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Positivity proofs for linearization and connection coefficients of orthogonal

polynomials satisfying an addition formula *)

by

T.H. Koornwinder

ABSTRACT

For orthogonal polynomials in one or several variables which satisfy
an addition formula of certain type it is proved that the linearization co-
efficients are nonnegative. For two classes of orthogonal polynomials which
satisfy related addition formulas a sufficient condition for nonnegativity
of the connection coefficients is given. The results are applied to Jacobi,
Laguerre and disk polynomials. In particular, Dunkl's recent expression of
a certain Jacobi polynomial times a simple polynomial as a sum of Gegenbauer

polynomials with nonnegative coefficients is generalized to all real a 2= 0.

KEY WORDS & PHRASES : positivity of linearization coefficients; positivity
of comnection coefficients; addition formula; Jacobi
polynomials; Laguerre polynomials; disk polynomials;

spherical functions on compact homogeneous spaces.

* . . . .. . .
) This paper is not for review; 1t is meant for publication elsewhere.
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1. INTRODUCTION

Consider orthogonal polynomials pn(x) such that

1

fpm(X)pn(X)da(X) = (wn)_ Smn”

The coefficients in the formula

(1.1) p (X)p (x) = %a(z,m,n)ng py (%)
are called linearization coefficients. If {qn(x)} is another orthogonal sys-

tem of polynomials then the coefficients in the formula
(1.2) p (x) = E LI CY

are called connection coefficients. For the harmonic analysis with respect

to such polynomials it is important to know whether the coefficients a(%,m,n)
and bn’ are nonnegative, cf. the survey papers by ASKEY [2] and GASPER [10].
In the case of Jacobi polynomials the two problems have been solved by GASPER
[7], [8] and by ASKEY & GASPER [3], respectively.

The first main result in the present paper is a positivity proof for the
coefficients a(2,m,n) in the case that the polynomialg pn(x) (which may be
polynomials in several variables) satisfy an addition formula with certain
qualitative features. In particular, the addition formula for Jacobi poly-
nomials R(

n
proof for part of GASPER's [7] results. This proof is much less computational

O"B)(x), @ > B > -4, has the required form. Thus we obtain a new

than Gasper's original proof. The same method also applies to disk polynomials
(a class of orthogonal polynomials in two variables on the unit disk).
Here the results are probably new.

Our second main result is the derivation of a sufficient condition for
the positivity of the coefficients in (1.2), whenever pn(x) and qm(x) satisfy
related addition formulas. In the case of Jacobi polynomials this approach
is no improvement compared with the proofs in ASKEY & GASPER [3]. However,

if the polynomials pn(x) are disk polynomials restricted to the real axis



and the polynomials x) are Gegenbauer polynomials then it can be shown
d th 1 ial qm( ) G b 1 ials th i be sh

by our methods that

kp(a,k) (2 .y _ (fa-},30-1)
(1.3) X R (2x°-1) = % b, Ry2 235 ()

with bi > 0 if o 2 0, thus extending DUNKL's [5] result in the cases
o =0,1,2,...

If the polynomials pn(x) and qn(x) can be interpreted as spherical
functions on compact homogeneous spaces then the positivity of a(%,m,n) and,
sometimes, the positivity of bn,m can be obtained from this group theoretic
interpretation. For Jacobi polynomials and disk polynomials such an inter-
pretation is possible for certain discrete values of the parameters. Addition
formulas can be considered as formulas containing much analytic information
of group theoretic nature, even if the polynomials have such parameter values

that no group theoretic interpretation exists. The proofs of our main results

imitate the proofs for the corresponding results on spherical functions.

2. PRELIMINARIES

(a,

Jacobi polynomials R B)(x) (o,B>=1) are orthogonal polynomials on the

n
interval (-~1,1) with respect to the weight function_(l—x)a(]+x)8. They are

normalized such that Rﬁa’s)(l) = 1. We have

1
I (a+B+2) (o, 8) (a,8)
(2.1) [ Ry TG RGO
2B (arnyr(ary -1 ® !
. (1—x)a(1+x)B dx = (Wéd,S))’l m.n’
where (0,8) (2ntat+p+l) (atl) (atB+2)
M * 7 (nta+B+l) (B+l)n n!

Laguerre polynomials Lz(x) (a>=1) are orthogonal polynomials on the
interval (0,») with respect to the weight function e © x%. They are norma-
lized such that Lz(O) = (a+l)n/n!. Laguerre polynomials can be obtained from

Jacobi polynomials by the limit formula



(2.2) 1%(x)/L%(0) = 1im R\®*®) (1-2871x).
n n n
B0
Disk polynomials R; n(z) (o>-1, m,n=0,1,2,..., z € €) are defined in
terms of Jacobi polynomials by
a i¢ (a |m-n|) _ Im—n[ i(m-n)¢
(2.3) Rm’n(r e ) mAn (2r e ‘ ,
where
mAn : = min{m,n}.
We have _
a+] o . a .
(2.4) ff Rm,n(X+1y) Rk,l(X+ly)'
X +y <1
2 a N TN
(1-x"-y ) dxdy = (nm,n) Gm,kén,i’
where
o - (m+n+a+l)(a+l)m(a+l)n
TTm,n : (a+1) m! n!

Orthogonal polynomials Rz’i(x,y) (a,B>-1, n,k integers, n=k20) on a
b
region bounded by a straight line and a parabola can be defined in terms of

Jacobi polynomials by

- 1(n—
(2.5) Rg:ﬁ(x,y) . = R]((a,3+n k+%)(2y_l) y2(n k) . (B 8)(}’ X).
We have (ars 5) | ]
o+B+= y
2 a,B a,B
@8 ranrenrm ) L FaenR o)
o,B.-1
(I-y) (y=x") dxdy (m k) 0 msk 0
where
a,B (2n—2k+28+1)(n+k+a+8+§)
",k C (n-k+2s+1)(n+a+s+3)

(a+])k(28+2)n_ (a+B+ -)

k ! (n—k) ! (8+§)n

The following addition formulas are well-known. For Gegenbauer poly-

nomials Ria’a)(x) (a>-1) we have



@1 RV ey -yt -

K
_ § (-1) (—n)k(n+2a+1)k(l_xz)%k R (@K, aHk)
k=0 22k(a+1) (or1), n—k

. (l—y ) ia;k a+k)( yn (a },0- %)Rﬁa 1) ,a- 2)(t),

cf. ERDELYI [6,3.15 (20)].

For Jacobi polynomials R(a B)(x), a > B8 > -}, we have

1 1
2 2

(2.8) Réa’s)(%(l+x)(l+y) + 3(1=-x)(1-y)t + (1-x2) (1-y2) s - 1) =
g § (-1)k+2(—n)k(—n-8)2(n+a+8+l)k(n+a+1&
k=0 2=0 22k(a+1)k+2 (1),
. (l-x)é(k+l)(1+x)%(k-g)R£§;k+£’8+k_z)(X) .
ey PR )Akz)sibmsﬂ@m().
—R =1 —_Q -
L S I O

cf. KOORNWINDER [10]1,[111,0121,[131,[141].
Finally, for disk polynomials R; n(z), a > 0, we have

(2.9) R

- 1 - 1
- 2 - 2 =
, + (1 z]z]) (1 zzzz) W)

n(z]ZZ
% n (-1)k+2(~m)k(-n)2(n+a+l)k(m+a+l)2

=0 520 Dy, (oD,
. }(k+2) a+k+L .
(1- ) Ro-k,n- ATy
= (3(k+2) _o+k+2 L0 pol
_ 2
(1-2,2,) Rk,n-2%2) k.2 Rk,z (),

v
cf. SAPIRO [15] and KOORNWINDER [11].

We conclude this section with the following lemma.



LEMMA 2.1. Let a, B > -1, n=0,1,2,... . Then

F(a+3+2)
[(a+l) T(B+1) -1

R(2a+l ,28"'1)(x)(1_x)a(]+x)8 dx =

a+R+1 n

2
0 Zf n Zs odd,

B ? (1) B+1)

>0 Zf n = 2m.

\(a+%)m (a+3+2)m

PROOF. By expanding the Jacobi polynomial as a hypergeometric power series

in }(1-x) we obtain that the left-hand side equals

3F2 -n, n+2a+2p+3, a+l; 1] =
a+B+2, 20+2 3

_ P(i)F(a+%)F(a+8+2)F(-B)
T (=zn+3)T (Gn+a+B+2)T (In+a+1) T (-In-B)

_ sinn(J-in)sinn(-4n-B8) | I'(4+in) T (1+B+in)
sinm (-B) r(3) I (1+8)

T (a+>) . I'(a+B+2)

" T(otf+In) * T(a+B+2+fn) °

where the first equality follows from Watson's theorem (cf. ERDELYI
(6, 4.4 (6)1). O

3. THE CASE OF SPHERICAL FUNCTIONS ON COMPACT HOMOGENEOUS SPACES

Let G be a compact group with closed subgroup K such that each irre-
ducible representation of G contains the representation 1 of K at most once.
Let Q: = G/K, let &0 € Q be stabilized by K and let dw be the G-invariant

normalized measure on . Let

(3.1) t2@) = § ®H

n

n



be the unique orthogonal decomposition of LZ(Q) into irreducible subspaces
with respect to G. Let ¢n be the (zonal) spherical function in Hn’ i.e. the
unique zonal (K-invariant) function in Hn which has value 1 in &0.

If ¢ is a zonal and continuous function on Q then let ¢ be the unique function
on 2 x Q satisfying (i) ¢(g&,gn) = ®(&,n) for all £,n ¢ Q, g € G, and (ii)
@(E,EO) = ¢(£) for all £ € Q. Let T denote the dimension of Hn' Then

-1
(3.2) £2 6, (E)0 (E)dw(E) = (m )"'8 .

m,n

If {fﬁ l k = 1,...,nn} is an orthonormal basis of Hn then we have the addi-
tion formula

m

n
YN EN(n)
k=1 &K

-1
(3.3) 2 (€,1) = (1)

In the formula

(3.4) ¢o,(E)e_(£) =} a(t,m,n) m ¢, (E)
L

only finitely many terms are nonzero.
For Theorem 3.2 below we need the following additional assumptions.

Let G1 be a closed subgroup of G, let K]:= K n G] and suppose that each

irreducible representation of G, contains the representation | of K] at most

| = GI/K]' Let dwl be the G]—invariant

normalized measure on Ql' Let the irreducible subspaces of LZ(Q]) with re-

be denoted by Kn’ let Kn have dimension Pl and let wn be the

1
once. Let @ = {gEO | g e G]}. Then §

spect to Gl

-invariant function in Kn which has value | in 50. If ¢ is a K, -

unique K I

1

invariant and continuous function on Q] then let Y be the function on

2, x Q] satisfying (i) ¥(g&,gn) = ¥(&,n) for all & n € Q],

W(&,&O) = y(g) for all € € Ql. Note that if ¢ is the restriction to Q] of a

K-invariant continuous function ¢ on  then ¥ is the restriction of ¢ to

g € G1 and (i1)

Ql X Ql' In the formula

(3.5) o (&) =1b v () ,Eeq,
m

,m



only finitely many terms are nonzero.

It is well-known that the coefficient a(f,m,n) in (3.4) and bn,m in (3.5)
are nonnegative. Usually this is proved by using the positive definiteness
of spherical functions. For didactic reasons we now give the proofs in a so-
mewhat different form adapted to the proofs of the main theorems in section

4.

THEOREM 3.1. The coefficients a(f,m,n) in (3.4) are nonnegative.

1

PROOF. Choose an orthonormal basis {fz} of Hn and let f? : = (nn)2¢n.
We have

¢ (g,n) @ (g,n) = % a(%,m,n)m, ¢, (€,n) =

i ——
2 2 2
=1 1 al,mn)f (5) £ (n).
2 k=1

Hence

(€,n)e_(&,n) $,(8)¢, (n) dw(g) dw(n) =

m
A B EH GO
=] QQ

£2(8) £5(n) ¢,(€) ¢, (n) du(E) du(n) =

o~

-1 TTm
= T[!L(Trmnn) .z
1=1

CLOfRE £ 6, d®)]® > 0. O
19 J

j
Essentially the same positivity proof can be used in the case of linea-

rization coefficients of Q-functions on an association scheme (cf. DELSARTE

[4, Lemma 2.41).

THEOREM 3.2. The coefficients bn o in (3.5) are nonnegative.

3

PROOF. Choose an orthonormal basis {fE} of Hn and {gg} of Km.
mo,_ 3
Let g, * (pm) wm' For £, n ¢ Q] we have



- gz(ﬁ) gE(n).

m

1

b (p )

n,m *~m

He~17o

®n(€,n) = E b Wm(é,n) = z

n,m K

Hence

2
bym = )" [ e (Em) v (8) v (M) du (€) du (n) =

w 29,

2 -1 {n n n )
CIRRCI kzl é élfk(g) (M) v (©) v () dw,(8) dw (n) =
1

2 -1 tn n N
(o )(m) kzl | é £.(6) ¥_(€) dw, (€)
1

2
|

>0, [

4., THE CASE OF GENERAL ORTHOGONAL SYSTEMS OF FUNCTIONS SATISFYING AN
ADDITION FORMULA

Let A and B be compact Hausdorff spaces with Borel measures o respecti-

vely B such that 0 < a(E]) < o and 0 < B(Ez) < « on nonempty open subsets E1

of A and E, of B. Let {pn} and {r_} be families of continuous functions on

n
A respectively B such that ro(t) = 1 and
@ L a0 2y (0 du) - SRR
_ -1
(4.2) £ r(0) x (£) dB(e) = (o)) &,

where 0 < T < oo, 0 < Py < Suppose that

(4.3) p,(x) p (x) = % a(L,m,n)m, p,(x)
with only finitely many nonzero terms. Suppose that A is a continuous mapping
from A x A x B to A such that for each n there is an addition formula of the

form

G eyt = Teyy By PE(y) by T (D),



k . . 0
where p_ 1is continuous on A, P, = Pp» cn,k >0, Cn,O > 0 and where for each

n only finitely many coefficients c are nonzero.

n,k
Observe that the addition formulas (2.7), (2.8) and (2.9) have the form

just described.

THEOREM 4.1. Under the above assumptions the coefficients a(L,m,n) in (4.3)

are nonnegative.

PROOF. We have

p (AM(x,y,t)) p_(A(x,y,t)) = % a(L,m,n)m, p,(A(x,y,t)) =

= ) a(t,m,n)m %o,k pR(X) pz(y)pk r, ().
2,k

Hence

-1
a(!l,,m,n) = (c ) m ff f P (A(x,}'st)) °
2,0 YAAB O

©p (A(x,y,t)) py(x) py(y) da(x) da(y) dB(t) =

-1
=Gy ) Ty Locp ey “n,i °j

[ [ P (x) Py (y) T (t) Py (x) P, (y) T () -
AAB

* P, (%) pg(y) da(x) da(y) dB(t) =

>

(CQ,O) Ty g “m,i %n,i °i £ x) p (Y)

. Pi(x) pi(y) p, (x) p,(y) do(x) da(y) =

>

_.] . .
=g g M ) ®m,i ®n,i i | f p;(X) p;(x) P, (x) da(x) ]2
i A

v

0. 0O

For the next theorem we make some additional assumptions. Let A1 and

B1 be closed subspaces of A and B, respectively, with Borel measures a, on
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A1 and 8] on B]

Let {qm} and {sm} be orthogonal systems of continuous functions on A re-

, which are finite and positive on nonempty open subsets.

spectively B. with respect to these measures and denote the inverse quadra-

1
tic norms by Ko and O respectively.,

Let so(t) z 1. Suppose that

(4.5) pn(x) = E bn o qm(x), X € Al’
m 9

with only finitely many nonzero terms. Suppose that for each m there is an

addition formula of the form

@6 4Gy = Ty G @) oy, (0,

k . . 0
1’ t € B], where q, 1is continuous on Al’ 9. = 9, dm,k 20, dm,O >0

and where for each m only finitely many coefficients dm k are nonzero.
b

X,y € A

The above assumptions are satisfied, for instance, by two classes of
Jacobi polynomials of different orders or by a class of disk polynomials

together with a class of Gegenbauer polynomials.

THEOREM 4.2. If the above assumptions are satisfied and if for all k

(4.7) / r, () dg () 2 0
3 ‘
1

then the coefficients bn o in (4.5) are nomnegative.
E]

PROOF. For x,y € A], t e B] we have

%m&m¢»=gbmm%mumxn=

B k K
= mgk bn,m dm,k qm(x) qm(y) o Sk(t)'

Hence

- 2
bn,m = (dm,O) I(Km) f f f Pn(A(X,y,t)) .
Ap A B

. qm(X) qm(y) dal(X) dal(y) dBI(t) =
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]
~
(oW
-

o
~
—~

e
~

-1 2 k k
e o [T oo (y) -
m K n,k "k A1A1B| n n

rk(t) qm(x) qm(y) dal(x) dal(y) dBl(t) =

- 2
@, 7" (k) L eq ] mi(0) a8 (e -
1

- I{I)i(X) q_ (x) dal(X)lz- 0
1

5. APPLICATIONS TO THE LINEARIZATION OF PRODUCTS OF JACOBI, LAGUERRE AND
DISK POLYNOMIALS

In this section Theorem 4.1 will be applied to Jacobi and disk poly-

nomials. Some further results for Jacobi and Laguerre polynomials will follow.

COROLLARY 5.1. For Jacobi polynomials Ria’s)(x), a > B > -}, we have

m+n
R;a’s)(x) Réa’s)(x) = gZ|m—n a(%,m,n) ﬂéa’B)Réa’B)(x)

with a(L£,m,n) = 0.
This result was first obtained by GASPER [7], [8]. In fact he proved

the nonnegativity of a(%,m,n) for a larger region in the (o,B)-plane includ-

ing {(a¢,B) | @« 28, a + B > -1},

COROLLARY 5.2. For disk polynomials R; n(z), a 2 0, we have

H

o a o
R z)R z) = a(m, ,n. ; n,; n,)m
m ,nl( ) m,,n (z) m3§n3 ( 1203y » 03T 3) Mg,05 My ,N,

> (2)
1

with a(ml’nl;mZ’nz;mB’HB) 2 0. In the above sum the pair (m3,n3) takes such
values that m +m, +m, =m0 +n,+n, and |m] *n, -m,

£m1+nl+m2+n2.

- n2|s my + ng <

Except for the cases o = 0,1,2,..., where the nonnegativity follows

from the group theoretic interpretation, this result is probably new.

BIBLIOTHEEK MATHEMATISCH CENTRUM
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COROLLARY 5.3. If a 2 0 and k,%,m,n are nonnegative integers then

Réu’k)(x)Rﬁa’g)(x) _ Z o R(a,k+2)(x)

"1 “mtn—i
i

with c; 2 0. In the above sum i takes such integer values that
0 <i< (mn) A (2mtk) A (2n+L).

PROOF. Use (2.2) and Corollary 5.2. [J

COROLLARY 5.4. If k,%,m,n are nonnegative integers then

k L _ _ni k+2
L (x) L (x) = g (-1)" e. L (x)

i "mtn-i
with c. =2 0.
i
PROOF. Use Corollary 5.3, formula (2.2) and the identity

n
Rl(.la’s)(_x) - (—]) (B+1)n R(B’a)(x). 0

(a+1)n

COROLLARY 5.5. If a 2 0, 0 < X < 1 and m,n are nonegative integers then

o a ¢
LoOx) L ((1-M)x) = z ;) L ()

with ci(A) > 0.

PROOF. It follows from Corollary 5.3 that for nonnegative integers

m,n,p,k,%,t we have

t
/ Rn(ﬂ“’kt) (1-2t7'x) Rr(lo"“)(l-zt'lx) :
0

v
o

. R;a(k+l)t)(l—2t_]x) xa(l-t_lx)(k+l)t dx

If t - » then it follows by (2.2) that

~(k+2)x dx =

\2
o

(01 a . o o
é Lm(kX) LHQQX) Lp((k+2)X) X e
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Hence

[ L20x) L¥((-0)x) LY (x) x% F dx > 0

o & n )
for all rational A, O < A < 1. By continuity this is also true for real
A, 0 A <1, 0O

6. APPLICATIONS TO CONNECTION COEFFICIENTS FOR JACOBI POLYNOMIALS AND DISK
POLYNOMIALS

In this section we consider applications of Theorem 4.2.

COROLLARY 6.1. Let a > b > =}, o > 8 > -},

n
6.1) ROP ) = )
m=0

R(a,B)(x).

n,m m

If for all nonnegative integers k,j

1 . .
6.2) (b-B)j f Réa_b-]’b+23)(X)(l—x)a_8_l(1+x)B+J dx > 0
-1

then the coefficients bn m in (6.1) are nonnegative.
’

PROOF. It follows from Theorem 4.2 and the addition formula (2.8) that all
b >0 1if
n,m

1

1 y 1 o1 o
f o R e a

y=0 x=-y

. (y—xz)B_%dx dy 2 0 for all k,t.

By (2.5) this is equivalent to

I
/ Ria-b_l’b+k_£)(y)(l-y)a BT (1) B2k gy
.

!
| Rﬁ?;%’b'%)(x)(l-xz)s'i dx 2 0.
-1
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The second integral is zero if k-2 is odd and it has the same sign as

(b—B)l(k—l) if k-2 is even (cf. ASKEY [2, (7.34)]). 0O
2

To a large extent the problem on the positivity of the coefficients
bn,m in (6.1) has been solved by ASKEY & GASPER [3]. It does not seem that
our reduction of this problem to inequality (6.2) is a big improvement com-
pared with the methods of proof used in [3].

However, in the particular case that a = 2a + 1, b =28+ 1, a > B > -},
the inequality (6.2) immediately follows from Lemma 2.1. Note that, in a
certain sense, the point (20+1,2B+1) is extreme in the set of all (a,b)

such that all bn - 0, cf. [3, Theorem 2].

COROLLARY 6.2. If o 2 0, -1 < B < la - } and Zf n,k are nonnegative then

[n+ik]
k (a,k) , 2 .\ _ (8,8)
(6.3) x© R T(2x-1) = _Z b, Ry 2l (®)
i=0
with b. 2 0.
i
ly=1 -
PROOF. If -1 < B < }a = } then R(za L £)(x) is a linear combination with

positive coefficients of polynomials RﬁB’B)(x) (cf. ASKEY [2, (7.34)1]).

Hence it is sufficient to give a proof in the case B = ja - 4. By (2.3) the
left-hand side of (6.3) equgls R2+k’n(x), where x is real. It follows from
Theorem 4.2 and the addition formulas (2.9) and (2.7) that the coefficients
bi in (6.3) are nonnegative if ‘
Z)Qa—l

1
[ RYD o (x

i dx 20 for all i,j,
-1

or, equivalently, if
b (a-1,20) Ja-1 8-}
A N COTC R L EE) dx = 0
-1

for all m,%. Lemma 2.1 shows that this last equality is valid. [J

The above result was proved by DUNKL [5] in the cases a = 0,1,2,...
by using the group theoretic interpretation. As a corollary ASKEY [1] de-

rived that the function
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{(-r)(1=-s)(1-t) [(1-r)(1=-s)(1+t) +

Yo}

+ (1-r) (1+s) (1-t) + (1+r) (1-s)(1-t)]} 2

has nonnegative power series coefficients for a = 0,1,2,... . Because of

our Corollary 6.2 Askey's result is valid for all real o 2 O.
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