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In his report "The expansion of & function into a Fourier
series with prescribed phases valid in the half-pericd interval"
(Rapport TW 33), Dr H.A. Lauwerier considered among other things
the problem of expanding a function f(x) in the interval (0,m)
into a series of the form:

(1) ﬁf b, sin (nx + ),

N="1

where p« 1s a real or complex constant with fk¥0, ‘Reftl( 5, To
this end he introduced the function

g,(z) = Z: b e ing (Im z >0).

Nzl

Defining @(w) and (t) by
§(-cos 2) = g, (2)
¢(-cos x) = £(x) ,
he proved that " . '
d(w) = (B -;f (Ao 8 ot .
21 '
Thus the coefficilents b  in (1) are given by

(2) 55;5(-%(34- 1yy 707 gs

/l
1 d 1 t
= o Sni’! (’1+s) ﬁ‘:’; (1) t%‘{z;)g) dt

(see formulas 3-15 and 5-2 in the named report). These formulas
hold under rather general conditions for the function ¢(t), e.g.
that 1t be differentiable in [0,'7]

Lauwerier further investigated the behaviour of b for large
n. He stated without proof that e.g. if f(x) is differentiable at
X=7r, one has 1)
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For the last line of p.13 should read
(Eu'l'"t - (2 {1+O(U)}

e’ -1
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(3) b, =42 A ¥ 2 ' B +0 nf'?*giﬁb,
? O(ap)  n'=8"  [(o2p) nHeR ( Bj
where ;
A . 1 1-t M t) - 1 1
@ a--d ) G AL g
-
1 -tk ()= @(-1) 1
(5) B=g5 5 (=5) \( )tfﬁ TN (SR
-1

(see formulas 5-8 and 6-3). In this report a rigorous proof of (3)
will be glven and even an asymptotic expansion of b will be ob-
talned (see (17)).

In the case that w(t) is analytic one can modify the path of
integration In the inner integral and thus obtain the analytic
continuation of thils integral as a function of s over the whole s-
plane with the exception of the points s=+1. Then one can apply
the method explained in a special case in section 4 of the report
mentioned, dealing with integrals of the form ?"ﬁi' §'—rﬁ-_’f Y (s)ds,

where IP(S) 1s analytic for s# +1. In our case, where we do not
assume analyticity of kP(t), we have to follow another procedure.

Throughout this report we shall suppose that ¢ (t) is inte-
grable over (-1,1) and that at t=-1 the first k right-hand deri-
vatives of kP(t) and at t=1 the first k left-hand derivatives of
Y(t) exist, where k is some positive integer. We then can find a
sequence of polynomials gq(t),gg(t),..ﬁ,ggk(t) satisfying the
following requirements:

19, gj(t) is a polynomial of degree j-1 (J=1,2,...,2k)
20. at the endpoints one has, for 1=1,2,...,k,

{o(th)i"q) as t - -1

P 8ay4(0) = o((1-t)1)  as t = 1

P(t)-goy(t) {0((4+t)i) as t—» -

o((1-t)Y) as t— 1 .

In particular, gq(t)=\f(—1). Further we shall denote by e the
highest coefficient in gj(t) (j=1,25...,2k). We finally put
Re ¢ =

With the above assumptions and notations we shall derive the
following asymptotic expansion:

(6) v, = %;Jﬁ ¢(-cos x)-gy, (-cos x)}sin(nx+¢xﬂﬁdx +
0 k f 4 )'
- égi {2, (n) Ap+bp(n)Bp} + O(—g).

where



2p-2 2p-2
(1) ogn) = i § B2 (i) (et e,
2 2 2p~2
(8) by(m) = - opr § 28y (2 L) —
/‘

1 1ty (e t ¢2p-
(9) Ay =g | (G Hilen =alt)y ar o

(£-1)P(t+1)P"

1,
i - k'P(t) n(t ¢2
(10) B = m ;{ el (t- 1)%?t+1§p I st

We shall first deduce (6) and then discuss this result. For
the proof of (6) we shall use that

1
(11) 2p(0) = Olgmrra)s %) = o) -

n

These estimates are obtained as explained in Rapport TW 33 (in
particular §'&), and will also be deduced at the end of this report.
Further we shall use a certain mixed expansion of f%E . We have

(12) = g + ey
and also
Tz = T¢1 Y EEETeEY

Applying alternately (12) and (12') we get

1. ()P @) & (201)P(ae0)P
3 e p=1 (£-1)P(t+1)P~" = (£-1)P(t41)P '
. (z-1) (z+1) 1

(t-1)%(t+1)E T2 7

We shall successively deal with the integral in the right-hand
member of (2) with (i) replaced by 8oy (t) and ?(t)—gek(t) respect-
ively.

: ds_ (1-s Mo Tmt M at
I. Put B = O 5y (138) - j ) et T
g p\st g

Further writ%
(z) = 3 [ (50 eple) &5 (2 ¢ ©1,1),
21
o

Flz) = g [ G sadw) %5

where C 1s a simple contour around the points -1 and 1, which does
not enclose the point z. We have

F(z) = é% (e~fﬂ?1_e*”"i)1(z)u - sinprr |, I(z).
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Further, using (13), with t replaccd by w, we have /
2K
F(z) = 52; F (z) + R(z),

where

Fep__q(z) = 2%{‘J‘ (Tv:';‘_‘;;')fd 82k(w) E

Fop(z) E"I_f G goi()

R(z) = mir [ (D £ (W) E:
C

Now, by the calculus of residues,

dw
w-1)P(we1)P”

:ﬁTI‘Jﬂ (W?T 8op-1(¥) (

1 J‘ (w—1)pt dw
g, (w) = C ,
27l Wi 2P0 (wa1)P(ws)P  @P

dw e g2k(z)
(w-1)(we1)E (w-z) 2#10 (2-1)K(z+1)®

Eﬂi Jr (w+ﬂ 8oy (W)

since the residuec at the point w=09 are successively equal to

0
°2p~1’ cgp,O. Hence, by 27,

- - - ggk(t)"gg __q(t)
F2p~1(z> = (2-1)P" " (z+1)P" g Cop-q” Elﬂiﬁﬁ Jﬂ (2+§)F - L7

(£-1)P(t+1)P7"

1
,
- 1- F&Sgk(t)"gg (t)
Pap(s) = (2-1)(z+1) 77 {C2p~ o J: () (t-ﬂ)p(t+i)p dt} ’
R(z) = - (1) g (2).
So we find
() b= § s (157K (er )

= é%% {ap(n)Aé - bp(n)Bé} R

where

_a 4 t\}"‘ g?k(t) gg 1(13) 2 __1
Jﬂ (1t (-1) p(t+1)p”’ - slnp

¢

o,
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4 .
B - 1'~f (A=) 8o (t)-85,(t) ge _ 22D
p Tw 'H‘t (t-’[) (t+,‘)p sinpr

21
and ap(n) and bp(n) are given by (7) and (8).

Here we have used that

s $-22 (52 R (o)) = - oy $-2r sy (b(sed) = o,
II Put 5 1
o) - SE H_q_ J‘ (Aztym v (8) dt ,
?'n"f n+i T-i—'é' b - T‘F‘E t—%(s%)

where W (t) = (t)-g, (t). Further take S::%—and write

b, = Eﬂi §‘ _DH1 (1+s = I+t 3’

say. We first deal with Iq. In the expression for this quantity we

interchange the two integrations and then modify in a certain way to
be described below the path of integration with respect to s. For

fixed t the factor —~—~——T~ has two simple poles at the points s
t+~(s+—) 1

and Sy glven by

s = -t + 1V (Im s, >0, Im 8,<0).

1,2 7 1

One has

1 - 28 _ .28 g 1. __1 }
t+%(s+%) (s—sq)(s—se) 8-8p [ 8784 8783

Further, tz-%(sq+%~) = -3(sp+ g—), hence
1 2
- - 2
e+1 _ 1784,% -5

T=T ~ (1+s,‘) = (m‘g) ’

Next, ,_4 2pm

(71’15%) o T (LatyM (1+82) it (AEyk
Hence the sum of the residues of
Sg+1 (2;2 2&;+%ZS+%) at the points 54 and 8o is equal to
R
= ~2(}f§)r° sigggx;}vﬂ) , if queix (and so 52=e'ix).

So we find



1-d

| em
(15) T =3) Gy g § e (2
1 ﬁ-t»ms’ EES TN ¢ ‘Eﬁa‘ nel \TF t%(s%)
N-d
_%J ?(t) sln{nx+uﬁl at
148 sin x
1-
2
1f ds (=8 F
- ( ) (t)dt. f ) ’
W_1+J \'P ’E'T'rl' +C2 'H'S t%(a%)
where x 1s determined by -co8 X = -g(s + E—)“t and where C1 denotes

a contour from +00 to +00 , which encloseg the interval E?coj on
the real axls and which does not cnclose the points 81 o for any t
with -1+d € ¢t ¢1-d, and C, a similar contour from -0s to -op
around the point -1 (see figure 1).

-

o e mee e ap R ew o ee s e we

2 1
We now compute
4 5- (W—t)f"‘ 1{’( f ds 1 S)QH 1 - Ir ,
™ T \TF g 1
™ __1+J 5T m n 7‘ 38 t"’%(ﬁ‘*“s‘)
say. Using the expansion (13), with ?=~¥(3+%), we get
-5
I, = G, + S,
17 57
where -5 "
1 v(t at
Gpo_q= -—5 (1) :
2’[3 1T -1+ 1+t (t_1)p(t+1)p 1
-1
Wi e (35) "1 (540) )P~ (b (5+2)+1)P s,
1-6‘
e 22 (1=t v(t)dt
21’3 e ..-’H.. 1+vt (t—-")p(t-F'])p

o [ (D) )l (940 -1)P (A (54D +1)P 7 ge,



1-&
1Jr 1ty w(t) 1 1 1-5,°M
s =4 a6 (d=L) .
b} _1+CS ( +t (t—’])k(t+’\)k 277’1{1 SI’H”‘ <1+S)
k
(< (erm) 1) ((sHh)+1)° 44
64+ (s+g)

The last expression can be estimated as focllows. We have

2
1 . 1 -1
-’12‘(5+”’)*1 = - (Cj 1) %(S+§)+1=- iig§l~ s

Kt+~é: s+30 ‘;1—t for s 21,
hence

2k oK
‘ Q%Tu£1 ) Jﬁ ‘”‘fT ‘1 S’ i £S+zés)éi U as. =

_ 1 f (‘S~1)2k+2po(s+,‘)2k-2/"‘o s -
“K(1-t

Sn+1+2k
1
= Of )
(7t )02 T2 g
Hence, since 1-t J = % R
- = O(—pyrzpe)
Zwi ;ZﬁszE ?
C
1
and so 1.8
S = 0 ) —prrm (5™ __Le(o) K dt}
R Y L C IS LR

= 0 () = O(—pp=)

- n + o - n - ?
because [/AO[ ={Ref*|§~§ and \P(E) is bounded in the interval

(1-t)"(1+%)

(=1,1), by the choice of gzk(t).

In a similar way we can treat

1=
" = 1 ('\—-t) (t ds - )Qlu 1
17 T+T b4 ? j n+1 1+s t+%(s+1)
S

m\[ -m () ’“(—%(sg}-)-«)p"‘(-%(s%>+«>p*“ds=ap<n>,

2p4

1 -8 174 1\‘_ Pra 1 p-1 _

mf .....M (3™ (- {s:]) 1P (54 +1) P Ndasen (),
+C

we get

k
1 1 _ n ’t
I, + 15 = SL1 {ap(n)Ap + bp(n)Bp} + O(EQETT) s



where 1-9
Al _1 (’]—t)i‘“ \P(t) dt,
P s 7 ) P(e41)P ]
1-&
"1 Aot M (t)
B_ = —J (ar) k4 at
po THET (6o )P(e+n)P

Next, we estimate 12 and IB' For the path of integration with
respect to 3 we take the cilrcle around O with radius - 3 . We then
have it+%(s+%)}g §382+2ts+1) =%[ (3—31)(5_52)2§ %§s-ﬂ,2, hence

~1+d
()" p(t) =2 - o 1y,
f_,‘ P e s-1]?
and so

=
no
4
(&
N
s
0
oF
+
e

S e M
[(1-2)e™ +1]Fo }

0
in(2M.-1,1-2
- o{ék“"‘o“ (%)m PE {uo)}
'1
= O(;E;F%) = 0(;§*77g) .
Similarly,
_ 4
13 = 0(;&:5)

In our final result we wish to get rid of the guantity J. we
first note that

1-d
w(t) sin£?§+guw) dt [-cos x = t]

¢y sin(ox+m™) oL g Jr1+5 dt +J‘ 1t kdt
Jﬁ %J( ) sin X %:“?%T %@n?%?

z~£ﬁxy(-cos x) sin(nx+ arr)dx + O(~%$§)

n

)

Further, writing _1

TJ Y (6-)Peen)PT

/“
1 -ty w () g
T"L ree) TEIEC LI

il

i

%

we have
i1
Ap Az + 0 éﬂ+m1n(k-p+pb,k~p+1-pb)
K; + O(ék~p+1+pb)

tt

]



and "
* K-p+1~
B, = BJ + o(F* P )Fb‘),
He "o * 1 1
nee a,(n)Ag ap(n)Ap + O(ngp‘q’glﬁbl TR )
* 1
= n)A
b " = 91‘ /] /1
p(PIBy = b (n)ES + ot s T TR T
=D ¥ 1
p{P)By + O(nk+p—3]kol)’
So our final result is
#H
(16) bl = I, ;Iz+13
[
= %f Yy (-cos x) sin(nx+pw)dx + O(-—-El%—)
0 n
Kk
£ 57 Ya (A ¢ b (n)B¥ 4 0(eper )
= P P p P nK+P=3 [ Kol

* O(—e=r) + O(—p)

m Kk
= FEF{ w(-cos x)sin{nx+mrr)dx+ g;) ap(n)A’éﬁ-bp(n)Bﬁzm(;&%—).

From (14) and (16) our result follows.

We finally meke some remarks concerning the formula (6). The
first term in the right-hand member of (6) is not of much significance.
In fact, let us write @(-cos )-g, (-cos x)=h(x) and let us suppose
that ?(t) is k times differentiable, not only at the points -1 and 1,
but in the whole interval (-1,1). Then h(x) 1is k times differentiable
in the interval (0,m), whereas

h(p)(—1) = h(p)(ﬂ) = 0 for p=0,1,2,...,k-1,

by the definition of~g2k(t). Hence partial integration yields

~f h(x) sin(nx+pm)dx = % jﬂ h'(x)cos(nx+ pr)dx =
0 *’ 0 _ 1
-+ SE th(k)(x) gg; (nx+pm)dx = O(gﬁﬁg)'
0

So, writing down the terms in the right-hand member of (6) up to the

terms of order O(”éig)’ we get the followlng result:
n

If w(t) is k times differentiable in the whole interval
C-1,17 , then one has
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C(x+1)/27]
b >

p="1

(17)

{ap(n)

b
p(r)s ALLBy

A_+b (n)Bp}

n = p P

whe
here ap(n),

+ 0Of
n

are given by (7) - (10).

In the case M =0 (which we excluded above), however, only a term

Similar to the first term in the right

In fact, in this oase b,

b_= ‘Wuf f(x) sin nx dx.
0

We shall now show how Lauwerier's

our result (17). To this end it is necessary to suppose k 22,

-hand member of (6) appears.
is simply a Fouriler coefficilent, viz.

result (3) can be deduced from

i.e.
that tf(t) is twice differentiable in the whole interval [-1,1] . Then,
by (17),

-3/2
b, = ag(n)h, + b (n) B, + 0(n"3/?),
We consider successively the quantities Aq,Bq,aﬂ(n),bq(n). Put
w(-1)=a, Y(1)=/3. Then
g1(t) =B, gy(t) = £ (1-t) + § (1+8).
Hence, if A and B are given by (4) and (5),
A/1 = -4, .
I -y Y ele) | ow(E) L /3% * ~ /3
Bi =) (77%) {%4 e = e A e s
Z
= -3A - 3B,
Next, 2 M
1 -n-1 ,1-8
aq(n) = v 8 (Tig) ds
C,]+C2
g . 2H -2
-n--1 1-8 w~n=1,1- M
= §%§ 5 (F75) 98+ (-1)" ?FTJﬂ (1+s) ds
Cq
bo - o
sin 2pT -n=1,8-1y" n+’1j -1)
- === ?jhss (z=) ds + (- —*T d%}.
1
The last integrals can be expanded as follows:
oo 2 pu o9 X 2
s—n'q(ili) ds = e X (E il N P
s+1 ex+1
1 0
—2pt oo—nx 24 -1 oM -
2 e X dX(’\-i—O(n )): -1:)71—_}:2—/;—? (1"!‘2!—’\).(14"0(1’] )) s
0
‘and similarly
- M por -1
‘[; n= /i( ) ds = —T:EFP(’l-—E/bL)(’]'FO(U )).
n
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Hence

o=2p . 2pm
2 -1 n 2 -1
a,(n) = (1+0(0™ 1)) + (1) =g, (1#0(n7 )).
1 ['(-2p)n +em IV
Further
=D e -2
b,)(n) =-3, ??ﬂ'jcq 57" (1-3) 'Uis%-’})g ds +
! P e [ TR () ) 2P
o0 Cq
-+ 2D 2 ‘”’f s™772(5.1)2M541)%% 35 (as0(n™h))
1
1-2pe
- - (1+0(n~ "))

So, finally,

2}«'- 2 é‘?/*
b _=-A - } (A+B)

{.Ij( 2r0n1+aM (Efonﬂ <P fK-2r9nq+2H"+
+ O(h 2+2“‘*0‘)

RIS - W S -

- ‘2+B;Hol
P(zﬂ)nq—gﬂ F(«Q,-A)T])'-F&/u

+ 0(n

This proves (3).

Finally we wish to show how one can expand the sum 1n the right-
hand member of (17) to ascending powers of 1/n. For this purpose we
define

oo

c(m,5,5) = j‘ ;5%7 (8—1)6 (s+1)6‘d

q

where m 18 a positive integer and ¥ and d are complex numbers with
REJ > -1. Then

)*f*(s+ﬂ)2p'2(s—4)2p”2

ds +
(25)20-2 °

ap(n) "TTf 7 (5%
1

- (_1)1'] 1 (1 S "2/""' (S+1)2p*2(3'1)2p-2 ds
21l Cq 1’]+1 7‘+u (eu)ﬁp—g
= w ~c(n+2p-2,22p-2, -2p+2p-2 }+( -1) e (n+2p=24 ~2p42p-2, 2pt2p- 2)}
[
b (n) e 1 f 4 (1 5)2)“\(84“))2’9(8 1)2{) -2 ds
T oo n+1 2p-1 ’
1 (2s)
.-( q)n+1 .g ( &)'2)“" LS 1) p(3+1)2p -2 ds
2yl n+t ‘1+8 (25) 2p-
= %Z gfm’ 0(n+2p——’l,22~'~+2p-2,—2i~‘~+2'9)+(~")nC(n*'?P—"a*Z/‘*Epsg/‘“’“Qp‘g)g'
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Hence

(18) b = sin gﬂﬂzz(k+1)/23

L {{-92-2? Ao (n+2p-2,2p42p-2, -2pmt2p-2)

p="1
1-2p
+ 2 Bp c(n+2p-1,2 M +2p-2, -2p4+2p)

+(-1)" iaz‘e" Ay o(n+2p-2,-24e2p-2, 2/(»2p-2)+21’29}3pc(n+2p-1 , -2p2p ,2;44-3;)-2)2

1
+O(n'k+5)

Here the asymptotic behaviour of the ¢ can easily be determined. One
has oo iy
c(m,y,d) = jﬂ s‘m’q(s-ﬁ)g (s+1) ds
1
%)

o0
= 2JJh e "M (ex_1)5 §1+ Eigﬂ_% dx
0
= 2é'm_(_1£7(5+1) + dq(x,é)m’x”2[1(5+2) + ..
+ (O 8T P (rrean) + o(n787R),

where dq(J,S), dQ(K’é)"" are constants not depending on m,



