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In this paper the following theorem is proved
Theorcm. Let ZT""’Zk denote arbitrary n x m matrices (m = n)

and let A denote a positive definite n x n matrix. Then for the k x k

matrices 2Z.'A Z_ (rys=1y000,k)

we prove
%?g (det (Zr'A ZS)) z 0.

For the proof of the theorem a process is introduced which will be
called m-compoundification.
If B is an arbitrary p x g matrix and m a positive integer sp and

£ g, then the m—-compound matrix B<m) of B is a (£)x(%) matrix, the
elements of which are all vmossible minors of B of ordef m; thus any
element biﬁm) of B(m) is an m x m minor of B in which elements of the

J
th . th

iTth,.. .,imth row (with i1 < eee < im) and j1 e e sdy column

(with 31 < ose < jm) of B occur. The elements bigm) are ordered in
such a way that 1 < k¥ 1if thc set 1ploseeesd prececds k1k2,,o.,km

lexicographically and j<1 if j1, C e .,jm preceeds 11""’lm lexico--
graphically .
Conseqguences of this procedure are

¢ In the elencnts bigm) only elements of the i1th,,..,imth

T . th . . . .
; h,.“,lm column of B occur, hence bi§m> ig a principal minor

o]
1 row and

of the i

of B and may be denoted by (11’°'°’im)°

2% If onc of the intcgers p ahd g, say p, is equal to m, then

B(m) is a 1 x (%) matrix hcnce a vector. In this casc the elements
of B<m can be denotcd by bi(m) (i=1,e,,,(%)).

. ‘ . + '
Not every vector with (%) components can be considercd as an m h con-

pound of an m x g matrix. This is the case when and only when its com~
poncnts satisfy the wellknown p—rulationsoz)

We now prove

Lemma . 1. If A is a positive definite p x p matrix, then its m—compound

;,; Confer A.C.Aitken, Detorminants and matrices, Chapter V, p.90.

Confer R.'Wecitzenbock, Invariantentheorie, p.116,117,85.
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A(m) (where o s p) 1is also a positive definitc matrix.
Proof: e prove the lemma by induction on e
For p=1 the lennma is obvious, since then m=1 and A(m>=A.
Now suppose the lewuma holds for p-1 and arbitrary m.gvp-1»
e then prove it for p,i.c. we show that the m-compound A(m) of a
P X p matrix A<m> is positive definite. It is sufficient to show that the

principal minors Ah(m) of A(m> (h=1,. -~9(£)) are > 0; herc Ah(m)

i1s the principal minor containing clemcnts of the
tTh, o 1
(£)~h+1 . a)—h+2th,.. .,(ﬁ)th row{and column) of A(m).
Now two cases arc considercad

¢ -1
177: h = (pm )+ Then, duc to the lexicographical order of the clements

of A(m> in the principal minor Ah(m) of A(m), in all clenents only ele-
gments of the an,ccu,pth row (and column) of A occur, hence Ah(m> is
§a principal minor of A?Sm shere A, denotes the minor of a,, in A.
?Since A i1s positive definite also the principal minor A11 of A 1is po-
sitive definite. This minor A,1 being of order p-1 by the induction

‘hypothesis we infer that A () S 0.

11
2% n > (p;1)° Then thosc m x m minors of A which occur in the comple-
mentary minor of Ah(m) contain clements of the first row ( and column)

of A. Now by Frankc's theorem ) the identity

Ah(m> - iars‘ i holds, where c = h~<P£1)

and where M is the complementary uinor in the adguiznte of “A(m).

By the above renark the elenents  of M are minors of A in which
neither elements of the first row nor clements of the first column of A
oceur. Hence 10 is a principal minor of A1gp—m) and as before by induc-
tion hypothesis we have M > O, Since A is positive definite we get

}arsi=’09 hence A (m) > 0,

h
Terma, 2., If Vis an n x m mnatrix gm =n) and if A is an n x n matrix,
then for the m-compounds 7{i) ana ) one has

det (VA v) = v 0 g(mlylm)
Proof. By a theorcm of Binet-Cauchy 4) on compound matrices from C = AB
it follows that M= 2(mpl)  gopee

yo(m) () y(m) gy (2) o gy (V1AY), because VAV is an

nmx | omatirix.

3) Confer A.Cl.Aitken, loc.cit.,n.100
4) Confer A.C.Aitken, loc.cit.,p-93



We now proceed To prove the above theorem on matrices A,Z1,...,Zk.

Since A is positive definite, by lemma 1 also A(m) iz positive definite
n )

hence for any (m) x 1 matriz V one¢ has

vial®ly 5o,
> ()
Taking V= 7 A LD, i

T=1

one gets for all real xq,,u.,ky

k
go(m) () , Ga) o
PN VAN A VA z O,

"o=1 IS

hence det( Z£<m> alm) zs(m>) = 0.

Then by lemma 2 one obtains

gﬁf(dct(Z£ A ZS)) z 0,

It is not without interest to investigate some cases in which the last
. . . . . , . m
relation is an cquality. Now since in lemma 1 the matrix A( ) was Dro -
ved to be positive definite, this can only occur if V=0, i.e. 1if
k

’ 5 m
(1) Z My 2, (™) = o (NyyeewsA, nOt all =0)
Now we denote the m columns (m x 1 submatricos) of Zr by Zq s s B

(r=1,...,k), which w¢ inturprcteas points in a projective space Gm
: - il

of m-1 dimcnsions. The lincar sgnace gencrated by will be

Zr.lydbﬁl)zrm
denoted by X (r=1,...,m).

Now obviously the rclation (1) is equivalent to the relation
k
(2) L g (2o e o By g - ouy) = 05

r=1

hoere Upiqoe e oby denote arbitrary points of Gm’ turther

. e u . . denotes the determinant the columns of
(Zr1 2y Ymet un) ~ - =

which arc =z_ .. R b R
h r1

“Zrm Y1’ n
7o further resark that if the rcelation (w1~- Sy Uy g ..un) =0

holds for arbitrary Up g - sUp the points Wqg e e sV belong to a

}h 19 and converscly.

e discuss the relation (2) for some valucs of k.

I. k 1. Then 21(m) = 0, hunce all m x 1 minors of Z,l are = O,

1l

hence the points Zyqeeerabyq, are lincar depcendent and so belong to

. 5o
2 Gm 1 Converscly if these m points belong to a Gmr1’ then 41( )= 0.
II. k¥ = 2. We¢ may supnose that both X1 and X2 arc Gm's, for otherwisc

) . )
~¢ are in case I. Hence A1x2 = 0.
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In the case n > m in (2) with k=2 we put Upeq = Zqg (FL=1,00.,H)'

Then it follows that 2z, € X, , hence
w2 -
X1 < X2, conseguently X1 = X2, In the case n = m onc has X1 = XE ’
since both arc equal to the whole space G-
Conversely if tho Gm‘s X1 and I, arc cqual, then there exists an
m X m matrix T such that

Z zZ,T,

2 = ™
hence by lemma 2

Z2(m) _ 21(m>T(m),

where T(m) is a scalar this proves (1).
III. k = 3. V¢ may supposc that A1,XQ and X3 arc Gm's and moreover
that X, # Xy 4 %, # X3 44 # 4, , for othirwisc we are cither in casc
I or in casc II. k
Henee ST £ 0 and n > m. Since X. # X, there exists a point x in

<
X3 which does not belong to X
substituting u

1‘
= x in (2) we infur

T+ 1
(3) K1<Z11’ CoPqm Ui ‘un)+%2(221“““’z2m £ Upype ‘un) =0
for arbitrary Woipes oooW,e I x would belong to X, then we would get
>‘1(Z11‘ CoEqp X um+2°‘°un) = 0,

henee  xe X, on account of A, # 0. Thus x gLy

Then applying case I on the relation (3) uscd with m+1 in stead of

m we¢ £ind that the two G

m+1‘s generated by x and X1 and by x and X2

arc cgual. Conscquently by a well known theorem the interscction S of

X1 and X2 is a Gm 4 Substituting Upeq = S in (2), wherc s is an arbi-
- “r
trary point of O we infer
A v . -~ 7 - ve oo =O
3(234 Z3m S Va2 up)

for arbitrary u U, hcnece s e X3 on account of KB £ 0.

m+2 "’ n
o

Conscquuently s c X3 o

aQ

The above G contains S and morcover x. Obviously x ¢ S. Consequently

m+ ]
the intcrsection of this Gm+1 ana the Gm.gcnuratud by x and S is a Gm

'

and this Gm = Xy since X e X3, S c X3.

0 in this casc ILI we find that the intorscction of X1,X2 and X3 is
a Gm~1 and their union is a Gm+1’
Converscly if XT’XZ and XB are Gm's and arc mutually diffcerent and if

o~

their interscetion S is a G 4 and thelr Union R is a G
holds with k = 3.
To prove this rosult we choose m-1 lincar indepcendent points s

peq? then (1)

19°° 95
in S. Let 2. belong to K1 but not to S, lct e belong to K2, but not

‘to S. Since thu G, gencrated by a, and a, .nd XB(which is a Gm) belong
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to0 R{which is a Gm+1

there cxists a point a3 in XB such that

) thc int.rscction of Gy and X3 is a G1, Hence

Py o8y tpraay = 0y pyppy £ O
Let A denote the matrix with columns S (r=1,2,3)
Then we have
Mqhg oAy +/,L3A3 = 0.
Furthcer thirce exist nonsingular matrices Tr such that

A, = 2,1 (r=1,2,3).

Hencc
M Dy Ty + (o515 +/A3ZBT3 = 0.

Again using lemmz 2 and the fact that T (m) is a scalar #£ 0 (r=1,2,3)
r
we get

(m) (m) (m) _
ATZ1 + Azzg + ABZB = 0,

whore (m)
aom
Ay o= pLT £Z0 (r=1,2,3),



