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§1, Introduction

In this report the letters O’,%,CL S&, 0: U:l),' 7/, etc, denote

collections of subsets of a given space, The collection of finite
intersections of sets taken from (\is denoted by CX} the family of ar-
bitrary unions of sets from QL is denoted by Cﬁﬁ

We define the operator y on the collections of subsets of a set by
y(Q) = QM.
We say that a set A is generated by Qlin case Acy(().

Let {X,CT} be a topological space., As is well known, a subbase g>for
the topology (¥ is a collection of subsets of X for which y(K) = ¥
This report treats subbases which are minimal in the sense that no

proper subcollection of 3 generates the topology (-

A subminispace is a topological space which has a minimal subbase,

The ordinary subbases in general topology are seldom minimal in the
sense defined above., However, it can be shown that each metric space
is a subminispace,

The class of subminispaces is closed under the taking of disjoint
topological unions and topological products. Any arbitrary topologilcal
space X can be embedded as a clopen subset of a subminispace Y so that
Y\X is discrete. It is also possible to embed X as an open dense subset
in a subminispace Y. These elementary properties on subminimality will
be proved in §2,

We also construct some examples of topological spaces that are not
subminispaces, one of which is a completely regular space ]}ee §h]¢
Finally, it can be shown that any topological space can be embedded

densely or clopen in a space that is not a subminispace [Eee §5]0

One can define analogously the class of minispaces:

A collectionPBof subsets of X is called a minimal base for the topology
3 v . . .

O/lf O=%" and if no proper subcollection ’l/c.@ is a base for (F A

topological space is called a minispace if it possesses a minimal base.

The class of minispace does not prove to be very important however.

Each T1eminispace is a discrete space and in the case of TO

topology is completely determined by a partial ordering on X and a subset

-spaces, the



CCX of "central points". It is true however, that each T,-space can be
densely embedded in a Ty-minispace ‘}ee §3]n

Although the definitions of minimal base and minimal subbase seem to

be connected, the resulting classes of spaces are completely independent.

The proof of this independence of the two classes will be given in §5.

The proof of the theorem that each metric space is a subminispace will

appear in a separate report. See D].



§2, Elementary properties- of minimal subbases-.and subminispaces.

Definition 1: A subbase Sis called a minimal subbase i1ff there exists

no proper subset-2' of % with y(%') = v(3).

Definition 2: A topological space {X, Ol is called a subminispace iff

there exists a minimal subbase & for the topology 0%

Proposition 1: The following are equivalent:

1) &8 is a minimal subbase.

2) for each UeX, y(B\{U}) # y(%).
3) for each Ue$, U & y(B\{U}).

proof: 1) > 2) is trivial,

The following well known properties of y are used in that which follows:

a) for each O.,«T)QC.@=> Y@ c vy(@)
b) for each QU Ocy@
c) for each QL Yg(a) = y(Q).

2) » 3). Let UES, and suppose that Uey®\ {u]).

Then UE v(%\{U}) and %\ {U}C v(3\{U}) by b) and so 3cy(&\{uv}).
By a) and ¢), v(3)cy2(@\{U}) = (3 \{U})C y(R) and hence v(8) =
y(3\{U}), which contradicts 2).

3) > 1). Let %' be a proper subcollection of L.

Then there exists a set U€3\Q' which implies that U & y(8\{U}). By
b) UEY(R) and by a) y(Z)Cy(%\{U}). From this it follows that y(R')
# v(2),

The characterization 3) of minimality of a subbase means that a subbase
is minimal iff no element of it can be generated by the others. This
illustrates some kind of "Boolean independence" of the elements of a

minimal subbase,

We have the following corollary:
Corollary 1: If S is a minimal subbase, then ¢ &%.

proof: @ ey(3\{g}).



Remark: If we accept the convention that .QQ¢ Ua = X, then in the same
way one can prove that X ¢%ir L is minimal. In this case, a space is

indiscrete iff it has an empty subbase for the topology.

Proposition 2: BEach finite space X is a subminispace.

proof: If X is finite, then any subbase'%for its topology is finite.
Therefore there exists a subcollection X' c_:_/?) which is a subbase of X

while no moper subcollection of %' is a subbase.

Remark: In the proof of prop. 2 , the finiteness of &' is essential.
Any subbase for the real line consisting of open halflines (-, a)
or (b, ») contains a proper subcollection that is a subbase for the
real line, Hence it is not generally true that any subbase for a
subminispace (the real line is a metric space and therefore a submini-

space) contains a subcollection that is a minimal subbase.

Proposition 3: If -{XOL, O’u} is a collection of subminispaces, then

the topological product

ae I
OLHGI Xa 1s a subminispace.
proof: If ocHCI Xoc = (@, then the proposition is trivial. Hence we suppose

that a]l’;I Xa # 0.

For each agI, let gu be a minimal subbase for the space XOLn
Let % be the collection -[ﬂ;1(Ua) |Ua€8a, aell,

We show that O is a minimal subbase for the product topology-

Suppose that @' is a subcollection of 8 which is still a subbase for
the product topology on X, Then the collection 8& = {ocxa|ﬂo¢-1 ()R}
is a subcollection of 'ga which is still a subbase for ch' Indeed, if U
is an arbitrary open subset of X then ﬂ;1(U) is a union of members
("), Because the o'th projection of a member of (6&)/\ is @, X or a
member of (S&Y\ it follows that U is always a member of Y(‘g&).

The collection f% is a minimal subbase for Xu’ so we have {SOL = 8a' for
each o, and consequentlygu = 8& The proposition now follows.

From propositions 2 and 3, we have the following corollary:



Corollary 2: Any Cantor space (product of topological doublets) is a

subminispace.

Proposition 4: If {Xa’ O;} is a collection of subminispaces, then

aoel
the disjoint topological union is a subminispace.

H ! n = 3 ®
proof: We may suppose that Xa XB @ for a # B
For each a, let f% be a minimal subbase for the space {Xa, CL}Q Then

k} g) is a minimal subbase for the disjoint union of {&x,cz}

o€l ~u a& I’

Corollary 3: Each discrete space is a subminispace. (It is the topological
union of finite spaces).
The space of the irrational numbers is a subminispace. As is well-known

this space is homeomorfic with a countable product of countable spaces.

Remark: In the example of the space of integers £, we can construct
for each k > 1 a minimal subbase consisting of sets each containing

k-points. Take for example 5; = [Ou|Ou = {u, utl, ooy u+k—1}, ué:Z}.

If we take Ou fromugk, we get a topology in which u—1<£{u}' and

u+k € {utk-1}". Hence;ﬁ% is clearly a minimal subbase.

The subbase consisting of the sets A = {t€Z[t > u} and B, = {tez|t < ul

is also an example of a minimal subbase for the space Z.

A subbase of this type in a totally ordered space is not necessarily
minimal. For example, it is not possible to construct a minimal subbase
for the real line consisting of open half lines, However we have the

following proposition:

Proposition 5: The spaces Wa consisting of all ordinals less then o with

the usual topology is a subminispace.

proof: In this case there exists a subbase:g consisting of open sets
of the form (0, B) and (B, o) which is minimal.

Take 5 = 81 u52, where

.g1 = {(o, B)|O < B <a, Bis not a limit ordinall

3?2 = {(8, a)IO <B+ 1 <al



It is well-known that the collection §1'u82 where 81' = {(O, B)|o < B
< a} is a subbase for the space W
If vy is a limit ordinal and y < o, then

(0, y) =U{(0, B)|B < vy, B no limit ordinal}.
Hence §1'C Y(S1) and so 2is a subbase.
The minimality of 8 follows from the following two relations:

I. If (o, B)e_g1, then there is a B' with B = B' + 1,
In the topology y(3\{(0, 8)}), there does not exist an open set
that contains B' and not B: (0, B) & y(3\{(0, 8)}).

II. If (B, cx)egg, then there does not exist in the topology
y(3\{(B, a)l) an open set that contains g + 1 and not B:
(B, o) & yB&\{(B, a)i).

The following proposition illustrates the fact that subminimality is

not a hereditary property.

Proposition 6a: Any topological space X can be embedded as a clopen

subspace of a subminispace Y such that each point of Y \X is an isolated

point,

Proposition 6b: Any topological space X can be embedded as an open dense

subspace of a subminispace Y.

proof: Let S be an arbitrary open subbase for the topological space
X which does not contain the empty set. Then we take for Y the set
Y = XU(K8x {0, 1}).

We define the collections 81 . g2 and 33 by :

31 = {uu{(u, 0)}|ue 8]

5, = wul(y, njes
5?3 = [{(u,0), (u, Nljve3]
For each Sef we have S5 = (SU{(s, 0)})N(sU{(s, 1)}).

Ir V€3, U8,UL,, then either VNX = § or vnxeX,

TS

ad a): We consider the topological space {Y, y(g*)}, where %* = §1u 5
vs,.
As for each V& gx‘ VNX = @ or VvNXER the relative topology on X as a



subspace of Y is exactly the topology generated by f%and therefore X
is topologically embedded in Y. From the fact that X =lJ{Uhﬁ£€§ and
the fact that each UE5 is open in Y, we have that X is an open subset
of Y. As Y \X =U{U|U€.33} ié open we have also that X is a closed
subset of Y.

The minimality of the subbase 2" follows from the fact that both sets
containing the point (S, 0), resp. (S, 1), are needed to generate the
open set {(S, 0)}, resp. {(8, 1)}.

o ° e
ad. b): We consider the topological space {Y, y(% )}, where

g =8,u8,.

As before we see that X is embedded as an .open subspace of Y. But now
VNXeR for each V€2 ; since ¢ &3 we have that for each V€ S,

VNX # @, The intersection of two different elements of‘f;ﬁ* either is empty
or is a subset of X. Hence X is a dense subspace of Y.

The minimality of the subbase £ follows from the fact that each

point of Y \X is contained in exactly one subbase element which together

B e
form the subbase & .,

Corollary L: If we assume that there exists a topological space that

is not a subminispace (such spaces will indeed be constructed in section
4) we see that the property of subminimality is not inherited by
arbitrary subspaces, open subspaces, closed subspaces, clopen subspaces,

or dense subspaces.

Without proof we mention the following proposition.

Proposition T: Each metric space is a subminispace,

The proof appears in a separate report. See []].



§3., Minimal Bases

Definition 1: A base(® for a topology is called a minimal base iff there

exists no proper subcollection (v (2 such that (& is a base for the

topology generated by(%@

Definition 2: A topological space fX,(?} is called a minispace iff

there exists a minimal base for the topology U.

In this section we restrict ourselves to To—spaces.

Proposition 1: If ® is a minimal base for a space X, then for each

0€(® there exists a point x. €0 such that each neighborhood of x. contains

0 0

0; O is the smallest neighborhood of Xy
proof: Suppose, on the contrary, that for each x€ 0, there exists a basic
neighborhood U(x)e(® of x which is properly contained in O, Then we

have O = l\j U(x) and consequentLy(b\{O} is a base for X which is
x€0
properly contained inG. This contradicts the minimality of Q.

Definition 3: An open set O is called a central open set if it is the

smallest neighborhood of some point x&O0.

In a To—space, a central open set cannot be the smallest neighborhood

of two different points. Hence we can define:

Definition 4: The point x is called the central point of a central

open set O if O is the smallest neighborhood of x.

A point is called a central point if it is the central point of some

central open set. It is easy to see that in a T, space there is a one to

0
one correspondence between central open sets and central points.
As it is impossible to generate a central open set by taking the union

of other open sets, we have the following propositions and corollaries:

Proposition 2: If O is a central open set of a space, then 0&€d for

each base(® for the topology of the space.

Corollary 1: Each base @ contains all central open sets of the topology.



Corollary 2: A base consisting of central open sets is a minimal base.

Combining with prop. 1 we have the following characterization:
Corollary 3: In a minispace there exists exactly one minimal base (B,
Corollary 4: Each finite space is a minispace.

proof: In a finite space each point is a central point. The corresponding

central open sets form a base for the topology.

As an Example of a Ty-minispace, we take the following "partially
ordered topology", which proves to generate the whole class of T .-

0
minispaces.

Example: Let X be an arbitrary set and let < be a partial ordering on
X, Let C be a subset of X such that the following conditions are ful-
filled:

D% ex hecP oo
2) Va,becvxex I:a <xand b < x3 3c€c [c <x,and a <candb f_c]]
3) Vx,yé:X [(VCGC l:c fx=c iYJ) <— X iY]-

1) means that any element of x has an <-predecessor in C.

2) means that any element that'is <-preceded by a and b has a
<-predecessor in C that is also <-preceded by a and b,

3) means that x <-precedes y if and only if all the <-predecessors of

x also are <-predecessors of y.

Now we define a base @ for a topology JS by
@ = Jo(c)|cecC] where 0(c) = {x|c < x}.

By 1) and 2)(his a base for some topology on X and by 3) this topology
is a T -topology. It is easy to see that all points c€C are central
points and that the O(c) are the corresponding central open sets. Hence

X, JC is a minispace.
<

Now we show that any To-minispace has the form described above,
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Let {X,0} be a T,

X. Define a partial ordering < on X by:

-minispace. Let C be the set of all central points in

x iy <=)VO€O' LXGO = yéO:].
It is easy to verify that < has the properties of a partial ordering.

Now we have that if O(c) is the central open set corresponding to the

central point c, then:
c < x <= x€0(c).

Since {0(c)|c<C} is the minimal base, we have that.

\

cec L2x= eyl =V, ¢ xeole) = yeo(e)] = ...

CM\/OéG[er=> yeo| = x < y.

Hence condition 3) is fulfilled. It is easy to verify 1) and 2) because
these are formulations of the basic properties of a base for a topology.

Thus we see that {X,(ﬁ} is homeomorphic with the space {X, JS}.

So we have proved the following characterization:

Proposition L4: A space {X, @} is a minispace if and only if it is

homeomorphic to a space {X, JS}o

Corollary 5: Let {X, JS} be a T,-minispace, then x, JS} is discrete.

} is a T,-space, then x <y iff x = y. From this it

proof: If {X, J
follows that C

1
X (each point of X is central) and 0(x) = {x}. Hence

A Q

the minimal base consists of all singletons of X. Thus the space is

discrete.

Proposition 5: a) Each open subspace of a minispace is a minispace.

b) Each closed subspace of a minispace is a minispace.

proof: a) If x, JS} is a minispace and O is an open subset of X,

then 0 = U{0(c) |ceC No}.

Hence, the collection {O(c)|c&CNO} is a base for the relative topology
on O consisting of central open sets, which implies that O is a

minispace.
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b) If {X, JS} is a minispace and G is a closed subset of X, then we

have that for each central point c€C, c€G <= 0(c)NC # @,

Because the intersection of a central open set with G is empty or contains
the central point corresponding to this set, we have that the collection
{Gf\o(c)h:GCTWG} is a base for the relative topology on G, consisting

of sets that are central open in G. Hence, this is a minimal base,

Remark: A subspace of a minispace is not always a minispace. We give the

following example,

Example: Take for X be the set R of all real numbers. Let < be the
usual ordering on R, and take for C the set @ of rational numbers.
It is clear that the conditions 1), 2) and 3) are fulfilled, hence
{R, J?} is a minispace. But in the .subspace .consisting of the irrational

numbers, there are no central open sets,

Proposition 6: a) The disjoint topological union of a collection of

minispaces is a minispace.

b) the box-product of a collection of minispaces is a minispace.

proof: a) Let(}& be a minimal base for X , then U Gsa is a minimal

{J o€
base for weT Xua

b) Let(ih be a minimal base for X . Then(y = {Oa(ca)lcaezcu}, where

Ca is the collection of central points of Xas

It is easy to see that in the box-product topology a point x = (Xu)ae:I
is central if and only if xae‘. Coc for each o€ 1.

In this case the central open set of (xa) is exactly the product-

ael
set I, O(xm)c Hence,the collection b= {ou'u:I oa|ooc&0>a Vu G.I} is a

minimal base for the box-product topology.

Remark: The topological product of minispaces is not always a minispace.

We give the following:

Example: The Cantorspace is the product of a countable collection of
doublets (which are clearly minispaces) and contains no central open

set,
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Proposition 7: Each T . -space can be densely embedded in a T -minispace.

0 0

proof: Let @ be an arbitrary base for the topology O of the space X such that
0 ¢@. If each set of is central open, the space was already a mini-
space and there is nothing to prove. Hence we suppose that (& contains

open sets which are not central open.

We take for each non central open set BEX a point cy & X such that

cy # cys for B # B!

Let X .= X\J{CB|BE£E5 B not central open}.
For each 0, O open in X we define:

0 =0 U{cy|Be®, BcO],

Now we have: 1) § = @ /595\? ¢ &
2) 0,Nn0, = ouﬁoa~
3) 0,0, <= 0,0, o
4) 0= U{B|BEG BCO} for BCO = C,eBCO.

- -~ ~

Thus the collection {0|0€ 0} is a base for some topology on X .

By 4) we see that {EIBGCB} is also a base for this topology. From the
definition it follows that cBeﬁ <= BCO <= BCD,
Hence c_ is a central point and B is its central open set. Thus X is

B
a minispace-
As BNX = B # ¢ for any BEX, X is densely embedded in the space X,
From the fact that 0NX = 0, we see that the embedding is also a topolo=-

gical embedding-

Proposition 8: a) A minispace X is compact if and only if there exists

a finite set of central points {01’ ceey ck} such that X = ﬁj O(cJ.)e
J=1
b) A minispace X has a countable base if and only if the set of central

points is countable.
proof: Trivial.
Remark: A quotient space of a minispace is not always a minispace.

We have the following:

Example: Let X1 and X, be two disjoint copies of the real line R. Let

2
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< be the usual ordering on both X1 and X, and let Q‘1 “and Q2 be the sets

2
of national numbers of X, and X,.

Q, (X2 Q,)
On X1 we take the mini-topology J_ 5 on X2 we take the topology J_ .

Let X be the disjoint topological union of X, and X2; then X is a mini-

1
space. The quotient space of X which is formed by identifying the two
copies of a single real number x for each x€R is not a minispace.

Tts topology consists of the open half lines {(a, w)lae]R}.
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§4, Examples of spaces without minimal subbases

As has been shown in the previous section, i1t is not hard to find

topological spaces that are not minispaces (each non-discrete T, space

is an example). In this section we construct three examples of ;paces
that are not subminispaces. For each example the non-existence of a
minimal subbase can be derived by "set-theoretical argumentation". The
first two examples are minispaces. The third example is a completely
regular space which consists of a "large" discrete open subset conver-

ging to an accumulation point-

Definition 1: A directed doublet D is atopological space consisting

of two points {0, 1} with the topology: {@, {1}, {0, 1}}.

Example 13 The box-product of a countable collection of directed doublets

is not a subminispace.

Remark: By §3, 4 prop. 6b and cor. 4, this space is a minispace.

o > .
proof: We denote the box-groduct by X = kg1 Dk and 1ts topology by (.
Each point x€X, x = (Xk)k=1’ where x, = 0 or 1, is a central point

and its central open set O(x) consists of the point y = (yk);=1, with

Ve 2 % for each k€N,

If we define: N = {kéyN|xk = 0}, then we have
yeou)<e)%ﬁﬂf

It is easy to see that there exists a one to one mapping ¢ from EN

onto X defined by:

o(A) =x iff N_=A

We have that if NXmNy = N_, then o(x)No(y) = 0o(z).

Let us suppose that 2is a minimal subbase for the space {X,{T}, We
derive a contradiction by the arguments following below.

1: Because Ris a subbase, & is a base and therefore AN contains the
minimal base @30 = Jo(x)|xex].

2: If S< >, then there exists a point x €X such that 0(x) ¢:G€>\{S})A.
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For if we suppose on the contrary that GDOC(S\{S})/\ then g\{S} is

also a subbase. This contradicts the minimality of _9)9

: If 0(x) & (B\{8})" and k, leW, k, 1 € N_ and if we define y and

z by: y = ¢(NX\J-{k}), resp. z = ¢(qu{l}), then we have that
0(x) = O0(y)No(z). So it is impossible that simultaneously
o(x)e B\ {s})" and 0(y) e(B\{s])\

: If lI\I\I\Tx is infinite, where x is some point of X such that O(x) &

(B \{s})/, then there exists an infinite set | such that for

Lo
each m€N the central ope}n set O(xm), ‘Where x = ¢(NXU {n1 s ocos nm}),
is not contained in (%\{8})\. This follows by induction from 3.

: If 0(x) & (3\{s})", then O(x)CS,

We have that 0(x)C €”" and 0(x) & (5\{8})/\; hence 0(x) = S1ﬁ...ﬂSk

where S = Sj for some j, j = 1, coo, Ko

: If 0(x) & (6\{3} )\ and if A is an infinite subset of N, then there

exists an infinite subset B = {nk};=1, BCA, such that for each m,
O(xm)CS, where x = ¢(qu{n1, coss nm}).

For if AFlNX is infinite, we may take B = AﬁNX.

If AON_ is finite, then A\I\TX is infinite and we construct as in k4
an infinite subset B = {nk};=1 of A\N_ such that for each m, O(xm)
& (B\ {s])", where x = ¢(NXU{n1,M., nm}). From 5 it follows that

O(xm) is contained in S.

: Let p = {1};___16.)(0 Then O(p) = {p}. As O(p)eg/\, there exist elements

S5 cres ske% such that O(p) = §,M...NS,, By 2 we have that there
exist points q;, ..., q such that O(qi) & (%\{82})/\.

: Let A(B, 1) denote the statement:

=1 such that for each m&M,

1 1 _ 1"
we have O(x )CS,, where x =¢ (quu{n1, ceey nm}) .
It is clear that for B', B infinite, B'C B the implication:

A(B, m) = A(B', m) holds.

"B is an infinite subset of N, B = {nj }:

: Now we have by 6:

a) There exists an infinite subset B1 of N such that A(B1, 1) is

true,



16

b) If A(Bl, 1) is true for some 1 < k, then there exists an infinite

subset B. . CB. such that A(B

141 1 1+1) is true.

1412
10: By induction we conclude that there exists an infinite subset B
of N such that.A(Bk, k) is true. Because of the fact that BkCIBl

for 1 < k, we have that A(B,_, 1) is true for 1 = 1, ,.., k.

k’
Let Bk = {nj}§=1 and let m be some natural number m > 1,
Let r = ¢({nT, soo s qm}) and let r, = ¢(Nq LJ{nT, coes qm}) for
1
l=1, 200 9 m’)
. k
Now we have O(r)C:O(rl)CSl for each 1 =1, ..., m; hence O(r)c;{: 8,

= {p}-

Since r # p and r€0(r), this gives the desired contradiction.

Example 2: This is a subspace Y of the space X from example 1.

Y = {xéiX|NX is finitel.

As Y =1)J0(y)|y€Y}, we see that Y is an open subspace of a minispace
and therefore by prop- 5a, §3, Y also is a minispace. The minimal

base is a countable base.

The fact that Y is not a subminispace can be proved by repeating the

argument given in the proof of example 1.

Example 3: Let m be a cardinal, such that m is not the sum of a countable
collection of smaller cardinals, and let A be some set with cardinality
m. The space X will consist of the set A x A and a single point

w& A x A, We define a topology O on X by means of the following neigh-

borhood bases:

a) For each point (x, y)EA x A, the set {(x, y)} is open.
b) A subset UCX is a neighborhood of the point « iff «&U and for each
x €A the set {y€A|(x, y) £ U} has a cardinal number < m.

This topological space is not a subminispace.

proof: From this definition and the choice of m, we have that the inter-
section of a countable collection of neighborhoods of « is again a
neighborhood of =. As each closed subset not containing « is clopen,

the space is normal and therefore completely regular,
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1) The point = has no neighborhood base with cardinal < m. For if
{Bx}xeA is a collection of neighborhoods of =, we choose for each
XS A a point yxe{yéA}(x, y)G.BX}o Now the set U = X\{y'x}xeA is a

neighborhood of « such that B, ¢ U for all x&€A,

2) Let w be the weight of {X, O}, From 1) we' conclude that w > m. Let
£, be a subbase for the space {X, 0’}, then we have card () > w > m.

3) There are m x m = m isolated points in the space {X, (0t. For each
of these points there is a finite collection of elements from S
that generates the singletons consisting of these points. The union
of all these collections is a subcollection 81C.3 with card(81) < m,
Hence we conclude from 2) that card (3\51) >m > f;loo

4) Suppose that % is a minimal subbase. Because each set not containing
» 1s contained in Y(S1), we deduce that each setin 3\51 is a
neighborhood of o,

Now let O& %\%1 and let V be some neighborhood of =, Now we have
VCO = V & y(3\{0}). For if Vvey(3\{0}), we know that 0 = VU(0O\V)
and therefore Ve&y(3\{0}) because of the fact that o\vay(51)o This

contradicts the fact that 5 is a minimal subbase.

5) Now we take a countable collection {Ok}:ﬂ from g\g1.
As kQI Ok is a neighborhood of =, we know that there exists a finite
intersection S1ﬁ s ﬂSk = U with »€UC .Ok and S1 5 cees Skgg.
By 4) we have that U € y(%\{ok}) for k 2, ++0 o Hence each

" s

|
1 H
Ok appears as some Sj for J =1, coo, n, This is a contradiction.
Remark: In the proof of example 3, the condition that m is not the sum
of a countable collection of smaller cardinals is essential for step
5). It remains an open question whether or not this condition is essen-

tial for the space having no minimal subbase. For example the case where

m = 18"0 remains open.

Remark: The space X of example 3 is the quotient space of a space Y which
is the disjoint topological union of m copies of the space Z defined

as follows: Z = A U{w}j where w is a point not contained in A; the
topology on Z is generated by a subbase containing all the singletons

contained in A and all the sets U containing w with card(Z \U) < m.
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It is clear that the space generated by identifying all the endpoints

Vo from the union Y = §{L ZX is homeomorphic with the space X. The space
7 is a subminispace. For ,let a be the first ordinal with card(a)

=m and let Wu be the space of all ordinals < o with its usual topology.
If we take the subspace W& of Wa consisting of o and all the ordinals

< o that are no limit-ordinal, then it is easy to see that W& is
homeomorphic with Z. The subbase constructed in the proof of prop. 5,
§2, 1s also a minimal subbase for the space W&,

We see that a quotientspace of a subminispace is not always a submini-

space.
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§5. On the independence of the existence of minimal bases and subbases.

Proposition 1: The properties "minimality" and "subminimality" are

independent.,

proof: We have the following examples:

! minimal base | minimal subbase

Discrete space, finite space + +

Cantor space, non discrete

metric space - +
Example 1, 2 (§k4) + -
Example 3 (8k) - -

Proposition 2: Each topological space can be embedded in a space that

does not have a minimal subbase,
a) as an open dense subspace

b) as a clopen subspace:

roof: a) Let x, O} be the topological space given in Example 1, §k.
Let {Y,l)@ be an arbitrary topological space. We may assume YOX = @,

U
Now we define the "directed topological union" XUY. This is a topo-

logical space consisting of the set X\UY and a topology that is defined

by R orx< O ana vco
0 is open in XUY <=

ONX = ¢ and ONYEV;
Because each open set which has a non-empty intersection with X contains
the whole set Y, we conclude that a minimal subbase é;for the space x UY
would induce a minimal subbase for the space X, namely the subbase =4
consisting of the intersections SNX where S€% and SNX # @.

Therefore XUY is not a subminispace.

b) Let {Y, U} be an arbitrary topological space with weight w. Let m
be a cardinal number > w such that m is not the sum of a countable

collection of cardinals < m.
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Now we construct the space {X,0} constructed in Example 3 (54) with
this cardinal number m. Then the disjoint topological union X UY is
not a subminispace.

This can be proved by taking some subbase 2 for XUY. As & is a base
there exists a collection W¢%” which is a base for the topology

of Y as a clopen subspace of XUY, such that card.(l” Sw<m

Then there exists a subcollection §2C8 with card (82) < m and
27@(82) . Let 53 be choosen so that {{x}|x&X, x # oo}c:y(‘gs) and
card (83) < m Put_g1 =_§2Ljf%, then we conclude as before that card
(8\%,) > m- The proof is completed as in section b,

Corollary 1: As the "directed sum" of two minispaces is again a mini-
space (as can easily be verified), we have by prop. 7 (§3):
Each topological space can be embedded as a dense subset of a minispace

that is not a subminispace.

proof: First we embed the space in a minispace (prop. T, 53) and secondly

we embed this minispace in a non-subminispace as above.

Remark: As the proof of prop. 2a) also works if we take example 2 (5L4)
in stead of example 1 (84), we may choose an embedding in a compact

or a non-compact space as we like.

Remark: From examples 2 and 3 (54) we conclude that neither of the
properties of complete regularity, or the second countability axiom,
are sufficient to imply the existence of a minimal subbase. However

both properties together imply metrizability and therefore subminimality.

Concluding we have the following invariants:

minimal base | minimal subbase

Topological unions + +
Topological products - +
Box~products + -
Open subsets + -
Closed subsets + -
Dense subsets - -

Quotient spaces - -
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