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1. Introduction 

In this paper a description will be given of a class of 
tests treated in chapter 4 of my thesis [4]. By means of these 

tests the hypothesis H0 that k parr:meters 91, •• •;ek satisfy the 
inequalities 

('1;'1) 

may be tested against the alternative hypothesis that at least 

one value of i E!Xists with ei>9i+'1· 
In the chapters 1-3 of my thesis a related problem is 

treated namely the problem of estimating k unknown parameters 

Q1 , ••• ,Qk' known to satisfy 

inequalities of the type: f. (8.)< :f'.. (8.) ; 
t, c ~ J <) ( 1. 2) 

2. inequal:i.ties of the type: c. s; ~- (G.) ~ d.., 
c, L l t, 

where, for each i=='1, •• o:,k, LD.(8,) is.a given function of G,, J L, (, ( 

whereas c 1 and d1 are given numbers. A special case of this 

problem is e.g. the estimation of k parameters e1, ••• ,9k, 

known to satisfy the equalities G'1 ~ ••• ~gk. 
A description of this estimationproblem and its solution 

has been given by J. HEMELRIJK [51. rrhe proofs may be found in 
[4]. -

A description of the class of tests for the hypothesis 

(1;'1) will be given in this paper in section 2. Section 3 con-
tains the special cases where ~\ is 
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'1. the parameter of an exponential distribution, 

2. the variance of a normal distribution, 

3R the mean of a normal distribution with known variance, 

4. the length of the interval of a rectangular distribution. 

Further an analogous distributionfree test, based on WILCO-

XON1s two sample test, will be described. 

In this paper no proofs will be given; these may be found in 

[4]. 

2. Description of the tests 

The situation to be considered may be described as follows. 
Let x 1 , ••• ,~ '1) be k independent random varj_ables and let, for 

each i='1., ••• ,k, x . ..,( V='1, ..• ,n,) be n. independent observations 
~,o o 1 1 

of x .• Let further, for each i='1., •.. ,k, G. denote an unknown para~ 
~ l 

meter of the distribution of x .• 
-1 

'I'he hypothesis 

(2;'1) Ho Q1~ ••• ~~\ 
will be tested against the alternative hypothesis 

(2;2) H: at least one value of i exists with 9 1 >gi+'1· 

This test is performed as follows. Let 1 for each i=1J •.• ,k-'1, Ti 
denote a test for the hypothesis 

(2;3) . H0 • : e E; t;;L +..-i 
, l 1 l 1 

against the alternative hypothesis 

( 2; 4) 

Let, for e8ch 1=1_. ... ;k-1, t. denote the test statistic 
l 

the critical region of this test. Then t. is a function 
l 

••• x, , x.+,1 ,1, •.• ,x.+1 1 and 1,ni 1 ,, , l ,n1+1 
if ti E:: z1 • 

E . is rejected if 
0,1 

and z1 
of X. 1 , 

1, 
and only 

The test for the hypothesis H0 then consists of reJecting H0 if 

and only if a value of i exists with.t. E Z .• 
l 1 

Now suppose that the tests T1, .•• ,Tk_ 1 possess the following 

properties. Lc:t 

------------~-~~-
1'.) Random variables are distinguished from numbers (e.g. from the 

values they take in an experiment) by underlining their sym­
bols. 
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( 2; 5) 

ol. 
(.. 

f p f t c ,_, I a - A } 2 ) 
1-i c:. 6 i I ~ i - -i +1 ' 

N. 
l 

def 
------ n,, + n_~ +-1 

l l I 

and let., for each i=1, ••• ,k-1, the limit N, • oo be taken under 
1 

the conditions 

(2;6) {

-limn. =DO 
r--!.• co l 

l'im n .. +-1 = oo 
N- • co l i 

' 
, 

then we suppos,:c that, for each i=1 1 ••• ,k-1, 

( 2; 7) 

1. plt,f: z.jCl.<g·+-1} '$-d., l-1 l l l 1 • c 
, 

2. l im pf t. E Z, I 9, < A. +'1?. = O , 
t--1,--'>= l-l l l 1 5 

3. lim P{!_1 E '.:\ I gi > Eli+'1} = 1 

Now it may 
N- • aa 

easily b~ provEd (cf.L4]) that the test for the hypo-

thesis H0 possesses the following properties. Let cx'..0 denote the 

size of the critic al region of the test for H (i.e. let o<. 0 de­o 
note the probability, if H is true, of rejecting H ), let 

0 0 
k 

( 2; n ) n ~-t~: L 
l=1 

and let the limit n -?CO be t al(en under the condt t ions 

( 2; 9) 

then we have 

1 . 

0 
L D 

( 2; 10) 

3. 

lim n. = c.o 
n • c.o l 

\.,:-·I 

(X_O~Z;(X{ I 
c~-, 

for each 1=1, •.. ,k , 

the prob ab il tty of re ,ject ing H , under the hypo-
o 

thesis r;i 1 < ... < gk' tends to zero for n --, co 11 

the probability of rejecting H0 , under the hypo­

thesis H tencls to 1 for n • c.o. 

If, moreover, we suppose that 1 for e8ch pair of values (i.j) with 

i < j 
( 2; 11) P{!.1 E z1 and !_j E zj \8 1 = Gi+'F 9 j == 8,j+--d ~ 

~ P{!_1 e z1 !G1 = ei+1 J.P{!_jE zjl Qj = Qj+11, 

2) P[ A} denotes the probab1li ty of event A. 
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then we have also (cf. [3] and I_4J) 

{ 
the probability.of rejecting 

k-1 
hypothesis 

C\ - _(, 1''""' ,::::;--·~, "1 - ••• - """k., "' :;;:- ,::__ ...._ · -
i=1 L 

(2;12) 

k-1 
Thus if we take e.g. L_ °'-i. = 0s05 then we have 

i=1 

• 

1. the probability of rejecting H, if H is true, is~ 0,05, 
0 0 

2. the probability of r,::jecting H , under the hypothesis 
0 2 

g 1 = • • i = 9k, is ~ 0.,05 - -?t(0,05) = 0.,04875. 

Tests T1 satisfying the conditions (2;7) and (2;11) will be des­

cribed in section J. 

3. Exampl2s 

3.1 An exponential distribution with parameter 9. __ ......._ ______________________ l 

We first consider the case that x. possesses, for each 
-l 

1=1, ••• ,k, an exponential distribution with parameter Q., i.e. 
l 

(3.1;'1) 

Now let, for each i='1, •.. , k, 

de_! '1 (3.'1;2) x .. 
l n .. 

l 

n. 
l 

L.. 
o'=1 

X, y 
]_ J () 

(x~O) • 

then we take, for ec1ch 1==1,,,.,k-1, as a test statistic for the 

hy .. pothesis H o,i 

(3.'1,3) 

and for z1 we take a critical region of the form t. ~ t, ,.,J 

l l ,v-.i 
(cf.(2;5)) t satisfies 

i ,c< i 

(3.1;4) 

where 

Now (3.'1;1) entails that, for each i=1, ••• ,ks 2~.n.x 1 possesses a 
2 l l-

)( -distribution with 2n1 degrees of freedom, thus 11 possesses, 

for each i=1J•••,k-1, under the hypothesis 8 1 = ~i+'1 an F-distri­
bution with 2n1+1 and 2n1 degrees of freedom. Thus the critical 

values t. N may be found from a table of the F-distribution. 1,..,,,. 
It may1 eas ily be proved (cf. [4]) that these tests T 1 , .... , Tk-'1 

satisfy the conditions (2;7) and (2;11). 
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3.2 A normal distribution with variance 9i 

Now let, for each i=1, ••• ,k, ~i possess a normal distribution 

with unknown me an ~c: and variance g" • Then, if 
J_ 

(3.2;1) n. (i=1, ••• ,k) 
2 def '\ 6, 1 - )2. 

s1 =--1 Lx·v-X. i 
'ni.- :::1 ~.Q t 

we take, as a test statistic for the hypothesis H o,i 
s .2. 

(3.2;2) ti== 2 (i==1, ... ,k-1) . 
s (+1 

N h1,-'1) s j2. for r-8C 1L1 • ,1 k a "X 2 dist "b ti n ow - G.-. possesses, c. 1==,., •.• , , 'l... - r1 u o 
with n.-1 degrees of freedom; thus, for each 1==1, ..• ,k-1, t 1 l -
possesses, under the hypothesis 9t=9i+'1 an F-distribution with 
n1-1 and ni+1-1 degrees of freedom. We again take critical re-

gions of the form t. ~ t. ,.J , where t. may be found from a 
1 1,IAi l 0(. 

table of the F-distribution. ' ' 
The proofs of (2;7) and (2;11) are identical with those of the 

foregoing example. 

Remark 3.2;1 

If }li is known thens~ is replaced by s 1! 
n i:/ '2. where i-~ 

0, 
l 

freedom. 

-~ -1., 

-;(2 ~· . " t·· posSE:;SScs a 'l, -·CiJ.s i,r1ou ion 

3.3 A normal distribution with mean e. and known variance 
---- -- -----·------ J_ 

We now considtr the cas~ thAt, for each i=1, ... ,k, x. possess. 

es a normal distribution with mean ~i and known varianc;1 (1"i 2 • Let, 
for each i==1, ••• ,k, 

(3.3;1) 

then we take 

(3.3;2) (i='l, ••• ,k-1) • 

The statistic ! 1 possesses, under the hypothesis\= 91+1, a 
normal distribution with zero mean and vaTiance 



(3.3;3) 
2 

O"". 
l ( i=1, ••• , k-1) 

We take a critical region of the form t. ~ t. ,.J ; then 
l l,""i V....---,.,,,,.-2 --2 

CJ'i (;i+1 
t :::'€ -+-, 

i ,o< i (o<i ni ni +1 
(3.3;4) 

where ~I>{ J.S defined by 
00 

(3.3;5) 1_ J e -½ x 2 dx ~ o<. • 

6 

'Thus t. may be 
l.,C\. 

v 2-rr ~o( 

found by means of a table of the normal distri-
bution. 1 It may easily be seen that this test satisfies (2;7). 
Furth€• r t. and t. are, for j > i+1, independently distributed., i.e .. 

-l -J 
(2_;11) holds for each pair of values (i.,j) with j>i+1. For j=i+1, 
t. and t. possess a two-dimensional normal distribution with nega­
-1 -J 
tive correlationcoefficient and it may easily be proved (cr,l2J) 
that (2;11) holds in this case. 

3.4 A rectangular distribution between o and 9 1 

Finally, let, for each i=1, ••• ,k, x. possess a rectangular 
-l 

distribution between o and 91> o. Let, for each 1=1, ••• ,k, 

def (3.4;1) zi = max x. "' , 
\fa~'\ l_,q 

then (cr.[4], chapter 2) z 1 is the rnsximum likelihood estimate of 

e1 • In this case we take, for i=1, ••• ,k-1., 

(3.4;2) 
zi 

t, = 
J_ 2 i+1 

with crit :Le al regions of the form t. ~ t. ,..J • rJ l 1,"""i 
Now we have (cf.L4) 

'1 n. 

(11:!i) 
ni.+'1 if l oz.~ N, 

I,. i 

(3.4;3) r.. - '1 l-,()\ j Ni ~ni 
ni 

( 1-oZJ 
if o<. ~ N. 

ni+'1 t i 

The proof of (2;7) and (2;11) may be found in [4]. 
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3.5 An analogous distributionfree test 

In this section an analogous distributionfree test based on 

WILCOXON's two sample test will be described. Let ~1 , •• .,~ be 

independent random variables; possessing continuous probability 

distributions. 

be independent 

Let further; for each i=1; ••• ,k, x. 1 , ••• ,x1 l, , n. 
observations of x 1 nnd let (cf. [1]) 1 

def 
ni ni+1 3) 

(3.5;1) w. - 2- 2- sgn( xi ,o -xi +1,>-. ) l 
., 

r==1 t-=1 

where 

1 if Z>O J 

(3.5;2) sgn z def { O if z = 0 .!I 

-1 if Z< 0 . 
In the sequel of this section a test will be described for the 

hypothesis H~ that ~1, ·••;~ possess the same probability dis­

tribution. This test is based on w1, •• •;Wk-'1 and is performed 

as fallows. Let ..9 for i=1, ••• , k-1 JI H 1 
• denote the hypothesis 

0,1 
that x. and x.+~ possess the same probability distribution and 

-l -1 1 

let z~ denote a critical region of the form W.~W. ~ where 
l l l, i 

( 3 • 5; 3) P ~ w _. E z. \ H 1 1.} = r{w. ?; w1. ..., \ H 1 • , == o(. , 
~ 1 lj 0..9 l 'V\i 0:,15 l 

Then the hypothesis H~ is rejected if and only if a value of 1 

exists with wi E z1. 
For small values of n. and n.+~ the critical values W. ~ may be 

l l I l,"'i 
found from a table of the exact probability distribution of W. 

-1 
under the hypothesis H1 • 

0,1 
lues of n1 and n1+1w1 is, 
tely normally distributed 

(3.5;4) 

(cf. e.g. L6J and [7]). For large va-
under the hypothesis H' ., approxima-

0,1 
with zero mean and variance 

Thus in this case an approximation to W. may be found from a 
l ,o(. 

table of the normal distribution. 1 

Now let 0( 0 denote the size of the critical region of the test 

forH 1 , i.e. let 
0 

(3.5;5) o< def p\vL E Z! for at least one value of 1l H'?. 
0 l-l . l \ 0 S 

3) If u1 is the test statistic of WILCOXON's two sample test, ac­

cording to H.B. MANN and D.R. WHITNEY l6]3 then w1 = 2u1-n1ni+'1" 
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then it may be proved (cf• l4J) that 

k-1 k-1 k-1 
(3.5;6) ~ ex . -½ r ~ o< J 2 ~ o< < ~ °' . 

i=1 l.. 'l i=1 i5 o ....... i=1 t 

Further the test for the hypothesis H1 possesses the following 
0 

properties. Let 

(3.5;7) 
1 def 

~i - P{xi > ~i+1~ ( i=1 J ••• , k-1) , 

let the limit n -,,oo be taken under the conditions. 

(3.5;8) 
and let H1,H2 and 

limn. = DO 
l'l • <:>o l 

H' 3 
denote 

for each i=1, .•• J k 
the hypotheses 

1. HI for each value of i . g ! < ½ 1 . , 
l 

(3.5;9) 2. H' 2 
at least one value of i exists with 91:,..l. i 2 

, 

3. { 
for each value of i : 91! ~ ½ , 

H' . 
3 · at least one value of i exists with 91-t. 

Then we have, (cf. [4]), for n ~ 00 

the probability of rejecting H' under the hypothesis 
0 

H;l' tends to zero, 

2. the probability of rejecting H' under the hypothesis 
J 1. 

(3.5;10) 0 
H2, tends to 1., 

3. if o<i:. is sufficiently small for each value of i with 

81-1, the probability of rejecting H~ under the hypo­
thesis H3 tends to a limit < 1. 
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