
STICHTING 

2e BOERHAAVESTRAAT 49 

AMSTERDAM 

r:!T.T 70 Jh J.. ~~ . 
✓ 

Soltltions o:f the Bauation of lielm11oltz -

.; n .r::i -n ,r:n c:-1 e I,. -r .L c..w.... ..: ·L C V • 

..,..,. r,. L . 
l.l.. • .. r-!.. ,auvreri er 

, 



I(.ON_[Nl(L. N EDl~RL. Al(c4..:\.I)El\1.I.B~ V ----\N \\"Ii~'l"'I~NRC')H-1\PJ)EN ---- ,.\l\'IS1,I~RD1\l\lf 
Rt~1:)1·i11t,E,cl fi•t)IIl P1·(·>coeclir1gs, St:~1·it:.s 1\, 64, N<). :~ a11<:l :1·11<l<1,g. l\,lctt,]-1., 23, N,1. :3, 19(>1 

MA THEMATICS 

1(-)l lJ'l,IO.NSi s .,, .J •' . ' ' Is.:. (-) .F. 'I, 1:1· ·r~ ·r~., -) lT -' 'f ION - :r 
... - . . .. . . . .. ..'..4 ll.J (JJ ' -'--\. . . () l: HJ~ l l\1 H .-. 1· r1,z· 

. :.i .JlV' . . () . ..1 . . ... 

IN \N ,\ 'N( ' 1· ·11"' ~!; ·1· \T .. .i: r\. ... '--\. _ ){ ..., "' ) . - / 

BY 

l . I 1itro(l·1tct,:011, 

'rl-1is 1>aJ)t~1· is t;}1E~ f'ou1·tl1 c)f ,1 set c>f' J)al)t.~1:s clef1li11g ,vitl1 tl1e r>1·c>bler11 
c)f fir1c.li1tg sc)lt1t1io11s of· tl1e eqt1c1it,io11 c)f' :Ht~_l111ltolt,z it1 a11 a11gttla1· 1·egio11 
,:vit,11 ce1·t,c1i11 f'ai1·ly g<:·11t:~1·c1l l><)t111c.l,11·y C<)11<1it1ic)11s. 'l,l1e 1>1·c>l)le1·11 1ni1,y l>e 
f'o1·11111lctted aH f'c)llc)\\'S. ~I~l1e <t11glc~ A is give11 i11 J)<.)la1· coo1.·clinates r, cp by 
<711 .... :,::: (f) --.: <112. rl,l1e11 t1 ·f't111ct,i(J11 of' G1·ee11 C1(1·, 'Fi, 1·0 , q10) 111t1st l)e c:le1~er·111ir1ecl 
satisfyi11g t,l1e H:el1r1 l1(Jl tiz equi1ti()t1 

( 1.1 ) 
0 

1· -o·r 
and tl1e ·1>ou11clc11·y co11ditio11s 

1 bG . o(:1-
cc1s Yi - -- ··- s.t11 )·'J - --- s.i11 /JJ Cl-==() fo1· q.) == cp1 r ocp 0·1· 

( 1.2) 

witl1 j -- I ancl j -- 2. 
It ,vil l be assu111ed tl1at 

( 1.3) 

1,11is p1~01Jle111 differ·s fr·o111 tl1a.t stt.1cli-ecl ir1 tl1e tl11·ee 1J1·ececli11g 1Jape1--s 
i11 the aclclitior1. of' a11 extr·a te1·111 i11 tl1e l)ot111cla1--y co11ditio11s ( l.2). I11 this 
vvay tl1e p1·oble111 f()1·111ulatecl t1,bc)ve is als(> EL ge11e1--alizat1io11 of tl1e vvell­
l<11.o\v11 J_)l'O lJle111 c>f t.he slo1)i11g l)eac!1 ,vl1e.t·e )'l = 112 = C> 1 ). It will t1JJ_pea1· 

belovv t,l1at t,l:1e ge11e1·alizat,ic>r1 does 11ot i11t,1·oclt1ce ess!:~11tially 11ew featt11·es 
l)ut tl1at tl1e n1ethod clisc11ssecl i11 tl1e seco11cl l)t11)e1· ( cf. II section 2) 
applies cq1.,1ally well i11 til1is ge11e1·al citse. 011 tl1e otl1e1· l1c111d tl1e gcr1e1·a-l­
izatior1 a1JIJear·s to ir1dl1ce i1 fu1·tl1e1-- si1111Jlificatic)11 of t1l1e 111etl1od. 

111 01·de1· to avoid t111dt1e 1·e1Jetitio11 of t,he a1·gu111e11ts a nu111l)e1· of 
r11at1he111atict1il cletails vvill lJe 0111itted l1e1.·c. \:\tr e l1orle tl1at t,l1e see111i11g 
loss of' 111,Ltl1e111aticttl 1.·igou1-- ,vill r>e co1n11e11satec.l l)y a cle,11·e1· ex1Josition 
of tl1e 111etl1ocl. 

1,l1e i1111J()_1·ta11t srJecial case of c1 l1alf'-1).la11e ,vill l)e i11vestigatc~cl i1·1 a 
st1bseque11t paper·. 

*) Ite1Jor·t TW 70 of' the Matl1ematical Ce1-itre, ... i\.msterdam. 
1 ) Cf. LAUWERIER (1959a). 
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2. The F-problem 

By tal~ing t,l1e Fol11·ier tra11sfc>1·1n (sec I section 5) 

00 

(2.1) P(u, rp) =cl1 u f eirsliit ·F(r, cp) d1", 
-oo 

wher·e for t·<::O tl1e functic)11 l!,(r, qJ) is (lefinecl i11 son1e convenient way, 
a potentjial functio11 is ol)tained whicl1 may be rer>r·esentecl a.s the sum 
of an analytic fu11ction of u + iq> arid 011e of it - iq;. By inversion of ( 2.1) 
the followi11g 1--epresentation of the desired solutio11 is obtained. 

00 

(2.2) F(r, <p)= f e-irshu {/1(u+i<p)+/2(ii-i<p)} du, 
-00 

where /1(w) and /2(w) are analytic functions of ,vhich /1(iv) is regular in 
the strip <pi~ Im 1.v s. (f>2 and / 2(w) is regular in the st1·i1J - <p2 ~ Im w ~ - q>1. 

The boundary conditions ( 1.2) are ft1lfilled if· for j -1 and 1· =~ 2 ( cf. I 5.8) 

(2.3) {ch(u-iyi)+sir1 /Ji} /1(u+icpj)={ch(u+iyj}-si11 /Ji} f2(u-icpj). 

We shall 110w introduce an auxiliary function e(z, 11, fJ) ,vl1icl1 satisfies 
the f11nctional relation 

(2.4) 
e(z+i0, y, /3) ch(z+iy)-sin /3 ---· 
e(z -iO, y, /J) ch (z-iy) + si11 fJ' 

,vith O = rp2 -<p1, a11d for which e(O, y, fl)= I. 
We :cote tl1at for /3=0 tl1e relation (2.4) passes i11to the form I (4.1) 

so that e(z, y, fJ) is an obvious generalization of the auxiliary function 
e(z, y) stuclied earlier. Assuming the existence of a solution of (2~4) 
we may p11t 

(2.5) 
1 W ( . R )' e iv -I<p2, y1, 1j1 

2 w -- -------
e(w + i<p2, y1, /Ji) · 

A11 explicit expression of e(z, y, {3) 
as in I sectio11 4. 

may be obtained ir1 a similar way 

Putting tentatively 
d oo 

( 2.6) dz ln e(z, y, fJ) = f e-itz 1J)(t) dt, 
-00 

we obtain by Joga1·ithmic differentiation of (2.4) 

00 

2 f e-itz sh Ot 1p(t) dt = -
-00 

Inversion gives at once 

sh (z+~y) sh. (z . iy) 
(2. 7) sh 0t 'lfJ( t) I .oo. eitz 

4n _00 ch (z+ iy)-sin fJ . el1 ( z - i y,) + 2i11 fi clz. 
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The right-hand side of (2. 7) can be evaluated by mea11s of· tl1e c~alctiI.118 

of residues. In order to get a non-ambiguous 1·esult \Ve shall 1·est1~ict t,he 
discussio11 to that of the impo1'tant subcase 

(2.8) 

Then we find without difficulty 
• 

(2.9) 
I 

or written in a somewhat diffe1--e11t way 
• 

(2.10) sh et VJ(t) = --- -sh ( ½n-y) t exp -{Jt}. 

Hence we have eitl1er 

( 2.11) 

001_ 
ln e(z, y, {J) = 

t sh Ot sh ½nt 0 

-t-- 1 
0 t sh 0t ch ¼nt ' .. 

which is valid for !Imzj<O+½n-lRey!- Re/JI. 
or 

I 

( 2.12) 

001_ 
In e(z, y, {J) = 

0 t sl1 fJt sh nt 

t+ 

00 1 - cos tz2 sh ( ½n - y) t d C - ,t + 
t sh Ot sh nt ' 0 

where 
z1 = z + i/3 Z2 = z-i/3, 

and where C is a constant which causes the vanishi11g of tl1e right-hand 
side of ( 2. 11) for z = 0. 

We note that for fJ=O both expressions (2.11) and (2.12) reduce to 
the expression I ( 4.5) of 111 e(z, y). In a similar way as in I section 4 a11 
infinite product can be derived from (2.12). We find, at least formally, 
with O being some constant 

z22 + (S-y)2 
(2.13) e(z, y, /3) = C 

z12+ (S-y)2 
i z22 + (S +y)2 2 z12 + (S -t-y)2 , 

where S= (2m+ 1)0+ (2n+- l)½n, m,, n=O, 1, 2, ... , and where the ir1teger n 
takes· even values in 1 and odd values in 2- Tl1e ex1>ansion (2.13) 
can be made convergent obviously by introduci11g suitable exponential 
factors. From (2.13) the poles and zeros of e(z, y, /3) can be deduced 
by inspection. The first few poles and zeros are 

(2.14) poles z=i{/3-(½n+y+0)}, 
z = i {/3 -r ( ½ n + y + 0)}, 

( 2 .15) zeros z = i { - /3 - ( ½ n -y + 0)}, 
z = i { - fJ + ( !n - ,, + 0)}. 

-~· 
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Tl1e situatio11 is sl{etcl1ecl below for· Re /1 :;,. () 
• i p -t- i ( ½n -·r- y + 0) 

I 

• 
' 

• 
Fig. I 

• 

-i/J ·+- i(½n -y + 0) 

iO 

-iO • 

-i/3-i(½n -y + 0) 

ip-i(½n+y+O) 

The asymptotic behaviou1" of e(z, y, fl) for Re z -?>- ± oo can be determined 
by means of the standa1~d methods e.g. by using (2.11) or in a sin1ilar 
wa,y as i11 I section 4. We find for v # I ( cf. I 4.16), v = n/0, 

( 2. I f>) In e ( z, y, (3) = - ' 

+ O(exp- !Re zl). 

Returning to the cliscussion of the f11nctio11s /1(w) and /2(w) of (2.5) 
we note that thei1" poles can be der·ived from the poles and zeros of the 
e-functions. Tl1e first few poles of /1(w) are schematically given below 
in figure 2, 

Fig. 2 

• i( <p2-t- 0) + i(½n-/31 - y1) 

------------ i(<p2 +0) 

• i<p2 + i(½n + (32 + y2) 

• ---------------1<p2 

• 

---------------- l<pl 

• 

• 

' 

ip1-i(½n+P1-r1) 

i(<p1 - 0) 

i(<p1 - 0) -i(½n -/32 + y2) 



' 
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wl1ere we have assumed that 1.xi, yj (j = I, 2) satisfy the inequality (2.8). 
E"'or /2( w) a si1nilar picture 1'11ay be o btai11.ed. We see that /1 ( u,) is f1·ee 
f1·0111 J)oles in the strip <p1 < In1 w < cp2 a11d tl1at /2(u.1) is free fr~o1n JJoles i11 
tl1c cor1 .. espo11ding st1·ip - cp2 < 1111 w < - cp1. 'l.,l1ei1~ asym11totic exr)ansion 
follovvs at 011.ce fron1 (2.16). Fo1' botl1 j ··-= l ancl j =- 2 ,ve l1ave ol)viously 
for !Re wl ~ CX) 

( 2.17) 

He11ce we arrive at a si111ilar conclusion as i11 til1e si1nple1'" pr·oblen1 treated 
in I sectio11 5. 

The solution (2.2) witl1 /1 and / 2 give11 by (2.5) is 1·eg11lar i11 tl1e sector 
<p1 <cps;: <p2, 0 < r < c,o with the possible exception of the vertex 1" - 0. 
For r > 0 we have (cf. I 5.13) 

(2.18) 

Re y1 > Re ,'2 

R~ y1 =Ro y2 

Re y1 <Re y2 

F(r, <f') fi11it1e, 

F ( r, rp) -- 0 In r + 0 ( l ) , 

F(r, rp) -- C exp y2 Y2 I 
0 

n r [ l +- o( 1 )] , 
• 

,vhere O is some constant. 
To /1(w) and / 2 (iv) appeari11g in the rigl1t-hand side of (2.2) a regl1lar 

periodic function P(w) vvith the per·iod 20i n1ay be added. It is clear· that 
this l1as no effect on the relations (2.3). In this way a set of l1igher 
solutions is obtained viz. (cf. I 5.11) 

F m(r, cp) = 

(2.19) 00 

f e-rshu{/i('u+icp) ch 11-iv('lt·+i<p)+ /2(u-icp) ch ·11i-v(u-i<p)}d,z1.,, 
-oo 

where m = 0, 1, 2, . . . . 
In view of (2.17) the bel1aviour of F m(r, <p) at r = 0 is of tl1e following 

kind 

(2.20) 

In a similar way as in the fi1·st paper (cf. I 5.24) we may construct 
a second set of solutions of tl1e l1omogeneous problem by way of 

(2.21) 
F,,,, *(r, q:;) = --

2.ni L 

+ /2(w-i<p)e-aml'(w-lq,l} du.,, 

where a= sgn Re w, and wher'e tl1.e co11tour L is shown below and is 
assumed to be shfficiently far away that the poles of /1 and /2 are outside L. 
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2.ni 

• 
.nl 

0 

Fig. 3 • 
-.nl 

As s110\vn in the above-mentioned paper the solutions Fni have as 
1·egards tl1e or·igin. r-· (_) an.d ir1finity r = oo the character of the Bessel 
fl1nctions ]{ rn(r) whereas the associated solt1tio11s Fm* co1·1·espond to tl1e 
Bessel funct,io11.s I m(r). 

The Fourie1·-1·epresentatio11s (2.19) and (2.21) may be conve1·ted to a 
La1)lace-1--epresentatio11. in tl1e sam.e way as in the first paper (cf. I 5.19). 
In order to sl1ow again how this can be done we shall cor1side1'" tl1e case 
m= 0 only. Starting from (2.2) we may write 

F(r, <p) = J exp (-rcl1(w-i<p)) /1(w-½ni) dw+ 

(2.22) 
Im tv = ½n+cp 

+ J exp (-rch (w-i<p)) /2(-w-½ni) dw. 
Im w= -½n+cp 

If the t,vo integration lines which are a dista11ce n apart a1·e b1--ougl1t to 
coincicle with the line Im w = c we obtain 

(2.23) F(1~, ({)) = .f ex1l(-rcl1(iv-i,p))H(w)duJ-r··SUm of 1·esiclt1es. 
L 

By tl1e sl1ifting of the lines Im w =± ½n + <p a number of poles n1ay be 
passed. '11 he cont1,.ibl1tion of their· residues is clearly of tl1e forn1 

( 2. 24) I c1
1 exp - r cos (<p -- rx1 ). 

i 

The fl111ctio11 .H(,w) in tl1e integ1'"and of (2.2:l) is defined l)y 

(2.25) H(w)-- /1(w-½ni) + /2(-w-½ni). 

Substitution <)f the exp1~essio11s (2.5) gives 

(2.26) 
- -½in, y2, {32) 

By mal{ing llSe of the functional 1--elation of the A PI>endix t,his expression 
may be red t1ced to ( cf. I 5. 21) 

(2.27) 
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rrhe seen1.i11.gly coin IJlicat,ed fu11ction 11 (it,) satisfies tJ.l1e f'<)llo\v ir·ig si111 [>l<.~ 
fu11ctional r·elations 

(2.28) {sh (uJ -iy1) + sh i/31} H(i<p1 -f- VJ}=~ (sl1 ('z.,, -t-i1.,1) - sli i;'ii·~ li(irr)1 .. ·1~,) 

forj=l,2. 

Tl1ese relatio11s of wl1icl1 I (5.22) is a s1lecil1l cc1se c,111 l>c (let·iv<:'cl t·1·c.)r11 

(2.25) and tl1e relations (2.3). 111 fact \\i'C l1avt.~ 

H(icp1 + w) =-~ /1(i<pj --t- iv-- ½in)-+ /2( -i,111 -· ·lt' ·- }in) ==,~ 

= sh (w+iyi)---shi/Jj r. • 
1 1 • . . · 

s11. ( 1.,0-iyi) + sh i/J1 qi · 

We finally note that Il(io) has tl1e followi11g t,y1licitl pc>les 

'W -- i{J1 ( <p1 +· YI -- /11), 

W = i/32( (j12 --1-· Y2 ·-\-· /12). 
(2.29) 

The other poles can be determined l)y n1ea11s of' e.g. (2.27). 

3. The G-problem 

The solt1tion of the G-p1~obl.en1 1nay pr·oceed alo11g the lines of II 
section 2. It will be assu1ned that t,l1e functic>n of Gree11 G(r, <JJ, ro, <po) 
may be represented by the follo,ving Fourier· integral 

00 

( 3.1) G( r, cp, ro, <po) -- }· J e-irsh u{g1 ('U -l- iq.,) + g2( u --- itp)} ll1.t, 
-oo 

where g1 and g2 are sectior1ally holon1orphic functi<J11s. Tl1e ft1r1ct1ion 
g1(w) is holomor1lhic in the stri1Js <pi< 1111 u, < q.10 a·11d q:10 < 1·n1 w < t:p2. 

The function g2 ( w) is holomo1·phic in tl1e st1~ips -q>o < Im u, < -- <p1 a11d 

-cp2<Im w< -rpo. 
According to II (2.12} they l1ave the follo,ving discontir1uit,ies 

(3.2) 

If we put 

(3.3) 

. <po+ 0 1 . 
gi ( u + l<p) -·-~ ~ 0 1r0 sh u, 

rpo-0 2n 

<po-tO I 
___ eir

0
shu. 

j= 1, 2, 

where the fJ(w) are defined by (2.5) tl1en the boundary co11ditions at 
<p rp1 reduce in view of (2.3) to 

(3.4) 
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so that 1-ve 111a y put 

(3.5) 

or 

( 3. (3) 

wl1e1·e P('u,,) is a }Jer·ioclic fu11ction ,vitl1 tl1e Jle1~iod 2i0 which is sectionally 
holo1norpl1ic i11 - 0 <:_ 1111 w < (J witl1 disco11ti11t1ities at 1111 'W -- ± ( <po-<p1). 

It follovvs fro111 (3.2) a11cl (3.3) that 

( 3. 7) 

(3.8) 
-- i( <po-· <p1) + i() eir0 sh u 

- l q:10 - 'Pl -- l ,;.iJl 2 'll -· l<po 

A solution of (3.7) and (3.8) can be obtained in the f'or·m of two Ca11chy­
integrals 

wl1ere the li11es of i11tegration l1 and l2 a1·e determined by Im wo = <po - <p1 

for· Z1 a11d Im w0 = - <po+ cp1 for l2 witl1 in both cases Re wo running from 
-ex:> to + ex:>. 

S11bstitution of (3.9) in (3.6) and (3.1) gives eventually 

'V 00 O; 
(3.10) G(r, <p, r0 , <po) = ---2-. exp (-irsh u + irosh uo) g(ii, uo, cp, rpo) du duo, 

16n l _ 00 _ 00 

where 

g( u, it.o, <:p, <po) = 

with v = u + i(J? and 'Vo= uo + i(J?o. 
The convergence of (3.10) can be effected in a variety of ways e.g. 

by shif'ting the lines of integration a little upward 01· downward or by 
subtraction of a11 appropriate solution of the homogeneous problem. 
Anyhow the form (3.10) presents no more difficulties than the corres­
ponding solution of the simpler case which has been treated in the 
second paper. 
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4. The G-problem, second method 

Following the method of II section 4 we may try to r·epresent the 
Gr·een's f1111ction G in t,11.e following way b)r a I.Ja}Jlace i11tegral ( cf. II 4.5) 

( 4.1) 

where 

(4.2) 
1 ---.--------

Go(r, cp, ro, <po) - ,~ Ko(Vr2 +ro~-2·i·ro cos (q.J-<po)). 
-CJJT, 

We sl1all p1·ovisionally assume tl1at ½n <: F) ";::: n. 
From 

(4.3) 
1 00 

;JT, -oo . 

with either e = 1 01~ e = -- I it follo,vs tl1at by a1Jplying tl1e bou11dary 
conditions at <p = cp1 we have fo1-- rp - <p1 

(4.4) 

I o . o R G cos y1 - -- -- s111 y1 - - sin 1,1 o =-: 
r OJJ or 

1 00 

n -oo 

and for <p = <p2 

(4.5) 

I o 
cos r2 " r u<p 

n -oo 
-sin/32}du. 

·'II 

Then reasoni11g along the same lines a.s in II section 4 the boundary 
conditions lead to the requi1 .. ement that there exist holomorphic functions 
g1(w) of which g1(w) is holomorphic in the lower strip -n<Im w<O and 
g2(w) holomorphic in tl1e upper strip O<lm w<n 1) in such a way that 

(4.6) 
g1(-½ni +io) g1( - ½ni-w), 

g2( ½ni + w) = g2( ½ni - w), 

(4.7) 
g1(w)chw = {ch(w-iy1)+sin ,B1} g(w-l-iq,1 +½in)+ 

- {ch(w+iy1)-sinP1} exp {irosh(w+ipo-i<p1)}, 

and 

( 4.8) 
g2(w) ch w = {ch(w-iy2) - sin /32} g(w-l-i<p2-½in) + 

- {ch(w+iy2) +sin P2} exp {-irosh(w+icpo-iq:>2)}. 

1) In the corresponding passage in II p. 362 the two strips have been interchanged 
erroneously. 
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Elimination of g(u,) f1·01n tl1ese exr>1""essions yielrls in accordance witl1 II 
(4.14) 

( 4.9) h2(11J) g2(·iv - itp2 -l- ½in) -h1(1,,) g1('ll' -- iq)1-½in) = k1('u,)-- /(:2( w). 

valid i11 tl1e st1 .. ip 

( 4.10) 

ancl where for j := 1 a11d j -- 2 

( 4.11) 

and 

( 4.12) 
• 

-irp1 -iy;)-t-shifJ1' 

The solution of the generalizecl Hilbert problem ( 4.9) involves the 
factor"'isation 

( 4.13) 

wl1ere H1(w) is holo1no1--phic in the stri1) q;1-½n < Im w <Pi+ ½k and 
symmet1'ic with respect to icp,. 

If we define H(w) =h1(w)H1(u;), where according to (4.13) j is either 
1 or 2, from the sy1n1netry relations of H1(w) the following functional 

' 

relations of Il(w) may be derived. 

( 4.14) 
H(icp1 -t-- w) h1(icp1 + w) 

= 
li(i<p1-w) h1(icp1-u,) 

' 

Since tl1ese are exactly the functional relations (2.28) we n1ay identify 
the function H(w) defined by (4.13) with the function H(w) whicl1 has 
been studied in section 2 and which was defined by (2.25). 

Hence tl1e facto1"'isation (4.13) is solved by 

(4.15) H1(w) = H(w)/h1(w) 

under the proviso that H1(w) is free from poles in the strip 

<pj-½n<Im w< cp1 + ½n. 

As i.n II section 4 it follows that this is t1--ue only when the following 
two inequalities hold ( cf. II 4.1) 

( 4.16) Re y1 < 0 + Re (31 - ½n, Re y2 > - 0 - Re (32 + ½n 

The factorisation problem (4.13) being solved the problem (4.9) can 
be replaced by the simpler one 

( 4.1 7) 

This problem is identical with the one which has been studied and solved 
in II section 4 (cf. II 4.19 sqq.). Therefore the Green's function can be 



358 

1~ept'esented by,II (4.25) vvhere of cou1·se lci(w) ar1cl IJ(rll') a1·e n101·e ge11e1·al. 
In 01·der to avoid. conti11uous · 1·efe1·ence to tl1e qt1oted IJa}Je1· the solution 
will be reprodt1ced here 

(4.18) · 

2:nG(r, cp, ro, q10) -- l(o(Vr~ + ro2 -- 2rro cos ( q) - q·10)) -l-

0? . l' OCl t ic . . _ 
-f- i~ e..-rcli(w-r<p) k1('ll1)d·u; t- . e-t·ch (iv-iv) fl(·11,)cl11J • 

-00 4nl - oo-+-ic 

s11 v(w- iq11) 
• 

k1('wo) - k·2('UJ0) 
H(·wo) 

. . tl·tf,10 
C!l v( Wo - 1g>1) · ell 'J' ( 'W -- l<f)I) 

,vl1er·e the line of ir1tegratio11 L 1 is dete1·111i11ed by 1111 w < Ir11 it,'o ,:: cp1 -r- ½n 
as shown ir1 II figt11·e 2. 'Also i11 tl1e ge11eral case studied l1er·e the expressio11 
(4.18) can be l"educed to the form II (4.28) i.e. 

2nG(r, <p, ro, q.,10) = 

( 4.19) 

V oo+ic . 

--- . · exp {- r ch ( w -- icp)} H (-u,) d'U' ex1) {i·o cl1 ('U'o ---- i~o)} · 
4n1 - oo + ic · L 

iq,1) dw 
cl1 i 1( u,o - 1<p1) - cl'l v( iv - iq,1) 0' 

,vhe1--e '·L is a contou1~ as sho\vn in figu1~e 3. 
We finally note tl1at the expansion II (4.35) a.lso holds good in the 

ge11eral case. The, discussion of (4.19) does 11ot lead to essentially new 
featu1·es and will therefore be 01nitted here. 

5. Appendix 

We shall p1·ove the fol lowing · functional r·ela tions of the fu11ction 
e(z, y, fJ) defined by (2. I :1) for· the case (2.8) a11d by (2.13) for· all values 
of z, y and /3. 

(5.1) 

and 

(5.2) 

e( ½ni + z, y, (:J) 
= 

e(½ni - z, y, {J) 

e ( - ½ni + z, y, /3) 
e(-½ni-z, y, /3) 

cl1 ½:v(z +· iy + i/3) 
cl1 ½11(z - iy- if]) · 

ch }v(z ~ iy + i/3) 
cl1 fi1(z + iy - i{J) · 

These equations are a generalization of I (4.13). Tl1ey ca11 be proved 
by taking the logarithmic derivative of· both sides a11d using (2.6). 
Considering (5.1) we have 

d e l.ni + z = 00 

dz e( 2 n1 - z, y, /3) -oo 

Substitution of (2.9) in the right-l1and side gives in view of III (6.2) 

-oo sh0t 
= ½vi{tg ½v(iz + y +fl)+ tg ½v(-

dz n cos ½v(iz + y + /3) ' 
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f1--0111 whicl1 ( 5.1) easily follows, at least apart fro1n a multiplicative 
consta11t. Howeve1·, (5.1) obviously is cor·rect for z= 0 so that it is correct 
for .. all z. The proof of (5.2) is si1nilar. 

Next we prove the f'u11ctio11al relation 

(5.3) e(z -i0, y, {J) C' { l . . /3} = C 1(z-1y) + Slll , 
e(z, y -0, {3) 

which is a ge11eraliza,t,ion of I (4.14). 
For the p1·oof of' (5.3) ,ve may use tl1e knowledge of tl1e poles a11d zeros 

of e(z, y, {3) together· ,vitl1 its asy1nptotic ex11ansion. 
In.spectio11 of (2.13) sho,vs tl1at e(z, y, {J) l1as poles at 

(5.4) 

and zeros at 

(5.5) 

-· i{J ± i { ( 411, +- 3) ½:n + ( 21n + 1) () + y}, 
i/3 ± i { ( 4n + 1) ½n + ( 2m + 1) 0 + y}, 

- ifJ + i { ( 4n -t- 1) ½n + ( 2ni + 1 ) 0 - y}, 
ifJ ± i { ( 41i -t- 3) ½:n + ( 2rri + I ) 0 - y}, 

whe1·e m, n= 0, 1, 2, .... 
'"fherefor·e tl1e left-hand side of (5.3) l1as 110 poles and only a set of 

zeros wl1icl1 a1--e those of the rigl1t-hand side. Since both sides have the 
same asymptotic behaviour as Re z -~ ± ex:> the equality holds with 
so1ne constant 0. 
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