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PREREQUISITS 

notation and conventions 

A,B,C,D,E,F,O,U,V,S,T, A', A' ... stand for 
a 

O"t) :t.. C) ... oe, > et., ... 
a. 

6J (A) 

(/J 

Or 

f;, n, I;;, P, µ, v, t;', F; , ••• 
n 

Each ordinal is the set of its 

predecessors: 

{For Ac Or) sup A 

sis cofinal with p 

cf(p), the cofinality of p 

pis regular 

ordinary sets in naive set 

theory, or e.q. the Zermelo­

Fraenkel set theory with the 

axiom of choice, but without 

CH or GCH. 

families of sets 

the powerset of A 

the empty set 

the family consisting of 

all intersections of (finite) 

subfamilies of al. 
.... unions 

the class of all ordinals 

ordinals (w = w is the first 
0 

infinite ordinal) 

s = {nln < F;}(Hence 

n<sHn&s) 
'J A (Hence sup s = F;, and 

sup¢=¢= 0) 

F; v { s} G Or 

the ordinal which is the 

(ordinal) sum of sand n 

(defined as usual) 

3 r : s ➔ P V p1 < P ..3 t; , < t; 

f SI > p I 

min {sit; is cofinal with p} 

cf(p) = p 



Card 

n,i,k,l,r 

a., 8, Y, o, ... a.', Of., ••• s 
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the class of all cardinals 

(i.e. initial ordinals) 

the cardinality of the set A, 

of the ordinal~ 

finite cardinals (members of w) 

infinite cardinals, or if 

explicitly stated, arbitrary 

(finite or infinite) cardinals 

Card is,like Or~well-ordered by< (or E:- ). The infinite members are indexed 

by ordinals: 

w = WO' w,, w2, ••• , ww' ••• ws' 

ws is limit cardinal (successor) 

a. 1.s regular 

a. 1.s singular 

w = 
s 

sis 

cf( a.) 

cf(a.) 

l 
s 

limit ordinal (successor) 

= Of. (like before) 

+ a. (i.e. cf(a.) < a) 

examples: for each ordinal Aff(p) is a regular cardinal; pis cofinal 

with p, hence cf(p) .::_ p ; p 1.s a successor ordinal~ cf( p) = 1; a is a 

successor cardinal·~cf(a) = a, i.e. a is regular; cf(w)= cf(w~w) = w; 

cf(w1) = w1; ww is singular; a is regular iff a= l 8 implies 
n<s n 

I s I > a. or 3 n < s I /:\ I = a 

(for A c. Card c Or) sup A 

+ a. ' 

I as, n °'s' a. 8 are cardinals defined 
~<G t;<p 

OI. + 8 = I CL -t- 8 I , where CL + 8 stands for the 

ordinals CL and S . Iff a < 8 then a. + 8 = a 

CH 

GCH 

log 8 

CL log 8 

\J A (like before; note that 

A c Card ~ U A e Card) . 

ws+1 if Of. = w 
~ 

as usual (Note that 

ordinal sum of the (initial) 

f 8) 
WO 

w = 2 
1 

\/CL, 
+ 2a a = 

min {yl2Y ~ 8} 

min {ylay ~ e} 
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1. Regressive functions 

1.1 Definition. Let M be a set of ordinals. 

A function¢ : M +Oris regressive if 

and ¢(0) = 0 if OB M. 

1.2 THEOREM l]:°LEXANDROV-URYSOH!D . 

Let f : w1 + w1 be regressive, thenjE;.0 < w, I r-1 ( E;.o) I = w, 

Proof. Put A = {f;, e w1 I f(n\ = O}. Since (f(n\) . ). s a non-n n<e-w 

increasing sequence for each F;,,it must stop, i.e. 3 
n Ym>n 

(n) (m)_ 
f E;. = f c,, and hence E;. 6- A for that 

n 
n. Thus U An = w1 , 

nE.:.w 

so that some A 

I rCno\Ano) l=,Uo 
must have cardinality w1• As jf(O)(A )I= w1 and 

no 

we can find k < n0 such that I f(k) (A ) I = w1 but I f(k+l) (A ) I .:_ w0 no no 

Now we can choose E;. 0 e,. f(k+l) (A ) in such a way that 
no 

1. 3 Definitions. Let p be a limit ordinal, and .Mc. p an arbitrary 

subset of p. 

A function¢ : M +pis definitely diverging if 

¢(µ) > f;, 

This is (by definition) equivalent to 

lim <j>(n) = p 

n€.M 

It means that the functionvalues of¢ eventually exceed any ordinal 

So< p. 

The set Mis cofinal in R if \ft;, < P °3n G-M 

possesses arbitrarily large members) 

F;, < n (i.e. M 



i.j. 

The set M is stationa.rv iJL..£ if M f\ C 9' 'Ii for ~iach closed ,:ofinal 

subset of r• . 

Note that, in. the case > w(",. , the 
. . 
u1ter.sect 1cn two closed 

'-' 

cofinil subsets of ,-, :" agair; cof'':.r.a.l {and :.:-:..o:rnd, :n c). Hence 

a.ny subset M of o ccntain:.ng a closed cofina!. subset of ;, rn 

then stationary. '.i:'he converse d.;:;es not hold. However we have: 

1. 4 THEOREM. If cf( p) > l.ll and M c p • then M is not stationary if:f 

3 ¢i : M -+ p q, is regressive and definitely diverging. 

Proof. Necessity: let M not be stationary. Then there is a closed 

cofinal subset C of p, which is disjoint from ~~-

Define~ : M-+ o as follows 

¢ ( µ ) = sup { et 6- A I a < JJ } • 

Note that sup (/) = 0, and that ;( u) e: A for ea.ch µ 6. M since A is 

closed. It is easily seen that¢ is both regressive and definitely 

diverging. 

Sufficiency. Assume that Mis a stationary subset of p and¢ 

M ➔ iJ a.."ld is regressive and definitely di verging. Define h : o _,. p 

by transfinite induction: 

h(O) 
. -i 

= min { E, i (/) ' ( 0) '_'.: EJ 

if v < p : h ( v+ 1 ) = min { £; I \J µ < \ 1 

if n < o, :1 is a limitordinal: 

-1 
¢ (h(µ))~~} 

h ( n ) = sup { h (\1 ) ! \' < n } 

Notice that his continuous by definition. 

Let nn 
V 

= r.nn {n h ( r1) = c,}, 

A = {h( n) I n < no A Tl lS a. limi tordinal} . 

Notice that nn is a limitordinal.::. ;..., 1 ,since cf(p) ~ w1. 
u 

From cf(p) .::.. w1 and n(n) > n for all n < p, it also follows that A 

is cofinal in p, and it is easily seen that moreover A is a closed 

subset of p. Hence AO Mt¢. 
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So there exists a limitordinal, n1, such that 

definition of b we have that 

V ~ e. M \. h ( n+ 1 ) 

Applying this to {n r: < n 1 } we find 

un \f < n 1 

ana. thus 

¢(h(n 1)) 

ijJ(h(n 1)) 

contradicting that¢ 1s regressive. 

> h n) 

,. l ' -> n, 1 J ' 

1. 5 Remarks. Note that if cf( p) = w, then clearly M is stationary iff 

J, < p M u E;, = p • Moreover for any M c o which is cofinal with 

p, there is a regressive, definitely di verging qi M -i- p. For 

if p = sup{p. 'Ii ew} and"·< p. for all i e.w, then we 
1 "1 1+1 

may put 

¢(µ) if p 1 :.. µ 

{p. jp. < µ} 
1 l 

APPLICATIONS TO TOPOLOGY 

D(,;) wiH denote f, with the discrete topology. 

1. 6 THEOREM [IiiYCIELSKI [6_]] 
D(a.+) can be embedded as a closed subset 1n (D(a.)) 0 + 

Remark. A topological space Tis called a-compact if each open cover 

of T has a subcover of power< a.. Sow-compact= compact and w1-

compact = Lindelof. The Tychonoff-theorem states: "a product of 

a-compact spaces is a-compact if a= w11 • Notice that a closed 

subset of an a-compact space is again a-compact. Hence the above 
+ + theorem of Mycielski shows that a product of a many a -compact 

spaces is not a+-compact. This is well-known for a.+= w1 : the 

product of even two Lindelofspaces (e.g. the half-open interval 

space) need not be Lindelof. 
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'.c'he exh,tence of cardinals a for which t::1e "::i-'rychonoff-theorem" 

holds ( the so-ca:;.led Etrongly co~pa~t cardinals) doec: not follow 

from t:,e ordinary a.x:oms of settl:eory. In fact, "i r they exist" 

they are measurable, and hence ir;access i ble. 

Proof of the theorem. 
+ 

Let R = f1 { D ( E,; ) : o: .:::._ 1; < o. -t- } ~ .. ( "'/ \ '· (l u\Ct;/ , 

regressive fu...~ctions from a'\a + to a. Now 

i.e. R ::.s the set of 

Cl'\a. 1s stationary in 
+ + . ' a. and a 1s regular. Hence, by 1 . 4 , each f 6 R ::.s constant on a 

cofina.l subset of a+. For each z:; < a+ we choose one regressive f 6:- R 
i;; 

with the following proper+~ es· 1 ~ ', \J ~ ,c:, a+\' f( c ~,. = c ~.,_ ·,~,v:.<.;;;c,·"' ..,, , 

(ii) 

Now we only have to show that A =1f(1:;) 

rl (?;.\o,): i:;;\a-+ o. is bijective. 

+, 
l, < a : has no 

accumulationpoints in R. 

Let g 6, T, g is regressive, and is constant on a cofinal set. 

Certainly 3 ~ 1 , E;2 ! i;; 

Then { f €- R I f { ~ 1 ) = f( ~2 ) = c;,} is a neighbourhood of g which 

contains at most one element, f , of A, since f is the only element 
c;, i:;; 

of A which assumes the value i:;; more then once. 
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2. Large guasidisjoint subfamilies of large families 

2.1 rrO(, is a large family of finite sets, then does there exist a 

big disjoint subfamily 0f Ol '! Not necessarily. 

~\.., ,;.i. ~ . 

. 
'("' 

' .. 
0(,'"' {ip.ci}} V {{r,aF.jE; < ri}} 

:lote that nOl= ¢ • 

This situation suggests the following definition: 

A family~ of sets is guasidisjoint if V A,B 6 ~ 
AOB=flt'-, 

2.2 Remarks 1° The following three conditions are equivalent: 

( i) ~ is a quasidisjoint family 

(ii) {B \. ('\ ~ I B 6- ~} is a disjoint family 

(iii} each three-element subfamily of~ is quasidisjoint. 

2° It follows easily from the Teichmilller-Tukey lemma 

(or the equivalent Zorn-lemma) that any family contains maximal 

quasidisjoint and maximal disjoint subfamilies, 

We will show that if ot is a large family of sets of small cardinality, 

then there is a large subfamily !,. c Ol which is quasidisjoint 

(Theorem 2. 3 .. 2. 5). 

2. 3 THEOREM. Let n be a fixed integer. If o(, is a family of n:l:.~E:_men~ 

sets' ana I at, I = a is regular, then ::j r. 
is quasidisjoint t\ l S:... I = I ()C I = et. ( cf. Theorem 2. 5) 

Proof. The proof will go by induction on n. For n = 1, CC. is 

disjoint and we may take ~ = O"l. 
Let the lemma be true for all numbers smaller then n. 
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Let Ol". be a maximal disjoint subfamily of OC ~ and suppose 
u 

C I I'd' ' 8 • 'r, ft L ,-.,,f' • f 
µ = I vv ,._ i < a. 1nce eac .. .l:'I. ,;;;... VL., meets at least one memo er o 

\.I 

A0 of O(..C, and since a is regular 

As A0 is finite 

] x 6- A0 I {A ~ OC I x 6 A} I = n. 

Consider {A\ {x} i x 6- A G. OU. By the inductionhypothesis this 

family has a quasidisjoint subfamily t- 1 of cardinality a.. Then 

L, = {B v {x} I B b ~ 1 } 

is a quasidisj oint subfamily of O'('; of cardinality o.. 

2. 4 Corollary. Let CX: be an uncountable family of finite sets, and 

assume that I Ol I = a. is regular. Then OC has a quasidisjoint 

subfamily "t., of cardinality o.. 

Proof. By the regularity of a there is an n < w such that Ol has 

a f&~ily of a sets consisting of exactly n elements. Apply the 

above theorem to this fe.r.1.ily. 

2. 5 THEOREM [tRDtlS-RADO [ ~], MICHAEL [ 5]]. 

If 01. is an infinite cardinal, Bis any cardinal (either finite or 

infinite) and the family CC, has the following properties 

( i) "tf A E. 0C 

(ii) VL.f:::.CX 
then I O!. I .:. a S 

()::; is quas idisj oint) ==3, IL I < a 

Proof (of E. MICHAEL). For each v < (a 8 )+ we define a subcollection 

(.,'r{,, 
\) 

(a) 

of 

\Jv 
(J[ such that 

( S)+ < C1 10(,,! .:.. a 8 

u {OC Iv <(as)+}= 
\) 
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From this it follows that IOC. I .:_ 26• 0t. 6 = Ct.$. 

Let Ol-0 be a maximal disjoint subfamily of at. If O'Gµ are defined 

forµ< v, then we put 

A = U {UOl 11-1 < v} = IJ(A IJJ < v} 
\) µ µ 

For each Kc:: A , such that !Kl .:. S, let 
\) 

OCK = {A€- 0-C. \ U OC IA n A = K} 
'v µ<v µ v 

If there exists A, A' G-- OCK such that A C\ A' = K, then let ,v 

oc* 
K,v 

oc 
K,v 

(c) 

be a maximal quasidisjoint subfamily of 

containing {A,A'}. In this case 

* (\Ol, =K 
K,v 

If such A, A' do not exist, then let CSC:-K be an ,v 
/'fc-7'~ quasidisjoint subfamily of 

Finally let 

(X,K . Now vv = , v K ,v 

arbitrary maximal 

r/J iff O(..,K = ¢. ,v 

Olv =U{Ol* K,v KC A A !Kl < S} 
\) 

let us verify ( a) and (b). 

To verify (a), note first that I OC@I < a. and 

IA)..::.. lvl • sup {IA I IJJ < v} .:_0t. 8 . a = a 8 (by induction on v). 
Now A has at most (~B)S = a 8 S-element subsets K, and by (ii) 

\) 

JOC.,* I< a. It follows that l(JC-.vl .::..as.Ct.= a 3 . 
K,v 

To verify (b), suppose that, on the contrary there is an A 6-- Ol-

which is not in anyOC, (v < (as)+). We will show that such an A 
\) 

meets Av+1\A\) for each v <(0t.8 )+ , whence IAI > Ct.s > s, in 

* .L contraction to ( i) . Let K = A n A Now OZ:::,K i ¢, because \) ,v 
A<::... <X- . There are two possibilities: either there exists an K,v 

A I G. a:,* such that A n A' \ K f ¢, and so A (\ A + 1\ A f r/J K,v v v 

* or for each A'e OCK we have An A' c K, and hence A ('l A' = K. 
. '\) * 

In this case however Ot.K v {A} is quasidisjoint by (c )1 contra-,v 
dieting the rnaximali ty of OC.. *K ,v 
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APPL.I CATIONS ~iC TOPOLOGY 11 

A t . .,r:.ological space is said to have the Suslin-property if every 

jis,joint f'la.zr1ily ()f open sub.sets is co1.mtable, '"~;hether a product 

has the Suslin-property depends on the choosen axioms of set theory. 

T~1e following, however, holds in "general" (i.e. Z.F.+ Choise). 

2 . 6 'THEOREM. A topologi ca.l product X = t{ 
..: ,c-r 

\ has the Suslin property 

if'f every finite suburoduct r·1 X ,. .., 
i • 

1 -r u i b t1'"" c""l l. , u I < w "as ~.,e bus ~in 
i (;;,,JI 

Proof. Suppose i.C\' \ (, , w 1 ~ is a disjoint fe.mi:i..y of non-empty open 

subsets of X. For each[, we choose a. non-empty basic open set 

0. c O!. Let J~ = {i bJ 17T.O,= X.}. There is a subfamily A cw 1 
~ ~ ~ 1 ~ l 

of cardinality w1, such that 

{J, l .; c, A} rn quasidisjoint ( corollary 4). 
t, 

T :t' [, t [,' then O. n O , = 0 and hence 
t,, ( 

J. n ,J, , ~ 1i. Thus 
t., t, 

n J,, + 0, for all~+ 

F·rcn1 this it follovirs that i ·!:;- Ct 1 ( ,::.~ AJ is an ui1counta.ble 
u ,, 

disjoint fan1i1:,, of open subsets of the f'ini te ::mbproduct 

Contrad.iction. 

x .. 
l 

,'. 7 Renarks. Let us define the cellurarity number c(X) of a topological 

f , , . ( X, _ 1 i ,'d 1 space as 0...1..~ow-rs • c .i 1 - sup..., f \..J\w." l Jot:, is a family of disjoint 

oper. subsets of X}. Modifying the proof given above a little we 

obtain the following result: 

If o. = suut c(X. x X. x 
... J.. 1 1 2 

regular, then a= C r [ 
i 1S::.J 

x .. 
l 

x. ) 
l 

n 
' ~' , 

I 
•• , l (;::. J, n < W} J.S 

n 



1."'nc,)i.1r..tabl.e fa.~i.1;.' ()f o·;.:en 

1' 
'' 

eo,uivalent to "~ac:t: 

ilets ha}~ an ·;..ix:c.:Juntable sut,lfaffi.il:l 

" :;c,-w :"'Jan.in investi.go.ted the folJO\iring 

r.101i f'ica.tion cf the Suslin property: 

Any uJ1ccu.ntable family of open sets has ar. uncountable subfamily 

with a non-empty intersection. 

:a is easily seen that if two spaces have this property then so has 

thei.r product. For infinite products this also holds as can be 

i;·roved quite similarly to the proof of theorer.1 6. 



J. --· Part :it i,~:r. ca~culu:.:1 

two :,paces v1 th the :·:uslinprcperty does not n~,cessarL.Ly have t:he 

Suslinprcperty._ Let. us • naively, try t.o proof this ar1d ta.it: a 

lDok at the point where we get Btu~k. 

Suppose R = R, " R,.. and R 
I .:'. • 1 and R,,"' both satisf:,r the Suslinproperty t 

.::_ 

Let tGE. £; < w, 1 be an uncountable fwnily of disjoint basic open 
·• .. _ i•~ ,.,2 ;"I, 1. ...,k - ,, sets, 1 .. e. fJ,.. - '...r ;._ 1-.: for eacn €, < w 1 , and v:. lt", open J.n 

½ ~ f~ ... 
k = ·:, 2 !> \?Je will try (and fail) to deduce a contrad1ction. 

the Gr's are disjoint, 
~;, 

Put T 
.I., 

.I'. 

Fer a.ny set 

= 

A • 
!") 

A by !A]'-. So 

G.'. n 
r, 

we denote 

G r 

" n 

thE! famil;y~ of· al.l ;.?-element subset8 of 

:n order to derive a contrad1ct1on we should like to find an un­

co"J.ntable set A Cw, s:1ch that\lF, 't 0 \ (£,,D C:A ~ G~ f\ Gk= 01/or 
I ,~1 t, 1 

scme fixed k. ':'hus we ask: If 1· · 1" = T T then does there l,~ 1 .i 1. 1 ~ t ..,. :-_: , 
,~ . 0 .~• _, .... 0 

_, ' · h I•' \'iA'~ T ·v' iA 1 "- T '" exist an _;-1.,:· w 1 sucr1 t .at 1•.,,i = w 1 " <-.J c.~ 1 , .. J e. t 2 i, 

'1'::e answer is negat1 ve, as was shown f::.rst by S1erpinsky, who 

proved the even stronger: 

r·,..._wr1 2 -::~:{2t>Rt':1.1 •. ., 'T!1ere exists O pa:rti tion , -· - ,. p T , such that f'or 
-----------... ---""'--·----..,,.--'-"'----'-a..l __ -_.l.....,_0 _:_ _·_· _._' ---------

( IA _i, d e- I,... 1A27 -=~I.,) •· ·_1 I A I'. _" w0 • (cf. 'I'heorem 
. ,..) \I 1___ ~-l. l , : ------------------------------

Proof. We "represer.:." 2w by ll. Let "-- be -che usual ordening on J., 

and ,,-L. ar. arbitrary but f::xed we2.lorden1ng. Put 

i:ff 

tx~y}t:•. I 1 iff .,.,1, x~--~::rxf.:_,,C:~'J' .. 

Clearly [~] ;? = IO u I 1 . Suppose A c. F. and iA j 2 c. 10 . Then the 

elements of A are wellordered by " ( since <-- and . ..::~ coincide on A). 

35). 
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Suppose A is uncountable. Then put r = inf1. r 1 ~::;- Ri (-"'0 ,r 1j r1 A is 

uncountable J. 

ifotice that r .::. 00' since A= n Ans i;. It is easily 

seen t!1a.t under these a.ssumpt,10:c.s r has no countable nbd-base * So 
, , , T+> ,A· , 2 
i .-1.1 < w • .,, .c I I c I. then the elements of A a.re wellordered bv 
i - Q . \ __ 1- - I .i 

> and similarly IA! < w,... - \,.) 

3.3 We can visualise theorem 2 in the follo;;ing way: 

A graph is an ordered pair (V,S) consisting of a. set of'\rertices' 

V, and a subset S c [VJ 2 whose elements a.re called sides. A graph 

(V,S) is complete if for each v,w&V, v + w, there exists a side sG­

S joining v and w (i.e. s = {v,w}). Now theorem 2 states: 

There exist a partition of a comnlete granh with 2w vertices 

(i.e. a partition of the set of all sides), in two subsets, such 

that each complete subgraph of any element of the partition has at 

most w vertices. 

3.4 We will now investigate some, more general cases of this partition­

problem. Let, as in [8] , 

( 1) 11a arrows r:.i f < v r" 
µ f,' • ' 

stand for the following statement: If 

( 2) ! Sj and ."c,-1 ".' {X s IXI = r} = !. J I == a j •. ~:J_, .. 
:= C 

£/: V 
f, 

(i.e. "we have an r-partition of s"), then ]A is;. S Ji;< 
rA,r I IAi1 = Sc-' LJ ~ 1; ,\ "' 

Ifs,= B for all~< v, then we may also write 

a ➔ ( S )r 
\) 

or a ➔ (8, ... s)r with v S's, if vis infinite. 

For the negation of (1) we write 



Remarks. 

1°. Theorem 2 can be a" ,l 

2°. Suppose (1) holds. what 1s the effect 1f we one of 

Cl., , v,r or commute the ? 

(a) If oi' ,, 

(b) If j,;'I = !vi, and f:,J 1 .,. \! is any bij then also 

a+ (Sf(t;)\~v'' 

( C ) If \) I then also r .._ 
V a. ... \ . l . , , I;< V I 

We obtain (b) and ( C) as a :,pecial case o"/'-. .. 
J.. 

( d) If I v ' < I ·v I , and the , f, , v' are such that . .l f 

: \) ' then 

also 

( e) If 

3°, cf(a) = min{v I oi-·->(a)~} 

4°. Note that in (1) r is (as usual) finite and the Bl; and a are 

infinite. Though it might seem rasonable to drop these con­

ditions, it turns out that if this is done, the theory is 

complicated very much, without yielding proportionally nicer 

results. In fact we might as well put some further restrictions 

to the use of (1), since (1) 1s only interesting if 

(a) r > 1, or rather even r > 1 (cf 3°). 

(b) 2 < Jv! < o. 

(c) SE,:.::_ a for all~< v. 

For suppose (2) holds. In case (a), if r = 1, then we just 

deal with partitions of S its elf. If r = 0 then [~] r = (~JO = {0}. 

If (b) is not satisfied, and v < 2, then we are not looking 

at partitions at all. If c. < !vi .:_ v then let IC ~ , v be a 

partition of [s]r consisting of singletons and empty sets. It 

follows -cha-c a + (Sf.)~< v. If ( c) is not true, and 1\: > a 
, i-; !l r"'O then let Ic, ~ < v be the trivial partition: Ic = LSJ and 

"' "'0 r 
It; = (l} for other t; < v. Again it follows that a + (S~\< . 
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3,5 Using some well-known lemma.'s from the the~ry of ordered sets we 

will prove the following generalization of theorem 3,2: 

DEFINITION. An ordered set A is complete or completely ordered if 

it has one (and hence both) of the following two e~uivalent proper­

ties: 

(a) each subset A' of A has an inf which belongs to A (we put 

inf ¢ = sup A €::-A). 

(b) each subset A' of A has an inf and a sup which belongs to A. 

LEMMA A. Al;. is a completely ordered set for each l;. < v, then 

f1{Al;. I l;. < v} is complete with respect to the lexicographic order 

(i.e. (al;.\<v ( (bl;.\<v iff (al;.)f;;<v f (1\\<v and al;. < !\ for the 
first I; for which al;.~ Bl;.). 

Proof. We use induction to v, and so may assume that 

n {Al;. I l;. < \)'} is complete for all \) I < v. Suppose A' c. A. Put 

A'v• = {(al;.\<v I (a~)l;.<v G. A'} for all v' < v, and a( v' ) = inf A' , • 
\) 

Suppose vis a successor, If a(v-1) = (a ) for some (a")c<v,s.,A, 
l;. l;. <v-1 .,, ._ 

then consider A'' = {(al;.\<veA' I (al;.)l;.<v-l = a(v-1 )}. The points 

of this set are ordered according to their last coordinate, a 1, 
\)-

since the other coordinates are eQual. So this set has an inf in A, 

and since all other (al;.) l;. <v e- A' "'- A' ' are bigger then all elements 

of A'', this is also the inf of A'. If a('\i-1) = (al;.)l;.<v-l is not a 

member of A' 1 , then clearly inf A' = (a")c if a 1 = sup A. v- .. ._<\) v-
Let v be a limit ordinal. Notice that if '\! 11 < v' < v and a(v'') = 

= (a'' ) and a( v') 
l;. l;.<v'' 

So there exist al;. e. Al;. 

It is easy to check that 

for all I; < v ' ' • 

for all v' < v. 



16 

LEMMA B. If A = { f : a -+ { 0, 1 } } = n { { 0, 1 } I f. < a} with the 

lexicographic order (, and A' is a subset of A which is well 

ordered by <, then IA I I .2.. a. 

Remark. Notice that we used a similar lemma in 3,2 for R instead 

of A, but that> if a = w, JR = A \ { f : w ➔ { O, 1} I 3 n e w \/ m > n 

f(m) = O}. We might as well have put a similar condition on A too, 

but since this is not necessary we have choosen for the above form 

of the lemma. 

Proof of lemma B. Suppose, on the contrary, that there is a subset 

A'= {f~ , < a+} c. A such that,< n < a+ implies r, < fn. Let 

f = sup A' = inf {g e. A I\/ g' e.. A' g' .::._ g}. Since a+ has no 

largest element (i.e. a+ is a limit ordinal) f ¢-A 1 , and so it 

cannot be that3v < a I..Jv <µ<a f(µ) = O, (since such an f has, 

in A, an immediate predecessor, c.f. the remark made above). Now 

for each v < µ let fv be defined by f) µ) = f( µ) if µ < v and 

f (µ) = 0 if v .2.. µ<a. So we just noticed that f < f for each 
V + V 

v < o. • Renee I { g e. A' g < f v } I .2.. o. and since 

A' = \j {g E..A' I g < f_), we find that jA' I .2.. a, a contradiction. 
v<o. 

Proof of the theorem. Take A as in lemma B, and let o<'.. be an 

arbitrary, but fixed well-ordening of A. Consider the following 

partition of Q\J 2 : 

I 0 = {{f,g} 

I 1 = {{f,g} 

f ,g G- A A f + g /\ f < gt;.~f ~ g} 

f ,g€ A /\ f + g " g < f (~f ....C.: g} 

lemma B tells us that any A' c A for which [A.'] 2 c- I 0 , satisfies 

jA' j < a+ . Since (A,() and (A,>) are order-isomorphic, we have 
L + + 2 

the same for 1 1. This shows that jAj r (a ,o. ) • 



3. 6 THEOREM @MsEfil 

Remark. a+ (a,a) 2 (which immediately implies-a+ (a) 2 ) holds only 
n 

for a = w, and for "very big" cardinals a. So we might ask whether 

maybe a+ (a,w) 2 holds more generally. Erdos proved that this is 

indeed true for all cardinals~, and we will prove it now for 

regular a, and later (maybe) for singular a. 

3, 7 THEOREM ~RDOG] 

For regular a: 2 a+ (a,w) . 

The proofs will come.forth next week. Impatient readers are 

referred to @] . 


