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I. The subject of this section of this note was inspired by the following 

observation 

Let 

(l) 
N 

f(t) = I 
n=l 

a cos(tA ), (tER) 
n n 

where all a's and A's are real. 

Clearly f(t) is bounded and continuous so that we may consider the 
V 

(one-sided) Laplace transform f off for s > 0: 

00 

( 2) 
V f e-st f(s) = f(t) dt = 

0 
co 

N 

I -st = I a e cos(tA ) dt = 
n=I n n 

0 
00 

-itA I 
N r -st it:\ 
I J 

n n) dt = 2 a e (e + e = 
n=I n 

0 

N 

{s s +
1

iA }· 
= I a + 

2 n -i\ n=l n n 

Differentiating k times with respect to s we obtain 

00f -st k k 1 ~ { 1 e t f(t) dt = T l an . k+I 
0 n= I ( s-1An) 

(3) + I /+l} 
n 

or,equivalently 

00 

(4) !: f + 

0 

Substituting k ( t>O) in (4) and letting k tend to infinity we s = t' 
arrive at 

co 

r -u k 
(tu) (5) lim j 

e u f du 
k! = 

k-+<x> k 
0 
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( itAn -itAn) 
a e + e = 
n. 

f(t). 

The main purpose of this section is to prove the validity of (5), or 

rather a generalization of it, for quite a large class of functions 

f: R+ ➔ t, In the meanwhile we will obtain some interesting results concern­

ing Euler's (incomplete) r-function, 

We start with stating the following: 

+ THEOREM. Let f: R ➔ C be such that 

(i) f is integrable over every interval of the form (O,T) where T > O, 

(ii) for some t 0 > 0 we have that the limits 

(6) lim f(x) = L and lim f(x) = R 
x+to xH0 

both exist and, are finite, 
(iii) there exists a real constant A such that 

( 7) f ( x) = 0 ( lx) , ( X-?«>) • 

Under these conditions we have 
00 

J -u s t u 
(8) lim e u f(_Q_) du L + R 

r(s+l) = 
s➔oo 

s 2 
0 

Before proving this theorem we will prove some lennnas. 

LEMMA l • If O < a < I then 

(9) lim 
s➔oo 

as 

J 
0 

-us 
e u 
r(s+l) du= O. 

-u s + PROOF. For any fixed s > 0 the function e u, (uER ), is increasing on the 

interval (O,s) so that 

(10) 
-us 

e u 
r(s+l) du< as 

-as( ) s e as 
r(s+I) 



-as s s 
e CL S 

= CL S -------=-..,... = 
sse-s ✓2rrs' eµ(s) 

(a el-a)s 
= CL ✓ S --------...._ 

fi.ir' i(s) 

where µ(s) is Binet's function which may be represented by 
00 

( 11 ) µ(s) = f e-st 
. t { I 1 1 } -- - - + - dt (s>O) t t 2 ' • 

0 
e -1 

(See, for example, G. SANSONE & J. GERRETSEN, Leatu.T'es on the theory of 

functions of a aompZex variabZe, Noordhoff, Groningen, (1960) p. 216.) 

Since 

( 1 2) 
1-a 0 < CL e < I, (O<a<l) 

and 

(13) lim µ(s) = 0 
s-+-co 

the lemma follows easily. □ 

LEMMA 2. If B > 1 then 
00 

r -us 
(14) lim J 

e u du= 0 r(s+l) 
s-+-co Ss 

PROOF. Observe that for s > 0 we have 

00 00 

r -us 

f 
-x-8s 

(15) 0 < j 
e u du e s 
r(s+l) = r ( s+ 1) (x+Ss) dx = 

Ss 0 

00 

-Ss 8s s 

f 
e s -x X S = 
s 5 e-s ✓2rrs' eµ(s) 

. e ( l+ -) dx = 
Ss 

0 
00 

= 
(S el-S)s I e-x( 1+ ~)s dx < 
✓2rrs' eµ(s) Ss 

0 

(Sel-S)s 
00 X 

f 
- (Sel-S)s -x s < e e dx = 

✓2rrs' eµ ( s) ✓2rrs1 eµ(s) 1 
0 a 

3 
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Since for 8 > 1 we also have 

(16) 0 < 8 el-S < l 

the lemma follows easily. D 

LEMMA 3. The function 

( 17) 

s 

r(s~l) f 
0 

-u s + e u du, (s.EJR ) 

1 tends (increasingly) to 2 when s ➔ co 

PROOF. By the substitution u = s - x Is we obtain 

( 18) 

Now 

(19) 

s Is 
I 

J 
-us 1 I -s+x/s( ls)s e u du = e s-x s 

r(s+l) r(s+l) 
0 0 

Is -µ(s) 
e f exp{x Is+ s log(l- Ts)} dx = = hn 

0 

-µ(s) Is 
2 co 

e X 1 = I exp{--Tiir 2-
n=3 

0 

observe that 

1 l 1 -- - - + - > 0, (t>0) 
et_ 1 t 2 

n J dx 
X = 
n n 

2 
s 

fs dx = 

so that, using (11), it follows that µ(s) is decreasing on R+. Consequently 
-µ (s) . + 

e is increasing on R. 

Also note that 

co n 
(20) 1 X 

n n n=3 2-
---, (0<x<ls; s>0) 

s 

is decreasing ins for any fixed x subject to the conditions stated in (20). 

Consequently we have established the "increasing part" of the lemma. 

Using Lebesgue's dominated convergence theorem it also follows from (18) 
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that 
s 00 2 

1 I /~,r I X 

(21) lim -us -T dx = r(s+ l) e u du = e 2' s-+<x> 
0 0 

completing the proof of the lemma. 0 

LEMMA 4. The function 
00 

(22) 1 f -us + e u du, (sER) r ( s+ l) 
s 

l tends (decreasingLy) to 2 when s + 00 • 

PROOF. Since 

s 00 00 

(23) f -us 
e u du+ I -us e u du = I -us e u du= r (s+ I) 

0 s 0 

the lemma is a direct consequence of lemma 3. 0 

After these preparations we proceed by proving the theorem stated before: 

PROOF. For any given£> 0 determine o such that 

(24) 

(25) 

and 

(26) 

Write 

(27) a = and 8 = 

so that O <a< I and 8 > l. 
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Also write 

00 ClS s 6s 00 

J 
-us 

(t0u) {J r 
I+ f} -us 

(t0u) (28) e u 
+ J + 

e u 
r(s+l) f - du= r (s+ 1) f -s- du 

s ' 
0 0 C/.S s 6s 

Step 1. We first show that 

In order to see this we observe that 

as 

1f 
-u s 

cau) (30) e u 
f s .. duj ~ r(s+l) 

0 

as 

cau) 
-a.s( )s ( 

:,; e as 
J 

f-1 du= r(s+l) s 
0 

(a el-a)s a.to 
= 

t: J lf(x)I dx 
l21rs eµ(s) 

0 

so that (29) follows easily. 

Step 2. If as< u < s then 

(31) 

so that 

Hence 

(33) 

s I e -uus (tau) 1 . I --,--. f -s- du - -2 LI = r(s+l) 
as 



s 

{f(t~u) 

s 

1J 
-us 1} f 

-us 
du - ~ LI e u 

du+ L e u = r(s+l) f(s+ l) 
< = 

as as 

s s -us -us 

I 111 If I e u du+ e u 
du I + ILi ~ € r(s+l) r (s+ l) -2 

as 0 

from which it is clear that 

(34) lim sup 
s-+oo 

s 

J 
as 

e-uus (tou) I < E 
f -s- du - -2 Li -r(s+l) - 2· 

Step 3. Similarly as in step 2 one may show that 

(35) lim sup 
s-+oo 

Step 4. We have 

00 

I (36) lim 
s-+oo Bs 

Bs 
ljr e-uus (tou) 1 

f - du - - RI < £ r (s+ 1) s 2 = 2 
s 

-us 
f(t~u) e ·u 

du o. r(s+l) = 

as 

f 
-us 

e u du, r(s+ I) 
0 

In order to see this we proceed as follows: Determine the constants 

K, A and x0 such that 

(37) XO > B to' 

(38) XO > 2 to 
and 

(39) !f(x)I ~K 
Ax 

' (x>xo). e 

Since XO 
-s 
to -us 

(t0u) (40) I f e u 
r ( s+ l) f -s- du < = 

B 

e-Bs(Bs)s 
XO 

s I I f(x) I ~ < = r(s+l) to 
et0 

7 
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it follows as before that 
XQ 

(41) 
. Ito s e -uus 

;_: r(s+l) 
Ss 

Hence, it suffices to show that 

XO tou 
If u > - s then - 8 -> x0 so that, if in addition s ~ 2At0 , we have 

to 

(43) 

00 

00 

~ K I 

K 
= r(s+I) 

-us tau 
e u A­
r(s+I) e s du= 

00 

e-u(1- A:o) 
I 

s u 

XO 
-s to 

du = 

K 
= r(s+l) e-x( :tor _d_:-tO- ~ 

1- - t- -

< K 
= ( At0 )s+I 

]--\ s , 

s s 

00 -x $ I e X 

r (s+ 1) 
dx. 
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XO 
Since 2t > 1 by (38) it follows from lennna 2 that (42) holds true, complet-
• 0 ing the proof of the theorem. 0 

REMARK. From lemma 4 one may derive very simply that the sequence 

(44) 
n k}CX) 

{e-n l E., 
k=O k. 

n=O 

tends decreasingly to its limit<=!>-

(45) 

In order to see this we note that for any non negative integer n we have 
CX) CX) 

-u n 
e u du 1 f -(n+x) n = - e (n+x) dx = 

n! 
0 

CX) 

I J -n-x ~ (kn) nkxn-k dx = = n! e l 
O k=O 

-n n n! 
=~ I n. k=O k!(n-k)! 

n k 
= e-n l ~! , 

k=O 

CX) 

nk J -x n-k e x dx = 

0 

so that our assertion follows from lemma 4. 

2. The subject of this section of this note was inspired by the following 

observation. 

For any positive integer none has 

1 

(46) log ( nn)n = .!_ log(!!. !!. !!. 
n! n I 2 3 ~) = 

= - .!. log (.!. ~ l !!.n) = 
n n n n ••• 

= .!. nt log n-k = - .!.. nf log(t- k) = 
n k=O n n k=O n 
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00 

= l .!. L (m), 
m=l m n 

where L (m) denotes then-th canonical lower Riemann sum corresponding to n 
the function xm, 0 .:::_ x ~ 1. 

It may be shown (see the author's Mathematical Centre Report ZW 39/75) 

that for any fixed m > O, L (m) is increasing inn. From this fact and (46) 
n 

it then follows that the sequence 

1 

(47) f(~)ii }00 

l n. n= 1 

is increasing. 

As a generalization we prove the following 

PROPOSITION. The funation f: :nt +JR.+ defined by 

1 

(48) J ss }s 
f(s) = lr(s+l) ' (s>O) 

. • . + 
~s ~ncreas~ng on R. 

PROOF. Fors> 0 we have 

where µ(s) may be written as in (11). Since f(s) > O for s >Owe may just 

as well prove that log f(s) is increasing on R+. 

Observing that 

(50) log f(s) 

1 µ(s) + 2 log (2Tis) 
= I - -------- , (s>O) 

s 



it is clearly sufficient to show that 

(51) 

1 d µ(s) + 2 log(2Tis) 
ds s < 0, ( s>O). 

First we compute the derivative in (51): 

1 d µ(s) + 2 log(2Tis) I 1 s{µ'(s) + 28} - {µ(s) + 2 log(2Tis)} 
(52) =----------------s 2 

s 

Writing 

(53) $(s) = s{µ'(s) + !s} - {µ(s) +; log(2ns)}, (s>O) 

we will prove that 

(54) $(s) < 0, (s>O). 

We first prove that 

(55) lim $(s) = O. 
s-1-0 

In order to see this we first note that 

s 
(56) eµ(s) ✓2Tis, = e r(s+I) 

s 
s 

so that 

(57) 
1 lim {µ(s) + 2 log(2Tis)} 

s-1-0 

= lim log es r(:+l) = 

s+O s 
log 1 = 0. 

11 

Next we observe that from the integral representation of µ(s) it fol­

lows that 
00 

(58) µ'(s) = - I 
0 

00 

= + Jr e-st{_!_ - _I_} dt 
- 2s t t I 

0 e -
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so that 

co 

(59) \.I' (s) + 2\~ = f e -st{{ - +} dt. 
e -l 

0 

Since 

it follows from the general theory of Laplace transforms that 

(60) lim s{µ'(s) + -2
1 } = O. 

s+O 5 

Combining (57) and (60) it follows that (55) holds. 

In view of (55) we may prove (54) by showing that 

(61) qi'(s) < O, (s>O), 

In order to see this we note that 

(62) qi'(s) = ( \.I ' ( s) + 21s) + s ~ µ ' ( s ) + _J__) - ( µ ' ( s ) + _l_) = 
ds 2s 2s 

d I 
= s ds ( µ ' ( s) + 2s) 

so that, using (59), 

00 

(63) qi'(s) = - s 

Since 

t 
- -- > 0, (t>O) 

et-I 

it follows from (63) that (61) holds true, completing the proof. 
1 

REMARK. From (46) and the fact that Ln(m) tends increasingly to I 
0 

0 

m x dx = 



we may obtain a very transparent alternative proof of the well-known fact 

that 
1 

(64) lim (~~)11 = e. 
n~ 

Indeed 

CX) 

(65) lim exp{ l .!.. L (m)} = 
~ m=l m n 

(by uniform convergence inn of the series involved) 

CX) 

= exp{ l .!.. (lim L (m))} = 
m=l m n-+<x> n 

CX) 

= exp{ l m(~+l)} = exp(l) = e. 
m=l 

13 


