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Introduction

In this paper a description will be given of a class of
tests treated in chapter 4 of my thesis E#]. By means of these
tests the hypothesis H  that kparamcters €,,...,8, satisfy the
inequalities

(151) 8

< <
,]\o-a~e

k

may be tested against the alternative hypothesis that at least

one value of i exists with @i:>@i+1'
In the chapters 1-3 of my thesis a related problem is

treated namely the problem of estimating k unknown parameters

91,...,@ known to satisfy

k)
1. inequalities of the type: (@Jg}%(@é.) \
(1.2) \
2. inequalities of the type: cc.ggoi(@t)saé,
where, for each 1=1,...,k, ?,(Gi) is a given function of O,
9 [ L

whereas ci

problem is e.g. the estimation of k parameters @1,...,@k,

and di are given numbers., A speclal case of this

known to satisfy the equalities @113...:§@k.
A description of this estimationproblem and its solution
has been given by J. HEMELRIJK [5]. The proofs may be found in

4],

(4:1) will be given in this paper in section 2, Section 3 con-

A description of the class of tests for the hypothesis

tains the special cases where Qiis



1. the parameter of an exponential distribution,

2. the variance of a normal distribution,

3. the mean of a normal distribution with known variance,

L. the length of the interval of a rectangular distribution.

Further an analogous distributionfree test, based on WILCO-
XON's two sample test, will be described.
In this paper no proofs will be given; these may be found in

[4].

Description of the tests

The situat%on to be considered may be described as follows,
Let Xq,...,ﬁk H be k independent random variables and let, for

each i=1,...,k , XLJ/(J’=1,...,ni) be n, independent observations
of . Let further, for each i=1,.,..,k, Qi denote an unknown para=

meter of the distribution of 51.

- The hypothesis

(2;1) Hoote,€...€8,

will be tested against the alternative hypothesis

(2;2) H : at least one value of 1 exists with e,>@&, ..
This test is performed as follows. Let, for each i=1,...,k=1, Ti
denote a test for the hypothesis

Da ’ .

(2;3) HO’i : eig 8441
against the alternative hypothesis
D ] °

(2;%) Hy = Qi>'@i+1 .
Let, for each i=1,..,.,k~-1, t, denote the test statistic and Zi

the critical region of this test. Then ti is a function of Xy s
5

, and H_ . 1s rejected if and only
+1 o, L

X b osX.
e 1,ni’ i+1,17°°°° 1+1,nj

if t,e 2.,
The %esthor the hypothesis HO then consists of rejecting HO if
and only 1f a value of 1 exists with_tie Zi'

Now suppose that the tests Tq"“’Tk_q possess the following
properties. Let

1) Random variables are distinguished from numbers (e.g. from the
values they take in an experiment) by underlining their sym=-
bols, '
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and let, for ecach i=1,...,k-1, the limit N, —»eo be taken under
the conditions

lim n, = oo 5
N‘.—aoo 1
(2;6)
1lim n. =00
N; > 00 14+1 ?

then we suppose that, for each i=1,...,k-1,

1o P{Eie gyfece ) e, ’
(257) 2. lim P{tye 2le,<e b =0,

3, 1lim P Ele ai§@i>>@ 1 .

oo 41} =
Now 1t may casily bé proved (cf.[#]) that the test for the hypo-~
thesis HO possesses the following properties. Let c(odenote the
size of the critical region of the test for H_ (i.e. let o, de-

note the probability, if HO 18 true, of rejecting HO), let
k

(2;8) n del Z: ny

_ 1="1 '
and let the 1limit n — oo be taken under the conditions
(2;9) lim n. = o© for each i=1,...,k ,

Nnco 1
then we have

-1
10 oL < o<

¢

2. the probability of rejecting Ho, under the hypo-
(2;510) thesis @1 Z "‘<'Gk’ tends to zero for n —»aco
3, the probability of rejecting HO, under the hypo-
thesis H tends to 1 for n — oo,

If, moreover, we suppose that, for each pair of values (1i,Jj) with
1<

(2;11) P{t € 2, and £, € zj\@.l. = 83,10 85 =63,47¢

< plgyezifey = oy fopftyedyfey =0yt

o (- O o GO P o b o

2) P{A}l denotes the probability of event A.



then we have also (cf.[B] and [A})

the probability of rejecting H_, under the hypothesis

6 = =8, 1832 Z %, — 3{ Z_ o )
1 k iy ¢ {i=’l c}
k-1
Thus if we take e.g., Z_ol; = 0,05 then we have
i

1. the probability of rejecting HO, if HO is true, is £ 0,05,
2., the probability of rejecting Hys under the hypothesis
8, = ..t =9, 1s 30,05 - 3(0,05)° = 0,04875.

Tests T, satisfying the conditions (2;7) and (2;11) will be des-
cribed in section 3,

3., Examples

3.1 An exponential distribution with parameter @i

We first consider the case that X; possesses, for each
i=1,...,k, an exponential distribution with parameter ei, i.e.

-8.X
(3.1571) P{iiS-X} =1 -e T (x>0) .
Now let, for each i=1,...,k,
n,
- def 1 -
(3.152) X, == — 2 X,
’ t nyoge b
then we take, for each 1=1,...,k-1, as a test statistic for the
hypothesis Ho,i -
141
(3.1;3) t, = —
%1
and for 2y we take a critical region of the form ti;=ti x where
S
(cfo(2;5)) ty , satisfies 1
71
(3.154) P%Liatﬁddi Oy = 8y yqf =i

Now (3.1:;1) entails that, for each 1=1,.,,,k, 2@iniii possesses a
)Qg—distribution with Eni degrees of freedom, thus Ei possesses,
for each i=1;.,..,k-1, under the hypothesis Gi =@, an F-distri-

i+1
bution with 2ni+1 and Eni degrees of freedom, Thus the critical
values ti o may be found from a table of the F-distribution,
SO
Tt may easily be proved (cf.[4]) that these tests T

satisfy the conditions (2;7) and (2;11).

,lytco,Tk—,]



3.2 A normal distribution with variance @i

Now let, for each i=1,...,k, X, possess a normal distribution

with unknown mean . and variance & ., Then, 1if
i

acr 3,
Z:" ‘:‘J K

2def 4 S
1S el

we take, as a test statistic for the hypothesis H

Xy

(3.231) (i=ﬂ,;..,k)

0,1
(3.2;2) £y =—-§2-L2—w (i=1,...,k=1)
1+

Now £2L€§§4—'QOJ5LSS(Q) for cach i=1,...,k, a '%’ ~-distribution
with ni—1 degrees of freedom; thus, for cach I=1,004,k=-1, Ei
possesses, under the hypothesis %f@i+1 an F-distribution with

1-1 and ni+4‘1 degrees of freedom, We again take critical re-
gions of the form t, >>tl o ,where t_l =, may be found from a

P

table of the F- dlstributlon
The proofs of (2;7) and (2;11) are identical with those of the
foregoing example.

Remark 3.2;1

.
it M is known then 52 1s replaced by S’ i=£ Z: _1 ' }Ll

n, g% 2 L
where —~%;4-possesses a 7L ~digsiribution with n n, degrees of
;

freedom,

3.3 A normal distyibution with mean @i and known variance

We now consider the case that, for each i=1,...,k, xi possessw
€8s a normal distribution with mean @i and known variance 0&2. Let,
for each i=1,.,..,k,

- — def 4
(3.331) ¥, 8L 4L 5
l ‘h(: a/=1 (.,a'
then we take
(3.352) by =Xy 4 - x, (=1,.00,k-1)

The statistic t possesses, under the hypothesis e = e a

normal dlstributlon with zeroc mean and variance

1417



2 2

(3.333) o 2(t,]ey = © )=y T g k)
'Y 5 o s - U - — 1y e amsy
it71 141 Ny ni+1
We take a critical region of the form t.z,ti o« 3 then
SR g
. -
(3.3;34) t = L _LE
sy T\ B TR,
where § 1.8 defined by
= 00
1.2
(3.355) A u/’ze 2X gx = o

Thus ti,qa may be found bﬁ‘means of a table of the normal distri-
bution, *+ It may easily be seen that this test satisfies (2:7).
Further Ei and Eﬂ are, for Jj>i+1, independently distributed, 1.e.
(2;11) holds for each palr of values (1i,j) with j>i+1. For J=1#1,
Ei and Ej possess a two-dimensional normal distribution with nega-
tive correlationcoefficient and it may easily be proved (cf.{?])
that (23;11) holds in this case,.

3.4 A rectangular distribution between 0 and e

i
Finally, let, for each i=1,,..,K, X; possess a rectangular
distribution between 0O and 9i> O, Let, for each 1=1,...5K,

(3.4;1) z, 288 pax x s
sysny

then (cf.[{], chapter 2) z, is the maximum likelihood estimate of

Gi. In this case we take, for i=1,...,k-1,
z
i
L 244

with critical regions of the form t, > T,
i 1,4

Now we have (of.[%]) i
( 4 ) n/1 oy
141 1f oK & ==,
Ny e Ny
(3.4;3) tQuL:' . . n,
n .
g i (1_“‘)}1 f X3 .
)N, ¢ i
1+1

The proof of (2;7) and (2;11) may be found in [&].



3,5 An analogous distributionfree test

In this section an analogous distributionfree test based on

WILCOXON's two sample test will be described., Let 54""’§k be

independent random variables, possessing continuous probability

distributions. Let further, for each i=1,.,.,Ks X 5 0005%X,
i,1 i,n,

pe independent observations of x, and let (cf.[ﬂ]) *
n, n,
def i 1+ 3)
3.5;1 W, == 2. sen(x. _-X.
2 : =1 = Bl a0 )
where

17 if 250
(3.532) sgn z def 0 if z=0 ,
-1 if z< O .

In the sequel of this section a test will be described for the
hypothesis Hé that KysesesX) DOSSESS the same probability dis-

tribution. This test is based on wq,..,,w and is performed

k=1
5 denote the hypothesis

as follows. Let, for i=1,...,k-1, Hg
3

that Xy and X3 41 possess the same probability distribution and

let Z% denote a critical region of the form W,> W, where
i 17 Ti,ey

(3.5;3) Py, € ZﬂHc’),i} = Pl 2 e, H 1§ =9

Then the hypothesis Hé is rejected if and only if a value of 1
exists with W, e Zi.

For small values of 2 and LS the critical values wi’di may bhe
found from a table of the exact probability distribution”of W,
under the hypothesis Hé,i (cf. e.8. L6] and [7]). For large va-
lues of ng and ni+1ﬂi is, under the hypothesis Hé,i’ approxima-
tely normally distributed with zero mean and variance

) 2 _ ]
(3.554) (U | B ) = g nyny ().

Thus in this case an approximation to Wi,q. may be found from a
table of the normal distribution. +

Now let o, denote the size of the critical reglon of the test
forHé, i.e, let

Q,

(3.535) 1o def Pgﬂie_Z{ for at least one value of ilHé}

o}

B R el

3) If U, 1s the test statistic of WILCOXON's two sample test, ac-

cording to H.B. MANN and D.R. WHITNEY [6], then Wi = 2Ui-nini+1.



then it may be proved (cf.[4]) that
k-1 Cek=1 4, k-1
(3.536) Zoot, 3] Talfcw g T
i=1 ¢ 1= ¢ o~ 1=

Further the test for the hypothesis Hé possesses the following
properties, Let

" def .
(3.557) e, L2 P{§i>'£i+1i (1=1,00.,k=1) ,

let the limit n —>0o be taken under the conditions.

(3.538) lim n, =00 for each i=1,...,k

- 00
and let H%,Hé and H! denote the hypotheses

3
1. H, : for each value of 1 : @l<3 ,

1. ) il $ 1 L
(3.539) 2. Hp : at least one value of 1 exists with ;>3 ,

{for each value of 1 : €!g 3 ,
3. H!: .

at least one value of 1 exists with ei=%.
Then we have, (cf.[4]), for n —> oo

1. the probability of rejecting Hé under the hypothesis
H%, tends to zero,
2. the probability of rejecting H' under the hypothesis
(3.5510) Hé, tends to 1, °
3. 1f o is sufficiently small for each value of 1 with
6]=k, the probability of rejecting H! under the hypo-

thesis Hé tends to a limit <1,
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