..... 
' . ( 4' .... ·1 ..... 

-

. .... 

' · 
----------------------- Cf1· ½"'JI'. 

The equation (4 .19) holds in the strip <f
2

-½· 1t < Im w < q,
1

+½ 1t 
The symmetry r e lations of the functions y .(w ) are explicitly 

J 

(4 .22) y j (icr . +w) = lf . (i cp . -w) . 
,) J J 

Then it is ea siiy s een that ~4 .19) is solved by 
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?.f"J.(w ) == v j y;(w ) sh v(wo-i<fj) dwo, 2
-rt i L . 0 ch v(w -icp . )-ch v(w-icp . ) 

J O J J 

( 4 . 23 ) 

whe r e L 1 and L 2 are contou r s in the r eg ion of regularity of yr( w
0

) 

with Re w0 r unning from -oo to +co c1nd where w is enclosed be t ween 
L2 a nd L1 as s hown in figure 2 . 

---- -------------------- r.r,. t-{11: 

---;---/-;---- ----,------- ------- - - - 4'1 +fie 

L1 ,' / / / . w / I _';' ' J ~ 

/ / // / ' ' / / 

l.i / 1' i'.' 7 )/ , > / ) / '/ 

' 

' 

. ""> 
/ / 

/ )> ./ 
/ 

I 

I 

I 

L' -<i -, ,__-- ----~-~r:----,----<----+--+---
- ------------- ----- ------ <f1-l''t 

We sha ll assume t hat contours L . can be found such that tho inte­
J 

g r a l s defining 'l// . ( w) converge. 
J 

Substitution of the expressions (4 . 20 ) and (4 . 21 ) in (4 . 23 ) 
gives 

(4 . 24 ) 
k

1 
( w )- k,~ ( w ) 

0 r... 0 - - -- - - --
H( wo ) 

sh v ( w 
O 

- j_ If. ) 

chv( w -i(f . ) -chv(w-i'fj ) 
0 J 

Fr om ( 4 . 5 ), ( 4 . 10 ) and (4 . 24 ) for j=1 the following sol ution is 
obtained 

(✓ 2 2 
) 

oo +le h ( i ) 
1C r, <(' ,r , q, = K r +r -_rr cos (f' - (() ~ _ 2 G ( ) 2 ( ) i j P. - re w- (f k1 ( w)dw 

Q O O I O Q Q ·-QQ +iC 

Y 

1
+ i c - re h ( w - i ip) H ( . , d J k 1 ( w o ) .. k2 ( w o ) 

+ 2 it i e \A I w . H (w::-) 
-co +ic L.1 o 

(4 . 25 ) 

sh v (w 0 -iq,✓1 ) 
- - - ---- dw

0
• 

ch v ( u 
O 

·- i if '1 ) - ch v ( w - i <p '1 ) 
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A simila r expression may be obtained from (4 . 5 ), (4 . 11) and (4 . 24 ) 
fo r j=2. 

In or de r to obtain an interpretation of (4. 25 ) we conside r the 

ha lfp l a ne cas e <f 1=0 , Cfi2= ,,;: and next { 1= J' 2= / . The n it follows 
from (4 . 13 ) that k1 (w )=k2 (w ) so that (4. 25 ) r ed uc es to 

(4 . 26 ) 
2 rc G( r,9',r 0 ., <f

0
) = K

0
(/r 2+r;-2rr

0
cos(lf'-<p

0
))+ 

A mo r e detailed i nt e r pretation of this important sp~cial case wil l 

be postponed to the following s ection but here WR rema rk that with 

~e {< c < l'C +Re/ the integral on the right-hand s i de of (4. 26 ) con -­
ve r ges in the halfplane r cos(c-cp) > r cos(c+r) or 

0 0 
(x-x )cos c +(y+y )sin c >0 (s ee figure 3). He nc e it r ep r esents a 0 0 

kind of "oblique r e flection" of the singularity (x , Y ) with respect 
0 0 

to the X axis 
r 
\I . 
\---\-,-\ \-~\-\-\__,,,___\ __,,_\\-D~ 

Therefore the right-hand sid e of ( 4 . 25 ) r ep r e s entc the Green ' s 
function as the sum of the elemc.;ntary Green I s function G

0 
of the 

full p l ane, j_ts 11 obli0ue rGfl ect i on" with r espec t t o one side of 
the angle and a correction t e rm. 

The exp r bssion (4. 25 ) may bJ tra nsformed in th~ following way . 
By using (4 . 13 ) and the functiona:_ r e l a tion s ( 4 . 17) we have 
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dw = 
ch;;(w

0
-icp1 )-ch (w-iq,,

1
) 0 

= j J exp r 0 ch ( w0 -2i(f1+i<p
0

) 

L1 l H(-w
0

+2i~1 ) 

exp r
0

(w
0

- 2i~2+i~
0

) 

H( - w
0

+2i q,2 ) 

shY(w
0

-i<p1 ) 
l 

- - ---------- dw
0

• 
ch Y( w

0
-i cp1 )-ch v( w-i<p1 ) 

If L1 is t he reflection of the path L
1 

with respect to w
0
=i~

1 
with 

Re w0 r unning from +oo to -oo and if L~ is the reflection with 

respect to w0 =iq, 2 with Re w
0 

running from -oo to +oo then the latter 
exp r ession may be changed int o 

(4.27 ) f 
L ' +LII 

1 1 

exp r
0

ch(w
0

-i<p
0

) 

H(w
0

) 
dw . 

C h Y ( W - i cp ) - ch >-' ( w -· i q> ) o 
0 1 1 

The denominator chv(w
0
-if1 )-chv(w-111 ) gives two poles w

0
=w and 

W0 =2i f 1- w lying between L1 and L1. There are no ot her poles in this 

st r ip . If the expression (4 . 27) is substituted in the third te r m on 

the r ight-hand side of (4.25) the r esidues of the poles w =Wand 
0 

w0 =-2i11-w cancel the first and the s e cond te r m on the right-hand 
side of ( 4 . 25 ) . Therefore we obtain the result 

oo +ic 
2 ,c Q(r,<r,r ,cp ) = K-;T j exp {- rch(w-icp)} H(w)dw 

0 0 ,'it]_ +· 
- 00 lC 

(4 . 28 ) 

J 1 sh v( w
0

-i<p
1

) 
exp{r ch(w - ic1o )}H- ( w ) ---- ---- dw , 

0 0 0 'O ( ) ( ) 0 L ch v w
0
-i cp1 -ch v w-i (f

1 

whe r e the path Lis of the form of I fig . 3 . 

The expression (4 . 28 ) is no longe r restricted to values of 

e, / 1 and ( 2 which satisfy the inequalities (4 . 1) but can easi l y 
be extended to all e, f 1 and f 2 values. 

By way of illustration we sha l l onsider the special case 

{1=f2=0 , 'f1=0 and <f2=e with 8 arbitrary. Then H(w) = 1. If moreover 
v is an integer, say Y =m, the con tour L may be transformed into 

the lines L1 and L1 for which we take Im w=+ TC + <fo. Then the inner 
integ r al of (4 . 28 ) equals the sum of the contributions from L1 and 
L1 and a numbe r of poles viz . 

(4 . 29 ) w = +w+2j8i, 
0 -

j=O, 1 , . . . m-1 . 

The contribut i ons from L1 and L1 are equal and opposite in sign so 
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that finally 

2 .cG(r,<,o,r
0

,(,0
0

) 

or 

m 1 
= L 

j=0 

m +ic 
½ / exp {-rch(w-i<p)+r ch (w -itP, )}dw, 

-oo+ic O O 0 

m- 1 
(4. 30 ) G(r,(f,r0 ,<p0 ) = L {a (r,cp,r ,Cf +2 jir/m)+G (r,q,,r ,-({) +2J,r/m)}. 

, 0 0 0 0 0 0 O J= 

This is in agreement with the r~sult derived by a direct me thod in 
I( 3 . 5 ). 

If {1= / 2=0, ~1=0 and o/2=8 but~ not necessari l y an integer 
from (4. 28 ) also tho previous r esult I( 3 . 6 ) can be derived . For 
Re w > Re w we have th ,~ expa nsion 

0 

(4 . 31 ) sh v w / ( ch v w - ch v w) 
0 0 

00 
== ~ L_ 

m=0 

-mYW 
t chm v w e 0 

m , 

where c. =1 and E =2 fo r m .1: 1. o m -
A similar expa nsion holds of course for Re w

0
< Rew. If (4. 31) is 

substituted in (4. 28 ) we obtain at first after some e l emen tary re­
ductions 

(4. 32 ) 

00 

= L &mc hm v w cos m v cp
0

• ; 1 j exp{ r 
0

chw
0

-m Y w
0

} dw
0

, 

m= 0 L + 

where L+ is the r ight-hand pa rt of L ( c f. I (5 . 25 )) . 
The right -ha nd sid e of (4. 32 ) equa ls 

u~. 33 ) 2 )) 

Substitution of this exp r es sion in ( 4 . 28 ) gives a t once the requi r ed 
r e sult 

(4. 3~- ) 1:. cos mv<pc os mv <f K (r) I (r
0
). m o mv mv 

This expansion converges for r >r . 
. 0 

The same pr ocess can a l so be app lied upon the general exp r ession 
(4 . 28 ). Then we obtain eventually 

(4. 35 ) -1 00 
G(r,cp,r 0 ,cp0 ) = e L f.mFm(r,<,)F;(r

0
.,c:p

0
), 

m=0 

whe r e ( c f . I (S. 23 )) Fm (r,cp) is 1e fined by 
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oo+ic 
(4 .36 ) Fm ( r, 9') = ½ j . exp t -re h ( w- i <p)] chm v( w- i rp 1 ) H ( w) d w, 

- oo +ic 

and (cf . I ( 5 . 24 ) ) with cs- = sg n Re w 

(4 .37) 

W~ note that F (r,~) and F*(r, ~) both are solutions of th - homo-m m 
geneous He l mholtz equation (ti-1) F=0. However; Fm (r , <p) sa ti sfies th ~ 

same boundary conditions as G but F *( r,~) satisfies the adjoint 
m 

boundary conditions with dj ➔ -rj • rrhe expansion u~.3 5 ) obviously 

conve r ges for r > r
0

• In view of the symm try r ~lation (2.33) from 

( 4 . 35 ) at onc e a simi l a r expansion valid for r < r 
O 

follows. It 

wou l d be of inte r est to p rove ( lf .35) by some dirc,ct method . 



-20-

5 . Discussion of the results 

In the case of a h2 lfpL,rne with cp 1=0., r_p 2=e, f
1
=f

2
=/' the 

solution of the G-probl em is giv8n by the expression (4 . 26 ) . By 

this expression not only G(r.,1 , r ,1 ) in the r e l evant halfplane i s 
0 0 

given but also its continuation in the complementary halfplane. 

For simplicity we shall a ssume that f is r 2a l a nd positive. It has 

been already not ed in the p revious sec tion tha t (4 . 26 ) holds in the 

halfp l ane (x -x )case + (y+y )sine> 0 . Hence by va rying the para-a o 
meter c the r equired continuation ca n be obtained . 

If we define 

( 5 . 1 ) ( ) def 1 R x, y = 2 

co +ic 
j . 

sh w+i ) ) 
sh w i{7J exp ( -xchw+iyshw dw , 

-•oo +1c 

the solution of the G- pr ob l em can be written as 

( 5 . 2) G(x,y , x
0

.,y
0

) = G
0

(x,y , x
0

, y
0

)+( 2~)- 1R(x-x
0

,y+y
0

) . 

If diffe rentiation in the di rection ½~+/ with r e spect 

is symbolically written as Dd the boundary condition 
viz . 

( 5 . 3 ) cos r <> G sin r c> G 0 = "<J Y ax at Y=O , 

may be written in the form 

( 5 . 4) Dd G = 0 a t y ;=O. 

Now it follows at onc e from ( 5 . 1 ) that 

(5.5 ) D v R(x,y ) = D K ( ✓x 2+y 2 ) . 
o -r o 

to the X-axis 

;::i t the X-axis 

Henc e R(x,y ) can be interpr e t ed as the contribution from a line of 

dipoles which makes the angle-½~+( with the X- axis , The dipoles 

itself are making the refl ected angle ½~-t with the X-axis . There­

fore (5 . 2 ) represents the sum of contributions from a loga rithmic 

pole at ( x 0 ,y 0 ) a nd a dipo l e tail radiating from (x
0

, -y
0

) in the 

direction-½~ +a (s ee f igur e 3). The dipole tail is equivalent to 

a line of norma l dipoles p lus a simp l e pole at its end. Geometrical­
ly this is obvious. Analytically this follows from the identity 

( 5 . 6 ) sh ( w+i/)/sh(w-i() = cos 2 / + i sin 2 /cth(w-i (). 

Substitution of (5 . 6 ) in (5.1) gives 

(5 . 7) R(x,y) = cos 2 / K
0

(/ x2 +y 2 )r-}i 
oo+ic 

s in 2/ J cth(w-i/) 
-oo +ic 

• cxp(-xch~+iyshw)dw . 
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The first term on the right-hand side r ep re sents a simpl e pole of 

strength cos 2j at the origin, the second term r ep r e sents a tail 

of norma l dipole s. By crossing this tai l a jump is mad e , the amount 

of which obviously is determine d by the pole w=if of the integr and . 
Using po l ar coordina tes (r,~) we obtain 

(5. 8) R( r , -½-n: +/ +O ) -R ( r, -½,c+f-O ) = 1C sin 2 / 

If /=0 the bounda r y condition a t Y=O r e duces to a simple 

Neuma nn condition . In tha t case we may s a y that according to (5 , 7 ) 
the dipo l e s annihilate each othe r and tha t only a sing le ref l ected 
pole at ( x

0
, -y

0
) r emains. 

If / = i1t the dipol e tail con ta ins only norma 1 dipoles . 

If f-11t' we have a Dirichl et condition at y=O . Again the r e 
a re no dipole s and a single reflected pole of negative s trength 

r emains a t ( x 0 , -y
0

) ., or as we may say, the re is a source at (x
0

,y
0

) 

a nd a sink at ( x ,-y ). 
0 0 

A similar discussion app lies t o the general ca s e the solution 

of which i s given by ( l~ . 28 ). For s impl ici t y we shal l assume tha t r
1 

and { 2 are r eal. The po l es of 

(5 .9 ) { ch v( w
0
-i rp1 )-ch v(w-i<p

1
)f -1, 

which a r e given by 

(5.1 0 ) W =W- 2m0i 
0 

and 

whe r e mis an intege r, de termine the position of the l oga r ithmic 

po l e (r0 ,~0 ) and its r epeated reflections with r e spect to the sides 

o/=~j of the ang l e . Th2 geomet ric picture is of cour se a Riemannian 
p l ane in the form of a sp i ral staircase . 

By taking t he r e sidues we ha ve formally 

(5 .1,, ) _21 ooj +ic H( w) 
, 2nG( r,<r.,r 0 , cp0 ) =[ _..,___.,_ exp{-rch(w-i <,) +r

0
ch(w

0
-i rp

0
)} dw 

-oo+ic H(w
0

) 

We shall sh ow that each t e rm on the right-hand side of (5.11) may be 

i nt e r preted as the contribution from a bundle of dipole t ails radia~­

ing from a simpl e po l e which is one of the r e peated reflections of 

(~,o/0 ) . In order to show this we may as wel l take the simp l e r ex ­
p r ess ions 

(5 .1 2) 
ao+ic 

½ -~ +ic 
H( w) exp {-rch(w- i 41)} dw, 

H(w-2m8i) 
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a nd 

( 5 . 13 ) 
oo+ic 

R I ( ) d~f _1. J m r, ~ - 2 • 
- CD +lC 

_ _ H_(-w_) ____ exp {-rch( w- i~ )} dw , 
H( - w+2m8i+2 <p1 i ) 

Fr om the fun ctional r e l ations ( 4 . 17 ) it fo llows tha t 

( 5 . 14) 

a nd 

( 5 . 15 ) 

The ref ore in 

( 5 . 16 ) 

H( w) = sh ( w-i<,1+i/1 )sh( w-i ({'1-iy2+i8 ) 

H(w+29i ) 

__ H(~w_)_ = 
H( -w+2icp1 ) 

sh ( W- i (f1+i ( 1 ) 

sh( w- i cp1-i f 1) 

both cases (5.1 2 ) and ( 5 . 13 ) WE obtain something like 
oo+ic sh(w-io:.J. ) 

½ j 1T ---- exp {-rch(w- i ~)} dw , 
- oo +ic sh(w-ifoj) 

whe r e the ~ . a nd p. easi l y follow from the r e l ations ( 5 . 14 ) a nd 
J J 

(5 . 15 ). Instead of giving general fo rmulae the /3 j for the first 
few cases a r e given below . 

po s i tion of po l e 

R ' 2 2 <p1-<po+4e 

R1 <po + 20 

R ' 1 2 </'1 - cp
0 

+28 

R 
Cfo 0 

RI 2 <p1 - <fJ 0 0 

R_1 c.p - 28 
0 

R ' 2 cp - cp- 2e - 1 1 o 

o/1+J'2+Q '1'1 - / 1+2e Cf1+ f 2+3S 

if 1 +{ 2+0 <f1 - f 1 +20 

Cf1+f 2+0 

~1 +f 1 

o/1+ f 1 

(f1+l 1 

The va lues of lX j are determined by the same scheme with /
1 

and {
2 r ep l aced by -{1 and -J'2 . 

It can easi l y be verified that constan ts Cj j =O,1, . .. n exist 
such that 

(5 . 17 ) 
n 

TT 
j =1 

In f act we have 

(5 . 18 ) 

sh (w-i cx . ) 
---...c.J_ = C + i 
sh (w - i pj ) 0 



and 

( 5 . 19 ) C 
m 

- 23 -

= TT 
jfm 

s in (13 m - £X j ) 

sin(pm-?j) 

The identity (5 .19) is obviously a ge ne r a l ization of (5 .6 ) and its 

consequences are there fore similar to thos e of the l a tter rela tion. 
+ 

Hence Rm(r,o/ ) may be interpreted as the sum of contributions 
from a simple pole a t the or igin and a bundle of tails of norma lly 

di r e cted dipoles. The number a nd the di r ection of these t a ils is 
dete rmined by the scheme given above . 

An illustration of the kind of reflections of the loga rithmic 

pole (r0 ,~) with res pect to the sides of the a ng l e is given be low 

in figure 4 6 ). We have chosen the fo llowing numerica l values 8=45° 
0 and {1=/2=15 . 

---------------
6 ) The author wi j hes to express his thanks to Dr D.J. Hofsommer who 

carefully che ~ked the t ab l e of r e fle ction angles and construc ted 
the geome trical illustration of figure 4 . 
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