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Fourier transforms of holomorphic functions and application to Newton

interpolation series I

J.W. de Roever

ABSTRACT

In this paper we consider spaces of analytic functions. Our main
tool is the theofy of Fourier transformation for generalized functions.
The spaces of analytic functions we are interested in are Fourier trans-
forms of some spaces of generalized functions. The analytic functions don't
need to be entire, but they are holomorphic in tubular radial domains.
The relation between the support of a generalized function and the expo-
nential growth at infinity of its Fourier transform is pointed out. We
use this to derive the Newton interpolation series for a wider class of
functions. For that purpose we introduce the dual space of the space of
generalized functions. ,

A subsequent paper (part II) will deal with analytic functions being

Fourier transforms of analytic functionals.
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1. INTRODUCTION

In [3] Kioustelidis derives the Newton interpolation series for en-
tire functions by means of Fourier transformation. E.M. de Jager suggested
that using a Paley-Wiener-Schwartz type theorem one would apply the same
method to non-entire functions. In this paper this suggestion is worked
out. Further, attention is paid to the spaces of holomorphic functions,
because they are important in partial differential equations related to
guantum physics. For that purpose the above-mentioned theorem, that can
be found in [11], is generalized somewhat, while a more fundamental gen-
eralization will appear in part II.

First we define the Newton interpolation series. Let f be an entire

function; for any vector h € c” Taylor expansion yields

o k
f(z+h) = ) nggl— £(z) £ exp (h+D) f(z)
k=0 :
with D the vector (5%—,...,5%—). For s € € we can formally write
1 n

(exp ih+D)® £(z) =

f(z+ish) = exp (ish*D) f(z)
(1.1)

[ee]

_ S _ 5, k .
= (1+Aih) f(z) = Z () By f(z) (Newton series),
k=0
def . _ .
where Aih == exp (ih*D) - 1, so that Aih f(z) = f(z+ih) - f(z) and
k g k k-m
(1.2) Ao f(z) = ) () (1) f(z+imh).
ih =0 m

The polynomials (i)

Usually the factor i is deleted in (1.1), but in this paper it will appear

= s(s=1)+++(s-k+1)/k! are the Newton polynomials pk(s).

to be convenient to use formula (1.1) for the Newton series.
The Newton interpolation series (1.1) has been studied for example
in [1] and [4]. In [1] the series has been derived for entire functions
in one complex variable, while in [4] these functions are holomorphic in a

half-space only. Recently formula (1.1) has been proved rigorously for



entire functions in several complex variables of exponential growth by
Kioustelidis in [3]. In this paper we will use the same method as .
Kioustelidis, namely Fourier transformation. In our case, however, the
holomorphic functions don't need to be entire, it is sufficient that they
are holomorphic in tubular domains.

In order to prove formula (1.1) we apply Fourier transformation to

hC. We restrict

the formal operator exp iheD and obtain the function e~
ourselves to functions f having a Fourier transform g with support K such

that the series

(o]

(1.3) I G (e

k=0
converges for every ¢ € K. K may be a real subset of R" or a complex sub-
set of €". In the first case, which will be treated in this paper (part I),
g is a generalized function and we will write £ instead of r. In the second
case, which will be treated in part II, g is an analytical functional
carried by K.

We will give several spaces of functions holomorphic in tubular radi-
al domains and the spaces of their Fourier transforms. They are topolo-
gized in such a way that Fourier transform is a topological isomorphism.
Moreover, we will consider the dual spaces of the spaces of Fourier trans-
forms; it is in these dual spaces that the series (1:3) should converge.
We will determine the conditions on which the Newton series is valid for
holomorphic functions belonging to one of these spaces and we will give
the topology in which the series converges. In some of the spaces one may
define the distributional boundary value on the distinguished boundary of
the domain of holomorphy and it turns out that the Newton series is valid
in distributional sense on the distinguished boundary. Several properties
of the spaces, like nuclearity, are mentioned. These properties are not
strictly needed for the proof of the Newton series, but they may be im-
portant for other applications, like tensor products and representations
of kernels.

Section 2 contains a survey of notations, definitions and preliminary

theorems. Sections 3 and L are devoted to the well-known case of entire



functions of polynomial growth in |Re z] and of exponential growth in

]Im z]. This is a special case of entire functions of exponential growth
in J]z], which will be considered in part II and which has been treated by
Kioustelidis in [3]. However, we get a slightly stronger result on the
convergence of the series (1.1). In section 4 formula (1.1) is derived
with the aid of the theorem of Paley-Wiener-Schwartz, which is treated in
section 3. In section 5 we give some properties of the series (1.3) and
discuss possible generalizations of the results of sections 3 and 4. The
exponential growth at infinity of a holomorphic function f determines the
support of its Fourier transform g, which is compact as long as f is en-
tire. Sections 6, 8 and 9 deal with functions f holomorphic in tubular
radial domains. Now the support of g is no longer compact. In section 6

f has a distributional boundary value in S', the space of tempered distri-
butions. Furthermore section 6 describes the topologies of the spaces of
such functions and of its Fourier transforms g. We will also consider the
dual space of the last one. In section T the Newton series (1.1) is de-
rived for the functions f of section 6. The holomorphic functions f of
section 8 only have limits to the distinguished boundary in Z', the
Fourier transform of the space D' of Schwartz-distributions. Moreover,
section 8 describes the Fourier transforms g of such functions f. In sec-
tion 9 the topologies of the spaces of the functions f and distributions
g are given. Finally section 10 treats the Newton series for these func-

tions f.

2. NOTATIONS AND PRELIMINARIES

A.1. We denote byIRn the real and by ¢” the complex n-dimensional vector
space; we denote the components of z € Cn by zj and write z = x + iy

with x and y in R"; dx dy means dx +.dx dy,...dy . For u = (u

1°
and v = (v1,...,vn) inIRn or Cn we mean by uev the product

u1v1+...+unvn; the product of a vector u in R® or ¢" by a scalar A is

denoted as Au. The norm of a vector u inR™ and z in €" is
lull= Yuu and ||z ||= Vz-2. If u eZRn,ﬁ will be the unit vector

u/ |lu]l in the direction of u. With o a multi-index o = “ﬁ""’an) we



A.3.

Ak,

A.5

A.6.

. o 1
write u for u, ...u ,

o o 9
D" or D for — +...+ ! ! '
% a 5 o] for a, a and o! for a, teeeo b
1 n
0X, «..0X
1 n

by u2 we mean u-cu. If ¢ is a real constant, then ¢ is the vector

(Cyeeesc) in R".

Ir V< R® or € is an open set, we denote its closure by V, its
complement by Ve, its boundary by 3V and its convex envelope by 0(V).
If V is relatively compact we write V <R . By T8 we mean the tubular
domain R + iB in C.

A come C in R" is defined by requiring that y ¢ C implies Ay e€ C

for all A > 0. Each cone C defines a set pr C, the projection of C,
on the unit sphere S in R by pr C = {y |y ¢ C and ||yll= 1}. On S

we take the topology induced byfRn and the topology of pr C is deter-
mined as a subset of S. It is clear that a cone C # R" is open if and
only if pr C is open and 0 ¢ C. The dual cone C* of a cone C is de-
fined by C* = {g|ly+& 20 for all y € C}. We call a cone C' a rela—
tively compact subcone of the open cone C, denoted by C' «=¢C, if

pr C' c pr C.

In the sequel C will be an open convex cone inIBn and {C }. . a se-

k" k=1
quence of open relatively compact subcones of C with QK cr:Ck+1 @« C
for k=1,2,... and k§1 Ck = C. We denote by o the minimum distance
of opr Ck to opr Ck+1 in radials and Gk = sin oy -

If a(y) is a continuous function on pr C, we will denote by a(y) the
function ||y || a(y), which is homogeneous of degree 1 on C. When this
last function a is convex, that means, for all Yqa¥, € C and

0< A<, é(xy1+(1—x)y2) <A é(y1) + (1=1) é(ye), we also call the

function a on pr C convex.

Let E be a topological vector space, then E' will be the strong deal

and <.,.> the bilinear form defining the duality between E and E'.



B.1.

B.2.

B.3.

B.k.

Now we give some definitions of function spaces, which can be found
in Wloka [12], except the spaces in B.2 and B.3. Let O c R" be open

and M a positive continuous weight function on O.

The space Wi(M,O) is defined as the set of C° functions ¢ on O for
which

Q
H

e

sup M(£) | D*¢(£) | < w.
£eO
lo| <m

1l

With ||-|Inl as norm WS(M,O) is a Banach space; we also write || - Hm o
2
for the norm. Sometimes M is labeled: M = Mp and we denote the norm
® p 1 1 - - ° L] p
by || ”m or if O is labeled too: O Ol’ by || Hm’lor Il ”m,l' If

= = ] 1 ° = ° m = o |
p=1=mwe just write || Hm,m [ Hm’m [Tl

m

Now let M be continuous and positive on O. Then we define Wﬁ(M,@) as
the subspace of Wf(M,O), for which ¢ € Wﬁ(M,O) and its derivatives
D% on O can be extended to continuous functions on 0. Wﬁ(M,G) is a
closed linear subspace of Wz(M,O), so it is a Banach space with the

norm given in B.1.

The subspace Wg’O(M,ﬁ) of Wﬁ(M,@) is defined in case 0 is not compact
9
by the requirement that ‘

lim _ M(g)D%¢(E) = 0 for la| < m.
£>2,E€0

This subspace is closed, so that Wﬁ 0(M,C_)) is a Banach space with the

9
norm given in B.1.

Let now Q c Cn;be open and M a positive continuous weight function on
Q. We define A _(M,2) as the set of functions holomorphic in @ for

which

1£]l= sup M(z) | £(z) ]| < .
zefd

With this norm Am(M,Q) is a Banach space. If M is labeled: M = Mm we



denote this norm by || - ”m and if moreover Q = Qk’ by |- HE.

We can identify Wf O(M’G) with a closed linear subspace of
3

nlalSmCO(a) by means of the map ¢ - (MDG¢)kﬂSm. With the aid of the
theorem of Hahn-Banach we can describe the continuous linear func-

tionals f on the space Wi O(M,ﬁ):
b

€ wm

2 oD <sies = T [ me) 0%(e) any ()

lal<sm ‘0

with M bounded Radon measures in 0 for |a|< m and

hen= 3 Ja jau (€)1

la]<m

see [7] V, §18.5.5. The norm dual to the norm of Wi (M,0) is
b

0

nel_ = fi?g )Ilgl
a

where the infimum is computed over all representations of the form

£ = (g,) oen Vith g, € (CO(D))".

In what follows we discuss some properties of the identity map be-
tween several W- and A-sbaces, which again can be found in Wloka [12],
except C.2. Strictly, the identity maps are restrictions from functions
on a large domain to a smaller domain and they are not necessarily in-

<0, c R be open sets, m < 1 and M1(£) Me(g) for

[\

jective. Let O

g € 02.

. The identity map: wﬁ(M1,o1) > W

2

1 . .
oo(M2,02) is continuous.

If, morevoer, O, c O

5 1 M1 is continuous and positive on 51 and M. on

2

02, and

then the following identity maps are continuous:

Wo(M150,) > W0, ,0,) > W ((10,,0,) > W(My,0,) > Wo(M,,0,).



C.3. Similarly to C.1 continuous identity maps exist between A-spaces;
here they are embedding maps, that is injective, for a holomorphic
function is determined by its values on an open set in c". Let
8, ¢, < ¢" e open sets and M1(z) > M2(z) for z ¢ 25-

The embedding Aw(M1,Q])c > Am(M ,§,) is continuous.

2’2

Let E and F be two locally convex Hausdorff spaces. A linear map from
E into F is called compact if it transforms an open neighborhood of zero
in E into a relatively compact set of F. If E is a Banach space, this
means that it must transform every bounded set into a relatively compact
set. We now give conditions in order that the identity maps in C.1 and

C.3 are compact. We suppose m > 1.

C.4. If there are open relatively compact subsets Kk of O2 with for
k=1,2,... Kk c Kk+1 c O2 and UkKk = O2 and if for all € > O there 1is
a k(e) such that, for all ¢ ¢ O2 \ Kk(s)’ M2(g) < e M1(g),

then the identity map from WS(M1,O1) into Wi(Mz,Oz) is compact.
C.5. By the same reasoning as in [12] one can proof that in C.L4 the con-

dition Kk c Kk+1 can be replaced by Kk c 01‘for all k=1,2,...

c.6. If 92 = Uksk with Sk c Sk+

compact subsets of Q

n .
1 € €, where the sets Sk are open relatively

2.and if for all € > 0 there is a k(e) such that,

for all z € 9, \ sk(g), M2(z) < e M1(z), then-the embedding from

Aw(M1,Q1) into Am(M2,92) is compact.

C.7. As in C.5 we can replace the condition §k c Sk+1 in C.6 by §k c 91
for all k=1,2,...
D. We consider a special case, namely when M(£) is equal to

M, (E) = (+ g 1)? eb”g“;

a,

where a and b are two real numbers, not necessarily positive.

D.1. Let F be a closed convex set in R . Then according to Whitney [9]
each function ¢ € W2(1;F) (see definition B.2) is a CT—function on

the closed set F. In that case ¢ can be extended to a Cm—function 1\



on Rn, which is bounded together with its derivatives on an open
neighborhood U of F, see Whitney [10]. Thus the restriction map from
W2(1;U) into W2(1;F) is surjective. Then according to the open mapping
theorem (see [8]) a constant K > 0 exists such that for all
¢ € Wo(13F), there is a y e Wo(13U) with D%y(g) = D%(£) for £ e F,
mum,mdmwlwﬂmUSKH¢%J.n |

When all Da¢, a such that |o|= m, are uniformly continuous on F
{see [9]), we can take for U an arbitrary open e-neighborhood u_ of
F, see [10]. 2) In that case there exists a C -function o onIRn, equal
to 1 on F and to O outside Ue’ whose derivatives are bounded onIRn.
Multiplying y by o we get an extension ¢ = oy of ¢, that is bounded

on R* just as its derivatives. For example a function ¢ € Wz (1,F)

and its derivatives Da¢, o] € m, are uniformly continuous ogoF.
Furthermore the construction of y in [10] shows that also Dy ap-
proaches zero as £ tends to infinity inside UE, so that ¢ belongs to
Wz,o (1;R™). Thus the restriction map from Wi’o (1ﬂRn) into WE,O (1;F)
is surjective and again it follows that there is a constant K such

that

o1l g < Klloll -

On Wﬁ(Ma’b;U) the norm

loly= o (11 1% T 0% (e) |
£eU, <m

is equivalent to the norm

sup  [D*(1+lg H)aebllg"¢(a)l.
£eU, |a|<m

See [6], p.98, for more general conditions on F, under which

Iltpl[m_l,U < KI|¢”m,F for some nonnegative 1 < m depending on F.

The uniform continuity is not necessary, see [11].



Also the assertion

1im (+]e ) 22 e (e = o
£+°°,€€U

for all a with |o|<m is equivalent to the assertion

1im p*(1+ e 1) 2P EN ey = o
g, EeU

for all a with Ja|< m. Therefore we can conclude that the restriction

map

s W (M

F
oo,o )

I: Wo (M R

©,0"  a,b a,b’

is surjective, so that there is a K > 0 with

o, go < Wolly o - )

Hence there is a continuous right-inverse map J of I, J¢ = ¢ and

= . . .
ToJ¢ = ¢, from Wf:,o(Ma,b,F) into Wil’o(Ma’b,]R )

. From D.1 it follows that for any bounded set B in Wf O(Ma b;F) there
. 9 b
is a bounded set B1 in Wi O(Ma bﬂRn) with IB1 = B, namely
bl b -
B1 = {x|x = J¢,¢ € B}. Thus the image under the transpose map I' of
the open set V= {f | | < f,6 > | < €, € B} in (W" (M 3F))' is
©,0" a,b

I'v = {g | ge ImI', | < g,x > | <e,Xe B1}, which is open in

W, (M

©)0" a,b’
o’ (1
-

RY)'nImI' Since I is surjective, I' is 1 - 1 and
1

. . n
3T W ; .
a,b’ ))'"is a closed linear subspace of ( w,O(Ma,bJR ))

Remark. In fact the surjectivity of I implies that Im I' is weakly

closed (see [8, theorem 37.2]) and from this it follows that
(Wi 0(Ma b;F))' can be identified (by means of I') with the subspace
5 H]
\
W(F) of (W, (M,

F. Indeed, W'(F),which is defined as those f in (Wi 0
b

sR"))' consisting of the elements with support in

Nyy, _:
(Ma’b;]R ))' with

See [11] for the space WZI:(Mm F); also there, more general conditions

O;
b

. - ~ <
on F are given in order that ||q>]|m_l,]Rn <Klloll JF



D.3.

E.3.

<f,¢> = 0 for all ¢ in Wi’o(Ma,bﬂRn) having their support in F*, also
vanishes on the closure of the space of such ¢, which is Just Ker I.
Then according to [8, prop. 35.4]1 W'(F) is the weak closure of Im I'.
So we see from B.5 that the elements of (Wg,O(MaszRn))' with
support in F can be represented as derivatives of measures in F. This

is not true for general sets F.

Let 61 be a convex closed set and O2 a subset not necessarily open,

contained in or equal to 61. Further, let M, = M and let M, be a

1 a,b 2
positive continuous weight function on 02, such that for all € > 0,

there is a R > 0, so that,for all £ e 0, with llgll = R,M2(F,) < eM, (g).
For example M, = M with ¢ < a or 4 < b. Then according to C.5 the

2 c,d
restriction map I from Wg O(MTQRH) into Wl (M, 30
3

©,0' 23 o)
-spaces are subspaces of W_-spaces. Hence also the restric-

is compact (m>1),
because W_ 0
3
. = . 1 .
tion map IoJ from WZ’O(M1,O1) into Wm,o(Mg’og) is compact. Thus for
61 closed and convex and M1 = Ma p Ve have found a more general con-
3
dition for the map in C.6 to be compact.

We will need the following two theorems about compact mappings; they

can be found in [2].

(Schauders theorem): If the map T: E » F (E and F are normed spaces)
is compact, then the transpose map T': F' > E' between the strong

duals is compact tco.

. A compact map between normed spaces transforms weakly convergent se-

quences into convergent sequences.

Further we will need two theorems, one is the form of the Banach-
Steinhaus theorem given in [11] and the other is Bochner's theorem,

which can be found in [11] too.

If a sequence of linear continuous functionals fn on a Banach space B
with norm || ”m has a weak limit on a dense subset of B and if the
norms

I<f 54> |

l!fnll_m = sup < C for all n,

cen o1l



E.L.

F.3.

F.bL.

F.5.

11

then the sequence converges weakly to a continuous linear functional

on B.

If a function f is holomorphic in the tubular domain TB =R" + iB with
B an open connected set inIRn, where n =2 2, then f is holomorphic in

the convex envelope O(TB) =R" + i0(B) too.

We give some properties of countable projective and inductive limits,
which can all be found in [2]. We only consider inductive limits that

are composed of spaces injectively embedded in each other.

. Let {Em};;1 be a sequence of locally convex Hausdorff spaces and

"mp: Em - Ep be continuous maps. In case for each p there is am > p
such that a map "ip exists, :he projective limit E = proj limm E is
defined as the subspace of ﬂ1 Em for which ﬂmPONm = "p’ where “p is

the projection ﬂm Em > Ep, provided with the relative product topology,
that is the least fine topology such that all the maps m E > Em are
continuous. In case for each m there is a p > m such that nmp exists
and is injective, we define the iZnductive limit E = ind limm Em as

E = U1 Em provided with the finest locally convex topology such that
the embedding maps m Em -+ E are continuous; here we consider Em as

a subset of E so that m_om =T .
p p mp m

. The projective limit of complete spaces is itself complete and a pro-

jective 1limit of Banach spaces is a Fréchet space
Both, projective and inductive limits, are Hausdorff spaces.

A continuous map T from a locally convex space F into proj lim.m Em is
continuous if and only if all the maps nmoT from F into Em are con-
tinuous. A continuous map T from ind limm Em into a locally convex
space F 1is continuous if and only if all the maps Tonm from Em into F

are continuous.

From F.4 follows: if E = proj lim.m Em and F = proj limm Fm both are

projective limits (if E = ind limm E and F ind lim.m F_ both are
inductive limits) and if for infinitely many m continuous maps

Tm: Em > Fm’ exist, where m' < m (m'>m) depends on m, such that



12

F.6.

F.T.

F.8.

F.9.

F.10.

Fa1.

F.12.

F.3.

F.1k.

F.15.

T om =7 4 ,
p mp m'p
maps Tm induce a continuous map from E into F.

°T , where p < m and p'< m' (p>m and p'>m'), then the

From F.5 follows: if E = proj limm E (E = ind limm Em) and if for all
m

1=1,2,... locally convex spaces F_. and continuous maps S._: Ep > Fl and

1 1
: 1 1 > > =
T,: F; > E exist withp212m (p<l<m), such that om T, °8

1 1
also E = proj lim (E = ind liml Fl)'

1° then
11
From F.4 and F.5 follows: a projective ;imiE E = proé lim.m Em of com-
plete spaces Em is equal to E = proj limm E" where E" is the closure

of E in the topology of Em.

If for all m the maps npm’(nmp) are compact for some p > m depending
on m, we call the projective limit an FS-space (the inductive limit

an LS-space).

FS-spaces (LS-spaces) can be represented as projective limits (in-
ductive limits) of Banach spaces, so that according to F.2 an FS-space

is a Fréchet space.

LS- and FS-spaces are Montel spaces. Montel spaces are reflexive; the
strong dual of a Montel space is again a Montel space. In a Montel
space a bounded set is relatively compact and weakly convergent se-

quences in the dual are strongly convergent.

LS- and FS-spaces are bornological. A bounded map from a bornological

space into a locally convex space is always continuous.

The strong dual E' of an LS-space E = ind lim.m Em is the FS-space

Proj limm Ei. The strong dual E' of an FS-space E = proj limm Em’

where m__E_is dense in E_ (then m E is dense in E_ too; see also F.T),
mp m P m m

is the LS-space ind lim_ E'.
m m

If B is embedded isomorphically into Ep by Top (p>m), that is if the
topology of Em is the one induced by Ep’ we call the inductive limit

strict.
LS-spaces and strict inductive limits of complete spaces are complete.

An inductive limit E = ind limm Em is called regular, if every bounded

set is contained in some Em and is bounded there.



F.16.

G.2.

G.3.

13
LS-spaces and strict inductive limits of complete spaces are regular.

We apply the results of F to the W- and A-spaces of section B. We
will pay special attention to being nuclear. We do not say when a
space is nuclear (see for this [2] or [8]), but we merely give con-
ditions in order that the occurring spaces are nuclear. Let

.o . . n _
W(0) = proj lim_ wf(Mm,om), with O ., >0 open inR’, 0 =U_ O and

Mm+1(g) > Mm(g) for & € om.

If the maps L satisfy the conditions in C.4 or C.5 W(0) is an

+1,m

FS-space. According to C.2 and F.6 the same conditions imply that

W(0) can be represented as proj limm Wﬁ O(Mm;Om). In view of B.5 and
b

F.12 the representation of W(0) as projective limit of W _ -spaces

0
b
facilitates the description of the dual.

When W(0) is an FS-space, a sequence ¢k converges in W(0), if ¢k(g)
converges for each £ € O and if ||¢k|kns K, » where K are constants

independent of k for m=1,2,...

We will consider two conditions HS1 and HS2 (see [12]1) on the weight

functions Mm’ which imply the conditions in C.4 or C.5. HS1 and H82
make sure that W(0) is a nuclear F§—space. An F§-space is nuclear, if
it can be represented -as a projective limit of Hilbert spaces, where
the maps Tom 2T€ Hilbert-Schmidt type maps (see [12]). As Hilbert-
spaces we take the spaces Wg(Mm;Om) of all measurable functions ¢,
for which the weak derivatives Da¢ exist when |a]< m, such that

MDa¢ belongs to L2(Om). The inproduct is

(¢,9) = ¥ f M2(g) D%¢(g)-D*y(£)aE.
0

|a]<m

Let HS1 be: for all m there is a p > m, such that

M (&)
J (B 5)2 aE < w .
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This implies that the restriction map S from WX(M_ ;0 ) into
p,m ® PP

b

Wm(M ;0_) is continuous. Let HS, be: for all m there is a p > m + n/2
2''m’ m 2

such that

Om can be covered in O_ by balls K(t,d, ) with centre t and ra-

P t
. . -n/2
(HS2) dius d.t and with dt Mm(t) / Mp(g) <A< oo fort e Om and

£ € K(t,dt) c op.
This implies that the restriction map T m from WP(Mp;OP) into

P> 2
wﬁ(Mh;om) is continuous. Hence in virtue of F.6 W(0) is a projective

limit of Hilbert spaces; it also follows (see [12]) that Sl moTp 1
2 9

(p>1>m) is a Hilbert-Schmidt type map. Hence HS1 and H82 ensure that

W(0) is a nuclear FS-space.

G.4. Let O be the closure of an open convex set in R" and let a(m) and
b(m) be two non-decreasing sequences, where for all m at least one
of the 1inequalities I 1
M =M . Then for all € > 0 and m=1,2,... there is an

m a(m),b(m) _

R = R(e,m) > O such that, for all £ ¢ O with ||£||= R, Mm(g) <

< eM (&) (in other words Mm(g)/Mm+1(£) approaches 0 as £ tends to

m+1
infinity in 0). According to D.3, W(0) = proj lim.m Wﬁ O(Mm;ﬁ) is an
9

> a, and bm+ > bm 1s valid. Suppose

FS-space and W(0) also is the projective limit of Wﬁ(Mmgﬁ).

G.5. According to F.12 the dual W'(0) is the LS-space ind limm(W2(Mm;6))'.
As in D.1 we have that a C -function on a closed set F, whose deriv-
atives are uniformly continuous and bounded on F, can be extended to
a C -function on R" (see [10]), which is bounded on every e-neighbor-
hood of F. Hence the restriction map I from the Fréchet spaces W(R")
into W(0) is surjective. As in D.2 two things follow: firstly W'(0)
is a closed linear subspace of W'Cﬁn) and secondly W'(0) is the space

of all elements of W'(R") with support in 0. “)

The conditions on O, mentioned in the footnotes on pages 8 and 9, also
imply the second statement, from which the first statement and the
surjectivity of I follow.
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G.6. It is clear that the functions Mm satisfy the conditions HS1 and HS2 in

G.3 with Om replaced byIRn, so that d, = d can be taken independent

of t. Therefore WGRH)

t
is nuclear. Hence its dual W'(R") and the lin-

ear subspace W'(0) are nuclear. Since W'(0) is reflexive, also W(O)

is nuclear.

G.T. The same properties as in G.1, G.2 and G.3 are valid for A spaces:
let Qm be an increasing (decreasing) sequence of domains in ¢ with

union (intersection) Q and let Mm be an increasing (decreasing) se-

quence of continuous positive weightfunctions on Rm. Condition HS1 is:
Mm(z) 2
(HS1) vm,3p > m (Vp,3m>p) such that J (M (Z)) dx dy < o,
RY) js)
m
Condition HS, is: Vm,3p > m (Vp,3m>p) such that
@ can be covered in Q_ by polydiscs D(z,dz) = {w | lwi-zil <4,

. . -n
i=1,...,n} with dZ Mm(z)/MP(w) <A <o for z ¢ Qm and
W e D(z,dz) c Qp.

Then HS1 and HS2 ensure that a projective (inductive) limit of

Aw(Mm;Qm) spaces is a nuclear FS-space (nuclear LS-space). Here we
have the Hilbert spaces Ag(Mﬁ3Qm) of all in e holomorphic functions

f, for which M f belongs to L2(Qm) with inproduct

(f,g) = J Mo (2) £(z)-g(z) ax dy.
Q

m
m
HS, implies that the embedding of A”(MP;QP) into A

uous and H82 implies that the embedding of A

1s continuous.

2(Mm;Qm) is contin-

2(Mp;szp) into Aw(Mm;Qm)

G.8. Let Qk be an increasing sequence of domains in Cn with union Q and
let Mm be a decreasing sequence of continuous positive weightfunctions
on Q. Let us denote proj lim_ AZ(Mm;ka by A

M 32, ) by A

2(Mm;Q) and the closure

of this space in A Mm;Q)k and let us take the same

2( k 2(
notations for the Aw~spaces. Assume that we have already proved that

for some positive integer q all spaces Am(Mm;Q)K (m=1,2... and
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k=1,2,...) can be continuously embedded into Am(Mh+q;Q

1 = k. Furthermore, suppose that the conditions HS1
are satisfied, so that for all k and some r and t > 0, there are

k) into A2(Mm+r;ﬂk) and from this last
m+r+t;Qk—])' In particular it follows that the identi-

ty map from A2(Mm;Qm) into A2(Mm+r+t;gm-1) is a Hilbert-Schmidt type

l) for all
and HS2 of G.T

continuous maps from Am(Mm;Q

space into A_(M

map. This remains true if we restrict this map to A2(Mm;Q)m. Then the
range is contained in A2(Mm+r+t;9)ﬁ:j,_zyﬁch can continuously be em-
bedded successively into Aw(Mm+r+2t;Q)m—2’ into
Aoo(Mm+r+2t+q;Q)m+2r+2t+q and into A2(1"1m+2r+2t+q;9)HthrﬂLgt‘Lq' flence

the space H = ind limm A_ (Mm;Q)m is also the inductive limit of the

Hilbert spaces A Mm;ﬂ)m, where the embedding maps are of Hilbert-

2( I
Schmidt type. Thus H is nuclear.

Projective and inductive limits of nuclear spaces are nuclear.

We give some special examples of function spaces and their duals,
namely the usual spaces of distributions; they can be found in [8]

or [12].

We define the LS-space S' of tempered distributions as the dual of
the FS-space S = proj limm Wﬁ((1+|lg|l)m;Rn) = proj limm Wﬁ 0

" 2
((1+11E 11)™R"). We denote W& ((1+ 1€ |I)™;R") with the norm ||+ ||

b
by Sm and Wﬁ O((1+|I£|I)pﬂRn) with the norm II*IIi by Sg. Sometimes
9

we write S! and S_ in order to express that the distributions f, in

3 €

that case also written as f_, act on functions ¢ of the variable £;

£
<fps0(E)>, <f,¢>, or

this action is written as <f,¢>, <f,¢>s, .

<f,_,$(&)

> .
3 €

The Fourier transform F is an isomorphism of S onto S and we

have

[eN)

FLo1(x)

ef J X8 y(e)ae

m p+n+r
and ||F[¢] ||p < crlld>llm

We define the Fourier transform of distributions f in S' by

for any r > 0 and c, > 0 depending on r.
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H.L.

17
<FL[f].,9> = <f,F[¢]>

for all ¢ € S. We will always use the square brackets F[+] for the

Fourier transform in S'.

Let O be open in R" and Km an increasing sequence of relatively

compact open subsets of O with Km c Km+ « 0 for m=1,2,... and

1
Ume = 0. We define the LS-space E'(0) of distributions with compact
support in O as the dual of the FS-space E(0) = proj limm W§(1;Km).
If 0=R" we just write E' and E. We denote Wﬁ(T;Kﬁ) with the norm
i E = = .
(| Hné or | ”m by Em(Km) and Wﬁ(T,Kk) with the norm || Hm’kor
I'”m,k by Em(Kk)'

Let 0 < R and {K } _, be as in H.2. We define the space D'(0) of

distributions in O as the dual of the strict inductive limit

P(0) = ind limk D(Kk) with D(Kk) the FS-space of C”~functions with
compact support in Kk provided with the projective limit topology

. _ D def a

induced by the norms Il¢|EnJ§— I|¢]lm,k == sug { D (g)| | € e K s
lal < m}. We denote by Dm(Kk) the closure of D(Kk) in the norm

[1-1] and we write D' and D, if O =R".
m,k

The space Z consisting of entire functions is defined as
7Z = ind limk proj limﬁ Am((1+||z||)me—kl|yll;mn). The Fourier trans-—
form is an isomorphism between D and Z. The dual of Z is denoted by

zZ'.

3. ENTIRE FUNCTIONS

In this section we give appropriate topologies to the spaces occuring

in the theorem of Paley-Wiener-Schwartz.

In the sequel K will be a compact convex set in R" and O an open con-

vex neighborhood of K in R". We define the function

IK(y) = sup - y°*&.
EeK

Since K is convex we have {£ | - y+¢ < IK(y), Yy e R'} = K and if 0 « K,
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then T, (y) = 0. If K is the ball with centre O and radius a in R", then
L(y) =eallyll.

The definition of the Fourier transform f of a distribution g € E' or
E'(0) (H.2) given in H.1 agrees with
f(x) = <g€,elx.£> (see [8, prop. 29.1]).
According to the theorem of Paley-Wiener-Schwartz [8, theorem 29.2] the
Fourier transform f of a distribution g € E'(0) with support contained in
K can be extended to the complex space c” as an entire function satisfying

I(y)
(3.1) I£(z) | < M(1+ ]z )] )% ¥ for all z = x + iy e €,

where M is a certain positive constant and m an integer, both depending on
f. Conversely such a function is the Fourier transform of a distribution

with support in K. This extended Fourier transform f of g is given by

(3.2) f(z) = <g£,eiz.g> (see [8, prop. 29.1]).

We provide the space of entire functions f that satisfy (3.1) with a
topology such that the Fourier transform F is an isomorphism (a bijective

map in both directions continuous). Let {Km};= be an increasing sequence

1

of open relatively compact convex sets in R with Km c Km+1 « O for

m=1,2,... and U;;1 Km = 0, where O is an open convex set in R" (not neces-
sarily with compact closure). We define the Banach space Hm(Km) according

to B.4 by

a -

Bk ) S A (Oelz) e B et

with the norm ||+ ||™. From C.7 it follows that the identity map from
. +1 .

Hm(Km) into H" (Kﬁ+1) is compact, so that

(o) %L 4 1im Hm(Km)

m->o



19

is an LS-space (see F.8). Therefore H(0) is a bornological (F.11), regular
(F.16) and complete (F.14) Montel space (F.10). Moreover, according to G.T
H(0) is nuclear.

The space E'(0) of distributions with compact support in O has been
given in H.2 and it follows from F.12 that E'(0) = ind limm (Em(Km))'.
Now we state and prove the main theorem of this section.

Theorem 3.1. The map F: E'(0) » H(O) given by F(g)(z) = <gE,eiZ.g> for

g € E'(0) Zs an <somorphism.

Proof. The bijectivity of F is the theorem of Paley-Wiener-Schwartz. In
order to prove the continuity of F it is sufficient to prove that F is a
bounded map, since E'(0) is bornological (see F.11). So let B < E'(0) be
a bounded set, that means according to F.15 and F.16 that B c (Em(Km))'
and for all g ¢ B I]gl[_ms M for some integer m and positive constant M.

For the images F(g) = f we have

Iy (y)

L1 < ™

izeg  E
< |18”_m”e Hm

2(2) | = I<g, < M(1+ (]2 )"

for all y € ¢". Thus

m . -m
HEll™ =sup (+1lz]l) e
n
zeC
so that f e Hm(Km) and F(B) is bounded in Hm(Km), thus bounded in H(0).
In order to prove the continuity of F_1 it is again sufficient to
prove that, for each m, F_1 is a bounded map from Hm(Km) into
— ' . o~ . .
(Em+n+1(Km+n+1)) , since H(0O) is bornological and regular. Let A c Hm(Km)
be a bounded set; thus there exists a positive constant M such that for all
feA
I (¥)
(3.3) I£(z) < M(1+]]z |[|)™e for all z e C .
For all ¢ € S (see H.1) we get for the images g = F_T(f) e E'(0)

<g,o>1= | <£,F [oT> | < NJ (1 =)™ F 1 0o1(x) | ax <
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m+n+1 n+1

m+n+1 °

< we I F Lol )] Mce, 114 11

n+1
m+n+1
map consists of distributions in S' with support in K according to the

Thus F~ | is a bounded map from Hm(K ) into (S )'. The range of this

theorem of Paley-Wiener-Schwartz, so the range of F is contained in
(Em+n+1

follows that (Em+n+1

is a bounded map from Hm(Km into (E

m+n+1
(Em+n+1( >)'

(K ))'", because K is convex (see the remark in D.2). From D.2 it
m m

n+1 ' -1
+n+1) » thus F

(Km)) and certainly into

(Km))' is a linear subspace of (S

m+n+1

Remark 3.1. In fact we have shown that

-1 . . . 7 ,
(3.4) F ' is a continuous map from Hm(Km into (Em+n+1( ))', and that

(K ))' into Hmﬂﬁ'11

(3.5) F is a continuous map from (Em+n+1

Remark 3.2. In vieuw of F.6 and remark 3.1 we see that F is an isomorphism

also between the LS-spaces (E(K))' def .1a llm (E (K))' and

H(K) def ;ng lim.m H"(K), where K is an open relatlvely compact set in R;
that (E(K))' is an LS-space follows from D.3 too. In G.5 is stated that
(E(K))' is a closed linear subspace of S'. Therefore (E(K ))' is a closed
linear subspace of (E(Rk+1))' and the inductive limit E' def ind limk
(E(Kk))' is strict. It follows from F.l4 and F.5 that a continuous map from
E' into E'(0) exists and from F.5 that a continuous map from E'(0) into E'

exists. Thus according to F.6 E' = E'(0) and since for the same reason F

is an isomorphism between E' and H def :1a limk H(Kk)’

(3.6) fi(0) = ind lim ind lim Hm(Kk) ,
ko oo
where the inductive limit for m » « yields an LS-space and the inductive

limit for k + « is a strict inductive limit of complete spaces.

In part II, where entire functions of exponential growth in ||z || will
be treated, we will see that it is not possible to separate the original
inductive limit into two inductive limits. This difference is closely
related to the difference between the concepts support of a distribution

and carrier of an analytic functional.
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4. NEWTON SERIES FOR ENTIRE FUNCTIONS

In this section we derive the Newton series (1.1) for entire functions

satisfying (3.3).
For the series (1.3) to be convergent it is sufficient that for h e C"

le-h'c—1|< 1. If we denote the real and imaginary part of -h*z by u and v:

-h.z = u + iv, we get

(eu+1v—1)(eu—lv-1) = e2u - 2e%os v+ 1 <1 ,
so for u# -»: e  <2cosv or (see fig. 4.1)
(k.1) u < log(2 cos v)

—_— ____.._..%n+2k1r

0 u k=0,%1,%2,...
og 2

— === — = — — _ | in2kn

Figure b1

For the carrier K of the Fourier transform of f we have
(L.2) Keg ={z]| [ 1<} cd®

and for the support K of the Fourier transform g of f, in case g is a dis-

tribution, we have

(4.3) Kco =1t | Ie'h'£—1l< 1} < R,
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For any ¢ € Oh and s € C

N
tim ) (5) (eP7Eo)k = 7BTE ( E(0)

Now k=0 © h
-he
and, for all m, |e E—1|S Py < 1 when £ € Km @ Oh. Thus
N s -h-¢ E |s|+k— k
12 () (e 1)k (m) Z k(k-1)...(k-m+1)p <c,.(m)
k=0 k=m m 2

independent of N, because
[(S)| = |s(s=1)...(s=k+1)/k!|<Is| (Is]+1)...(Is] +k=1)/xk! =

k
Is| +k-1
k

and the series converges according to d'Alemberts criterium:

(™))

1lim p k1 =p 1 ls| +k =p < 1
oo T (lsl;k—T)(k_m+1) m e k-m+1 m
Using G.2 we come to
¥ s, | —het . \k|»
Lemma 4.1. The sequence z () (e -1)" ¢ ., converges in E(O ).
s e Lo K N=1 h
Let f be an element of H(Oh) and let g e E'(Oh) be its inverse Fourier

transform. With the aid of theorem 3.1 and lemma L.1 we derive the Newton

. n
series for z,h ¢ ¢ and s € C:

(4.k) f(z+ish) = <g€’eiz-£—sh-£> = <g€,11m et z b £_1)k>
- Lim Z g ei2 E(e R E K, <
N*wk’o 2
o k
= ] gy, [ () (Emilevim)ee,
k=0
°§ s IZ‘ k k~m ‘f s, .k
= ) () ) () (=) f(z+imh) = ) (D) A, £(z)
k=0 ¥ p=o ™ k=0 © 1B
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according to (1.2). Considering

ef
k

(S)(e™B Bk

I
Il ~>2

(4.5) oy () Oli

)

as a multiplicator in E'(Oh) we see from lemma L.1 that for any g € E'(Oh

h) and since E(Oh) is a

Montel space, it converges strongly too (F.10). Therefore according to

h)'
It follows that (4.4) certainly converges uniformly in z on compact sub-

the sequence {gg¢N(£)}§=1 converges weakly in E'(O
theorem 3.1 the Newton series (4.L4) converges in the topology of H(O

sets of €, which is the convergence given in [3].

If in addition one wants to know of all the norms that determine the
topology of H(Oh) the finest one (the largest), in which the series (L.lL)
converges, the convergence of the sequence g£¢N(€) needs to be analysed
more precisely. If g € (Em(Kk))' the limit of this sequence also belongs
to (Em(Kk))'. Denoting the limit ~ShE op ¢N(E) by ¢(£) and remarking
that for each m there is a constant Cm such that for any two functions

Y and x € E(Oh)

E E E
loxlIE < cpllv lIE I 1E

we get for every ¢ € E(Oh) with the aid of lemma L4.1
I<g¢N—g¢sw>| = l<8,(¢N—¢)¢>|S

E t t
< Nle Il gy Call ey-ellE IO NE < <llvlE

for N sufficiently large. Hence the sequence {g converges

1 ERGI
strongly in (Em(Kk))'. From this and from (3.4) and (3.5) we derive that
the series (4.4) with f satisfying (3.3) converges according to:

Ve > 0, 3N (e), Vz « ¢ and WN > N,

I, (y)
m+n+1e Km

(4.6 (2+i N s k
.6) | f(z+ish) - kzo(k) Aih

f(z)|< e(1+1lz1l)



2k
The convergence is absolute too, for
k s iz -he k
|3 85,2 | = [ [<gg,e™ (™ 5)™ |

r s k
< 1+ -1)... (k-r+
c llell_,Q+llzll)7e | () [ (k=1) 0o (ks 1)p
with r = m+n+1 and the right-hand side of this inequality is the general
term of an absolutely converging sequence.

Thus we have proved

Theorem L.1. For f satisfying (3.3) with K, = Ops where O_ 1s given by

h
(4.3), the Newton series (4.4) is valid; the series converges
absolutely in the topology of H(Oh) or more precisely accord-

ing to (4.6).

We can interprete the results we have obtained in a different way.
IK(y) is a convex homogeneous function of y € R determined by the compact
convex set K G:IRn; conversely an arbitrary convex continuous function a
on the unit sphere prIRn (this means that the homogeneous function
aly) = llylla(y) of y e R" is convex, see A.5 and for the notations A.1

and A.3) determines a compact convex set K by

(4.7) K={¢ | -y-¢ < aly) for all y € R* with |yl = 1}.
Now let the entire function f be given such that for all z ¢ ¢t
(1.8) 1£(2) | = M(1+ 12 1))

f is the Fourier transform of a distribution with support in K, where K is
given by (4.7). From (L4.1) and (L4.3) it follows that for f satisfying (4.8)
the Newton series (L.L4) is valid, if h = h1+ih2 e €8 is such that

é(h1) < log(2 cos é(ihE)) and - 37 + 2kw < é(ihz) < 3m 4+ 2km

for some integer k, where the inequalities must hold for both the + and the
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- sign, because - a(-h) < - h*f < a(h) for £ € K. In case h ¢ R" is real,

this means that the Newton series is valid for all vectors h such that for

any y € pr C, whenever h = ||hlly,
log 2 .
[Inll < aly) if a(y) > o or
ln |l arbitrarily large if a(y) <0 .

5. POSSIBLE GENERALIZATIONS

I. If ¢ varies in a compact set of Q, (see (L.2)), the series (1.3) and

h
its derivatives converge uniformly. We remark that also for ¢ in non-

compact sets of @, the series (1.3) and its derivatives converge. We

h
investigate how this convergence depends on G.

First let us estimate the Newton polynomial (f{) in s € C:

k-1
k-1 k-1 S0 s(143+.. .+ —J—J
- {nu- 9] . -1

For k + « the factor between brackets becomes Euler's infinite product,

which equals
S
11 Y

7 N . ©

r(-s) -s

where y 1s Euler's constant

y = lim (1+43+...+ E%T - log k) (see [5]).
koo

Here 1/T'(-s) is an entire function. Furthermore

(_1)k—1

s {I’(1 - eYS] e-s(y+log k) =~L:l——
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Re s+1
I(

so that |T(-s)lk E)l + 1 as k > .

Thus there is an index N, (s) depending on s such that for Re s = - o

1
with a 2 0

(5.1) I(E)l < T?T%EST'ka_1 for all k = N1(s)

Moreover, there is a constant Bs depending on s such that for Re s 2-a

(5.2) ](E)I < B x> for all k=1,2,... and (i) =1 for k = 0.

For s in a compact set in €, N, (s) and 1/|I'(-s)| are uniformly bounded.

1

According to (L4.1) and (4.2) we can write Q, as

Qh = {¢z| - Re hez < log(2 cos Im hez)} c ¢

and for 0 < € < 3 we define

Q(e) = {z] - Re hez < log(2 cos Im heg-€e)} c Qh.

where € may depend on ¢ provided that 0 < e(g) < 3 for all ¢ € Qh.

For ¢ € §(e) we have

1

11 - e_h.CJ= /q*+ e2(—Re hez) - 2e_Re h-g cos Im heg <

1

/{ . e2(—Re hez) _ e—Re hetg (e—Re heg e) <

IN

1
/G ~eeRERT %ee—Re heg def 0

IA

3

so that 3 < 1 - € < p < 1. Hence the function ¢N(g) defined in (L4.5)

can be extended to a function ¢N(C) holomorphic in Q. and we get for

h
Re s > - a according to (5.2)
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N

1+ B z pkkOL—1 <

S k=1

S
=
—
Y
~
IA

{eo]

tlo -1 .

1 + BS J e & pta at = 1 + BSF(a)/(—log O)a, in case o > 0
0

IA

1+ BS{— log(1-p)} , in case a = 0.

For ¢ € Q(e) we get, respectively,

B r(a) - B I'(a)
1 + —Ji-———jg <1+ 2 T <1+ Bsr(a)(g)aeaRe bz
(-1log p) {-log(1-3ee )}
oRe h-t for a > 0,

IA

Q
—

]
-

Q
~
el-
(0]

1+ B_{- log(1-p)}< 1 - B_ log 3e + B Inll-llglli<
< C(s) log%- (1+1lzll) for o = 0 .

In order to estimate the derivatives we note that ¢N(£) is holo-
morphic in Qh and that there is an e, 0 such that

{z | le-z 1< ey50y € 2le)} < alze)

namely for e, = e/(6]lh|]) we have for ¢ e € with Ig—col< e, and
Zo € Q(e) ;- Re heg < - Re heg) + €1||hll < log(2 cos Im h~§o—s)+e1||h|ls
< log(2 cos Im hez + e, |Ihll-¢) + e Ilh |l = log(2 cos Im h-g - % s)'*%es
5 3
6 2 cos Im heg
3 €

6 2 cos Im hez

€ <
2 cos Im heg ~

IA

log(2 cos Im heg) + log(1 - ) + %

IN

log(2 cos Im hezg) + log(1 - )= log(2 cos Im h*z - 3 €).

For the derivatives we obtain by means of Cauchy's formula the bounds
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¢ (z)
k k! N
sup | D¢ (z) | < sup j...j a
cea(e) 1 ce(e) (2ri)" ()T
o,z 1= o=
, (/) !
< k! {— S ¢ (‘;) s
\61/ ceﬂ?ge)l N l

where k+1 = (k1+1,.

..dz
n

..,kn+1).

for

IA
-

Finally we have found constants Ci such that for Re s 2 - o and
every multi-index k
(
1 aRe heg
C.](S’k,a) €a+|k.l e Y a >0
k
Ve € (e): | D ¢y (2) | <
1 1
c,(s,k) 2BLLE (14yicy)) , o =o.
L 2 Ik |
€
Now let us take e(z) = 80/||C||Bif'||C||> 1 and e(g) = €0 if ||z

<

0 3

for some fixed €0 < e

0 and B =2 0, then we have

+ .
Cl (s ky0) (1411 || )R B Ikl GoRe BoL

(5.3) Ve e ale(e)): D% (2)]<

1+6|k|(

cy(s,k) (1+ Il 11) 1+810g(1+]/ ¢ |

For N. 2 N

0 1(s) and all N > NO we have according to (5.1)

(5.8) Ve e e(z)): | D (oy(z) = oy ()] s
0

Ci(k,a) A(s)(1+ 1]z |])@E*B Ikl oRe et

IA

(k) A(s)( y1+8 Ikl

" 111z |

1+B8log( 1+ |1z 11)),

1
|

with A(s) = I?T:ET .

) )

a =0
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Let us now investigate how we can generalize the results of sections
3 and L.
First we take h a real vector in R-.

We consider distributions g in S' or D' for the Fourier transform
of which we want to derive the Newton series (1.1). In any case the
support of g has to be contained in the halfspace Oh ={¢g| - heg <a}
with a = log 2. As we want the Newton series (1.1) to be valid for
several vectors h, say for h € V CIRn, the support of g must lie in
o, = {¢g | Vh e Vi - heg < a} = Op(y)> where 0(V) is the convex envelope
of V, since sup{- h*€ | h € V} = sup{- h-¢ | h e 0(V)}.So if the Newton
series is valid for h e V, it is also valid for h € O(V). Therefore we
take V an open convex set in R". If h varies in v, h varies in a set U

on the unit sphere. U determines a convex cone C by
c={¢ | VyeU, A >0: £ =2y} ;

we have U = pr C (see A.3). Let r(y) = sup{)A | Ay € V} for y € pr C,
the largest length of a vector in l/ in the direction of y and let
a(y) = log 2/r(y). Then we have

def (a;0)

OV ={¢ | Vy e pr - C: - y*& < a(y)}

in the notation that will be used in the sequel.
Suppose that there is a vector v € V with also - v € V, then this
is valid too for vectors with direction in a neighborhood W in pr C of

Yo = Ve pr C. All £ ¢ OU must satisfy

Vy e W: |y-g| < sup a(y),
yeWu-W
so that OV is bounded. That case has been treated in sections 3 and k4
and the convex envelope of U on the unit sphere is the unit sphere
itself; therefore C = R° \ {0}.
In order to generalize section 4 we have to take VU contained in

a convex cone C, where C u{0} does not contain a straight line through
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the origin. If h varies in C, while its length ||h || does not exceed
a given number b, then a(y) = log 2/b is constant for y € pr C, or if

we keep ||h]] constant, then a(y) = log 2/|lhl|].

Corollary 5.1. Let C be an open convex cone in R° such that C u{0}

does not contain a straight line through the origin; we will derive the
Newton series (1.1) with h e C for functions that are the Fourier

transform of distributions in S' or D' with supports contained in

dlog 2 ..y - _yep < 0g 2

yepr C
The Fourier transform f of a distribution g, in D' or S' is a
function analytic in R" + iyo if and only if gge—yo‘g € S' (see [11]
26.2). In case g € S' it is sufficient for this that the support K of
g satisfies V§ c K: - yo-g < al|y0|| for a certain number a, thus that
Kc{g |- yoog < a]lyoll}. Let f be holomorphic in R™ + iV with V an
open neighborhood of Yo in R". As before we can take U convex (see

also E.4) and let C be the cone determined by V. We must have

=~
n
O
1}
IA

v = & | vy e Vi = yog <aly)llyll}={g] ¥y e pr C: - yo£ <

IA

a(y)} =

a(7) Ny 1l %L a(yn &L o(as0),

IA

{e | ¥y e C: = y¢

where now a is a certain continuous function on V, thus on pr C too,
such that a is a convex function on C. For all y € C we have
a(y) = sup - y-¢ = I (y).
£e0 v
v

We see that f is holomorphic in the tubular radial domain TC =R" + iC.

Again if V contains a vector Yo with - Y, in V too, OV is bounded
and the convex envelope of U determines the cone R* \ {0}. Then f must
be holomorphic in R + i(R™\{0}), from which it follows in virtue of

Bochner's theorem (E.4), that f is an entire function. In that case we
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have

Oy =1e | ¥y e B: - yog < I (y)},
v

so that the conditions of the theorem of Paley-Wiener-Schwartz appear

(see section 3).

Corollary 5.2. Let C be an open convex cone in R" such that C u {0}

does not contain a straight line through the origin and let a be a
continuous convex function on pr C (see A.5). We will consider Fourier
transforms of distributions in S', or of distributions g in D' with

gge_y.g € S' for each y € C, with support contained in

(5.5) 0(a3C) = {¢ | ¥y e pr C: - y*¢ < a(y)}.

b)

Such Fourier transforms are functions holomorphic in TC.

Now we consider vectors h in Cn; we set h = h1 + ih2 with h1,h2 e R.
We still require that £ belongs to a non-compact set K contained in
 nR =0 (see (4.2) and (k.3)), that is - b+ < log(2 cos h,E)
according to (L4.1). Therefore we cannot have that h, varies in all of

1
Bn, but again we take h., € C, with C1 an open convex cone, so that

1 1

K o O(log 2{ . ) def 0
||h1ll 1

as in corollary 5.1. Let h, vary in an open convex cone C,, then K

2
should be contained in the union of the sets

2’

Vk = {g | 2km - 3T < h2-E < 2km + im} for k=0,*1,+2,... (compare figure
h.1).

Ir C2 =R\ {0}, Vk is relatively compact for each k and K is

contained in a countable union of compact sets all contained in 01,
so that f must be some countable sum of entire functions, which is it-

self holomorphic in R® + iC1.
1r C, < ¢, u {0}, V_n O

contained in a countable union of compact sets all contained in O

is relatively compact and again K is

=
If C, is not really contained in C.,, K must lie in a countable

2 1°
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union of non-compact sets each contained in O(ak;O(C1 U 02)) for some

functions ak on pr O(C1 U 02). Then f must be some countable sum of

functions holomorphic in R + io(c
inR + iC,.
We will not go into the details of these cases, since they follow

;U 02)’ which is itself holomorphic

from the theorems of the subsequent sections.

6. FUNCTIONS HOLOMORPHIC IN TUBULAR RADIAL DOMAINS HAVING BOUNDARY VALUES

We treat the generalization of the theorem of Paley-Wiener-Schwartz
mentioned in corollary 5.2 with g € S' and give the occurring spaces topol-
ogies, such that we can generalize theorem 3.1.

Let C be an open convex cone inZRn, where C u {0} does not contain
a straight line through the origin and let a be a continuous function on
pr C such that a is a convex function on C, see A.5 (a need not to be
bounded on pr C). The next lemma can be found in [11, 26.4 theorem 2],
where a is a positive constant, but the proof given there also holds, when

a is a continuous convex function of y not necessarily positive.

Lemma 6.1. The following statements are equivalent:
(1) f, holomorphic in TC, has the property that positive numbers
o and B exist, such that for all compact subcones C' of C (see
A.3) there is a positive constant M(C') with
Ie(z)l< M(ct) (]2 DP O Iy 117 ) for all z = x + iy « 7°.
(2) £(z) = F[gge—y.g](x), where g; is a distribution in S' with
support K contained in 0(a;C) c R"; here 0(a;C) is given by
formula (5.5)

Such functions f determine a class of functions in [11] denoted by
H1(a;C). Another property of these holomorphic functions is stated in the

following lemma:

Lemma 6.2. Functions of the class H,(a3C) have boundary values on the

distinguished boundary of T in S'. More precisely, for all ¢ € S
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lim J fx+iy)o(x)ax = <f*,¢> for a £ e s

' S
y>0,yeC' ‘-

and this limit is independent of the path y -+ 0 provided that this is

contained in an arbitrary compact subcone C' « C. If the path y -+ 0 s

contained only in C, £* is attained in 7' (see H.4), that is

lim J fx+iy)y(x)dx = <f*,1p>Z for all ¢ € Z.
y>0,yeC -

Proof. We briefly discuss the proof, that is given in more detail in [11,
26.3]. It is easily seen that f(x+iy) € Z' for all y € C, when we define
for ¢ € 2,

<>, = J f(x+iy)y(x)ax,

and that, moreover,

| steriyiutniar = | eleriyriygdteriy,dax

for any Yo € C, since both f and Yy are holomorphic in TC. Thus the limit
for y - 0,y ¢ C equals

vin [ eleydutoae = [ tleriyguGeriygdax,
y*>0,yeC 7 == ©

so that it exists in Z' and is independent of the path. We see that it has
no sense to speak of "boundary values in Z'".

Next we consider for an y € pr C' the function fO(A;x,y) = f(x+\y),
A =0 + it, which is holomorphic in A for t > 0. When we integrate a +1
times with respect to A:

A A
a 1

fa_H()\;x,y) = J J J fo()\o;x,y)d)\odkr..dka
in in in

with n a positive number, we get a function fa holomorphic in A for

+1
T > 0, that satisfies
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| )(l+1

l£ _ (sxay)| < M1+ l1x (1 + 101 )® (1410

o+1

for all x e R, 0 e Rand 0 < T < R for some R > 0 (see [11]) and

o+1

d fa+1(o+ir;x,y)
f (A3x,y) = f(x+toy+ity) = .
0 at+l
do
B+n+3 ] _
Let ¢ € (Sa+1 )X and x € (D([-1,1]))0 with Jx(c)do = 1, then
B+n+3 aP B+n+3

sup - (1+ x|+ o) | = o(x+oy)x(o) | < Blloll

O<po+l ao?

xéﬁn,—1sGST

for some B > 0. Finally

0 1 ©
|f fx+ity)o(x)dx| |J J f(x-oy+oy+ity)é(x)x(o)dx do| =
o 1 o
1 ©
= IJ J f(x+oy+ity)¢(x+oy)x(o) dx do| =

e dcx+1
= lJ 1J cofa+1(>\3X:Y)d0a+_1¢(X+o’y)x(0)dx dG|S

B+n+3
a+1

IN

KM B || 4]l
for some constant K and all 1 with O £ 1 £ R, so that the set

{f(x+iTy)}yE pr C'

0<t<R

6+n+%)|.
a+1
limit for y - 0, y € C' in (S

a+1
' according to E.3. By Schauder's theo-
B+n+3, . B+n+1,,
o1 )' into (Sa+2 )
compact and therefore maps weakly convergent sequences into strongly con-

Since Z is dense in S x+iy) has a weak
B+n+%)
o+l

rem (E.1) and by C.l4 the embedding map from (S

is bounded in (S

is

vergent sequences (E.2). So we have found that
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B+n+1),
a+1

(6.1) £ e (S

B+n+1),. D

and that f(x+iy) converges to £% in the space (Sa+2

Remark 6.1. This result is somewhat stronger than that given in [1].

Remark 6.2. The correspondence between f and g in lemma 6.1 is 1-1, because,
if a(g) is a C -function with support in O(a+1;C) and

a(g) = 1 for £ € 0(a3C), then for ¢ € S the set

{v | wig) = a(E)efy'g¢(£),y € Ck,]lyll < 1} is a bounded set in S and

alg)e™ g)>a(g)¢(g) in S as y > 0,y € Cp - Therefore e-y.ggg =
= a(g)e

support in 0(a;C) and

°g
4 g a(g)gg =g in S' as y > 0,y € Cy with g € S' having its

6.2) £ = 1lim f(x+iy) = lim  Fle ¥ % 1 = Flgl in s'.

Y?an€ck Y*O,YGCk &

Remark 6.3. The property of lemma 6.2 depends on the behaviour of f for
[ly || small, while the condition on the support of F[f] in lemma 6.1 depends
on the behaviour of f for ||yll large.

Next we give a topology to the class H1(a;C). Let a sequence Ck « C

be given as in A.4 and let, moreover, an increasing sequence of continuous

convex functions a on pr C be given with for m=0,1,2,...

a (y) <

- a .(y) < aly) and lim & (y) = a(y)

m->co
for all y € pr C, where a also is a continuous convex function on pr C. In
some cases we need one more condition on the functions a - This condition
will depend on a non-negative constant B and it yields the following proper-

ty, called NB:



36

(N,) for any £ € 9 5(am;C) the distance d_ from £ to 980(a;C) satisfies

B €
“m
i 2 ——— when ||&]] > 1 and
€ B
. el
a4, > e when llg || <1 R
where 0 < €1 < Cp < 3 for m=0,1,2,... and limm en = 0.

It is clear that N_, implies Na if B < a. The condition imposed on the

B

functions a, (let us call it NB too) gives a bound for the velocity with
which a(y)-am(y) tends to zero as y approaches the boundary of pr C, if it
tends to zero at all, what is possible only if B > 0. For B = O

- >
a(y) am(y) 2 e for ally e prC.

Let the positive weight functions Mm on TC be

-2 (y)
M(Z) = 2 m -1
- Q+lz D)™+ ly 1™)

for m=0,1,2,... We define the Fréchet space

C
#(a_;0) def roj lim A (M T

k>

)

(see B.4 and F.2); its elements are functions holomorphic in TC. If we

denote the closure of Hm(am;C) in the space Aw(Mm;Rn+iCk) by Hm(am;C)k

then Hm(am;C) = proj limk Hm(am;C)k too in virtue of F.T. Finally we

define

H(aze) def ind lim Hm(am;C).

m->co
Using C.7 we find that the identity map from Aw(Mm;Bn+iCk) into
n,. . . .
Aw(Mm+1JR +1Ck_1) is compact. Therefore the identity map from Hm(gm,c)

into HO+T( C) maps bounded sets into relatively compact sets.

8+

(6.4) In fact this is true for the map from Hm(am;C) into Hm+1(am;C).

We will prove in lemma 6.5 that there is a g such that the identity map
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maps the neighborhood of zero U = {f | £ e Hm(a ;C) |If||m K} in H( (a_sC),
thus also the unit ball in Hm(a C) , into a bounded set of i g ,C)
Hence the identity map from H( am ;C) into gorat 1(a. ;C) is compact, thus
also the map from Y a ;C) into i q+1 am+q+1,C). Therefore H(a;C) is an
LS-space and it is a bornologlcal, regular and complete Montel space. Also
it follows that we can write it as an inductive limit of Banach spaces
(compare F.9)
H(a3;C) = ind lim Hm(am;C)m
m>o
Moreover, according to G.8 ﬁ(a;C) is nuclear.
Like in remark 3.2

ﬁ(a;c) = ind lim ind 1lim Hm a C) > or

] m->oo

H(a;C) = ind 1lim ind 1lim Hm(al;C) R

1o m>o
where the inductive limit for m - « yields an LS-space and the inductive
limit for 1 - « is a strict inductive limit of complete spaces, as will
follow from (6.4) and (6.6).
Next we consider the space S'(a;C) of distributions in S' with support
in one of the sets a(am;C) contained in the set 0(a3;C), m=0,1,2,...
namely

S'(a;C)

Iy
H

e

> 3 . 1
ind llm(Sm(am,C)) R

m-—>©

where (Sm(am;c))' is the space consisting of the m-th order distributions

in 8' with support in 6(am;C). This last space is the strong dual of

I

5u(2,30) W (12 ID™, Ba50))

in virtue of the remark in D.2. From D.3 it follows that the restriction
(a_,.3;C) into Sm(am;C) is compact, so that according to E.1

N m+1" m+1? :
S'(a;C) is an LS-space. Therefore S'(a;C) is the strong dual of the FS-

map from S
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space

def . .
S(a;C) == proj lim Sm(am;C).

m-—>co

As before we can write S'(a;C) as

(6.6) S$'(a3C) = ind 1lim ind lim(Sm(al;C))'.

10 m->o

Indeed, by F.U4 (inductive limit with respect to 1) and F.5 (with respect

to m) there is a -continuous map from ind lim S'(al;C) into S'(a;C), where

1
s'(al;c) is defined as

o
H

e

S'(al;C) ind lim (Sm(al;C))',

m—>oo

and the inverse of this map is continuous according to F.5. In virtue of

F.12 and G.4 S'(a,3;C) is an LS-space and in virtue of G.5 S'(al;C) is a

5
closed linear subipace of 8' (it is the subspace of S' of distributions
with support in the closed set G(al;c)). Therefore the inductive 1limit for
1 > o is a strict inductive limit of LS-spaces. According to G.6 S'(al;C)
is nuclear and according to G.9 S'(a;C) is nuclear too. Note, that S'(a;C)
is a strict inductive limit of closed subspaces of S', but that its topol-

ogy is finer then the one induced by S'.

1z°§

Lemma 6.3. For any 2z € TC, e € S(a;C)g-

Proof. We show that, for any m, Ilelz.glhnis finite for every z € TC by

*
X and & € Ck+1 we

have cos(y,E) = 8, (see A.3 and A.4 for notations and symbols) so that
(see also [11])

estimating the norm Ilelz.gllg 1 for y € Ck' For y ¢ C
b

- yeE < Uyl llels,.

*
k+1
- Y9y 2 ||£O|16k+1 (see figure 6.1)

For all £, € (c¥ )¢ there is a Yoe Pr C with cos(yo,éo) < -8 thus

k+2 k+1°



Figure 6.1

* - .
Then for every £, € (C )€ n 0(a;5C) it follows that

k+1

de

H

< - ° ——
Il€0l|6k+1 < iug Yo &g < iug al(yo) < sug a(yo)

YoPT “k4p TP pto YoeP¥ Mo
thus with dk = bk/ék+1 !IEOII < d, . Now we have for y ¢ Ck

iz- g p p 8% dizeg
(6.7) e 50 1= sup (el | = | <

7 £e0(a;5C) ag?
lq|<m

S
G+ 112 1z el Ny IHITEN k|

IA

*
k+1
la| <m

£eC

a_ (y)
1
+ sup (1+a )P [zl Ve :
lg| <m

Next we consider the function (1+p)pe“”y”(Sp for p = 0. The maximum is

attained when (1+p)P_1e-llyllap(p—(1+p)lly||6) = 0, thus for

39

b

k;
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o = p-llyllé _ _» |
Hylls Hylls

if this 2 0, otherwise for p = 0. The maximum 1is

(s e 7 < (5F mom

if p - |ly I8 =2 0, otherwise the maximum is 1. Finally we get for all

y € Ck

P _oa(y)
1 82 sk Gellall) iyl P)e 1700

P,k

As (3.2) the following lemma holds:

Lemma 6.4. For g € S'(a3C) and y € C

Flg eV (%) = <gg,eiz'g>.

g
Proof. According to (6.6) we may assume that g e S'(al;C). Let o(&) be a
1+15C) and a(g) = 1 for € ¢ 6(al;c).

Then a(&)e_y.g € S for each y € C and for all ¢ ¢ S we have

c”-function with support in O(a

<F[gre—y'gj,¢> = <gge—y-a, J eix'€¢(x)dx> =

-0

<g£a(£)e'yag, J X8y (x)ax> =

m iz+&
s | ale)e* Sman .
Furthermore, a(g)eiz'€¢(x) € SE <

Sé < Ve get according to [8,(51.7)]

and considering gg as a distribution in
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<F[gge_y'g],¢>X = <gg,a(i)e

iz+§

=< <gg9e >€3¢>X;

thus F[gge_y.gj(x) = <g£,eiz.g>. O

Now we formulate the main theorem of this section:

Theorem 6.1. The map F: S'(a;C) » fH(a;C) given by F(g)(z) = <g£’eiz-g>

for g € §'(a;C) is an isomorphism.
Proof. The bijectivity of F follows from lemma 6.1 and remark 6.2.

Next we will prove the continuity of F. Again we use that é'(a;C) and
H(a;C), being LS-spaces, are bornological and regular (see F.11, F.15 and
F.16). Let B c §'(a;c) be a bounded set. This means that a positive inte-
ger m and a constant M exist such that B c (Sm(am;C))' and ||g||_m <M
for all g € B. According to lemma 6.4 and (6.8) the images f = F(g) satisfy

ize ize
12(2)1 = I<gg.e™ ™5 1< Hlell_ 11 e ) <

m -m ém(y)
< MKm’k(1+IIZIl) 1+l y 7 e
this means

with y € C_. Thus f € Hm(am;C) and for any k|| fHE < MK

k m, k>
that F(B) is a bounded set in H(a;C). Therefore F is continuous.

In order to prove the continuity of F—1 we consider a neighborhood of
zero U in Hm(am;C) with m arbitrary, that is to say there is a constant K

and an integer k such that
U=1{f| feH(a;0C), ||fH§ < K}.

We will prove that the image F_1(U) of U is bounded in some (Sl(am;C))'

with 1 > m, from which it follows that F—1 is a continuous map from
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(am;C))'. Since this is true for all m=0,1,2,... Flois

Hm(am;C) into (S, ) n
a continuous map from H(a;C) into S'(a;C) according to F.5.

Let us assume more generally

m def e-am(y) ck
feH ’p(am;C) == proj lim Aaﬂ - — 5 T ), and
k> 1+l z 1) 1+ 1y 117D
m -p ém(y)
[£(z)| < K(1+|lz || )" (O+llyll =) e for y e C,.

According to lemma 6.1 the image under-F-1 of such functions f consists of
distributions in S' with support in 6(am;C), so that it is contained in
the linear subspace S'(am;C) of S'. Since by lemma 6.1, lemma 6.4 and
(6.2) the image g under Floof £ is g = F_1[f*], where F[-] denotes the

Fourier transform in S', we get for all ¢ € S taking into account (6.1)

_ * =1 _ * .—(m+n+1) -1 m+n+1
(6.9) l<gs0>1 = [<€,F Lod>l = ([ £7 ([T 5y 7 ITF el iy s
ptn+i+r
s MCer) ||m+n+‘]

for any r > O and some positive constant M (see also H.1). Hence F-1(U) is
bounded in (Sl)' with 1 = max(m+n+1,p+n+2) and being contained in the

linear subspace S'(am;C) of S', it is bounded in (Si(am;C))'. 0

Remark 6.4. In fact we can show with the aid of (6.8) that

(6.10) F_1 is a continuous map from Hm(am;C)k into (82:211+r(am;c))'
for any r > 0, and
(6.11) F is a continuous map from (S(a ;C))' into H*P(a_;C).
m m m

We conclude this section with the following lemma (see also remark

8.1):
Lemma 6.5. The identity map from Hm(am;C) into Hm+n+3(am;c) 8 compact.

Proof. As we have seen in the proof of theorem 6.1, a neighborhood of

zero U in Hm(am;C) is mapped by F into a bounded set of (S (am;C))'

m+q
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with q = n+2. According to (6.11) a bounded set in (S (am;C))' is map-

m+q
. + . . .
ped by F into a bounded set of i q(am;C); according to (6.4) the identity

map maps this bounded set into a relatively compact set of Hm+q+1(am;c). O

T. NEWTON SERIES FOR NON-ENTIRE FUNCTIONS WITH DISTRIBUTIONAL BOUNDARY
VALUES

In this section we derive the Newton series (1.1) for functions in

H(a;C), where the condition N, holds for some B 2 O.

B
Let a cone C c R and a convex function a on pr C be given. We sup-
pose that h is a vector in C and that for any y € pr C, whenever h = ||hlly,
a log 2 .
nj < =&< if >0

[1hll a(y) a(Y)
or

[lh|] arbitrarily large if a(y) < 0.

Furthermore, there is a positive number o depending on y and h, where

vy € C and h ¢ Cl with 1 2 k, such that for s € € with Re s 2 - «

k

y + (Re s)h € c, -

If Re s 2 0 always y + (Re s)h € C for all y and h in C. We remind of the
definition of the functions ¢N(£) in (k4.5).

Lemma 7.1. If y € Ck’ h € Cl
elz'g¢N(£) tends for N -+ = to e

(6.3) holds for some B = O.

and Re s 2 - a as above, the sequence
1zeb-sheE S(a3C), when in S(a;C) the

property NB

Proof. According to lemma 6.3
1 ® & ° 1 +' <+ °
glze&-kheg _ i{x+ily+kh))-£ for k=0,1,2,...
and

eiz-i—sh-g - ei(x—Im sh+i(y+Re sh))-¢
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belong to 8(a;C). Also for £ e 0(a;C) ¢y(£) tends to St o W s o,
1zE

We show that the set {e ¢N(g)}§=o is bounded in S(a;C), from which the

lemma follows by means of G.2. Using (5.3) we get for all y ¢ Ck

] ° e q 7 L
e Bog(e)ll, s ¢ sup  C'(s,q,a) (4] |)TTOETERNTEEGIETE )
EeO(am;C)
lq|<m
a_(y-ah)

(m+oz8+[3m))e

IN

C(s,m,a,1)(1+[1z |1)™ (1+]| y=an ||~

| is

as in (6.8), which is independent of N. For o = O the norm || * 0

bounded by

5 (y)
C(s,m,k,8) (1+]1z )™ (1+]]y (gt 14r)) St

with r > 0. [

Let f be an element of H(a;C), where in H(a;C) the functions a satis-
fy the condition NB for some B = 0 and let g € S'(a3;C) be its image under
F-1. As in (L.4), using theorem 6.1 and lemma 7.1 we derive the Newton

series for y € C_,h ¢ C,(12k) and Re s = - a

k’ 1
(7.1) £(z+ish) = <g ,e 2 57506, o g 1im 61278 (£) =
£ £ N
N>
g s iz-& h+& k E s k
= 1im () <g,.e (e77 ==1)"> = (1) ar f£(z),
Nosoo k=0 k £ k=0 k ih

where a > O depends on y and h such that y = ah ¢ C In order to describe

1
the topology in which the series converges it is convenient to change the

complex variable z = x + iy into z = x + i(y-ah), so that we get

k
) Biy

(
0

(7.2) f(z+i(s+a)h) = f(z+ioh),

s
k

o~ 8

k

which is now valid for all y ¢ C,h ¢ C and Re s + o 2 0, a = 0 arbitrary.

According to (5.3) e—ah-£¢N(£) is a multiplier in S' and also in
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—ah+& ©

S'(a;C). Therefore the sequence {gge ¢N(€)}N=1 converges weakly in

S'(a3;C) and since this is a Montel space, it converges strongly too (see
F.10). Hence the series (7.2) converges in the topology of H(a;C). This
yields the convergence of the series (7.1), namely in one of the norms of
the topology of H(a;C). Thus (7.1) and (7.2) certainly converge uniformly
in z on compact subsets of TC.

Let us consider more precisely the norms in which (7.2) converges.
are C —functions identical 1 for ||£]||< 1 and O for [[&] = 1+1,
tends to

Suppose oy

1=1,2,... Then if {gN} is a bounded set in (Si(am;c))', o 8y

gy as 1>« unlformly in N in the space (SP (am;C))' for any r > 0, since

for ¢ € S(a3C)

| <gyoq gy 0> = I<gy,(1-a )o>] <
< ||8N||_p Eeé?:p;c){(1+llill)p+r Iagq(w a_)¢l2::]f;—ﬁ3;:}s
!qIZm
T T
for 1 sufficiently large. Let us take gy = gge_ah'E¢N(g), so that accord-

ing to (5.3) the set {gN} is bounded in (Sz(am;c))' with t = p + aBf + Bm

ifa>0ort=p+1+r+8mif o = 0, when g ¢ (Sp(a :C))'. We know al-

def -(s+a)h-g
tends to a8, — l('é)gg as

o

ready from section L that o8y
N -+ = strongly in (Em({g | 111l < 141}))' for every 1. So we get finally

for ¢ € S(a3;C) and € > O

|<gy-8,-9>1 < I<gy-a,gy.¢>1 + |<a gy-a,g,.¢>1 + [<a,g -g 9> <

IA

1 t+ 1 0 1 t+ t+
Telloll®E w2 e 1ol + e allBTce ol

when we first choose 1 = 1(e) so large, that the first and the third term
on the right-hand side of the first line can be estimated and when we next

take N =2 N (l(e) £) so that the middle term can be estimated. Therefore
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gge_ah.g¢N(£) converges for N + « strongly in (Szfr(am;c))'. If f e H(a;C)
satisfies

py ()
(7.3) f(z)] < Mk(1+||z|[ Ty 1Py e for y e Cp, k=1,2,..

then in the above where g = F_1(f) we take p + n + 1 + r instead of p and
m + n + 1 instead of m according to (6.9). In that case t is determined by
choosing r so small that the smallest integer larger than

p +n + 1+ (a+tmtn+1)B+2r equals
(7.4) [p+n+ 1+ (atm+n+1)B] + 1 =t

or if a = 0, the smallest integer larger than p + n + 2 + (m+n+1)B + 3r

must be equal to
(7.5) [p+n+ 2+ (mn+1)B] + 1 = t.

In virtue of (6.11) and (5.4) the Newton series (7.2) for functions
f satisfying (7.3) valid for y € C,h ¢ C and Re s = - a with o > O con-

verges according to:

: c
Ve > 0, V1, 3N (e,1) > N (s), Vz e T 1 and wn > W,
N a (y)
(7.6) If(z+ils+a)n) - ) () af £lz+ian)| < eAls) (1112 (i ™He ™7,
k=0

where N1(s) is determined by (5.1), A(s) by (5.4) and t by (7.4) if o > O

or by (7.5) if o = 0. Replacing z + ich by z in (7.6) we see that the

Newton series (7.1), which is valid for y € C _,h € C,and Re s 2 - a with

k’
Yy - ah € Cl’ converges according to

C

(7.7) Ve > 0, 3N () > N (s), Vz e T K ond wn > N,

)m+n+1(

|£(z+ish)- 2( (z)] < eA(s)(1+]z || 1+ || y=an ||~
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where t is given by (T7.4) and again A(s) = 1/|T(-s)|. As mentioned in
section 5.1 there is uniform convergence in s on compact subsets of

{s | seC, Re s 2~ a}. Note that since we used (5.4), ¢ depends on a in
(7.6).

If Re s > 0, y may tend to zero within Cl in (7.1). Hence in virtue
of lemma 6.2 and the fact that t is independent of 1 in (T7.T7), the Newton
series (7.1) is valid in S' for y = 0. As we have seen in the derivation
of (5.3), the series ¢N(£) and its derivatives converge absolutely.
Therefore the Newton series (7.1) and (7.2) are absolutely convergent.

Finally we restate the results in

Theorem 7.1. Let h € C with ||h|| £ log 2/a(h) Zf a(h) > 0 or ||h|| arbi-
trary if a(h) < 0 and let f be an element of H(a;C), when the condition

NB holds for some B =2 0. If a > 0 Zs such that y - oh ¢ C, for some y ¢ C
and 1 such that h € Cl’ the Newton series (7.1) is valid for this y and h,
when Re s 2 - o. The series (7.1) converges absolutely in one of the norms
of H(a;C) or more precisely it converges according to (7.7), when f satis-
fies (7.3); moreover, (7.1) is valid in S' for y € Clu{O} with 1 arbitrary,
when Re s 2 0. When Re s 2 - a with a 2 0 arbitrary, the Newton series
(7.2) holds for all y ¢ C and h < C; then the series (7.2) converges abso-
lutely in the topology of H(a;C) or more precisely it comverges according
to (7.6), when f satisfies (%.3). In both cases (7.1) and (7.2) converge

univormly in s on compact subsets of {s | s € €, Re s 2 - al.

8. FUNCTIONS HOLOMORPHIC IN TUBULAR RADIAL DOMAINS NOT HAVING BOUNDARY
VALUES

We have considered holomorphic functions of the complex variable
z = x + 1y that, regafded as distributions in x, belong to S' for each
vy € C just as its distributional boundary value, i.e. the limit as y tends
to zero within a compact subcone Ck' Now we will consider holomorphic func-
tions that belong to S' only for y € C; it turns out that they also belong
to Z' just as their limit as y tends to zero within C.

First we investigate when a function f, holomorphic in TB with B some
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open convex set inIBn, belongs to S' or Z' for each y ¢ B. We consider T
as an element of Z' (see H.4) under the definition:

(8.1) Yy € Z: <f,1p>Z def J fx+iy)y(x)dx

]
+

o

<f(z),p(x)>.

The space Z(R") of the restrictions to R of functions in Z can be isomor-
phically embedded into So, the space of rapidly decreasing continuous
functions in R" with the topology induced by the norms Il-llg, p=0,1,2,...
(see H.1). So any continuous linear functional on 7(R") can be extended to
a continuous linear functional on S0 in a unique way, since Z(R") is dense
in 8°. Purthermore (So)' c 8', so that any element of Z(R")' belongs to
S'. Definition (8.1) means that f regarded as element of Z' is an element
of Z(R™)' and thus this implies that f is an element of S' too for each

y € B. In lemma 8.2 we will see thaf conVersely f ¢ S' for each y ¢ B
implies f ¢ Z' under definition (8.1).

In view of the use we will make in part II of lemma 8.1, f is con-
sidered there as an element of Ex for each y € B and there are no restric-
tions on the growth of f. Taking into account theorem 3.1 we see that F
transforms the dual of H = H(R") into £ and that F~1 transforms E into
the dual of H.

Lemma 8.1. Let f be a function holomorphic in T® with B some open convex

set in R and let Vo € B. Then for all y with y + Yy € B

fxtiy+iy ) = F(e'y'cg(yo)g) (x)

with g(yo) = F_1(f(x+iyo)) ¢ H'. Furthermore {f(X+iy)}yeK 18 a bounded set

in EX for any K — B.

Proof. We have sup{|f(x+iy)| | x € S,y € K} < C(S,K) for any compact set
S « R". Since f is holomorphic, also the derivatives of f are uniformly

bounded on S x K by C (a)-C(SE,KE) where S_ and K_ are e-neighborhoods

1
of 5 and K such that K. = B and vhere C1(e) is a constant depending on e.

Therefore the second statement follows:
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E
sup || £( x+1y)|| <C for m=0,1,2,...
yeK m

Let p < 1 and choose € so small that y + ¥y € B whenever

ef ne

Iyil <n ===‘7; for i=1,...,n.

Note that also y + Vo € B when Iyil < e, i=1,...,m. For such an y and for

a ¢ € E' we have
X
.. _ 1I'D .
<f(x+1y+1yo),¢X>E =< z f(X+1Y0)s¢x>-

In order to show that the series converges in Ex we use G.2. Therefore we

first estimate

f(x+iyo+z)

IA

Ile(x+iyO)|

—_— ldz <

)n 90 l+1 -
— — Z
|z1|—n Iznl—n

< 1! —  sup |f(x+iy. +z)| .
- 0
n lz [<n
Hence
(i z . - o! N T.k

sup |D* Z x+1y0)| < sup If(x+1y0+z)| sup Y (ye =) <

xeS k=0 xeS la|<m 7~ k=0 "
lo|<m Izi]Sn

N
<c ¥ of< 79—- ,
k=0 -P
which is independent of N. With ¢(z) = F(¢)(z) € H we now can write
L o3 . (ciy-D)®
<E(xtiyHy)so op = ) <fletyg), ~Hg— ¢ =
k=0
© k
= T <alyy), ARy z hu’— gy.) ,u(c)> =
o O'c k! O;
k=0
N k
( )

1
=
=
B
A

o~

k

w8yl sv(z)> = <elygty) ., wlz)>
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Thus the weak limit for N - = exists in H' and since H is a Montel space,

the strong limit exists and equals e“y'cg(yo)c. Hence

£(eriy+iy) = Fe™ Saly,) ) (x)

for y with Iyil < € 3 by analytical continuation this formula holds for

every y with y + Y, € B. 0O

Lemma 8.2. A function f, holomorphic in TB, 18 an element of Si for each
y € B if and only if for each compact set K «— B there are positive con—
stants M(K) and m(K) such that

)m(K)

(8.2) [£(z)] < M(K)(1+| x| for z € K.

In this case f belongs to Z' too for each y ¢ B under definition (8.1).

Proof. It is clear that a function f satisfying (8.2) belongs to S' for

each y € B. Take y. ¢ B, then g(y.), = F_1[f(x+iy )] e S!'. Since Z(®") is
0 0'¢g 0 g

. . . . n . . ~ .
contained in the space of restrictions to R~ of functions in H and since

Z(R") is dense in S, lemma 8.1 holds with g(yo)g € Sé. Hence

-1 .. . =y°£
F [f(x+1y+1yo)]g =e g(yo)g € Sé

for all y with y + Yo € B. According to [11,26.2] the set

-y° &
{e g(yo)g}y K,

is bounded in Sé, whenever Yo * K, = K is a compact set in B. Therefore

1
there are constants M(K), m(K) and o = a(K) such that the o-th primitive

F of f:

x t

def o !
F(z) == J J ... J f(t0+iy)dt0 at,...dt
0’0 0

)m(K)

satisfies |F(z)] < M(K)(1+]| x| for all x ¢ R and y e K.

For any K «B there is an e-neighborhood K€ of K also compact in B.



Using Cauchy's formula we find

1£(2)1 = 1D°F(z)] < c_ sup IF(z)] < c(k)(r+llx 1l)™(Ke)

xeRD
yeK€

which is condition (8.2). 0O

From (8.2) it follows that for any Yo € Band § € Z
<f(z),0(x)> = <f(zHy ), v(x+iy )> .

Therefore the limit £  as y > 0,y € C of f(x+iy) exists in Z', namely

for all Y € 2

<f*,w> = lim <f(x+iy),9(x)> = lim <f(x+iy+iyo),w(x+iy0)> =
y+0 ¥=0
yeC yeC

= <f(x+iyo),w(x+iyo)> .

This limit £* is independent of the path y - 0 in C. Its inverse Fourier

transform g = F_T(f*) is an element of D' and with ¢ = F[uJe D' we get

g

<g:¢>v = <f*,l1)>z = <f(X+iY)a‘b(X+iY)>Z = ‘<g(y)gaey. ¢(g)>p =

Hence

5, = e g(y)‘E

is independent of y € B. Finally g(y), = e-y'gg

£ belongs to Sé, so that

g

(8.3) f(z) = F[e_y.gggj(x) with g € D' and e—y.ggE € S8' for all y € B,

(compare corollary 5.2 and [11,26.2]). Remark that the limit f ¢ Z' no

51
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longer obeys definition (8.1).

We now assume that B is an open convex cone C in R" and that f(z) is
of exponential growth a for ||y || large. As before we can show that g ¢ D'
has its support contained in O(a;C), since we only need the growth of
[£(z)| for |ly || large and not for ||y|| small (see remark 6.3 and the proof
of lemma 6.1 in [11]). Let a be a continuous convex function on pr C and

let {Ck};= be as in A.3. So we have

1

Theorem 8.1. The following statements are equivalent
(1) £ holomorphic in TC, has the property that for each k there are
positive numbers M(k) and m(k) such that

(8.4 Ie(z)] s ) (14l z ) By forattye G wigh iy Il =1/

(2) f(z) = F[e_y'gggj(x), where g; 18 a distribution in D' with

e—y'ggg € S'" for y € C and with its support contained in 0(a;C).

The difference with lemma 6.1 is that there f(x+iy) attains a bound-
ary value in S' for y - 0,y € Ck and here only in Z', while in both cases
f(x+1iy) belongs to Si for y € C.

The next lemma shows that there are no cases "in between":

Lemma 8.3. If the limit in A for y - 0,y € C of a holomorphic function f
satisfying (8.4) belongs to S', then f(x+iy) attains this limit also in

S' for y » 0,y € Ck and f satisfies the stronger condition

- n .
(8.5) 1£(2)1 < M) (1112 1) (el 17 2 z e R +1iC,

for all k and some m independent of k.

Proof. In virtue of (8.3) we have e_y-ggg € S' for all y ¢ C u {0}. Let

us fix a vector Yo € pr C. As in the proof of lemma (8.2) the set

-1y0° &
te 0 gE}OSTS1

is bounded in S' (see [11,26.2]). Indeed,
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_Tyong _Tyo.g
= -e— g + e
14eV0TE T8 gy

and one can show that the function

_Tyoo g
£
1+e_y0.E

and its derivatives with respect to £ are uniformly bounded for 0 < 1 < 1.

Using E.3 and the fact that the limit for 7 - O exists in D', we find that,
according to (8.3), f(x+iy) attains its limit for y - 0,y € Ck in 8'.

Since the support of g is contained in 0(a3;C) by theorem 8.1, g belongs to

S'(a;C) (see section 6) and in virtue of lemma 6.4 and (6.8) we get

1£(2)] = IFLe™ 5g 3(x)1 = I<g,e™™ 51 < Hlgll_y 1€ 51l =

(k) (1112 1™ (111 11T )2

IA

for all y € C, and some non-negative m. [J

k

Indeed there are no spaces "in between". For, if f satisfies (8.k4)

and if moreover for some Yy € pr C

(8.6) | £(x+ity )| M1+ x ) L, 0<rt<i,

then its boundary value £ belongs to S' according to the proof of lemma
6.2. Now it follows from lemma 8.3 that f, has to satisfy (8.5) for some

m > 1.

Remark 8.1. If f satisfies (8.4) and (8.6), then f must satisfy (8.5) for

all m > 1, for, if not (thus if for some m. > 1 f does not satisfy (8.5)),

0
then, for a sufficiently large p, f¥ would not satisfy (8.5) with

m = pm, > pl + n + 2, which contradicts (6;19) and (6.11). Thus Hl(a )k

-C
]’
)k+1

can be embedded continuously into Hm(al;C for all m > 1. It follows

that the identity map transforms a neighborhood of zero in Hl(al;C) into a
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bounded set of Hm(a;C), m > 1, so that already the identity map from

. + .
Hl(al;C) into H 1(a C) is compact (compare lemma 6.5).

l;
Remark 8.2. If f, satisfying (8.4) and (8.6), would satisfy (8.5) for
m = 1, then Hl(al )k+1
Hl(al;C) = Hl(al',C)k for k=1,2,..., would be a Banach space according to

[8, corollary 3 of theorem 17.1].

;C_)k would be embedded continuously onto Hl(al;c and

9. TOPOLOGICAL SPACES OF HOLOMORPHIC FUNCTIONS NOT HAVING BOUNDARY VALUES
AND THEIR FOURIER TRANSFORMS

In this section we will give a topology to the space of holomorphic
functions satisfying (8.4) and to the space of their Fourier transforms,
such that Fourier transformation is an isomorphism.

We first give a topology to the space of holomorphic functions f
satisfying (8.4). It is quite obvious how we must proceed. Let

C C

. 1
Tpk=Tkn{zlz=x+1yeCn, lly||>5}

o . . - .
and let {al}l_1 be an 1ncreasing sequence of continuous convex functions

on pr C converging to a as before (section 6). We define the spaces

1
* def k
i (al;Ck,p) e Am<—g_—____7h’ T ) R
(+lz )" P

H*(al;C) def proj lim ind lim ™ (a. 5C. k)

9 b
- - 1’7k

and finally

ﬁ*(a;C) def ind lim H*(al;C).

1

H

We will find that H*(al;C) is a projective limit of nuclear LS-spaces and

that ﬁ*(a;C) is a striect inductive limit. However, to see this it is
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necessary to give an equivalent definition of H*(al;C), which is less
clear, but which enables us to derive the above mentioned structure.

Denote for any k by {C a decreasing sequence of convex rel-

k+1/m}m;1

atively compact subcones of Ck+1 with

pr Ck c pr C 1 € Pr C ;1 cpr C S C T 2 C
k+ ey k+ —y k+ - k+ o k+1
for m=1,2,... and with
Q1 pr C 24 Ck'

From C.3 it follows that the following identity maps are continuous

Hm*(a ,k+1/m) - Hm*(a 5C. Lk),

*

15C%41° k+1/m

so that according to F.5 and F.6 also

H*(a.;C) = proj lim ind lim Hm*(al;C k+1/m).

koo m-o

13 k+1/m’

. . *
But now the identity map from H (al;C

+1%
B (a15Cp1/(m+1)

ditions HS1 and H82 of G.7 are satisfied. Hence H*(al;C) is the projective

limit of nuclear LS-spaces and it is itself nuclear and complete (see G.9

k+1/m,k+1/m) into

,k+1/(m+1)) is compact according to C.T. Also the con-

and F.2). Furthermore the bounded sets of H*(al;C) are relatively compact,
since they are for each k bounded in the Montel space

. . *

ind llmm i (a.l,C1{+1/m ¢
a bounded set in H*(al;C), being bounded in ind limm H " (a, 5C

. 1°“k+1/m,
for each k, is for all k bounded in some H© (al;C ,k+1/m) where

,k+1/m), thus relatively compact there. Moreover,
k+1/m)

k+1/m
m = m(k) depends on k and therefore bounded in Hm(k)*(al;ck,
Finally H'(a;C) is nuclear and complete (see G.9 and F.1L4), since the in-

k) for all k.

ductive 1limit for 1 - = is strict, as we will see in the sequel (remark

9.2).

It is less obvious how to topologize the space of inverse Fourier



56

transforms g of £*, where f satisfies (8.4). We know already that

ge D', e_y.ggg € S' for y ¢ C and that the support of g is contained in

0(a3C) (see theorem 8.1). We will first investigate some more properties

of such distributions g. Taking into account (8.3) and (8.4) we find that

the set

-y €
{e gg} yeCx
1/k< [y Il 1

is bounded in S'. Thus there are constants K& and m(k) and functions

G' ,la] < m(k) (see B.5), such that
o,y

(y), = e %, = p%c! (&)
e 2 2 |a|zm(k) @y

with G& continuous functions (the second order primitive of a bounded

£

measure is a continuous function), which satisfy

ot (e)] sk Cne ™),y e c

< <
iy <yl s 1.

W=

k’

Furthermore, ey.gg(y)g =g € D' is independent of y, thus for each k

there are constant Kk and m(k) and functions Ga,lal < m(k), such that

g= ) p’G

lo|<m(k) o

where G are continuous functions with support in an e-neighborhood of
0(a;C) satisfying |G (&)< K (1+]l¢ ||)m(k) V'8 for all y € C, with
1/k < |lyll £ 1, so that

inf e
yeCk
1/k< |y I] <1

(9.1) e (8)] = & (r+lig )™

o

Now we are able to describe the space of distributions g, but before
doing this we give simpler weight functions defining the same topology as

the weight function
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ef A3

I

inf e
yeCx
1/k< |y I <1

M (£)

We remind of the numbers Gk defined in A.4. We can take the compact sub-

cones Ck of C so, that the sequence ék is decreasing. Thus we have

1 > Gk > 6k+1 >0 foT ?ll k=1,2,... and llmk Gk = 0. Since
v& = llyll 1&ll cos(y,&), we can find for each k an integer p > k, such
*
that for all £ € Cp+1
(9.2) s, w el =< liell = inf  yeEz6_ T llEli.
k k p PDp
yeCp
1/pllyll <1

We define two more weight functions, which will give the same space of

distributions g, namely

1 1
=llell s, =llell
2 f k def k
M(g) £ e and Mi(g) def  k )
We have seen in (9.1) that, for all k,g is an element of the strong dual of
k* def .. k* .
S (al,C)i == proj lim S (al,C)i
oo
with
kx def m i .= . .
Sm (al,C)i D Wi}’o((1+||gll) Mk(g)s O(alsc)) (1"1 :233)9

when we take i = 1. Hence g belongs to

s*(a.;C)! gg£~proj lim(Sk*(a 5C). )T
1 1 1

which is independent of i in virtue of F.6. Indeed, for all k there is a

p > k such that the following maps are continuous

kx, Px px, Dx,_ .
S (al,C)3+s (al,C)2—>s (al,C)1->S (al,c)3
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according to F.5, (9.2) and the fact that the set (C;+1

compact. For i=2, S*(al;C)' is defined in the simplest way, but we prefer

)® n B(a sC) is

i=3 and in the sequel we delete the subscript 3, so that

k* def _kx ]
S (al,C) == § (al,C)3 .
Finally we define
g*(a;C)' def ind 1lim S*(al;C)' .
15

According to G.k Sk*(a ;C) is an FS-space and according to G.5 and

G.6 (Sk*(al;
limit of nuclear LS-spaces and therefore it is itself nuclear and complete.

1
C))' is a nuclear LS-space. Hence S*(al;C)' is the projective

Furthermore, according to G.5 (Sk*(al;C))' is a closed linear subspace

of (Sk*GRn))'; heénce the projective limit S (a.;C)' is a closed linear

l;
subspace of proj limk (Sk*GRn))', so that S*(al;C)' is a closed linear

subspace of S*(a C)'. Therefore the inductive limit for 1 - « is a

141°
strict inductive limit of complete spaces and it follows from G.9 and F.1L
that §*(a;C)' is nuclear and complete.

Like lemma 6.3 we have here too:

Lemma 9.1. For any z = x + iy, with y € C_ and ||y |l > 1/k,

k
ize kx
%8 ¢ g (al;C)g
Proof. For all m we estimate the norms of elz.g, when y € Ck with
Hyllz 1/k + €
iz* &k def m leillgll oP iz°&
(9.3) l[e™™ =, ; = _swp  (1+llEll)"e - | < as in (6.7)
» geO(al;C) 3€p
lpl<m
1
-y ll=-3)s llell
k' 'k
< sy (el Mz 1P e +
£€Cht
|p [<m
1 ~
8§, —d +a_(y)
+ osup (1+q )" |z lPe ©F K 1T <

|p|<m
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a, (v)

< Clm,k,e)(1+]z||)"e

according to (6.8). 0O

In particular (9.3) holds for Y € Ck—1+1/m with ||y [l 2 1/(k-1+1/m).

It is clear that in lemma 9.1 also e'2°% ¢ sr*(al;c)E for all r > k.

Therefore it has sense to formulate the following lemma.
Lemma 9.2. For any y € C and g € S*(al;C)'

AR

F[e_y’gg 1(x) = <gg,ei > .

g

Proof. We know that for all y, e C and all g S*(al;C)'
_yocg
(9.4) e gg e S'.

Indeed, let us take yo € Ck’ then in virtue of the fact that for £ ¢ C;+1

el

3 =

¥gr& == Nyl el < -6

for p large enough and the fact that (C. .)% n O(a.;C) is compact, multi-

k+1 1
plication by exp(—yo'g) is a continuous map from S(al;C) into Sr*(al;C)
for all r 2 p. Hence multiplication by exp(—yo-g) is continuous from
S*(al;C)' into S'(al;C). Thus

_yong '
e g = g(yo)E e 8'(ay;C).

Lgt us choose any € C, say y € Ck' Then according to lemma 9.1

128 ¢ sk*(al;c). Take y = 6, / (kllyll) y, so that [lyyll = & /k.
Then multiplication by exp(yo-g) is a continuous map from S *(al;C) into
S(al;C). In particular

yO.g+iz.g i(Z—iyO)'E
e = e € S(al;C).

Now we can apply lemma 6.4
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F[e—y.gg 1(x) = F[e-yo.ggg eyo-g-y'gj(x) = <g(yo)g’ei(z_iy0)'g> =

1z°¢& z° £

Like theorem 6.1 we have
Theorem 9.1. The map F: §*(a;C)' > ﬁ*(a;c) gtven by F(g)(z) = <g€,elz'g>
for g e 87 (a;C)' is an 1somorphism. ‘

Proof. From theorem 8.1, (9.4), lemma 9.2 and the fact that Fourier trans-—

form in S' is 1-1, it follows that F in a 1-1 map from s*(a.;C)' onto

13
H*(al;C). In order to prove the continuity of F it is sufficient (see F.5)
to show that, for all 1 and k, F is a bounded map from the bornological and
” l;Ck_1,k-1).
So let B be a bounded set in (S (al;C))', this means that for some m
k* -
B c (Sm (al;C))' and, for all g ¢ B, Hgll_i*s K for some K > 0. The

regular space (Sk*(al;C))' into ind limm 1 (a

images f = F(g) satisfy according to (9.3)

. . a. (y)
|£(z)]| = | <g€,elz N | <k Helz €I|§* < K k(1+||z||)me 1

m,
for y e C_ with [lyll =2 1/(k=1). Thus F(B) is a bounded set in
Hm*(al;Ck_1,k—1) and therefore bounded in ind limm H?*(al;ck_1,k-1).

Next we prove the continuity of F_1. Again it would be sufficient to
show that, for all 1 and p, F"1 is a bounded map between the LS-spaces
ind lim.m Hm*(al;Ck+1/m,k+1/m) and (Sp*(al;C))' with k > p depending on p.
So we may start with a bounded set in Hm*(al;C
is certainly bounded in Hm*(al;Ck,
set A in Hm*(al;Ck,k), where k will be determined presently. Elements of A

k+1/m,k+1/m) for some m, which

). Therefore let us start with a bounded
are holomorphic in Tk with I = Ck’ so that we cannot expect that

Fl(a) < (8% (a;30))".

We choose a positive integer p and we take k so large that

Let Yo € Ck be such that
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1 1
x < Mol <8, 2

Then f(z+iyo) is holomorphic in R® + iCk U {0} for f € A and it satisfies

there

a (y+y,)
£(z+iy )| < MO1+llz1DTe T 70 < w1412 ]

i a. i : da (y+y.) = a (3y+d < 3a 3 .
since a, is homogeneous and convex gal(y yo) al(gy gyo) gal(y)+2al(yo)

Hence, according to lemma 6.1 and (6.2), the set B' = {g(yo)lg(yo) =
- .y . . +
= F 1[f(x + 1y0)], f ¢ A} is bounded in (S® ! ))', thus also

m+n+1 k
bounded in (S (a,3C. ))'. Since Ilyoll< 6p/p, multiplication by

m+n+1" "1’k "
exp(yo-g) is a continuous map from Si (a

(al;C

1;Ck) into Sm(al;Ck) for every

m, so that the set

Yo |
B={g | g, = 8(yy)s gly,)  B'}

; } p* ] .
is bounded in (Sm+n+1(al’ck)) .

Let y be such that y + Vg € Cp and |Iy+yO]|> 1/p, then as in lemma 9.1

i(x+i(y+y,)) g pr,_ .
e 0 E. S (al’ck).

According to lemma 6.1 and lemma 6.4

f(X+iy+iyO) = F[e_y.gg(yo)gl(X) = <g(yo)5,eiz'g> =

yd-aei(x+i(y+yo))-£> =

= <g(yo)€,e
= <eyo.E%(Yo)gsel(X+l(y+y0)).£>
_ 1 . . p* -1 .
so that F(B) = A. Hence F (A) is bounded in (Sm+n+1(al;Ck))', thus F  is
continuous from H*(al;C) into (Sp*(al;Ck))’ in virtue of the definition of

the projective limit (F.1) and F.11. Ofcourse this is true for any larger
k, so that F'-1 is continuous from H*(al;C) into proj 1imk (SP*(a ;Ck))'.

1
According to G.5 (sP*a ;C

o .
1 k+1)) is a closed linear subspace of
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* . . *
(P (al;Ck))'; hence proj llmk (sP (al;Ck))' = (s (a C))'" . So we have
found that F-1 maps H*(al
p=1,2,..., thus into S*(al;C)' according to F.4. [0

13
;C) continuously into (Sp*(al;C))' for each

Remark 9.1. In fact we have shown that
Fl maps a bounded set A of H*(al;C), that is a set bounded for
(9.5) each k in Hm(k)*(al;ck,
bounded set B of S (a3C)' that is bounded in (s¥

k) with m(k) depending on k, into a

*

(q)+n+1 ¢))!

(a3
for each p=1,2,..., q = q(p) > p/Gp,
and that

(9.6) F maps B into a bounded set of H*(algc) that is bounded in

Hm(q)+n+1*(a

l;Cp,p—1) for each p=1,2,...

Remark 9.2. We see that S*(al;C)' and H*(al;C) are isomorphic and since

;C)' = 8¥(a3;C) is a strict inductive limit, ind lim H*(al;C)=

ind 1lim. s*(a N

1 1
= H*(a;C) is a strict inductive limit too.

10. NEWTON SERIES FOR NON-ENTIRE FUNCTIONS WITHOUT BOUNDARY VALUES

In this section we derive the Newton series (1.1) for functions in

H*(a;C), when a more general condition than N. holds.

B

Let a cone C ¢ R® and a convex function a on pr C be given. As in

(6.3) the increasing sequence of convex functions a. on pr C cannot be

1
arbitrary, but there is a bound for the velocity with which a(y) - al(y)
tends to zero as y approaches the boundary of pr C. We assume this bound

to be larger than in (6.3), namely the condition on the function a, must

yield the property

for any £ € BU(al;C) the distance dg from £ to 30(a;C) satisfies

(10.1) a > e x(n)e el for all 1 > n > 0 (£#0),

where 0 < €147 < €1 S 3 for 1=0,1,2,... and 1 > K(n) > O.
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If K(n) > p > 0 for all 1 2 n > 0, property (10.1) is identical to NB (6.3)
with B = 0; in all other cases, namely when K(n) tends to zero as n - 0,
property (10.1) is more general than (6.3) for every B > 0. Instead of
(5.3) we now get

(10.2) Ve € Qe(g)): |Dk¢N(£)| < C(s,k,a,n) eﬂllglleah-g

for all 1 2 n > 0 and o 2 0. A similar formula holds instead of (5.L4).

As in section 7 we suppose that h is a vector in C and that for any
y € pr C, whenever h = ||h||y, ||h]|l < log 2/a(y) in case a(y) > 0 or |/ h]|
arbitrarily large in case a(y) < 0. Furthermore, there is a positive number
o depending on y and h, where y € Ck’ llyll> 1/k and h € Cr(rzk), such
that for s € € with Re s 2 - o

Cr
z + ish € T .
r

If Re s 2 0 always y + (Re s) h e C for all y and h in C.

Like lemma T.1 we have

Lemma 10.1. If y € Ck’ Hj||> 1/k, h € Cp and Re s =2 - a as above, the
sequence elz'g¢N(£) tends for N + = to et2E-sheE 4y SP*(al;C) for all 1
and p = r, when in SP*(al;C) the property (10.1) holds.

Proof. According to lemma 9.1

Jizeg-kheg _ i(x+i(y+kh))-&

for k=0,1,2,... and
eiz-g—sh~£ - ei(x—Im sh+i(y+Re sh))-¢&

belong to Sp*(al;c) for all 1 and p > r. Furthermore, the sequence con-
verges in each point & € 0(a;C). We show that the set {elz'€¢N(€)

bounded in Sp*(a

M=o 1S
l; ), from which the lemma follows by means of G.2. Choose

any € C, with [[yll> 1/k and a h € Cr such that || y-ohl|| > 1/r + €; now

k
choose n < € . Using (10.2) we get for p > r
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Ileiz'gqs (E')HP* <
N 7" 'Mm,1

° q- 17 e
cc sup  Cls,qmom)(1elig ] )™ eMIEI* & pIIENI+oheg) 8 28y

a (y)
C'(s,m,e,n)(1+] 21" e 1

IA

as in (9.3). 0O

With this lemma we derive the Newton series like we did in (T7.1) for
functions f in H (a;C), where the condition that yields property (10.1)
holds

(10.3) f(z+ish) = ) (%) a

valid for all y‘eCk with ||y |l > 1/k, h € Cr (r=k) and Re s > - a, where
a > 0 depends on y and h such that y - a h ¢ C_ and [| y=ah|l > 1/r. In

order to describe -~ he convergence we prefer to write the series as (compare

7.2)

(10.4) £(z+i(s+a)h) = kzo (5) A?h £(z+iah),

valid for all y ¢ C and h ¢ C, when Re s 2 - a with a 2 0 arbitrary.

_ah-g

According to (10.2) multiplication by e (¢) is a continuous

¢N
Ir* . p*

map for each r from S (al;C) into S (al;C) for all p > r. Therefore the

sequence {gg

if g € S*(al

the topology of s*(a

e—ah.€¢N(£)};=1 converges weakly in (Sr*(al;C))' for each r
;C)'" and since Sr*(al;c) is a Montel space, it converges in
l;C)' (see F.10 and F.1). In virtue of theorem 9.1
the series (10.4) converges in the topology of ﬁ*(a;C). This yields the
convergence of the series 10.3, namely in one of the norms of the topology
of ﬁ*(a;c). Thus (10.3) and (10.4) certainly converge uniformly in z on
compact subsets of TC.

Let us consider more precisely the convergence of (10.3) and (10.4).
Like in section T we can show that the sequence {gE e ® '£¢N(E)};=O with
* *

r LAY : b . 1
g e(Sm(r)(al,C)) converges strongly in (Sm(r)(al’c)) for all p > r. Let
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f be holomorphic in TC and satisfy for all k=1,2,...

~

m(k) al(y)

(10.5) |£(z)] < M 1+l z 1) e for y e C, with ||y |l > 1/k.

k

Furthermore, let for each p=1,2,... kp be such that

i;A< §
P

g =

b

Then using (9.5) and (9.6) we find that the Newton series (10.4), valid

for y e C, h € C and Re s 2 - a, a = 0, converges according to

C
¥p,Ve > 0, 3N (e,p) 2 N, (s), Vz ¢ Tpf and VN > N,
(10.6) N -
| f(z+i(s+a)n) - ) () AL, f(z+ioh)]| <
L k 1ih
k=0 §
m(k )+n+1 al(y)
< eA(s)(1+]lzl) P e ,

where N1(s) is determined by (5.1) and A(s) by (5.4). Similarly the series

(10.3), valid for y e C_, |llyll> 1/k, h € C.and Re s 2 - a with y - oh € C..

k,
and || y-ohl]| > 1/r, with f satisfying (10.5) for this k converges according
to

C
| Ve > 0, 3N (e) = N.(s), Vz e Tpf1 and VN 2 N,
(10.7) N m(k)+n+1 & (y-oh)
|f(z+ish) - ) (r)Aih f(z)] < eA(s)(1+]z]]) €

r=0

with p such that Gp/p > 1/k.

We restate the results in

Theorem 10.1. Let h e C with ||h|| < log 2/a(h) <f a(h) > 0 or ||h || arbitrary
if a(ﬁ) < 0 and let f be an element of ﬁ*(a;C), where the condition that
ytelds property (10.1) holds. If o > O 28 such that y - oh € C.. and

|| y=ahl|l > 1/r for some y € C and r such that h ¢ Cr’ the Newton series
(10.3) is valid for this y and h, when Re s > - o. The series (10.3)
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converges absolutely in one of the norms of ' (a;C) or, more precisely,

it converges according to (10.7) when f satisfies (10.5) for k with

v € Ck’ ly Il > 1/k. When Re s 2 - o with a = 0 arbitrary, the Newton series
(10.4) holds for all y € C and h € C; then the series (10.4) converges
absolutely in the topology of ﬁ*(a;c) or, more precisely, it converges
according to (10.6) when f satisfies (10.5). In both cases (10.3) and

(10.4) converge uniformly in s on compact subsets of {s | s € €,s 2 - al.

Remark 10.71. With the same conditions as in theorem 7.1 or theorem 10.1
the formula

© k
k=0

ih-Df(z) = £(z)
can be derived; this has been done in [3] for entire functions, where also

other formulas, which need compact supports, are given similarly to theorem

L.,

Remark 10.2. It seems unnecessary to take the strict inductive limit as
a, tends to a in ﬁ*(a;C) (see remark 9.2), since all the lemma's and
theorems have been derived for each a, seperately; also we could have

avoided the strict inductive limits fir k > » in (3.6) (remark 3.2) and

for 1 - «» in (6.5) and (6.6); However, in a subsequent paper these in-
ductive limits will be no longer strict and they will be essential. There
we do not require that the function f holomorphic in TC is of polynomial
growth in || x||] , but it may be of exponential growth in ||z || . In that case
f(x+iy) belongs to Di for each y € C and f is the Fourier transform of an
analytic functional in Z'. We will prove a theorem concerning functions

f of exponential type, holomorphic in a tubular radial domain, and the

sets carrying the analytic functionals of which f is the Fourier transform,

similarly to lemma 6.1 and theorem 8.1 of this paper.
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