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Schneider's method in fields of characteristic p # O

by

J.M, Geijsel

Abstract

In this report two theorems on transcendental elements of fields of
characteristic p > 0, namely L.I. Wade's result on the analogue of the
Gelfond-Schneider theorem for fields of characteristic p (see Duke Math.
J. 13 (1946), 79-85), and my result on the trancendency of certain values
of the Carlitz-Bessel functions (see Math. Centre Report ZW 2/71, Amster-

dam) are generalized for a wider class of so called E-functionms.






n

Let Fq be a finite field of characteristic p # 0 with p = q 0 ele-

ments. We denote by F [x] the ring of polynomials with coefficients in.Fq
and by Fq{x} its quotientfield.

For 0 # E € Fq[x] we define the (logarithmic) valuation

dg E = degree of E and dg 0 = -w,
For Q € Fq{x} where Q = = with E,F € Fq[x] and F # 0 we define
dg Q =dg E - dg F.

The completion of Fq{x} with respect to the valuation is denoted by
F and the completion of the algebraic closure of F by ®. The valuation dg
on F {x} can be extended to ¢ in a unique way and also will be denoted

by dg.

A function £ : & > & given by a power series

f(t) = Z a; t'  with a, € o,
i=0

which converges for all t with dg t < R is called IZnear if

f(t+u) f(t) + f£(u) " Vt,ue ¢ withdg t <R, dgu < R,

f(ct)

cf(t) Vt ¢ ® withdg t <R and ¢ ¢ Fq.

For linear functions we define for all t for which the involving se-

ries converge the operators At (r=1,2,...) by

Af(t) = £(xt) - x £(t),
r-1
ATe(e) = aT le(xe) - x3 ATTle(e),  r e 2.

For purpose of notation we define Aof(t) = f(t).

A function £ : & > & is said to be entire if f can be written as a
power series with coefficients in ¢, which converges for all t e o.
For entire linear functions f we have an '"expansion formula" (see 1],

or [2] lemma 2.1), namely :



for every M e'Fq[x] we have

dg M v _(M)
£(Mt) = % Y aY £(b),

v=0 Fv
v \V v v-1
where Fv 1= (xq —x)(xq —xq) cos (xq -x ), v > 1
FO =1
w\)(t) = n (t_E) ®
dg E<v
EéFq[x]

Now we introduce a special class of linear functions.

Definition. A linear function f : ¢ > & given by

f(t) =

It~ 8
[
-
7

is called an E-function if there exists a finite separable algebraic ex-—

tension K of F of degree h such that:

(1) a € K, k =0,1,...

(2) 3c € R, ¢ > 0 such that dg a < ch

(3) Yk e N u {0} EQk € Fq[x] of minimal degree such that

QkaO,Qkal,...,Qkak are integers in K and
k
dg Qk = 0(kq ), k » o,

Remarks

(i) From (1) and (2) we have that every E-function is entire.
(ii) The functions y(t) and Jn(t) (see [3]) are E-functions.
(iii) Linear polynomials with separable algebraic coefficients in ¢ are
E-functions. r
(iv) If f and g are E-functions then Arf (rz1), £ s £ + g are E-functions.
(v) If P is a linear polynomial with separable algebraic coefficients in

® and f is an E-function, then P(£(t)) is an E-function.



Lemma 1. Let K be a separable finite algebraic extension of F{x} of degree

h. Let r,s ¢ N with 0 < r < s. Then the system of linear equations

O Xi =0 (k=1,...,1),
1

Il o1

i
where @, are algebraic integers in K and

a = max (dg aki,O)
k,i

has a non-trivial solution {Xi}iil with

X. e F [x]
1 q
such that
cs + ar .
dg Xi<—s—r (i=1,...,8),

where c is a positive constant only depending on the field K.

Proof. We use the following lemma which will be proved in an appendix.

h. Then there exists a basis Bl ""-’Bh of algebraic integers of K such

that every algebraic integer £ € K can be written uniquely as
h
£ =) A, B, with A, ¢F [x].
. ii i q
i=1 '
Further we use the methods of lemma 4.2 in [3]. []

Now we can formulate the main result of this paper.

Theorem 1. Let fl(t) s o ,fn(t) be E-functions, not all polynomials.

Suppose

r
A fv(t) = er(fl(t)’°"’fn(t)) s Tr=0,1,...5 v=1,...,n,

where er are n-linear polynomials of n variables f1 s sen ,fn of total

degree <qr with coefficients inIFq[x] of degree <qr.



Let o # 0, B ¢ Fq{x} and fv(t) Z 0. Then at least one of the elements
{8,8,(@, ..., £ (@), £ (aB), ... » £ (aB)}

is transcendental over Fq{x}.

Corollary 1.

a) With the choice f (t) = yv(t), o = A(a*), where o* is not a zero of A(t),
and B ¢ F {x} we get the analogue of the theorem of Gelfond-Schneider:
at least one of the elements {B ,a = y(A (™)) , v(BA (™))} is transcen-

dental over Fq{x}. This result was proved by Wade in [5].

b) With fl(t) = Jn(t) s fz(t) = AJn(t) and o # 0, B é]Fq{x} we get:

at least one of the elements
{B, Jn(a) s AJn(oc) s Jn(ocB) s AJn(aB)}

is transcendental over Fq{x}. This result was essentially proved in [3],
where the theorem said under the same conditions for o and B: at least
one element of the set V = {a, B ,Jn(a) ,AJn(a) ,Jn(aB) ,AJn(aB)} is
transcendental over Fq{x}. At the begin of the proof in [3] we supposed
a to be algebraic over Fq{x} but we didn't use this fact, hence a can

be omitted in V.

Corollarz 2. If we choose f (t) = w(a t),...,fn(t) = w(u:t), where
# 0, v=1,...,n, and if a = 1, B ¢ Fq{x} then at least one of the ele-

ments {8, w(a]),...,w(a:) ,w(aTB),...,w(a:B)} is transcendental over
Fq{x}.

If now a; is not a zero of A(t), i=l,...,n, and a; 1= A(ai), then
at least one of the elements of the set {B,al,...,an,w(BA(al)),...
...,w(BA(an))} is transcendental over Fq{x}. For n = | we have the result
of corollary la.

For B ¢ F {x}, o algebraic and A(a) # 0 we have: at least one of the
elements {RB, w(BA(a)),w(BA(aq),..., w(BA(aq ))}, n > 1, is transcenden-

tal over Fq{x}. Equivalent with this last result is: at least one of the



elements {8, v(A(a)), V(BA(xa)), ..., w(BA(xna))}, n > 1, is transcenden-
tal over Fq{x}, since AA(t) = A(xt) - xA(t) = X(tq).

Proof of theorem !. Suppose 8, f](a),...,fn(a),fl(as),...,fn(aB) are
e e e
algebraic overin{x}, then, for some e ¢ N, g4 , f? (@),... ,fq (a),
e e n
f? (0B)youe ,fg (aB) are separable over‘Fq{x} and they generate a sepa-
rable extension K of Fq{x} of degree h.

e e e
Let T € Fq[x] be such that Igd , Ff% (o), Ff% (aB), v=1,...,n,
are algebraic integers of K.
The natural numbers k, £ with k < %& will be chosen later.

Define
q- -1 q2k‘1 :0®  iq®

Z Z x,, t39 g4 (ot),
=0 i=0 MV v

n
L(t) := Z
where the polynomials Xijv will be determined by the following:
L(A+BB) = 0 for all A,B ¢ Fq[x] with dg A < m, dg B < m,
where m := k + £ - 1,

. . . 2
Since B ¢ Fq{x} we get a linear system of at most q2m equations in nq2k+2

variables Xijv with algebraic coefficients:

. e ., e
_ Jq 1q =
(1) L(A+BB) = ) | 'Z X5 (A+8B) £,7 (a(A+gB)) = 0,
dg A <m, dg B < m.
fi(aA+aBB) = fi(aA) + fi(aBB) since fi is linear. Since

U _ -
AT £, (t) = Riu(f1<t)""’fn(t)) =



with Ai”jl"'jn € Fq[x] and dg Aiujle--jn < qu, the expansion formula

gives:
i, i
fjt) = ] G— ] A . £ @£ ().

iujl...Jn 1

v (4) v (A)
Since dg 7 < max dg 7 = max (qudg A—uqu) < dg A . ng A,
u O<u<dg A u O<usdg A

dg fi(aA) < mqm + qm + qm max{dg fl(a),...,dg fn(a),O}.

e e e e
Since fg (cA) resp. fg (aBA) is a polynomial in fg (a) resp. fg (aR),
i,v € (1,...,n), of degree < qm with coefficients inin{x}, the coeffi-

cients of Xijv in (1) are polynomials in

e
Bq of degree < q22 -1

e e
fg (a) , fg (aB) of degree < (q2k-l)qm

with coefficients inZFq{x}.

Since qzm -1+ 2n(q2k—1)qm < q2%+2n we can get a system of equations

with integral algebraic coefficients in K by multiplying each equation
with the factor

2%+2n e Ik
rt )T L

This gives the system of equations:

22+2n e 2k

rd (F1)% 1 L(a+gB) = 0 for dg A,dg B < m; A,B ¢ F[x]

which we denote by
28 2k
n q -1q -1
2 1 ] ] X, D.. =0 for AB ¢ F [x]; dg A,dg B < m,
v=1

520 i=0 ijv Tijv

Since m = k + £ - 1 the number of equations, qzm, is less than the

2
number of variables n q2k+2 » Furthermore



29+2n m+2k+e 2%+e 2k+e
q + q

dg D,. < dg ' + mq

i (m+c1) +q

(mq"+q"+q ¢ )

where c, = max (dgB,0); ¢y = max(dg fv(a); dg fv(ag), (v=1,...,n); 0),
which gives (since k < %&):

2%+e

<
dg Dijv < (3m+c2)q where c, > 0.
. 2
According to lemma 1 with r = qzm, s = nq2k+2 and a = max(dg Dijv’o)
i,j,V
we have that there exist polynomials Xijv € Fq[x], not all zero, such that
(1) is satisfied and
2 +e

(3) dg Xijv < (3m+c3)q where cq > 0.

Now we shall prove that, for all A,B « Fq[x], L(A+B8B) = 0. Let ¥ =2 m

and n =y -k + 1, then n > 2. Furthermore let

B(u) = {A + BB ! dg A < u, dg B < u, A and B not both 0}.

Suppose L(t) = 0 for all t € B(u). Let &€ € B(u+1) \ B(u), thendg £ = p + g

with g = 0. We choose & such that m + g < 2m. By assumption

L(t)
m  (t-A-BB)

B(u)

is an entire function since L(t) is entire. According to the maximum-modu-

lus-principle

L(§) L(t)
dg( ) dgry, € SRk
B(w) B(w)
Hence

dg L(§) < max dg L(t) - 2u(q2u—1) + (u+g)(q2u-l).
dgt =2u

From the definition of L(t) we get

max dg L(t) < max dg Xi' + 2uq22+e + q2k+e_

max dg £ (at).
dgt=2yu i;js\) v v

dgt =2u



Since £, is an E-function we have
k
pod q
t
f (t) = Z a., —, v=1,...,0,
v k=0 vk Fk

where 3c > 0 such that dg 3 1 < ch for k > kO and v = 1,...,n.
Hence

max dg fv(at) < max (dga\)k +2uqk—qu+qkdg a) <
dgt=2yu k>0

< max (c+2u-k+dg oc)qk < ¢, 4
k>0

where ¢, > 0 and u = m. This gives

2%8+e q2u+2k+e

29+ 2
dg L(§) < (Bmrey)a™ "% + 2ug™ % 4 ¢, - (g™

Since p 2m, n =22 and u =n + k - 1 we get

2k-e

2n+ 4k
q-""e (5u+c5q -(u-g)q ).

(4) dg L(&)

A

e
L(¢) is a polynomial in B of degree q22_1 and in each of the

e e
fi (a) , f% (aB) of degree (qZk—l)qu, hence L(E) is algebraic; since
q22 . 2nq2k+u < q2n+2n ,
2k+e 2n+2n
Fu r4 L(E) is an algebraic integer of K. Therefore
2k+e 2n+2n
N(FY r4 L(E)) € F [x]
u q
and
q2k+e 2n+2e
dg N(F| rd L(g)) <
2k+e+ 2n+ -
< BLug T PR gg 1w BT (sureq® - (u-2)d® )T <

2n+e

2_
< hgq [(6u+c6q4k) - (u-8)q k 1,



which is negative for sufficiently large k and {. Now choose k and % such
2k+e 2n+2e
that dg N(Fj ré L(£)) is negative. Hence L(£) = 0.

In the following k and 2 are fixed. Since B éin{x} all A + BB are
different and L(t) has an infinite number of zero's. Since L(t) is entire
and not a polynomial L(t) is a transcendental function (see [4] or [2]).

Let N be the set of zero's # 0 of L(t), then N is countable and for

any v € N

L(t) = Yo t° il (1 - l:-) m (1 - ED with p > 0 and g € 3.

£€B(v) & £4B(v)
geN
Let Vo be the minimum of the degrees of the zero's # 0 of L(t), then

max dg m (1 —E) > max dg m (1 - %) = 0.

dgt =2v £eN\B{v) Vo £eN\B(v)
dgt =T
Furthermore
T (A+BB-t)
t B(v) '
m (1 - _) = )
£B(v) e
hence

max dg L(t) = ¢, +2vp +2v(q2v-l) - (v+g)(q2V—1),

dg t =2v 7

where ¢y is a constant only depending on L(t). This gives

(5) max dg L(t) = (c8v+c9)q2V with cg > 0.
dg t =2v

On the other hand we have proved

(6) max dg L(t) < (3m+c3)q‘£+e + 2\)qZJHe + c4q2v+2k+e.

dg t =2v
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For v large enough (5) and (6) are contradictory, which completes the

proof of the theorem. []

Remark. The theorem is also true for systems {fl,...,fn} for which the

following relation is true:

8% £ (£) = R _(£,(t),.0 £ (8)), 1=0,1,...5 v=1,2,...,n,

where )
Z qu qJn
R (£, (t),..0,f (E)) = Q _. . £ (t)... £ (t)
vr 1 n §ob. L4y <r RN PN 1 n
1 n
with Q1 : € F {x}, such that for all r > 0 there exists a polynomial
J "'JI' q

Ar such that QVDj1'~~jr Ar i Fq[x] for p=0,1,...,r3 1 £ v < ny

Jl+...+Jn < r and dg Ar < q .
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APPENDIX

Lemma. Let K be a separable finite algebraic extension of Fq{x} of degree
h. Then there exists a basis By s eee s By of algebraic integers of K such
that every algebraic integer £ ¢ K can be written uniquely as

h
£ = izl A, B, with A, ¢ ]Fq[x].
Proof. According to the theorem of the primitive element [*], since K is
a separable finite extension ofqu{x} of degree h there exists an element
8 ¢ K such that K =?Fq{x}(e). ® is a separable algebraic element of K,
hence there is a polynomial P inin[x] such that P§ is an algebraic inte-
ger of K. Denote PO again by 6. Let 6] =0, 62 s 00 ,eh be the conjugate

elements of the algebraic integer 6. The discriminant A(l,e,...,eh_])

of the basis l,e,...,eh_1 of K / Fﬁ{x} is a Van der Monde determinant

and since 6 is separable, ei # ej(i¥j); hence A(l,e,...,eh_l) # 0.
Furthermore is

h-1 2
A(l,e,..f,e ) = m (ei—ej)

I<i<j<h

a symmetric polynomial in the conjugate elements of 6 and can be expressed
as a polynomial in the coefficients of the minimal polynomial of 6;

hence A(l,e,...,eh_l) € Fq[x].

For every base {w’,...wh} of K/ Fq{x} with W, algebraic integer in

K we have

A(wl,...,wh) = (det(aij))2 . A(l,e,...,eh_l)

~ h-1 . .
where W, =ag* aize + ...+ aihe (i=1,...,h) with aij € Fq{x}, and

det aij # 0. On the other hand as a symmetric polynomial in the algebraic

integers W s eee s W and its conjugates A(w ,...,wh) € Fq[x]. Consider all

h

bases {w],...,wh} for K / Fq{x} with algebraic integers w s Wy o

TR
Then dg A(w],...,wh) e N + {0}, hence there exists a basis {B],...,Bh}
with dg A<Bl"'°’8h) minimal and Bl s eee ’Bh algebraic integers. We shall

prove that this basis {Bl""’Bh} is a basis for the ring of algebraic



12

integers in K over Fq[x],

Suppose {81,...,Bh} is not a basis for the integers in K over Fq[x],
then there exists an algebraic integer £ ¢ K such that & = a181+...+ah8h
with a, eIFq{x} and not all a; e Fq[x]a Suppose a, ¢ Fq[x]. a, =A+r

1
with A € Fq[x] and T € Fq{x} \ Fq[x], dg r < 0 and r # 0. Now define

£ - AB] = (al-a)B1 *ayB, t ...+ aheh

e % = %

=Bi Py i=2,.ao’h-

* *x ., , *x .
The system {Bl ,...,Bh } is a basis for K /in{x} and Bi (i=1,...,h) are

algebraic integers.

2
a] = a a2 3.3 . ah
0 10 0
AGBY ,...,87 ) = det 0 0 1 ...0 ACB.,.e.yB)
1 h 1 h
0 0 0 1

r2 A(BI,~»-,B ).

h
* *
dg A(B1 ,...,Bh ) =2dgr + dg A(Bl,...,Bh) < dg (61,...,Bh).

This contradicts the minimality of dg A(Bl,...,sh) and proves the lemma. [J

[x] B.L. van der Waerden, Algebra I, §43.









