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Multiplicative division algorithms on the integers.

A.E. Brouwer, H.W. Lenstra Jr.

1. Introduction.

Let Z denote the ring of rational integers, and let W be a totally ordered
set. A function ¢ : Z - {0} - W is called a division algorithm on Z if

(i)  the image of ¢ is a well ordered subset of W;

(ii) for every a, b € Z, b # 0, there exist q, r ¢ Z such that

a gb + r

r

0 or ¢(r) < ¢(b).

If W is the set of positive real numbers R+, we call ¢ multiplicative if

¢(ab) = ¢(a)$(b)

for all a, b € Z, ab # 0.
Theorem 1 describes all multiplicative division algorithms on Z, thus

answering a question of R.K. Dennis [1].

Theorem 1.

Let ¢ : Z - {0} +£R+ be a multiplicative division algorithm. Then there

exist a prime number p and real numbers A > O, B 2 0 such that

¢(a) = IalA . apB . for all a € Z, a # 03
here ap denotes the largest power of p dividing a. Conversely, if p is a
prime and A > 0, B 2 0 are reals, then the function ¢ defined by the above
equation is a multiplicative division algorithm on Z.
. . . +
Moreover, ¢ assumes only integral values if and only if both A and pA B

are positive integers.

This theorem will be deduced from the following two results.
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Theorem 2.
Let W be any well ordered set, and let ¢ : Z - {0} > W be a function.

Then ¢ is a division algorithm on Z if and only if
min {¢(r), ¢(-s)} < min {¢(r+s), ¢(-r-s)}

for allr, s e Z, r > 0, s > 0.

Theorem 3.

Denote by N the set of positive integers. Suppose ¢ : N + R, satisfies
¢(ab) = ¢(a).¢(Db)
¢(a+b) = min {4¢(a), ¢(b)}

for all a, b € N. Then there exist a prime number p and nonnegative real

numbers A, B such that

for all a € .

In section 5 we show how theorem 3 can be used to sharpen a certain lemma

from valuation theory.

2. Proof of theorem 2.

Let W be a well ordered set, and let ¢ : Z - {0} > W be a map. If ¢ satis-
fies the system of inequalities indicated in theorem 2, it is clear that
¢ is a division algorithm. In fact, for a, b € Z, b # 0, one can find

g, r € Z such that

a=q9.b +r,
r =0 or ¢(r) < ¢(v),
|| < [®].

Conversely, assume ¢ is a division algorithm. Consider a triple (r,s,b) of



integers such that

(2.1) r>0, s>0, r+s=]|b|.
To prove theorem 2, it suffices to show
(2.2) d(r) < ¢(v) or ¢(-s) < ¢(b).

This is done with induction on ¢(b). So assume the assertion is true for
all triples (r',s',b') as above for which ¢(b') < ¢(b).

If ¢(-b) < ¢(b), the induction hypothesis, applied to the triple
(r,s,-b), yields ¢(r) < ¢(-b) or ¢(-s) < ¢(-b), and (2.2) follows.

Therefore assume ¢(-b) = ¢(b), so
(2.3) o(|p]) = ¢(v), o(=Io]) = ¢(p).

Now choose d in the residue class (r mod b) such that ¢(d) is minimal
(remark that O is not in this residue class, by (2.1)). Because ¢ is a di-

vision algorithm, we have
(2.k4) ¢(a) < ¢(b).

We distinguish three cases:

(1) a> |vf

(ii) a < -|v|

(iii) 4a € {r, -s}.
In case (iii), (2.2) follows by (2.4). In each of the cases (i) and (ii)
we derive a contradiction.
Case (i). The triple (r',s',b') = (d-|b|,|b|,d) has the properties corres-
ponding to (2.1). By (2.4) we may apply the induction hypothesis, and we
find

o(a-|p|) < ¢(a) or ¢(-|v]|) < ¢(a).

But the first alternative is excluded by the minimality assumption on ¢(d),
and the second one by (2.3) and (2.4).

Case (ii). Applying the induction hypothesis to the triple (r',s',b')



.

= (|v|,-d-|b],a) we get
o(|b]) < ¢(a) or ¢(a+v]) < ¢(a).

The first possibility contradicts (2.3) and (2.4), the second one our
choice of 4.

This finishes the proof of theorem 2.

3. Proof of theorem 3.

Let ¢ : N>R, satisfy
(3.1) ¢(ab) = ¢(a) . ¢(Db)
(3.2) ¢(a+b) = min {¢(a), ¢(b)},

for all a, b € N. From (3.1) it follows that ¢(1) = 1, and using (3.2) in-
ductively we find ¢(a) = 1 for all a € N. Define

log 4(a)
log a

Then y(a) = 0, and ¢(a) = aw(a), for a = 2.

y(a) =

for a e N, a z 2.

We first construct a natural number k = 2 such that

(3.3) v(a) = P(k) for all a 2 2.

v

Let p be any prime number, o = Y(p). If ¥(q) = o for all primes g, then
¥(q) < a. If P(r) =2 B for
all r =2 2 we can take k = q. So let r 2 2 be a natural number such that

v = ¥(r) < B. Then B > 0, and replacing ¢(a) by d>(a,)1/B

k = p works. So choose a prime g such that B

for all a we may

suppose
¢(q) =q, B=1, O0<y<1<a.

Now choose a natural number M such that



(3.4) M=2r

(3.5) >
pa /(1_pY‘a)

IA

Let Kk e N, 2 < k M be chosen such that

P(k) = min {y(a) | 2 < a < M}.

[e’
[}

By (3.4) we have § <y < 1.

We assert that k has property (3.3). Otherwise, let a € I be minimal such
that y(a) < 8§ = Y(k). We derive a contradiction. By definition of &, we
have a > M, so (3.5) implies a1_Y / (pa) > 1, i.e. q.aY < %ua.(Let qn be

the highest power of g which is smaller than q.aY. Then

a < qn < q.aY < %a.

Choose ¢ € {1, 2, ..., p} such that a + c.qn = 0 mod p. Then

Y

c.q" < p.g.a’ < a.
Therefore (3.5) yields
02 2n 5 02 2n 1.2
(1-52=)">1-2—=21-(paa"™)
a a
Y-0\2 _ _y-o
>1 - /(1-p ) D
Also
n atc.q"
0<a-=-c.q <a, 0 < ——543— < a

so the minimelity condition on a implies

n n
(a+c.q7) S (a+c.q )6

n n,6
¢(a-c.q") =2 (a-c.q) , ¢ = > 5



Hence
6(a%-e2.0%) = (p).p(ae.q"). 4( 2220
2 p"‘-(a—c.qn)‘s.(@i]f-)—'ﬂfl-)‘S
= POL*G (1 - E‘2‘9"211‘)5.a2(S
a
N pa—ﬁ’py—a.a26
> a26
Also
¢(c2 q2n) > o 2n> _ .en > a2Y > a26

We conclude
¢(a2) > min {¢(a2—c2.q2n), ¢(c2.q2n)} > 326,

¢(a) 2 as, v(a) 2 8,

contradicting our choice of a. This finishes the construction of k.

Now fix k such that (3.3) holds. Putting A = y(k) we have
(3.6) w(a) 2 & = k), ¢(a) 2 & for all a > 2.

If ¢y(p) = A for all primes p, theorem 3 follows by taking B = 0, p

prime. So suppose

v(p) = A+ B>A, B> 0,
for some prime p. We remark
(3.7) pla => ¢(a) = ¢(§).¢(p) >
> (E)A.pAJrB = oot

o]

= any

~6-



Since ¢(k) = 1" it follows that p ! k.
To prove theorem 3 it is clearly sufficient to show that ¥(s) = A

for all primes s # p. So let s be a prime # p. Suppose n, m € W satisfy

n m
kW > s .

If N e N is divisible by p - 1 we have

p kn.N _ sm.N

and taking N sufficiently large we find by (3.7):

n.N m.N n.N m.N,A B
-s ) -s )

o (k 2 (k . P

smN)A pB
an

- kn.N.A (1 -

> k AN = ¢(kn.N)

n.N m.N Sm.N we get

1l
-
i
©n
o
5
ot
o’
I

Using (3.2) with a

o(1>

If ¢(k) = 1, (k) = 0 we conclude ¢(s) 1, ¥(s) = 0 = A, as desired.

If ¢(k) > 1, the preceding discussion shows:

n, logs _ n, log ¢(s)
m log k m ~ log ¢(k)

Since the rational numbers are dense in the reals this implies

log s . log ¢(s)
log k ~ log ¢(k)

_ log ¢(k) _ log ¢(s)
log k ~ log s

A = y(k) = y(s).

By (3.6) we conclude ¥(s) = A, as desired.
This completes the proof of theorem 3.
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L. Proof of theorem 1.

Let ¢ : Z2 - {0} + R, be a multiplicative division algorithm. Then
2 2
9(=1)7 = ¢(1)

From theorem 2 we get

= ¢(1) so ¢(-1) = 1. Therefore ¢(-a) = (a) for all a.

¢(a+b) > min {¢(a),4(b)}

for all a > 0, b > 0. Using theorem 3 we find a prime p and reals
A >0, B2 0 such that ¢(a) = lalA . aPB for all a ¢ Z, a # O.
Since

(o+1) = 4(p+1) > min (4(p),8(1)} = 1

we have A > 0. This proves the first part of theorem 1.
A B
la|™ . a
1Y
multiplicative division algorithm for any prime p and all A > 0, B =2 0, is

That, conversely, the function ¢ defined by ¢(a) = is a
easy to check.
If A and pA+B are positive integers, it is clear that ¢ assumes only
integral values. To prove the converse, we recall a simple fact from analysis.
For a function f : R, > R ve define Af : R, >R by Af(x) = f(x+1) - f(x),

Af, A% = A% e, nem, n 2 2.

and inductively A1f

Lemma
Let [ : R, >Rben times differentiable, n € N. Then for all y € R, there

exists a v ¢ [y,y+n] such that

n .
Proof. Let h(x) = } hixl be the unique polynomial of degree < n for which
1=0

g(x) = f(x) - h(x) has zeros inx =y, y + 1, ..., vy + n. Using Rolle's
theorem repeatedly we find v € [y,y + nl with

(n)(v) = 0.

g



Furthermore, it is clear that

Ang(y) 0, Anh(x) = h(n)(x) = n!hn for x € R,

SO

Af(y) = A"g(y) + A%n(y) = 0 + nlh_ = g(n)(v) + h(n)(v) = f(n)(v).

This proves the lemma.

We apply this lemma with f£(x) = (p.x+1)A. Then ¢[Z - {0}] c Z implies

f[N] ¢ Z, hence by induction on n we get
AME(y) e z, for all n, y € NN.

Choose n > A fixed. Then for y sufficiently large the lemma yields

[A"f(y)| < mex lf(n)(v)l = [A.(A=1)...(A-n+1).D A-np g,

vely,y+n]

py+1)

Hence Anf(y) = 0 for y € W sufficiently large. So there exists a polynomial

f1 of degree < n - 1 such that f(y) = f1(y) for all y € N sufficiently large.

Then

1im
yéN PN et

so A = degree f, is an integer, which we knew already to be positive.
+B . .. .
Also ¢(p) = pA is a positive integer.

This concludes the proof of theorem 1.

5. Valuations of the natural numbers.

Let R be a commutative domain and F : R +R U {0} a function.

Suppose there exists a constant C € R+ such that



-10-

Fla) = 0 <==>a =0
(5.1) F(ab) = F(a)F(p)
(5.2) Fla+b) < C . max {F(a), F(b)}

for all a, b € R. Then F is called a valuation of R.
By analogy., let us call a function F : W ~ ZB+ a valuation of W if
there is a constant C € R, such that (5.1) and (5.2) hold for all a, b e W.
The following lemma is frequently used to determine all valuations of
Z, cf. [2], ch.I, §3, lemma 3.

Lemma
Let F be a valuation of IN. Then either F(a) < 1 for all a € N, or there is
a A € R, such that Fla) = ak for all a ¢ IN.

For the proof of this lemma we refer to [2].
Using theorem 3, we can complete the conclusion of the lemma in the follow-

ing way.

Theorem L.
Let F : W +B+ be a function. Then F is a valuation of N if and only if
there exist a prime p and real numbers A, u such that u £ 0, Au 2 0,

Fla) = a)‘ . apu for all a € N.

Proof of theorem 4, cf. [2], ch. I, §3, lemma 4. First assume F is a valu-
ation of N.

If F(a) = a* for some A € R, and all a ¢ N we can put u = 0, p= any prime
number. So by the lemma we may assume F(a) < 1 for all a. Let n € N,

N = 2" - 1. By induction on n, we get from (5.2)

N
F( Y a.)<c® . max {F(a.) | 0 <i <N}, for a., € NW.
Lo 1 i i
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Applying this to

N . .
N N-
(avo) = [ (D) a'n
and using

F((Nao™) < 7(a)" . B0 < max {F(a), F(b)}"
we find
F((a+b)¥) < ¢® . max {F(a), F(b)}.
Taking N-th roots and letting n go to infinity we conclude
F(a+b) < max {F(a), F(v)}.
Define ¢(a) = F(a)—1; then theorem 3 applies to ¢, so there is a prime p

and there are reals A 2 0, B 2 0 such that

A B
o(a) = a . ap

for all a € . Putting A = -A and u = -B proves the "only if"part. The "if"-
part may be left to the reader.
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