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PREREQUISITS

notation and conventions

A,B,C,D,E,F,0,U,V,5,T, A', A&.“stand for

oL, L, T, ... oT, 0L ...
& (a)
)

0\
o (oc

i
0cY (o ¥

Or

€s My Ty Py Uy Vs g'ﬁ €n9---

Each ordinal is the set of its

predecessors:

Ffor Ac Or) sup A
£+ 1

£+

£ is cofinal with p

cf(p), the cofinality of p

p is regular

ordinary sets in naive set
theory, or e.q. the Zermelo-
Fraenkel set theory with the
axiom of choice, but without
CH or GCH.

families of sets

the powerset of A

the empty set

the family consisting of

all intersections of (finite)
subfamilies of OU.

. unions .....

the class of all ordinals
ordinals (w = w, is the first

infinite ordinal)

£ = {n|n < £}(Hence
n<EéInek)

\JA (Hence sup £ = &, and
sup § = ¢ = 0)

g v {g} eor

the ordinal which is the

(ordinal) sum of £ and n

(defined as usual)

Ar:e-oV¥o<ode <

£&g >p!

min {£|& is cofinal with p}

ef(p) = o



Card the class of all cardinals

(i.e. initial ordinals)

Al 5 |z] the cardinality of the set A,
of the ordinal ¢

n,i,k,1,r finite cardinals (members of )

Oy By Yy Sgeee a', ag"" infinite cardinals, or if

explicitly stated, arbitrary
(finite or infinite) cardinals

Card isylike Or,well-ordered by < (or & ). The infinite members are indéxed

by ordinals: §T

WS Wgs Wys Wy wees Wy eee Wpy ees w, = .

we is limit cardinal (successor) £ is limit ordinal (successor)
o is regular ef(a) = o (like before)

o 1is singular cf(a) # o (i.e. cf(a) < a)

examples: for each ordinal qpf(p) is a regular cardinal; p is cofinal
with p, hencecf(p) < p 3 p 1is a successor ordinal =>cf(p) = 1; a is a

successor cardinal =scf(a) = o, i.e. o is regular; cf(w)= cf(wfw) = w;

cf(w1) =w;soe is singular; a is regular iff a = ) B_ implies
n<g
el 2o or In<e [8 | =0
(for A < Card <« Or) sup A UA (like before; note that

Ac Cara=> UAe Card).
ot e if a = g
Z Ggs r7 G s aB are cardinals defined as usual (Note that
g<€ 7 £

a+ 8= |o+ |, where o + B stands for the ordinal sum of the (initial)
ordinals o and B . Iff o < B then a + B = o + B)
w
CH w1=20
GCH \JG; oF = o
log B min {y|2Y > B}

o log B min {y|oY¥ > 8}



1. Regressive functions

1.1 Definition. Let M be a set of ordinals.

1.2

1.

3

A function ¢ : M » Or is regressive if

VYeeMm  4(g) <

and ¢(0) = 0 if 0 € M.

THEOREM |ALEXANDROV-URYSOHN] .

Let f : w, W, be regressive, then}}éo < w, |f_1(£0)| =,
Proof. Put A = {Eézu)l f(n)ﬁ = 0}. Since (f(n)g) is a non-
n 1 new

increasing sequence for each £,it must stop, i.e. Ein \fm>n

(n), _ .(m) -
£7%¢ = £, and hence £ &-A_ for that n. Thus ) A = w,,

n 4 n 1
n€w

so that some A must have cardinality w,. As If(0>(A )| = w, end

(Ilo) 0 nO
[£770% (agp) =1 (k) (k+1)
we can find k < n. such that |f (A )| = w, but |f (A )] <w

0 n0 1 n0 —

(k+1)(

Now we can choose £oéi:f An ) in such a way that

0

-1 _ 1o(k) _
£ '(g)] = |f (A )| = w

0 1

Definitions. Let p be a limit ordinal, and Mc p an arbitrary
subset of p.
A function ¢ : M » p is definitely diverging if

Ve <o gnen Yu eM\n ¢(u) > €

This is (by definition) equivalent to

lim ¢(n) = o
nEM

It means that the functionvalues of ¢ eventually exceed any ordinal
£ < p.
The set M is cofinel in p if WE <p dp €M £ <n (i.e. M

possesses arbitrarily large members) .



1.4

The set M is stationary in p if M n C # ¢ for each closed cofinal

subset of p

Note that, in the case cf(p) » wy » the intersection of two closed
cofinal subsets of o is again cofiral (and closed, in o). Hence
any subset M of p containing a closed cofinal subset of p is

then stationary. The converse does not hold . However we have:

THEOREM. If cf(p) > w and M < p, then M is not stationary iff

:3¢ : M~>p ¢ is regressive and definitely diverging.

Proof. Necessity: let M not be stationary. Then there is a closed
cofinal subset C of p, which is disjoint from M.

Define ¢ : M » p as follows
¢(u) = sup {a & A | a < u}.

Note that sup @ = O, and that ¢(u) € A for each u €& M since A is
closed. It is easily seen that ¢ 1s both regressive and definitely
diverging.

Sufficiency. Assume that M is a stationary subset of p and ¢
M - p and is regressive and definitely diverging. Define h : p - p
by transfinite induction:

-1

h(0) = min{g | ¢ (0) € &}

if v < p : h(v+t1) = min {g | Vuw ¢_1(h(u))§ £}

if n<p, n is a limitordinal:
n(n) = sup{h(v) | v < n}

Notice that h is continuous by definition.

Let = min {n | n(n) = o},

"o

A=1{a(n) | n<n,Anis a limitordinall}.

0
Notice that o is a limitordinal > wq,since ef(p) 2w,

From cf(p) > w, and h(n) > n for all n < p, it also follows that A
is cofinal in p, and it is easily seen that moreover A is a closed

subset of p. Hence AN M % §.



1.5

1.6

So there exists a limitordinal, nys such that h(n1) & A n M. By

definition of h we have that

Nnen, Ve em\ntmn)  ofe) > nln)
Applying this to {n | n < n1} we find

¥n <, s(a(n))) > n(n)
and thus ¢(n(n,)) >nn),

contradicting that ¢ is regressive.

Remarks. Note that if cf(p) = w, then clearly M is stationary iff

E]g <p Muvy¢&=p . Moreover for any M ¢ p which is cofinal with
o, there is a regressive, definitely diverging ¢ : M -~ p. For
if p = sup{pi[i & w} and p; < 05

D41 for all i & w, then we
may put

o(u) ={0 if py < m

max {p.[p, < u}

APPLICATIONS TO TOPOLOGY

D(Z) will denote ¢ with the discrete topology.

THEOREM [MYCIELSKI | 671

. at
D(a+) can be embedded as a closed subset in (D(a))

Remark. A topological space T is called a-compact if each open cover

of T has a subcover of power < a. So w—-compact = compact and @,

compact = Lindeldf. The Tychonoff-theorem states: "a product of
a—-compact spaces is a-compact if o = w". Notice that a closed
subset of an o—compact space is again a-compact. Hence the above
theorem of Mycielski shows that a product of ot many a+-compact
spaces is not a+-compact. This is well-known for o = w, : the
product of even two Lindeldfspaces (e.g. the half-open interval

space) need not be Lindeldf.



“he existence of cardinals a for which the "a-Tychonoff-theorem"

holds (the so-called strongly compact cardinals) does not follow

from the ordinary axioms of settheory. In fact, "if they exist"

they are measurable, and hence inaccessible.

Proof of the theorem. .

Let R =11{D(¢) : a < g < ) (D(a))® , i.e. R is the set of
regressive functions from aN\a to af. Now a+\a is stationary in

o and a+ is regular. Hence, by 1.4 , each f& R is constant on a
cofinal subset of a+. For each 7 < o" we choose one regressive fcé; R

with the following properties: (i)\d ieg,a+\c flg) = ¢

(ii) fl(N\o): z\a > a is bijective.
Now we only have to show that A ={f(z¢) | ¢ < u+} has no
accumulationpoints in R.
Let ge T, g is regressive, and is constant on a cofinal set.
Certainly F&,, £,5 ¢ (o < &) < g, < o Asle) = elgy) = o).
Then {f €R | f(E1) = f(iz) = ¢} is & neighbourhood of g which
contains at most one element, fg, of A, since fC is the only element

of A which assumes the value [ more then once.



2.1

2.2

o
w

2. Large guasidisjoint subfamilies of large families

4

£ O is a large family of finite sets, then does there exist a

big disjoint subfamily of or 2 Not necessarily.

O = {ip,att U Hmt%ii < n}}

ote that (V00 = g.

This situation suggests the following definition:

A familyg, of sets is gquasidisjoint if VA,B & %~ A#+B %
AnB=NY

Remarks 1° The following three conditions are equivalent:

(i) Y. is a quasidisjoint family
(i1) {B\ N X |B & ¥ is a disjoint family

(iii) each three-element subfemily of Si is quasidisjoint.

2° It follows easily from the Teichmliller-Tukey lemma

(or the equivalent Zorn-lemms) that any family contains maximal

quasidisjoint and meximal disjoint subfamilies.

We will show that if O is a large family of sets of small cardinality,
then there is a large subfamily . . OC which is quasidisjoint

{(Theorem 2.3-2.5).

THEOREM. Let n be a fixed integer.If O0f is a family of n-element
sets, ana |OU| = a is regular, then 4 YV 5. OC A 5.

is quasidisjoint A |¥~| = |0C | = «. (cf. Theorem 2.5)

Proof. The proof will go by induction on n. For n = 1, & is
disjoint and we may take 3. = OC .

Let the lemma be true for all numbers smaller then n.



2.4

2.5

Let O('O be a maximal disjoint subfamily of OCU, and suppose
R = i()'c,oi < a. Since each A & OL meets at least one member of

AO of 0(,0, and since a is regular
EAO(—;O(,O (AcOL| Ana %0l =a

As AO is finite

dxea, (A e Ol xe A} = o.

Consider {A\{x} | x& A & O[}. By the inductionhypothesis this
family has a quasidisjoint subfamily Xq of cardinality a. Then

L= 8V x} | BeX")

is & quasidisjoint subfamily of OT of cardinality o.

Corollary.Let OC be an uncountable family of finite sets, and

assume that |OC | = o is regular. Then OU has a quasidisjoint

subfamily Y. of cardinality a.

Proof. By the regularity of o there is an n < w such that OC has
a family of o sets consisting of exactly n elements. Apply the

above theorem to this family.

THEOREM [ERD8S-RADO [ 2], MICHAEL [ 5]].

If o is an infinite cardinal, B is any cardinal (either finite or

infinite) and the family QU has the following properties

(i) Yae ot A < 8
(ii) \YIX,QOC (x is quasidisjoint) =S| | < a
then |OT| j_onB

Proof (of E. MICHAEL). For each v < (a8)+
O'C\} of G(, such that
() YV < (F)F 0T, < o

(0) UL |v <@y = OC

we define & subcollection



From this it follows that |OC | < 2B, of = B,

Let 0(’0 be a maximal disjoint subfamily of OCU. If CCU are defined

For each K < Av , such that |K| < B, let

oC ={ae 0\ U OC|An A =K}
K,v % Y
H<V
If there exists A, A'e OZ,K , Such that AN A' = K, then let
2

06; , be a meximel quasidisjoint subfamily of

H
OCK , containing {A,A'}. In this case

bl
(c) =K
¢ N O—C’K,\) -
If such A, A' do not exist, then let OCK N be an arbitrary maximal

b

e
. . . . . . = . Ot = .
quasidisjoint subfamily of OCK,\) Now OCK,\) @ iff v @
Finally 1let
*
0, —L){OCK’\) | xea, Ak <8l

let us verify (a) and (b).

To verify (a), note first that IO‘CB| < o and
IA\)I < |v| . sup {[Au| lu < v} ioaB. «® = o (by induction on v).
Now A  has at most (OLB)B = of B-element subsets K, and by (ii)

IOC*K,VI < a. It follows that |OC | <afa=4d?

To verify (b), suppose that, on the contrary there is an A & OL

which is not in any O(,v (v < (aB)+). We will show that such an A

B

+ .
meets A\)H\ A, for each v <®)* , whence |A] > a" > B, in

contraction to (i) . Let K = A n A\). Now OC; Y + ¢, because
2

A e OCK . There are two possibilities : either there exists an
H
Lo * 1 ® »
A C.OCK,\) such that A a A" \K % ¢, and so A N A\)H\A\) 4

or for each A'€ OC; ° we have AN A' ¢ X, and hence A O A' = K.
b

In this case however OZ; oY {A} 1is quasidisjoint by (c),contra=
A

dicting the maximality of OCK N
9



10

Remark. Note that theorem 3 is an immediate consequence of theorem

APPLICATIONS TC TOPOLOGY.

A topological space is said to have the Suslin-property if every

disjoint family of open subsets is countable. Whether a product
of two (or finitely many) spaces with the Suslin-property again
has the Suslin-property depends on the choosen axioms of set theory.

The following, however, holds in "general" (i.e. Z.F.+ Choise).

THEOREM. A topological product X = /7] Xi has the Suslin property
i & ,
e J |J'] < w has the Suslin

iff every finite subproduct [ 1 X.
1&Jd!
property.

Proof. Suppose {0 £ < ww} is g disjoint family of non-empty open

"
£
subsets of X. For each ¢ we choose a non-empty basic open set
Og c:Oé. Let JE = {1 E&J |in€= Xi}. There is & subfamily A Cuw
of cardinality w, such that

1

{J& | £ e A} is quasidisjoint (corollary 4).
If £ # £ then 0, N 0., =0 and hence J, n J,, % 3. Thus

-
T
3

N, lecAt=d.nJ , +0, forall ¢ $&', &, £'¢ A,

T der
From this it follows that tns OF | £ = A} 1is an uncountable
disjoint family of open subsets of the finite subproduct : | X

.. i€.J
Contradiction.

Remarks. Let us define the cellurarity number c(X) of a topological
space as follows:c(X) = sup{| (X | |OC is a family of disjoint
open subsets of X}. Modifying the proof given above a little we
obtain the following result:

I = { 1
If a suptc(Xi X Xi X o.ee X ) | 1,
1 2
regular, then a = ¢ [ | X .
ied

...in EJ, n < wlis



1

Note that "X has the Duslin property" is equivalent to "each

uncountable family of open sets has an uncountable subfamily

St
without disjoint members”. Now Hanin investigated the following
modification of the Suslin property:

Any uncountable family of open sets has an uncountable subfamily

with & non—-empty intersection.
It is easily seen that If two spaces have this property then so has

their product. For infinite products this also holds as can be

proved quitesimilarly to the proof of theorem 6.



3.2

3. Partition calculus

In the preceding paragraph we have mentioned that & product of
two spaces with the Suslinproperty does not necessarily have the
Suslinproperty. Let us, naively, try to proof this and take a
look at the point where we get stuck.

x R2 and Rl and R

Suppose R = R 5 both satisfy the Suslinproperty.

1

Let tGg | ¢ < w1} be an uncountable family of disjoint basic open
2
sets, 1.e. GE = G; x Gg for each § < w,, and Gi is open in Rk’

k=1, 2. We will try (and fail) to deduce a contradiction. Since
the Gg‘s are disjoint,

Yesn G ncl=0 v oinc

n

G =
1 n
Put Ik = {{&,n} | & < n < w, A G o Gﬁ =0 k=1, 2.
For any set A, we denote the family of all 2~element subsets of

A by [a]°

2.

AT AV ]

'3

G
k
£

>0

r

- -2
UH] =1,V IE'
In order to derive a contradiction we should like to find an un-

; Kk
countable set A Cu, such that Ve 1 (£, €A = GZ‘ n Gt = pfor
R
some fixed k. Thus we ask: If |w [" = I, . 1,, then does there

i -2 - - 2
such that |A] = w a ([A]" . I, v [A]" 1))

The answer 1s negative, as was shown first by Sierpinsky, who

exist an Ao w

-
i

proved the even stronger:

- ]
THEOREM. There exists a partition [2Y]% = I,v I, such that for
W e PR -
each A < 27 ([Al© eIy v |A7] c;I]) =3 |al s wye (ef. Theorem

Proof. We '"represent" 2% by R. Let < be the usual ordening on R,

and <. an arbitrary but fixed wellordening. Put

{x, vyl & IO 1Iff X 8 Y &dXw Y

{X,y} @“I] Iff y <« Xx&B3X Y.
¢ 2
Clearly {_Rh]"" = I, v I,. Suppose Acz R and (A%< I,. Then the

0
elements of A are wellordered by < (since < and -<. coincide on A).



3.3

3.4

13

Suppose A is uncountable. Then put r = infy r'-é_Ri(-w,rfjn A 1s
uncountable}.

Notice that r < =, since A = Lji(-m,ﬁ} 0 Aln & Ni. It 1s easily
seen that under these assumptions r has no countable nbd-base. So

[A] Swy - IT {A12<: I, then the elements of A are wellordered by
> and similarly |A] <@g
We can visualise theorem 2 in the following way:

A graph is an ordered pair (V,S) consisting of a set of “vertices®

V, and a subset S C-[}l]2 whose elements are called sides. A graph
(V,8) is complete if for each v,we V, v 3 w, there exists a side s &

S joining v and w (i.e. s = {v,w}). Now theorem 2 states:

There exist a partition of a complete graph with 2% vertices

(i.e. a partition of the set of all sides), in two subsets, such

that each complete subgraph of any element of the partition has at

most w vertices.

We will now investigate some, more general cases of this partition-

problem. Let, as in [8],

r
) "o arrows B,, £ < v, r"

(1) e (B )iy £

stand for the following statement: If

(2) |S| = o and fS}r = {XeS | |X| =r)= t) I,
) ECv 7
(i.e. "we have an r-partition of S"), then daes de <
[A]r < Ig AN lAl = BE.
Iif Bg = B for all £ < v, then we may also write
r
o > (8) s
v
or a > (By «.. B)Y with v B's, if v is infinite.

For the negation of (1) we write

ot (8£)£<v .
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Remarks.
fe) . w : 2
17. Theorem 2 can be written as 2 + (w,,uw,)
2°. Suppose (1) holds. What is the effect if we change one of
Oy Bg’ Vv,r Oor commute the Bg?
If o' » o th s (80l .
(a) o o then also a'-} (BE)£<V
(b) If |v'| = |v], and f:y' - 1is any bijection then alsc
a > (B ).
£(g) g<v!
, r
(¢) If v' < v then also a-ﬁf(Bg)g<v.
We obtain (b) and (c) as a special case of:
(a) If |v'| < |v|, and the Bg’ £ < v' are such that Aif
: v! > v satisfying Bé i_Bé(g) for each £ < v', then
also a—3(8 €)€<v'
(e) If
o] . 1
3%, ef(a) = min{v | a=>(a)}
4°. Note that in (1) r is (as usual) finite and the 8. and o are

£

>

infinite. Though it might seem rasonable to drop these con-
ditions, 1t turns out that if this is done, the theory is
complicated very much, without yielding proportionally nicer
results. In fact we might as well put some further restrictions
to the use of (1), since (1) is only interesting if

(a) r > 1, or rather even r > 1 (cf 3°).

(b) 2 < |v] <@

(e) B, <o for all £ < v.

For suppose (2) holds. In case (a), if r = 1, then we just
deal with partitions of S itself. If r = O then iﬁ]r = [?JO ={p}.
If (b) is not satisfied, and v < 2, then we are not looking
et partitions at all. If o < |[v| < v then let IE’ £ <vbea
partition of fS]r consisting of singletons and empty sets. It
follows that o + (BE £y’
then let Ig’ £ < v be the trivial partition: I Eﬂr
= @ for other £ < v. Again it follows that a +

If (¢) is not true, and B > 0

g & E\\)
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3.5 Using some well-known lemma's from the theory of ordered sets we
will prove the following generalization of theorem 3.2:
THEOREM 2° + (a¥,0*)?

DEFINITION. An ordered set A is complete or completely ordered if

it has one (and hence both) of the following two equivalent proper—
ties:
(a) each subset A' of A has an inf which belongs to A (we put
inf @ = sup A &4).
(b) each subset A' of A has an inf and a sup which belongs to A.

LEMMA A. Ag is a completely ordered set for each £ < v, then
W{Ag | £ < v} is complete with respect to the lexicographic order
(i.e. (a.) < (v.) iff (o) # (B€)£<v and a, < BE for the

£’ g<v £’ g<y ey £

first g for which uE:# Be ).

Proof. We use induction to v, and so may assume that

r]{Ag | € <v'} is complete for all v' < v. Suppose A' & A. Put

' = e 1 1) = 2 1
A {(a£)€<v | (a€)€<\’€5.A } for all v' < v, and a(v') = inf A NE
Suppose v is a successor. If a(v=1) = (ag)£<v—1 for some (ag)g<v<;-A,

: 1 = Z At = - i
then consider A {(a£)£<vtiA [ (ag)£<v_1 a(v=1)}. The points

of this set are ordered according to their last coordinate, &1

since the other codrdinates are equal. So this set has an iaf in A,

and since all other (a,), €& A' N\ A'' are bigger then all elements

E7g<v
of A'", this is also the inf of A'. If a(v-1) = (ag)g<v~1 is not a
! 1 ! = ] = .
member of Av—1’ then clearly inf A (a€)£<v if & _, = sup A

Let v be a limit ordinal. Notice that if v'' < v' < v and a(v'') =
= (a'' )£<v" and a(v') = (a'.) then a''_= a' for all £ < v''.

€ £ &<y 3 13
So there exist a_e A_ such that a(v') = (a_) for all v' < v.

3 3 gg<y!

. . v -
It is easy to check that now inf A (a€)£<v
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LEMMA B. If A= {f : a~ (0,13} =[1{{0,1} | € < a} with the
lexicographic order < » and A' 1s a subset of A which is well
ordered by <, then |A'| < a.

Remark. Notice that we used a similar lemma in 3.2 for R instead
of A, but that,if o = w, R=AN\ {f : v~ {0,1} |dnew Yn > n
f(m) = 0}. We might as well have put & similar condition on A too,

but since this is not necessary we have choosen for the above form

of the lemms.

Proof of lemma B. Suppose, on the contrary, that there is a subset
A' = {fE | € < o'} @ A such that £ << o implies f& < fn' Let
f=sup A' = inf {ge A ]\/ g'e A' g' < g}l. Since oF has no
largest element (i.e. o is & 1limit ordinal) f & A', and so it
cannot be that.q\) < o \71\) <u<a f(u)=0, (since such an f has,
in A, an immediate predecessor, c.f. the remark made above). Now
for each v < u let f be defined by f\)(u) = f(p) if u < v and
f\)(u) =0 if v < u < a. So we just noticed that f, < f for each

v < a'. Hence |[{g &A' | g < f\)} | < o and since

A=) {geA’ | g < f}, we find that |A'| < o, a contradiction.
v<a v

Proof of the theorem. Taeke A as in lemma B, and let << be an

arbitrary, but fixed well-ordening of A. Consider the followlng

partition of ]:A]2 :
Io={{f,g} | f.eeAnftenf <gef gl

I, = .8} | f.6c A AT F gA g £&3F gl
lemme B tells us that any A'c A for which [7-\']2(/_ Iy satisfies
|AT] < o' . Since (4,<) and (4,») are order-isomorphic, we have
+ 4.2
the same for I.. This shows that [A| $ (o ,a ).



3.6 THEOREM [RAMSES]

3.7

w (W)

Remark. o - (a,oc)2 (which immediately implies a - (a)i) holds only

for o = w, and for "very big" cardinals a. So we might ask whether
maybe o > (a,w)2 holds more generally. Erdds proved that this is
indeed true for all cardinals o, and we will prove it now for

regular o, and later (maybe) for singular a.
THEOREM [ERDUS]

For regular a: o - (a,w)e.

The proofs will come forth next week. Impatient readers are
referred to Eﬂ.



