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Some analytical aspects the Tricomi Problem"

Introduction

In thlis paper we study some of the analytical aspects of equations
of the mixed type. Such equations are frequently encountered in the
theory of transonic flow and then give rise to a special boundary value
problem, called the Tricomi-problem. The analytical treatment of such

problems may be divided in three simpler problems, which are 1in essence

%

1°. A Dirichlet problem.
2%, A Cauchy problem.

3°. The problem of solving a singular integral egquation.

The first problem will hardly be discussed. For the Cauchy problem we
presented a very simple method leading to the solution of a class of
equations including the Tricomi and Gellerstedt equations. In connection
with the third problem we studied uniqueness proofs for equations of the
mixed type. According to the Fredholm alternative for integral equations,
this enables us to decide for which problems there really exist unique
solutions, a very important problem in transonic flow. To obtain explicit

solutions for the Tricoml problem it seems desirable to employ numerical

methods. In a forthcoming paper we discuss this problemn.

1. Equations of the mixed type

We consider a linear partiasl differential equation of the second

order

(1.7) Iy = Ay =+ 2way + Cy

+ + -+ =
e Dy, Ewy Fy = 0,

Yy

with real coefficients which are functions of the two independent
variables x,y defined in a domaln Rof the x,y plane. If the discriminant
A = '82 - AC changes sign in R (1.1) is called an equation of the mixed

type. According to the sign of A the domain R may be divided in elliptical,

parabolical and hyperbolical points.



According to the standard theory to (1.1) we may assoclate characteris-
tic variables ¢ and n such that ¢(x,y) = constant and nix,y) = constant

are solutions of
(1.2) X - i -

These varilables are either real or complex conjugate.
In terms of the new independent varilables ¢ and n equation (1.1) may

be written as

(1.1") Vg T DW, + Ew o+ Py o= 0,

G N |

The variables ¢, n may be replaced by the followlng variables which
are always real

1 2/3 1/3

| 3 2.
(1.3) 6 =5 (¢ + n) o = () =l =7y,

and transformation to the variables 6 and o yields the equation

(1.1") Owee + Y + dwe +e1po + fy = 0,

00

In analogy to the elliptic and hyperbolic equations this may be called

the normal form of the equations of the mixed type. The equation

(10“) Owae -+ wGG P O

then corresponds to the equation of Laplace and the wave equation.
Fquation (1.4) is called the Tricoml equation and may be considered
as a natural completion of the usual classification of partial

differential equations.

2. Gasdynamics

Equations of mixed type appear in the theory of gasdynamics when
the streamfunction 1in the hodograph-plane 1s calculated.
We consider plane stationary potential flow which in the physical

(x,y)-plane can be described by



,_ 2 > >
(2.71) c Vp + plg ¢ V)g = O,
-5
(2.2) V ¢« pg = 0,
(2.3) Vs g =0,
L . L R . » 2 _ 9p
where p 1s the density and g 1s the velocity. Further ¢ = —— follows

e
from the known equation of state p = f(p). We may introduce a stream

function ¥ and a potential function ¢ for which

- | > |
Vo = r = (-pv, pu) , Vo =g = (u,v).

The streamlines Y constant and the potentiallines ¢ = constant define
a curvilinear orthogonal coordinate
system in which the equations (2.2)
and (2.3) may easily be transformed

by means of the formula [28]%

d

n—pe
V o pos o - o
a (hagii a. - kKja.,

which describes the transition of
the divergence in the (x,y)-plane
to a generalized (Ci)msystem.with

scalefactors h. and coordinate

1
curvatures ki' ITn this case we have
fig. 1 Cj = ¢ and CE = Y, so that
_ x 1 1

If 6 1s the angle formed by the wvector a and the positive x direction

we obtailn

O »

; ‘ 3
(2.5) k) = -pa 376, k, =a57

1

Since in the (¢,y)-plane we have pa = (pgq,0) and -g- ; (0,q) the

equations (2.2) and (2.3) are transformed into
. | f | 2
(2.2") q(oq)(p + (pq) 8, = 0,

(2.3") g q, -4 8. = 0.



It 1s our purpose to take the hodograph veriables g and 6 as new

| | . L U 3 J
1independent variables. Using the relations — = q — + 6~i- and
J d J d P ¢ 0Q ¢ 96
5o - Yy 3q Yy G VE est
1 = + © ﬁ 0 =g + *
and

If the transformation determinant D does not vanish we have

o :E & 4....__...1.1.)...,9.. y_ =f§_ 5 {“ig_m
qcp D 3 qw D o w Dt
If we transform the equations (2.2') and (2.3') to the hodograph plane
the term q(oq)¢ gives rise to a nonlinearity, for we can write
e
+ 9
6 e
where q29¢ caguses the nonlinearity. We eliminate q20 with the aid

P
of equation (2.1). The component of Vp along a streamline 1s given by

q(Dq)q) = gpQg

(2.6)

where M = q/c¢ 1s the local Mach number.
We suppose that p and M depend only on gq. Then by differentiation with
respect to q and 6,¢ can be eliminated from (2.6) and we obtain an

equation of the type (1.1)

_ d ., q . M =1
(2.7) Sq_( SV ) T T Yae 0.



The discriminant of this equation is given by

iM2 -

2
d

(2.8) A =

which changes of sign for M = 1, 1.e. when g equals the local velocity
of sound. Hence 1n the points where the flow i1s changing from subsone

to supersone equation (2.7) changes of type. In other words equation

(2.7) 1s of the mixed type and the sonic line corresponds with the
parabolic line.

Next we 1nvestigate the physical meaning of the characteristics

a n + | . . . | .
of equation (2.7). Let 1— be the characteristic lines in the (x,y)-plane
»-.+

with the unit tangent 1. Along 1 we have

-aﬂ. a & # |

(o 9) _@_9,_ 51 ‘i* . Vg (11312) (qqq)s pqu)
' il covs v Br CLIRRT I
de _@_@_ f " ve (11 512 (q.e@ b pqew

ol
where 11 and 12 are the components of it along the potentiallines and
the streamlines respectively.
From (2.6) we have

| D |

(2.10) VO = (qu: (M~ - 1)q¢)*

Substituting this into (2.9) and recalling that l1 = + ] ~jlg .

we obtain

+ plzq + T - 12,q

(2.11) dq _ = R Y 2 .
36 : S

-2 ¥ .1 /v
+ 12 M =1 q¢

M2—1

On the other hand the line 1 corresponds to a characteristic of (2.7)

so that

(2.12) aq _ __—



From (2.11) and (z.12) we obtain the result

!
:'i"“a
o T Iy
- > . |
Let o be defined as the angle between 1L and g (see figure 2), then

S
Qo = arc81n(j_wﬂ.
y Machline

>t o o | L. .+
N This means that the lines 1— agre
q » . \
) str.line 1dentical to the socalled Mach
_w lines, thus the Mach lines correspond
X z- to the characteristics.

X
fig. 2
One can also state something about
sogic %ine? the orientation of the sonic line
” ¥ 2. 1line in the physical plane (figure 3).
Suppose that the flow at the "left"
= hand side of the sonic line s 1s
 iStfﬂ line subsone and let gbe the unit tvangent
ANEI along s then from (2.i0) we have
N
f1g. 3
(2.13) §§-=§* Ve = 05,9, -

In figure 3 two different situations are i1llustrated, showing that

a6 . 4 " ) . {, . o
35 1S always negative. lrn general we have a monotonic behaviour of the

variable & along the sonic line.

In some 1mportant cases 1t 15 possible to give an explicit formulation
of the boundary value problem in the hodograph plane by means of this
method. In particular the transcnic flow through a two-dimensional

pipe (see figure 4) can be treated in this way.



_ y
wall
i ,
l
! =* ' — Machline
| P P
| = -~ streamline
|
|
B

fig. 4

We suppose that the flow 1s symmetrical and that the walls and the

axis of symmetry (x-axis) are streamlines. According to Frankl' ([L],
[:29] ) the point Q in figure 4 will be a sonic point and the Mach line
starting i1in the sonic point P on the x-axis will run through Q.

These data are sufficient to give a formulation of the boundary value
problem 1n the hodograph plane. In the subsonic region the boundary

1s formed by the lines 6 = + 94 (figure 4 ) and a line q(ef) corresponding
to the velocity distribution at the entrance of the pipe. In the super-—
sonic region the boundaries are formed by the Mach lines, 1.e. the
characteristics of the equation. In the hodograph plane the point Q lies
on a characteristic.

Instead of the variables g and 6 we use varlables o and 6 by means of

which equation (2.7) can be transformed into a more appropriate form

(2.14) K(O)wee + WUG = 0,
. HCTQ -- 1T - M2
vhere o 1s defined by ¢ = J E- dg and K(o) = — -
q P

The point g = O corresponds to o = « and the sonic line corresponds to
the 6-axis. In the new hodograph plane the geometry of the boundary

value problem may be sketched as in figure 5.
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f1g. 5

Since the flow 1s symmetrical with respect to the x-axis the boundary
value problem 1s symmetrical with respect to the line 6 = 0. Therefore
1t 1s sufficient to consider only one half of the region say that of

6 > 0.

The curve CA corresponds to the velocity distribution at the entrance
of the pipe. It 1s necessary to prescribe this distribution (section 6)

beforehand. Equation (2.14) is called the Chaplygin eqguation and the

boundary value problem can be considered as a special case of the

Tricoml problem. Before this problem appeared in the theory of gasdynamics,
Tricoml (1923) considered a slightly more general boundary value problem,
1n which the elliptic boundary was an arbltrary Jordan-curve. He restricted
the considerations to the Tricomi equation (1.4). In this connectilon we
remark that the Chaplygin equation resembles the Tricoml equation very
closely 1f o 1s small and the fluid 1s an i1deal adilabatic gas. In that

case we have

2
(2&15) Mgﬂgg'—g—_‘é— ) c =P
2B8-q

where p. and B are constants.

O

Choosing p, = 1 we find from (2.14)



(2.16) and

o_ .
“min

4;1--“““““‘”““““ :

We conclude this section by mentioning a remarkable transformation
between the Chaplygin equation and the Tricomi equation. Germain and
Liger [éd] proved that it 1s possible to reduce the Chaplygin equation

(2.14) to the Tricomi equation by means of the-transformations

3/2 1/6

8 . o |
(2.17) 3y = 2z , X+1ly = ‘tg(g-i- is) , B(s)u(8,s) =v ""u(z,x),

where a = constant.
This yields

zu  + U = 0.
XX 7, Z

This confirms the central place of the Tricoml equation 1in gasdynamics.



3. Survey of yrical methods

In thlis secticn we give an outline of some methods to treat
boundary value problems such as the Tricomi problem. We consider a
mixed equation 1n an elliptic domain N, a parabolic line C and a

hyperbolic domain N (see figure 6).
y Since the behaviour of the solutilon
v of the equation Ly = 0 is different
in the elliptic domain from that 1in
the hyperbolic domain, one attempts

to solve the following problems

separately

fig. 6

(E) The explicit solution of the equation in the elliptic domailn 1n
terms of the values v, Y or tpy on the parabolic line, which
satlsfies the conditions along the boundary %+.

(H) The same problem for the equation in the hyperbolic domain.

(P) The matching of the two solutions on the parabolic line by elimina~

tion of the used values for v, tpx or lby on the parabolic line.

The elliptic problem (E) - Until thlis time the greater part of the

theory concerns equations of the type

(3.71) K(y)wxx + wy’y = 0,

a N L | _ + . |
with boundary conditions of the first kind along the curve ¥ (figure 6).
Where K(y) = y (equation of Tricomi) the problem may be reduced to a

potential problem under the transformations

2 3/2
I‘ﬁ-gyB/ s & = X,

yvielding

(3.2) v+ U +-%-;--1p+ = 0.
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The solution of (3.2) may be considered as an axlal-symmetric solution
of the Laplace equation 1n a 2 1/3 dimensional region.

Holmgren (1916) was the first to give explicitly Green's function of
the problem [22]. Later Weinsteln ::( 1948 ), applying his generalized
axial-symmetric potential theory (the socalled GASP-method ) [3”? , 38, 39,
40, h’t] , and Germain and Bader (1950), with a group of transformations

[7, 13, 14, 15|, constructed other fundamental solutions for (3.2).

For the more general equation of Chaplygin, Germain (1952) gives an
integral representation of a fundamental solution by applying the
generalized Fourier-theory of Laurent Schwarz ["I ’ij .

With the aid of the fundamental solution of Holmgren, Tricomil [36] .
Gellerstedt |6] and Protter [32], give the solution ¥ in terms of

U(X) = WY(X,O) for the cases K(y’) =y (Tr’lCOml equation) . K(y) = ym

3

(Gellerstedt equation) and K(y)€C~ (Chaplygin equation) respectively.

The hmerbolic problem (H) - We considered only methods for the Chap-
lygin equation yielding Y 1n terms of v(x) and where Yy satisfied the
boundary conditions on D . To solve this problem one considers first
the Cauchy problem on the parabolic line.

Tricoml and Gellerstedt solved this problem in a very complicated

y and K(y) = ym

respectively. Protter generalized the method for K(y) é.C3 [32].

111

manner (due to Hadamard) for the cases K(y)

There are a large number of other methods to solve this Cauchy problem.
In the first place the method of Rilemann E‘!2, 13, 19] , but also the
GASP-method of Weilnstein, the transformation-groups of Germain and
Bader, and the 1ntegral-operators of Bergman IB] may be used to construct
fundamental solutions with the singularity in the hyperbolic region.

One may give directly an integral-representation for the solution of
equations of the Gellerstedt type ( Bergman fQj ), when we approximate

the initial-functions by polynomials. In the following sectlon we derive
by very elementary methods also an ilntegral-representation, for the
solutions of a class of equations, 1ncluding the Gellerstedt type.

After we have found ¥ in terms of v(x) and 1(x) = Y(x,0), we substitute
the boundary conditions along B , obtaining a functional relation

between t(x) and v(x).



e

The elimination probiem (P) - From the solution of problem (E) we have

an expression for 1(x) 1n terms of vix) and substituting this 1into the
relation obtained by solving problem (H) we get a functional relation
for vi(x) alone. If the conditions on b are of the first kind this
relation will be a singular integral equation for v(x). For example,
for the Tricomi equation and the Tricomi boundary value problem we

gert D Qj

&) - =Eiv(t)ar +

_ L T=-X t+xX=-2t X
n‘\/; 0

(3.3) vix) +

F(X),

{

+ G(x,t)v(t)dt
‘0

where G(x,t) and F(x) are given functions.
Without solving this i1ntegral equation we can say something about the
unigueness and the existence of the solution. For the Chaplygin equation
and the Tricomi problem, the Fredholm-alternative applies to the
resulting lntegral equation, l.e., elther there exists an unique
solution for the boundary value problem, or there exist non-trivial
solutions of the equation hy = 0 satisfyilng homogeneous boundary
conditions. An uniqueness-theorem proves the unique existence of a
solution, as then the kernel of h 1s trivial and the second possibility

18 contradicted.

L. The Cauchy problem on the parabolic
First we consider the solution of the wave equation

(4.1) I VI

It 1s well-known that the solution of the Cauchy problem on the x-axis
1s given by
|
L . , - e -
(L.2) w(x,y) = Brix-y) + dt(xry)] + [y | vix+(1-2t)y)dt],
‘0

oy
L 4

where 1(x) = p(x,0) and v(x) = pr(x,oi) on the interval [O,‘S_j



X —2=C /X+7=1

Q

fig. 7 fig. 8

The functions 1(x) and v(x) completely define the solution in the
characteristic triangle OPQ. We may interpret the solutilion y(x,y) as
a weighted sum of 1 and v over the i1nterval of dependence [kmy, x+j]
of the point (x,v).

We consider now the Chaplygin equation

(4.3) Ly = K(y)wxx + Vo = 0.
Define
% o 4 .
(Lb.4) z(y) = J \V/-K(y) dy,
O

then the characteristics are given by
(L.5) ' X + z = constant,

and the i1nterval of dependence on the parabolic line of the point

(x,y) 1s given by

(L.6) E?'“ z2(y), x + z(y)].

The solution (4.2) suggests the following integral representation for

the solution of the Chaplygin equation

(4.7) V(x,y) = f F(x + (1=-2t)z)v(t)dt + y | Gix+(1-2t)z)w(t)dt,
* ‘0 e

1n which we assume F to depend on 1t and G on v.



T4

From v = 0 we must deduce the functions F, G, Vv and wW.
We divide the probiem into two more simple problems with v(x) = 0 and
1(x) = O respectively. Superposition of the two solutions gives the

solution of the general Cauchy problem.

a) vix) = 0 — We wraite f(x,z,t) = x + (1-2t)z and applying the operator
L to F, we obtaln
2 2

8 LF = (Kf - £ )F'(T) + | + PTI)F"(f) =
(4.8) F (Kixx + iyy)F (f) + (fo y) (1)

= (1-20)2"F(F) + (K + (1-2¢)72'%)F"(£).

It is our intention to transform LF into MF, where M 1s an operator
only 1in the variable t.

From the i1dentities

o : |
-§€‘F ftF ( ) 2zF'( 1)
and
3 > >
| - » il | Tt o ' » 11 f
;;E‘F ittF (f) + ftF () L4z F‘( )

we see that the folowing relations have to be satisfied
(4.9) (1-2t)z" = -2z a(t) ply),

(4.10) K + (1-2t)°2'% = 4z°D(t) ply),

where a(t) and b(t) are certain functions of t and pl(y) i1s a certain
function of y.
We see 1mmediately that

3

(4.11) alt) = A(1=-2t) and b(t) = t(1-t),

where A 1s a constant, while z = z(y) must satisfy the equations

n

z" + 2ip(y)z = O

2

z' o+ p(y)zz

I

0.
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If we eliminate p(y) from these relations we find a non-linear equation
for z(y)

’ » 1 N '2

This relatlon restricts the class of equations to which the method
applies. For the moment we assume that (4.12) 1s satisfied.

Next we substitute (4.9) and (4.10) into (4.8), obtaining

r ] - L2
(L.13) W, =ply) | (alt) = + b(t) —=)F *» v(t)dr.
1 ., 3t =
‘0 ot
We define the operator M:
. 3 | 32
(4, 14) M=a(t) —+ b(t) — ,
3t N
ot
with the property
. ‘., g . e R a - _. -,
(4.,15) v(t)MF = FM v(t) + 5t P(v,F),
where
(h.16) M =-—-—-2-"b(‘t) -“5“*8.(‘t)
_ T
or
and
(4,17 P(v,F) = bvF, - F(bv)t + avF.

Substituting (4.15) into (4.13) gives:

A N L S
(4.18) Ly, = ply) | FM vdt + ply) — P(v,F)dt.
- =1
Ly, becomes equal to zero 1f we set M v = 0 and PCV,F)i = 0.
t=0

In so dolng we obtalin,

Il

(vb)t - av = c = constant,

<
O
"z
|
0



Choosing ¢ = 0 this results 1n

. . A= A=
(u.?9) vit) = C. T [(?—t) !,

{

A A , - StE -
t (1=T) F'(x«r—ﬂ-—?tji% = () On‘h,
t=0

o L

—

where C 1s a constant.
From (4.20) we see that A > O.

Now that we have found v(t), the solution wT(x,y) becomes

- o | A= =1
wT(x,y) = Cq | Fix + (1-2t)z)t (1=t ) dt .
/0
and substituting vix,0) = 1(x) we find that
t(x) = C ,Fix) ot (1=t) 4t = C.BIA,M)F(x),
’ 0

where B(A,)) 1s the Beta-function.

Choosing 01 = B“E(A,A) and F(x) = 1(x), we finally have

LI | . | ‘ ; - ] £ : " ’ ' A'“ »g
(4.21) v (xyy) = BT (A0 | et
J

0

(1-t) =

1 (x+(1-2t )z )dt,
which satisfies the Chaplygin equation and the boundary condition

Y(x,0) = t(x), wy(x,O) = 0, when z(y) 1s a solution of (4.12).

b) 1(x) = 0 — The solutlion of this second Cauchy problem follows exactly
the method used 1n case a).

One finds that sz may be written as

| A AL e |
(4.22) Ly, = aly) | (e(t) =—— + d(t) —5)G - w(t)dt,
2 io t e

where q(y), 2(y), c(t) and d(t) must satisfy the equations
(1=-2t)(yz" + 22') = =22 qly) c(t),

‘ | > S
t(t=1)yz' =2z d(t) aly).
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These equations are solved by the relations:

i—*(f‘“'zt)a

c(t )
dit) = t(i-1),

2

(4.23) y(z"z = 2uz'") + 2z2' = 0,

where . 1s a constant. 5

Again we define an operator M = c §€n+ d,éug-. If M is the adjoint
ot

operator, we have

w(t)MG = oM (¢ ) +a%%-P(w,G),

where P(w,G) 1s the corresponding bilinear concomitant.

Putting this into (4.22) we find that Lwe = 0, 1if

(k.21) w(t) = C t" T (1=t)" T,
. - - T="1
(4.25) t}p(1~t)“G'(x + (1-21t)z = 0,
=0

where 02 18 a constant.

Condition (4.25) implies that . > 0. With (4.24) and remembering that

wy(x,O) = v(x), the solution wg(x,y)‘beCQmes

1
- -1 . N TS I
(4.27) v, (x5y) = B (usn)y | t7 (1-t)
‘0

“HTv(x+(?-2t)23dt.

¢) The general Cauchy problem - Obviously the solution of the general

Cauchy problem is given by
g = o+ P
We have seen that the following conditions must be satisfied

1) 1(x) andiv(x) differentiable.
| d ry — o u o _
2) z(y) = | \/-K(y) dy satisfies the equations (4L.12) and (L4.23).
0

From (L.12) and (4.23) we deduce that



| LA
| 2 2 _ .“ y2
A= ¢ and L = A =
1 P - V2 T 9
22 |
;_ _ | y N —
Wilith the soluticn 2 = ¢const{=-y) and At = 1

For Kly) we flnglly 1find

2A
H.29, | P’ gy —eA
(.29 K(y) = =|const| (-y) ,

where A -+ 0,

The speclal case of the Tricoml equation 1s obtained for A = 1/6.

5. Uniqueness-proofs

We consider in the domain %the aguation
(571 Ly = 1,
with boundary conditions My = 0 along the boundary D and we denote
the sets 'y | Ly = 0} and 'y | My = 0} by d/]; and L/ﬁ Now equation
(5.1) has an unigue solution {(1f there 1s a solution) 11:1411\:1 when

J.Lﬂ% = {O} Therefore, 1t we can coastruct a functional which

vanishes on dh , but which 1s definite on we are sure that equation
(5.1) has at most one solution 1n (II:/I In this way the methods, employed
by Morawetz [’25] and Protter [3 T, 32] for the Tricomi problem and
related problems may be interpreted.

Morawetz considered the functicnal

(5.2) Fly) = | (Kiy)y .+ v

J% Yy

where a(x,v) and b(x,y) must be chosen in such a way that F(y) is

)(aix,y)wx+b(x,y)wy)dxdys

definite on JI:/I For boundary conditions of the first kind, Morawetz
proved that one cannot find f unctions a.(:x,*y) and 'b(:x:,y) for every
unique solvable boundary value problem, which make F(y) definite.

L | at | . i, o C
The elliptical boundary D nmust always satlistfy certaln minimal conditions.
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Protter considered a slightly more general functional

(5.3) F(y) = ' (K(y )0 (P, e, rby e )dxdy,

which enabled him to treat arbitrary elliptical boundaries when K(y)
satisfilies certailn conditions. In thils section we glve a matrix
formulation of the methods of Morawetz and Protter., which 1s related
to the matrix method of Friedrichs for symmetric positive linear
differential equations.

Let g'be the vector (wx,wy,w)T, then the Chaplygin equation may be

written as

d2u2 ~ a1u2 = 0,
u] - 81u3 = 0,
U, - 82u3 = 0,
N _ O N
where 81 = 37 and 52 = Ay

The boundary conditions are represented by Ma = 0.

We define the matrices

K5 3 0 0 0 O
: >
3 -3 0 0 0 0
. 1 5 : |
(5.4) (a. .0, ) = s (e, .) = ; (g, ) =
kg 1 0 0 -3 KJ 0 0 K
-5
0 0 : 0 1 0

(5.5) (a7 .0, + c._.)u, = g

We transform this equation by multiplying it by a 3x4 matrix (ti),

obtalning

| | 1 o
(5.6) (tikakjal d tikckj)uj - tikgk’



or symbolically

-

(5.6") La = t.

The functional F(y) 1s now defined by

(57) fF(y) = | Lu - udxdy,
‘R

| - e
where the dot means the vector-product between Lu and u.
We see 1mmediately that a non-trivial sclution of the homogeneous
Chaplygln equation il’l(/l\;l makes Lu zerc and therefore, F(y) vanishes
for an element ¥ # O with (wx,*wy},tp‘)ed&. The definiteness of 'F(w)
excludes this possibility and proves the uniqueness.
We will now 1nvestigate the functional F(y).

y > x : ,

Let H(R) be the Hilbert space of functions u with components

quadratical summable over ﬁ In H(ﬂ) we define the i1nner product

(5.8) (u,v), = u - v dxdy .
ﬁ J:R

The boundary values of the elements or H(R) along 5 form a second

Hilbert space H(ﬁ) . In H(ﬁ) we define

| > T
(5'9) (uav)ﬁ = l u ¢« v dﬁ.

Finally we define the operators

[

t ajf ) + t .. c. .
1%k %3k ikCkj°

1 >
t..8a 1. n 1s the outer-n 1 a.
k8 ) o ut ormal along B,

~(3

If

:
(5.10)
= (B + M)T,

o 1 ..
- .. a . -+ ] .
(Bl(tlkakj ) ) Qtlkck,j

- - - | . e
Applying Green's theorem we transform the inner-product (Lu,v). to

R



e [ 1 | |
klm,vﬁﬁ' | vlthaKJ luJ dxdy =+ J VltikckJquXdy
i3 R
= vt ar n u d R
) 1 1k kK73 1 )
D
J ! o L |
- | ujaltikakjvidXdy + | vitikckjujdXdy'

;‘?L Jﬂ
In terms of L*; M and.M%hwe obtaln the fundamental relation

P e 2 A > >
(u,L v)_ = (M v,u). - (v,Mu)_.

R A b B

This relation 1s the startingpoint for existence-proofs and will be

(5.11) (L, V)

used 1in section 6.

For uniqueness-proofs we assume that (tikaijal) 1s a symmetrilc operator
and we find from (5.710) and (5.11):

o e e | e - 1 = ->
(5.12) F(y) = (Lu,u)gy = 5 (u,Bu)

s TR
] 2 D72 \u,Rug

We will requilire that the matrices B and R are both semi-definite (in the
same sense),but not zero at the same time if u # 0). Since B and R are

ordinary matrices this 1s a purely algebraic problem. Let (tik) be

given by
a 2, 32 aS
(tik) = b b, b, b3 :
C c:,_I C 03
The symmetry of(tu,alwap) 1mplies
1K kg L
(5.13) a, = - Kb a, = - Ke b1 = g b3 = - Cj ay = - b2 = -c..
For the matrices B and R we find
f - + g | +
aK_n1 bKn2 ‘bKni an2 cKn,E c_ln2
5.14 = ’ + - + —~ + o
(5 ) B bKn1 an2 an1 bn2 cjln1 cn2 .
cKn, + c.n -¢c.n. + Ccn - n., - ¢c.n

1 1 2 17 2 2 32



| _ . ¢ oy e o | + ,

(ak) (bKJy + 2c¢K (bK)_+ . 2c, fCK)X + c1y
e n o ~ o e h 4 ~ |
(5.75) R (bK)X + ay 2@1 ax by_ e ciﬂgx -+ cy

eR)y T Gy T 5% “Cix T Gy T =G “Cox T C3y

There are six functions to make B and R definiteonok&.

If we choose ¢ = C = Ch = 0, one can verify that F(v) 1s the same as the

Morawetz function (5.12). ¢

: c2 - 0 leads to the case of Protter.

- We consider the case of Morawetz, l.e. ¢ = C Cs = 0.

On that part of the boundary where no conditions are prescribed the

matrix
aK 3 0
(5.16) B = R ~0 0 .
0 O 0
where o = an, - bng, B = szLi + an,, must be semi-definite.

This means that the eigenvalues of B must be semi-definite, which 1s

the case 1if and only 1if

a) = - oK - B° > 0,

(5.717)

) = a(K=1) 1s semi-definite.

3
ot
Next we consider that part of the boundary where conditions of the type
(5.18) plx,y)v, + alx,y)y, =0

are prescribed. An equivalent fprmulation of these boundary conditions

1S
AD AQ 0O

(5.18") Mu = e o] O Q= 0,
0 0 0

where A and . are functions defined along the boundary.
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We require that M 1s symmetric, hence

p q O
(5.,18") Mu = A q q2/p 0 = 0.
O O O

. + #X 4 . ) F-? it . " .
Now we must make u ¢» Bu=1u ¢« (B + M)u semi-definite.

For (B + M) we have

aK + AD B + Aq 0
(5.19) B+ M= 3 + Aq - o + %qg/p 0 .
0 0 0

Because of the symmetry of the matrix (B + M) a necessary and sufficilent
condition is the semi-definiteness of the eigenvalues of (B + M).

Anglogous to (5.7) we find that

det ( | ) 0
+ _ — 2
(5.20) B ¥e] o + Aq /D
| oK + Ap B + Ag | .
trace (8 + Aq Lo+ )\q?'/p) definite.

We choose XA in such a way that the determinant vanishes, 1l.e.

> o
(5.20a) y=—sple KB )
ap + 28pg - aKg

Hence the second condition of (5.20) implies that

%

J ; o (p° + q°)(a“K + B°) . .
(5.20b) a(K=1) - 1s semi-definite.
2 2

ap + 28pq - oKg

If we call the boundary without conditions ﬁ,l , and 1f we define

@2 = % ~ ﬁi , we obtain the followlng requirements along the boundary@z

(5.17a) --(a,2 + Kbg)(KLn? + ng) > 0 along ﬁ‘l’

(5.17b) (K-1)(an, - bn2) is semi-definite along 31 :

]
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5

(2“+Kb” ) (Kn+n_ )
(5.20b ) (Kmﬁ)(anlwanJ - e — - e —————
a&nqp +2n?pqmn¥Kq)+b(mn2p +2n1qu+n2Kq )
1s semi-derinite alenngQ,
To simplify the conditions on R we set
(5.21) a =al(x), b =Dbly).
The eigenvalues of R are simply
p. =05 0, = -K(y*)(ax-by)+bK' ; 05 = ax-—-by.
Therefore the conditions over the domailn @ are:
(5.22) -K(ax--’by) + bK' and ax-—‘by are semi-definite in ‘A.

For boundary conditions of the first kind we have

“ L e .?.}.P_'— @ « o -~ ] —

where s is the unitvector along B. From (5.18) we see that p = n, and

qQ = -n.. Hence (5.20b) can be written as:
5 5 Kn? + ng
. ' - 7 . - - L}“ bt bt - .
(5.20b") La +b ) — an seml-deflinite salong 92

Now we apply these formulae to boundary value problems of the first

kind for an elliptic, a hyperbolical and a mixed equation, leading to

the Dirichlet-problem, the Goursat-problem and the Tricomili-problem

respectively.

The Dirichlet-problem - In the subsonic region of transonic flow we
have K(y) > 0 and K'(y, > 0. Now K'(y) may be very small, therefore

conditions (5.22) suggest

According to (5.21) we find

a = d4dx + d1 , b =dy + d

where d, d1 and d2 are constants.
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Condition (5.17a) reveals that boundary conditions must be prescribed
along the whole boundarny, a familiar property of elliptic equations.
There remains the condition that

o > > o |
(5.24) r * n is semi-definite along P,

+ 1 Ny - . z ; 4 3
where r 1s a vector with components (a,b) = (dx + dl’ dy + dg).

Figure 9 suggests

fagu

a=1,4d, =4, =0,

for then condition (5.24) is satis-

— ‘ A —~ X fied by a wide class of boundary value

fig. 9

The Goursat-problem - Along the characteristics we have

2 2
K:n‘_.i + nz,
+ + thus the conditions (5.17a) and

(5.20b') are satisfied (see figure
10) along @] and 3>;
, X Condition (5.22) 1s satisfied by

every constant a and b. We take Db

positive and we define

r = (a:b) ° S = (”aab)'
The followlng requirements are to be 1mposed on the boundary

(a)
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—

Because of the positlvety of b, (a) 1s satisfied 1f nT s - 0 (see

figure 11), or eguivalently ES ~;g‘i_04 In other words: the slope along
% 1s everywhere greater than the
slope of ;‘ In the same way we
prove that 1f (b) 1s satisfied,

| . + , -
the slope along b must be less than

Y
0 v

the slope of r.
Combining these results we find that
X the maximal slope of ﬁ% can not exceed
the minimal slope of ﬁ_a
Tt Condition (¢ ) states that the boundary
part @Z can not cut the same
characterlstic twice,
fig. 11
The Tricomi-problem - One may give the same proof as given for the
Goursat-problem. The only difference
between the two problems 1s the
sign of Kl(y) along ﬁ; We obtain the
same conditions (a) and (b) by
choosing a and b to be constants
with b positive.
Condition (c¢) 1s always satisfied,
X so that the maximal slope of‘ﬁgi
must be less than or egqual to the
minimal slope of ﬁ“. We remark that

1t 1s not necessary for 5’)2 to be a

g characteristlic. The conditions (a)
k. | " b) 1mply the condition (5.20b'
Pig. 12 and (b)mlmp v ot ondit (5.20b")
alongﬁb ., 1f this part of the
boundary lies within the characteristic
triangle PQT and does not cut the same characteristic twice. Such a

boundary value problem is called the Frankl'-problem.
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Naturally one may soften the conditions on the elliptic boundary part
by choosing non-constants a and b or by introducing functions c, C, and
C s 8S 1s done by Morawetz [25] and Protter [3§ , 331.

6. Weak and Strong solutions

We conclude this paper on the analytical aspects of the Tricomi-
problem with some theorems concerning weak and strong solutions.

We call the solution u of equation (5.6')

-

(6.1) Lu = f,
which satisfies the boundary condition
(6.2) Mu = O,

a weak solution, 1f for all ;éd@w,

e S . we—

(6.3) (v,f)@\ (L v,u)&,

111

where M* and L% are defined in section 5 by (5.10).
Theorem I. An ordinary solution of (6.1) and (6.2) is a weak solution.

The proof follows i1mmediately from (5.11) and the definition of a weak

solutione.

Theorem II. If the matrices B and R are definite 1n the opposite sense
for all ;eofM*, then there exists a unique weak solution of (6.1) and

(6.2).

-* .
Proof. Let “\7 be an element éuﬂ/b‘/{-ﬂ- and define the element g by

-

(6.4) g =L v,
In analogy to (5.12), we deduce that

; —> N a TN ..l.‘-‘} - | l—)- -5
(6.5) (T, g = F(y) = = 3(¥,80) 5 + 5(V,RV), .

From the condition of the theorem we have that equation (6,)4) 1s uniquely

solvable 1n QXI\‘E%’ thus we can define the functlonal

(6.6) Y (L7V) = (a‘?,%)&, ved ~

uniquely.



23

This functional ?(Lf?d 1s bounded, for according to Cauchy-Schwartz

we have

and from (6.5) we have

iﬁll& HL*;;HOV_T_% HV’:R;)&‘:
thus
o v ] L _
(6.7) I iR I F3 | R [ AT
[ (V,RV ) |

|¥|| is bounded by QllFibi/iiRl

Now R 1s a symmetrilcal matrix, hence .
The functional Y 1s a linear bounded functional defined on the range
of Eﬁl According to Hahn-Banach we can extend Y with the same norm over
the whole space H(ﬂ_) . If we now apply the representation-theorem of

Riesz, we can write

(6.8) o(L"v) = (L v,0),

for just one element U

From (6.6) and (6.8) we see that the equations (6.1) and (6.2) are
uniquely solvable 1n the weak sense, proving the theorem.

The unique existence of a weak solution for the Tricomi problem was
first proved by Morawetz [é@j.

We remark that the method described i1n section 5 may be used to prove
the uniqueness and existence of weak solutions, where for ordinary

solutions the method yields only uniqueness.

Besides the notilon of weak solutions one has introduced strong solutions.
A solution 18 called strong 1f 1t lies 1in the closure of the graph of
(6.17) and (6.2). The theory concerning strong solutions is essentially

developed by Friedrichs [5|, Lax |[23] and Lax and Philips [24].



Bibllography

[j] Agmon, Nirenberg and Protter: A maximum principle for a class of
hyperbolic equations and applications to equations of mixed

elliptic-hyperbolical type. Comm. Pure Appl. Math. (f953§,

Lg] Bergman, S.: An 1nitial problem for a class of equations of mixed

type. Bull. Amer. Math. Soc. (1949).

IBJ Bergman, S.: Application of integral operators to the theory of
partial differential equations with singular coefficients. Arch.
Rat. Mech. Anal. (1962).

[}] Frankl, F.: On the problem of Chaplygin for mixed sub- and super-
sonic flows. Bull. l1'Acad. des Sciences de 1'URSS, vol. 9 (1945),.

[5} Friedrichs, K.O.: Symmetric positive linear differential equations.

Comm. Pure Appl. Math. (1958).

6] Gellerstedt, S.: Sur une probléme aux limites pour une équation
lineaire aux derivées partielles du second ordre de type mixte.

Thesis Uppsala (1935).

[jj Germain, P.: Nouvelle solutions de 1l'équation de Tricomi. CR Acad.

Sci. Paris 231, 1116=1118 (1950).

[EJ Germain, P.: Recherches sur une équation de type mixte. Recherche

Aeronautique no 22, 7-20 (1951).

[é] Germaln, P.: Remarks on the theory of partial differential equations

of mixed type. Comm. Pure Appl. Math. (1954).

[ij Germain, P.: An expression for Green's function for a particular
Tricomi problem. Quart. Appl. Math. 14 (1956).

ph—— it

|11] Germain, P.: Solutions elementaires des &quations régissant les
écoulements des fluldes compressibles. CR Acad. Sci. Paris 234,

1248-1250 (1952).

[jg] Germain et Bader: Sur quelques problémes aux limites singuliers pour

une éguation hyperboligue. CR Acad. Sci. Paris 231, 268-270 (1950).



30

13| Germain et Bader: Application de la solution fundamentale a
certalines problémes rélatifs 4 1'équation de Tricomi. 1bid

1203-1205 (1950).

Dhj Germaln et Bader: Sur quelques problémes rélatifs & 1l'équation

de type mixte. O.N.E.R.A. Publ. no 54 (1952).

[‘l 51 Germain et Bader: Sur le probleme de Tricoml. Rend. Cir. Mat.

Palermo (2) 2, 53-70 (1953).

[_“761 Germain et Bader: Probléme de Dirichlet pour une é&quation du

type mixte. CR.Acad. Sci. Paris 230 (1950).

[17] Germain et Bader: Solutions élémentaires de certaines &quations
aux derivées partielles du type mixte. Bull. Soc. Math. France

31 (1953).
| 7 8] Garabedian, P.R.: Partial differential equations. (196L4), Wiley.
[1 9| Bitsadze, A.V.: Equations of the mixed type. (1964), Pergamon.

[:20_] Germain et Liger: Une nouvelle approximation pour 1l'é&tude des

ecoulements subsoniques et transoniques. CR.Acad. Sci. Paris 234,

1846-1848 (1952).

[21] Guderly and Yoshihara: The flow over a wedge profile at Mach

Number 1. J. Aeronautical Sciences, 17 (1950).

22| Holmgren, E.: Sur une probléme aux limites pour 1'&quation
ymzxx + nyy* . Arkiv fOor Mathematik, Kstronomi och Physik, vol. 19B
no 14 (1926).

[23] Lax, P.D.: On Cauchy's problem for hyperbolic equations and the
differentiability of solutions of elliptic equations. Comm. Pure

Appl. Math. (1955).

[éhj Lax and Philips: Local boundary conditions for dissipative symmetr:
linear differential operators. Comm. Pure Appl. Math. (1960).

[:25-_] Morawetz, C.S.: An uniqueness theorem for Frankl's problem. Comm.

Pure Appl. Math. (1954).



26 ]

27]

|28
129
30]

[37]

|38

39

Morawetz, C.5.: A weak solution for a system ol equations of
elliptic-hyperbolical type. Comm. Pure Appl. Math. (1958).
Morawetz, C.S.: Note on a maximum principle and an unligueness
theorem for an hyperbolic-elliptic equation. Proc. Roy. Soc.

London Ser. A 236 (1956),

Morse and Feshbach: Methods of theoretical physics I, p. 37
Pagi. S.: Fluid dynamics of jets. p. 57.

Protter, M.H.: A boundary value problem for an equation of
mixed type. Trans., Amer. Math. Soc. Tt (1951).

Protter, M.H.: Uniqueness theorems for the Tricomli problem 1.

J. Rat. Mech. Anal. 2 107=1i4 (1953).

Protter, M.H.: An exlistence theorem for the generalized Tricomil-
problem. Duke. Math. J. 21 pp.i=-7 (1954),

Protter, M.H.: Uniqueness theorems for the Tricomi problem II.

Js Rat. Mech. Anal. 4 (1955).

Protter, M.H.: On partvial differential equations of mixed type.

Univ. of Maryland, Book Store, Coll. Pak. Md (1956).

Tricomi, F.: Sulle eguazonl lineare alle derlvate parziale de o
ordine di tipo mixto. Acce Line Rend (5) i14. 133-247 (1923).
Tricomi, F.: Ancora sull' equazoni'yzxx + ZYV = 0. Rendiconti
Acad. Roma (6) 567=-5T71 (1927 ).

Welinsteln, A.: Discontinuous lntegrals and generalized potential
theory. Transactions Amer. Math. Soc. Vol. 63 (1948).
Weinstein, A.: Transonic flow and generalized axlially symmetrical
potential theory. Naval Ordn. Lab. White Oak. Md. Rep. NOLR-1132
pp. 73~82 (1950).

Weinstein, A.: On Tricomi's equation and generalized axilally
symmetrical potential theory. Bull. Acad. Royale de Belgique

37 (1951).



32

[BOJ Weinstein, A.: Generalized axially symmetrical potentlal theory.
Bull. Amer. Math. Soc. 59 (1953).

[41] Weinstein, A.: The method of axial symmetry in partial differential

equations. Conv. Intern. Trieste 1954 (Editioni Cremonese Roma

(1955)).



