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A general fixed point theorem

In general topology there exist some fixed point theorems for contracting
mappings. Their common characteristic. is that they guarantee uniqueness
of the fixed point by means of a principle of contraction relative to the
metric of the space. In this paper we shall describe yet another fixed
point theorem of the same sort, orginating from a problem in differential
equations, and we shall give a generalisation to uniform spaces. First we
shall state two well-known contraction theorems and we shall then prove
the main theorem in & metric space and a uniform space separately. We
shall conclude by showing that the two well-known theorems are contained
in the main theorem, although we are well aware that they are easier to

prove by other methods.

Theorem 1. (BANACH) Let (X,p) be a complete metric space and let ¢ be a
mapping from X into X such that there exists a positive real number a
less than 1 with the property that p(¢(x), ¢(y)) < a p(x,y) for all x
and y in X, then X contains one and only one point x¢ for which

X, ) = x, holds.
¢( ¢) s
Theorem 2. Let (X,p) be a metric space and let ¢ be a mapping from X
into itself such that ¢(X) is compact and p(¢(x),é(y)) < p(x,y) for all
X, ¥ € X, then X contains one and only one fixed point relative to the

mapping ¢.

Convention. If X is a space and ¢ is a mapping from X into X then ¢O(x)
is the identity on X and ¢%(x) = ¢(¢n_1(x)) for every natural number n

and every x € X. Clearly ¢n can be considered as a mapping from X into X.

Theorem 3. Let (X,p) be a metric space, and let ¢ be a continuous function
from X into X which satisfies the following properties:
(1) 3:xo € X such that {¢n(x0)} ® is conditionally compact in X.
n=1

(ii) Yx € X; Yy €X we have 1im p(¢™(x),¢%(y)) = O.

n>e



Then the space X contains exactly one fixed point relative to the trans-

formation .

Proof. Since {¢n(xo)} ® is conditionally compact in (X,p) there exists -
n=1
an infinite subset M of the natural numbers such that {¢m(xo)l|n1e M}

is convergent. Let X
+
that {6™" (

0 be its limit. From the continuity of ¢ it follows

xo) | me M} is convergent with limit ¢(20).

Choose an € > 0.
From condition (ii)it follows that QNO such that for every natural

number n > NO we have

+
n 1(x

Xg)s9 0

Furthermore there exists an N1 such that

tald
~
A

¥meM; m> 0N, we have p(¢"(x

w|m

1 O)’ 0

and

m+1
(

VmeM; m> N, we have p(¢ xo),¢(io)) <-%.

Since M is infinite we conclude that p(io,¢(io)) < g for every positive

number ¢ and therefore X. has to be a fixed point of ¢.

0
Suppose §, is another fixed point, then lim p(¢n(io),¢(?o)) = 0. Since
n->oe
%, = ¢(xo) ¢ (xo) and J, ¢(y0) b (yo) for all ne N we have %, = §,.

Therefore 20 is the unique fixed point of the function: ¢.

Theorem L. Let X be a Tychonoff space and let ¢ be a continuous mapping

from X into X. If there exists a uniform structurej{cnlx such that

VxeX, YyeX, Vﬂed—[,aNoemsuch that ¥ n € OV with

n > N, we have (6%(x),6™(y)) € H,

then the following conditions are equivalent:

(i) 3 X, € X and an infinite subset M of N such that {¢m(x0) | me M}

is a convergent sequence.

(i1) The space X contains exactly one fixed point X, relative to ¢.

¢



(iii) For every x € X the sequence {¢ (x) | n e N} converges.

Proof (i) =» (ii). Let X be the limit of {¢m(x0) | me M}. From the

continuity it follows that {¢m+1(x0) | m € M} converges to ¢(%).
Let H be an arbitrary diagonal neighbourhood in #. Then there exists a
K € #bsuch that K = K| and K x K x K ¢ H.

There exists an NO € N such that

m+1(

(a) (¢m(xo),¢ xo))e K for every me Ny m > N

0.

(v) (¢m(x0),fc) € K for every m€ M; m > Nj.
+ -~

(e) (¢" 1(xo),cb(x) € K for every m€ My m > Ny.

Since M is infinite we can choose m sufficiently large in M and we

conclude that
(%,6(%)) € K x K x Ke H.

We conclude that (%,6(%))e N{H | H e#} and since X is a Tychonoff
space it follows that X = ¢(X).
Suppose that § is another fixed point of ¢, then

VieH; aNelN; Vn > N we have (6°(§),6"(%)) = (§,%) € H.

and hence (§,%)e N{H | H efl}. This implies that § = %. Therefore %

is the unique fixed point of ¢ in X.

(ii) = (iii). Let x, be the fixed point of ¢ in X and let x be an

arbitrary member of X. Let U be a neighbourhood of X then U contains a
neighbourhood of X, of the form: {y | (y,xo) € H} for some H ek, By
definition there exists an NO € I such that for every n > NO we have
(¢n(X),¢n(xO)) € H; hence (d>n(x),x0

in every neighbourhood of x,, i.e. ¢"(x) converges to x

) € H. Therefore ¢"(x) is eventually
O.

(iii) = (i). Obvious.




Proof of theorem 1. Let x and y be two arbitrary points of X. Then
+1 +1 +1 .
p (6™ (x),0™ ' (¥)) < Q. p(6%(x),6%(¥)) < o™ . o(x,y). Since o < 1 we

have lim p(¢"(x),6"(y)) = O. '
n-o n . .
Moreover, for every x € X we have p(¢n(x),x) < Z p(¢l(x),¢l_1(x)) <
i=1 -

]
1-0,

n .
< T o ple(x),x) < = p(4(x),x).
i=1

Therefore, for every k and 1 € N; k > 1 we have p(¢k(x),¢l(x)) <

1
a

k=L (%) . o(s(x),x).

sX) <

o(o

1-a

This implies that {¢"(x) | n e N} is a Cauchy sequence and from the
completeness of X it follows that its limit exists. We conclude that
{6 (x) | n e N} is conditionally compact, and theorem 1 follows from

theorem 3.

Proof of theorem 2. The proof given here is by no means the most

efficient proof of this theorem, but it merely is included to show that
this theorem may be taken as a consequence of theorem 3.

First, since ¢Dﬂ is conditionally compact, the set {¢n(x) | ne N} has
to be conditionally compact too; this implies condition (i).

In order to prove that Vx, Vy, lim p(¢"(x),6"(y)) = 0 we shall prove

that the diameter D(¢"[X]) L sup {p(a,b) | a, b€ ¢"[X]} tends to O

for n » =,

Suppose that lim D(¢n[?j) # 0 then also lim D(¢n['¢EX] ]) # 0. Define

n--eo n-»o
_ n-—/= .
X, = ¢ [ 6[X] ], then X 1is closed and compact for every natural number
n. Obviously Xn+1c: Xn and since Xn is compact we can choose in every
X ax and ay such that D(Xn) = p(xn,yn).
Clearly D(Xm) i.D(Xn) if m > n. The sets {xn} and {yn} are subsets of
<qu and hence relatively compact. Therefore there exists a subset M of
I such that both sequences {xm | me M} and {ym | m € M} converge to X
and Yo respectively. Since X and y, are in Xn for all m > n and since
Xn 1s clgsed 1t follows that Xq and Yo are 1in Xn and hence X, and Yo
are in (M Xn'
n=1



p(xq¥y) > lim inf D[Xm] llm Dﬁ(n] 11m p X 3¥,)
meM jm->o

Therefore p(x n ) which is non-zero by assumption. {yo} is

0*¥o)

closed in X and hence ¢ ( ) is a closed subset of X. o€ Xn+1 for

)n X 0 . {¢ (yo) n X, } ° is a closed nest
%=1

in the compact set X, and so ﬂ X 6 b (yo) # @. Let ¥, be a member

n=1

every n and hence ¢~1( Yo

of this set.
Similarly we can find a point x, e F\ X 0 ¢_1(x0). ‘
n=1

Clearly, p(x,,y,) _<_D(ﬁ X )3 o(xy) = x5 and ¢(y,) = y4.
n=1
Therefore p(x1 ,y1) > p(XO,yo) = D(F\ Xn) _>_p(x1 ,Y1)-
n=1

We conclude that the assumption lim D(¢"[X]) # O leads to a contradiction

n--o

and thus for every x and y of X and for every € > 0O there exists an NO
such that p(¢™(x),¢"(y)) < € for every n > N,; and also the second

condition of theorem 3 is proved.
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