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The addition formula for Jacobi polynomials. 

I Summary of results 

Recently the author derived a Laplace integral representation, 

a product formula and an addition formula for Jacobi polynomials 

P(a,S). The results are 
n 

P(a,l3)(cos 28) 
n = 2 r(a+1) 
P(a,13)( 1) ~;~TT-f~(-a--13~)---r~@-+~;) 

n 

1 TT 

f I ( 2 8 2 . 2 8 ~ . 28)n. cos - r sin + ir cos~ sin 

r=O q,=O 

( 2 )a-/3-1 2/3+ 1 2/3 . 1-r r (sin q, ) dr dq, , 

P ~a' 13 ) ( cos 28 1 ) 

P(rn,/3)(1) 
n 

P~a,/3) (cos 28 2 ) 

P(a,/3) (1) 
n 

= 2 r ( a+ 1) 
✓TT r(a-S) f(/3+~) 

1 TT 

I 
r=O 

J P~a,l3) (2 I cos 8 1 cos 82 + r eiq, sin 8 1 sin 82 \2 - 1), 

q,=O p(a,/3) ( 1) 
n 

( 2 ) a- /3- 1 2 /3+ 1 2 /3 . 1-r r ( sin q,) dr dq, 

and 

(3) P~a,/3) (2 \ cos 8 1 cos 82 +r eiq, sin 8 1 sin 82 1 2 - 1) = 

n k 

= I I 
k=O l=O 

c(a,/3) (sin 8 1 n,k,l 
sin 8 )k+l ( )k-1 

2 cos 8 1 cos 82 

( *) This report will be communicated by Professor A. van Wijngaarden 

to the Koninklijke Nederlandse Akademie van Wetenschappen. 
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p(a+k+l,S+k-1) (cos 201) p(a+k+l,S+k-1) (cos 202) 
n-k n-k 

Pl(a-8-1,S+k-l) ( 2r2 _ 1) rk-1 8+~-1 8 , ) 
Ck-l \COS cj, 

In formulas (1) and (2) it is supposed that 

a > 8 > 

In formula (3) the coefficient is 

(a,S,) 
C n,k,l 

If 8 = 0 

S+k-1 
8 

in formula 

(a+8+n+1)k (-1) 1 (-n-8) 1 
= - -

(8+1)k (a+k)l p(a+k+l,S+k-1) ( 1) 
n-k 

the factor 

8 
Ck-1 (cos¢) 

( 3) lS replaced by 

2 cos (k-1) ¢ if k - 1 'f 0 and by 

if k - 1 = 0 

The analogous formulas in the ultraspherical case a= 8 are due 

to Gegenbauer [8] (cf. Erdelyi [3], §3.15, formulas (22), (20) and 

( 19)). They can be obtained as degenerate cases of our formulas (1.1), 

(1.2) and (1.3) respectively. 

It is easy to see that (2) follows from (3) by integration and 

that (1) follows from (2) by dividing both sides by P~a,S) (cos 20 2 ) 

and then letting Jcos 20 2 1 ➔ 00 • 

Formula ( 3) was proved by the author by using group theoretical 

methods. For integer a the polynomials P(a,O) can be interpreted as 
n 

spherical functions on the complex projective space SU(a+2)/U(a+1) 

(cf. Cartan [1], [2]) or as spherical functions on the sphere 

U(a+2)/U(a+1) (cf. Ikeda [9], Ikeda and Kayama [10], Ikeda and 

Seto [11]). In the last mentioned interpretation the classical notion 
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of spherical harmonics is refined for the case that the sphere is the 

unit sphere in a complex vector space and the symmetry group is the 

group of unitary transformations. The usual methods for classical 

spherical harmonics (cf. for instance Erdelyi [4], Ch.11, Muller [12] 

Vilenkin [14]) can be extended for this case. The author proved an 

abstract addition formula and constructed a canonical orthonormal 

system of generalized spherical harmonics expressed as products of 

certain Jacobi polynomials. Thus formula (3) was proved for 

a = 1 , ~~ , . . . and S = 0 . 

By repeated differentiation with respect to cos¢ of both sides 

of (3) this formula can be proved for all integer a and S, such that 

a > 8 ~ O. Analytic continuation with respect to a and S finally 

gives the general case of formula ( 3) . Detarled proofs will be published 

in one or more subsequent papers. 

By the substitution 

63 
iiµ 

6 1 62 + 6 1 sin 6 r i<P cos e = cos cos sin 
2 

the product formula (2) is transformed into another product formula 

which was obtained earlier in a different way by Gasper [7], 

Gasper used his result to prove a convolution structure for Jacobi 

series. 

Let for arbitrary complex v and 1 ~ x c 00 Jacobi functions be 

defined as 

R~a,S) (x) = 2F1(-v, v+a+S+1; a+1; 1;x). 

Then it follows from (1) and (2) that 

(4) R(a,S) (ch 2t) = ~2_r~(~a_+_1~) --~ 
\) ✓ 1T r ( a- s) r ( s+ ~ ) 

and 

1 1T 

J f (ch t) 2 + r 2 (sh t) 2 + r cos¢ sh 2t)v . 

r=O ¢=0 

( ) a- 0 -1 2 °+ 1 ( . ) 2 ° 1-r µ r µ sin <P µ dr d¢ 
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2 r ( a+ 1) 
= ✓ 1T r ( a- 13) r ( 13+ ~ ) 

1 1i 

J J 
r=O </>==O 

( 2)a-13-1 213+1 ( . )213 . l-r r sin <I> dr d</> 

for a > 13 > 

This is proved by analytic continuation with respect to v where a 

theorem of Carlson is applied (cf. Titchmarsh [13], p.186). Formulas 

(4) and (5)generalize well-known results for Legendre and Gegenbauer 

functions (cf. [3], §3,15.2 (22) and §3.11.1 (2)). 

Formulas ( 4) and ( 5) have applications for the harmonic analysis 
. . (a,13) J with respect to the functions R . Flensted - ensen who had al-v 

ready obtained some Paley - Wiener type theorems for this case in [5] 

could simplify his proofs in [6] by using formula ( 4). In joint work 

Flensted - Jensen and the author used formula (5) to develop a convo­

lution structure for the harmonic analysis with respect to Jacobi 

functions. These results will also be published in a near future. 
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