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The triply shortened binary Hamming code is optimal

by

M.R. Best & A.E. Brouwer

ABSTRACT

By explicit evaluation of the linear programming bound for the case
q =2, d=3 (after adding one inequality when n = 0 (mod 4)), we prove
that A[n,3] < 2n_2/[£n+lj. In particular the binary Hamming code is shown
to remain optimal when it is shortened one, two or three times. Furthermore

some general relations between solutions of the LP problem are derived.

KEY WORDS & PHRASES: linear programming bound.

*) . L .
This paper is not for review; it is meant to be published elsewhere.



1. INTRODUCTION
n . n
For any sequence (Ai)i=0 we define the dual sequence (Bk)k=0 by

B =
1

I o~—3

0
where

@ =1 03 @0 Gy ¢Th
J
denotes a Krav¥uk polynomial (cf. [1]).

An [n,d]-code is a code of length n and minimum (Hamming-) distance at
least d over an alphabet Q of q elements. A[n,d] is defined as the maximum
cardinality of an [n,d]-code. An [n,d]-code for which this maximum is at-
tained is called optimal.

Now let (Ai)ril=O be the inner distribution of a code C of length n
over Q, i.e.

A, = IC[—]'l{(x,y)lx,y e C and d(x,y) = il}]

is the average number of codewords with Hamming distance i to a fixed codeword.
P. DELSARTE proved that in this case the components Bk of the dual sequence
of (Ai)i are nonnegative. Hence for any [n,d]-code its inner distribution

(Ai)i must satisfy:

Ai >0 for 0<i1i<n
Bk 20 for 0<k<n
A0 =1, Ai =0 for 1 <1 <d.

We shall denote this system by LP[n,d]. Since B, = EAi = |C| the linear

programming bound can be formulated as
Aln,d] < maX{BOI(Ai)i is a solution of LP[n,d]}.

For ¢ = 2, d = 3 (and for d = 4) we can solve the implied linear programming



problem explicitly. It turns out that the optimal solution is unique and
specializes for n = 2" - I, n-= 2™ - 2, n= 2™ - 3 to the weight enumerator
of respectively the zero, one or two times shortened Hamming code.

For n = 0 (mod 4) however the (unique) optimal solution satisfies An-] =

= 2n/(n+2) > 1 which is clearly impossible for a single-error-correcting

code. Therefore we added the inequality

to the system LP[n,3], and solved the resulting LP problem. This time
there is an optimal solution which specializes for n = 2™ - 4 to the weight

enumerator of the triply shortened Hamming code.

REMARK., The general idea of adding extra inequalities to LP[n,d] has proved
to be very fruitful. For instance, we showed in that way that the [12,5]-
Nadler code with 32 codewords is optimal, a result found independently and
almost simultaneously by F.J. MacWilliams, A.M. Odlyzko and N.J.A. Sloane

(private communication, sept 1975).
2. GENERATING FUNCTIONS

For theoretical purposes the definition of (B can be transformed

T k)k
into a much more convenient form by using generating functions. First of
all we have

) Kk(i) W TREE = (w+(q—1)X)n—i(w-X)i-
k

Defining for any sequence (Si)?=0

-i i

S(w,x) = z Siw X,
i

the definition of (Bk)k is reflected in B(w,x) = A(w+t(q-1)x, w—x).
If F >> 0 denotes that F is a polynomial in w and x with positive coefficients,

LP[n,d] can be reformulated as



JA(W,X) >> 0
B(w,x) >> 0
[_AO =1, A, = 0 for 1 <1 < d.

= A(1,0) and B, = B(1,0) = A(1,1).)

(note that A

0 0

In the sequel we shall apply several times the coordinate transformation

{ s (s+(q-1)t)/q
t

(s-t)/q
Observe that

w+ (o) x { v
1.€. .

w - X

_8__+.§_=?_.
98 ot ow
9 9 _ 0
3w x| %3s

B(w,x) = A(s,t),
and

q"A(w,x) = B(s,t).

3. SOME RESULTS ON KRAV&UK POLYNOMIALS.

We mention some results which we need in the sequel. For q = 2 we ex-—

plicitate KO, Kl’ K, and Kn:

2
Ko(i) =1

Kl(i) = n-2i

]

. 1 .2 1
Kz(l) E(n 21)° - 7 0

-nt

K (i
() ‘
as is easily verified from the definition. Moreover we remark that
ank = ZBiKk(i), that is, the dual of the dual of a sequence is a constant
factor (qn) times the original sequence. [This follows at once from the
bottom line of section 2.]

Next we need a result about certain submatrices of the Krav¥uk matrix

(Kk(i))i i =0 From the equation
,i=



oy _N\J _y\k-j n-j] i
K = Lol e 6T ()

(cf.[1])one immediately sees that Kk(i) is a polynomial in i of degree k:
.y _ oD .t . . . . = (Kt

Kk(l) = Zt=0 a i with leading coefficient 2 (-q) /k!. Now let

Ic{0,1,...,n} with |I| = & and let (Kk(l))k<£’ i

of the first 2 rows and 2 different columns. Then

I be the square submatrix

.ty

(Kk(i))k<2, iel (akt)k,t<2' & )t<2, iel

Since (akt)k t<g is a lower triangular matrix with nonvanishing diagonal
3 B
elements and (i )t<£ = is a Vandermonde matrix, both matrices are regular
H
and so 1is (Kk(l))k<2’ el Hence

THEOREM 1. Let I < {0,1,...,n} with |I| = L. Then the matrix (Kk(i))k<£ el
18 regular. K
, ) o (=QF P
(In fact its determinant equals Kgl —15}—— iUi' (i-i') -) O
i,i'el

A consequence of this theorem is

COROLLARY. Let I < {1,...,n} with |I| = d. If each optimal solution of
LP(n,d] (or an extension of it) has B, =0 for i € {1,...,n\1, then there
is exactly one optimal solution of the LP problem under consideration.

n
PROOF. = i)B.. Si
: F. We know that q A E Kk(l)B1 Since all A for k < d and all B, for
i ¢ I are known, this yields (using k<d) a system of d equations in the un-

knowns Bi(ieI) with nonvanishing determinant. d
4, MODIFICATIONS OF CODES AND SEQUENCES.

A. Shortening.
Let C be an [n,d]-code over Q. A shortened code Cp’j of it consists of
all words with the symbol j € Q at a fixed position p, where the symbol
itself is deleted. Obviously each Cp’j is an [n-1,d]-code, and there

1

exists one for which ICP’JI > q_ [C]. In general the innmer distribution

i n-1 i . . . .
(AE’J)1=0 of ¢cP*J cannot be determined from the inner distribution (Ai)i



of C. But if all shortened codes CP?J (p any position, jeQ) have the same
inner distribution (and in particular if C is invariant under an automor-
phism group which acts tranmsitively on bitpositions as well as on the sym-—

bols of the alphabet Q) then A?’J = E%E-Ai.

In fact we have in general

z ICP’JIAP’J = Z l{(X,Y)lx’y €C, d(X,Y) = 1 and x =y }l = (n-i). |CI. A
P,j oop L

and

Yy IcPd| =n . [c]
P>]

n-i . . . i
hence the sequence (—I—l-l--Ai)i is a convex combination of the sequences (AE’J)i'

Thus motivated we define for each sequence (Ai)?=0 the shortened sequence
0 n-1 0 _n-i

(A1)5-0 PV A3 =75 44

In the language of generating functions this means

IQJ

Ao(w,x) = A(w,x).

8-
@

W

. Puncturing.
Let C be an [n,d]-code over Q with d > 2. A punctured code CP’~ of it
consists of all words of C with the symbol at position p deleted. Obvi-
ously c?*” is an [n-1, d-1]-code with ICp’_I = |C|. In general the inner
distribution (AIi)’-)i of CP*” eannot be obtained from the inner distribu-
tion (Ai)i of C. But if all punctured codes cP:” (p any position) have
the same inner distribution (and in particular if C is invariant under
an automorphism group which acts transitively on the bit positions),

n-i i+l

then AP?” =L o + 12° 4,
1 n 1 n 1

In fact we have

+1°

Z le’_l AE’_ = z [{(&x,y)|x,y e C and ((d(x,y)=1i and Xp=yp) or
P P :

(d(x,y)=i+1 and xp#yp))}l

it

((n—i)Ai + (i+1)Ai+l) - |C|

and



Y 1cP7] =n . IC]
p
h (n-i i+1 . . .
ence the sequence \_H— Ai + —E—-Ai+1 ; 18 a comvex combination of the
sequences (A?’-)i. Therefore we define for each sequence (Ai)lil_0 the
1 -i i+l -

-0~ - _n-i
punctured sequence (Ai)i=0 by Ai == Ai + = Ai+1‘

In the language of generating functions this means

- 1,0 )
A (w,x) = E(W + 3—}'{) A(w,x).
Let X ¢ Iﬁ and for each (n,d) € X let R[n,d] be a restriction laid upon

sequences (Ai)til=0 (with A1=...=A =0). We say the collection

d-1
{R[n,d] | (n,d) e X} is Znvariant under shortening (puncturing) if for each
(n,d) € X with (n-1, d) € X ((n-1, d-1)eX) whenever a sequence satisfies

R[n,d] then the shortened (punctured) sequence satisfies R[n-1,d] (R[n-1,d-11]).

THEOREM 2. Let LI[n,d] be the set of all linear inequalities with real co-
efficients and variables A, such that they are satisfied by each sequence
(Ai)i which 18 the imner distribution of an [n,d]l-code. Then {LI[n,d]|

(n,d) € Nz} 18 imvariant under shortening and puncturing.

PROOF. A convex combination of solutions to a linear inequality is again a

solution. g

THEOREM 3. {LP[n,d] | (n,d) € N2}<is invariant under shortening and punc-
turing.

PROOF. Suppose (Ai)?=0 satisfies LP[n,d]. Then

0 _,0 _ 13 1.9 3

B (w,x) = A (s,t) = = 5s A(s,t) = nq(aw + ax) B(w,x) >> 0

and

- - 1,3 .2 _ 13

B (W’X) =A (S’t) = H(BS + at)A(s’t) = n Bw B(st) >> 0.

The verification of the other conditions is left to the reader. 0

THEOREM 4. Let (A(i))i and (A;)i be respectively the shortened and the punc-—

tured sequence of (Ai)i' Then B0 = q—]. B, + (nq)-]Bl and Ba =B

0 0 0°



PROOF. From the proof of theorem 3 follows:

Bg - 8%(1,0)

1
nq Bw

Bw,0)T0y * aglag B (1001 g =
and

N =12 =
By = B (1,0) = _{z= B(w,0)] _, =3B, [

Calling a sequence (Ai)i an optimal solution of a restriction when B, is

maximal we have:

THEOREM 5. Let {R[n,d] | (n,d) € X} be a collection of restrictions invari-
ant under shortening and such that an d] Zmplies LP[n,d] for each (n,d) € X.
If (Ai) 18 a solution of Rln,d] and its shortened sequence (A ) 8 a
(unique) optimal solution of Rln-1, d] und B q -1 B, then the sequence

(Ai)i itself is a (unique) optimal solution of R[n,d].

PROOF. If (A ) is an optimal solution of R[n-1, d] and (A ) is any solution

of R[n,d] then B ;O < q B0 = B_ hence (Ai)' is optlmal If (A ) is

0 0 0
the unique optimal solution of R[n-1, d] and (A;) is any optimal solutlon

£ qB

of R[n,d] then B; B0 hence B; =q B;O = q Bg = BO By’theunlqueness of(A )
it follows that A*C = AO for 0 s i < n - 1 and hence A =D 0 o 0 =
i n-i i n-i 1
= A, for 0 £ i <n - 1. But also A = A since JAT = B* = B = TA.. Hence
1 n i1 0 0 i1
(Ai)i is unique. g

REMARK. Of course the requirement R[n,d] = LP[n,d] was needed only to ensure

that B1 > 0 hence B0 < q Bg for any solution (Ai)i of R[n,d].

THEOREM 6. If {R[n,d] | (n,d) e X} Zs <nvariant under puncturing and such
that Rln,d] <mplies LPln,d] for each (n,d) € X and (Ai)i 18 a solution of
R[n,d] such that its punctured sequence (A;)i 18 a (unique) optimal solu-
tion of Rln-1, d-1] then the sequence (Ai)i itself is a (unique) optimal

solution of R[n,d].

PROOF. If (A ) is an optimal solution of R[n-1, d-1] and (Az)i is any solu-
*= - . . -

tion of R[n, d] then BO BO < BO = B0 hence (A ) is optimal. If (Ai)i is

the unique optimal solution of R[n-1, d- 1] and (A ) is any optimal solution

of R[n,d] then A (s,t) = A" (s t) hence ——(B (w,x)=~ B(w x)) = 0 and B*(w,x) =

= B(w,X) + cx”. Using B(1,1) = ¢ AO qn it follows that ¢ = 0. [



REMARK. Here R[n,d] = LP[n,d] was needed only to ensure that A0 =1 for

any solution (Ai)i of R[n,d].
5. THE CASE q = 2, d = 3 or d = 4.

3 or d =4 we can give the solution of LP[n,d]

il

For the case q = 2, d

explicitly.

THEOREM 7. Let q = 2. If d

/

3 then let (Ai)i be defined by

L™ + L o o (D if n= 0 (med 2)

A(w,x)= ﬁ. E%g(w+x)n + ;%g(w+x)%(n_3) (w—x)%(n_]) ((n+2)w2+2wx-x2)

if n= 1 (mod 4)
k ()™ + E%T(w+x)%(n—]) (w=x) 1 (2FD) ifn=3 (mod 4).
If d =4 then let (Ai)i be defined by
( 1 2 2.4
m((wf}()n + (W‘X)n) + n—:_l]" w (w =x )Z(n—l) if n =1 (mod 2)
AGx) =4 T (o™ + @0+ o5 WD) 0 (et yuPx?)
if n = 2 (mod 4)
kfl'r;((w"'x)n + )™ + E%L(WZ_XZ)%n if n = 0 (mod 4).

Then (Ai)i 18 the unique optimal solution of LP[n,3] and LP[n,4] respective-
ly. In particular we find the bounds

2%/(n+2) if n= 0 (mod 2)

1]

Aln+l, 4] = A[n,3] < 2%/(n+3)  if m=1 (mod 4), n # 1

2%/(n+1)  if n=3 (mod 4).



m .
COROLLARY. A[2%-3, 31 =22 "B 73 31, 2, 3.

PROOF. (i) Observe that (Ai)i for d = 3 is obtained by puncturing the se-
quence for d = 4 and n increased by one. Also, for d = 3 and n = 1 (mod 4)

or n = 2 (mod 4), (A ) is obtained by shortening the sequence for none larger.

e

The same holds for d = 4 and n = 2 (mod 4) or n = 3 (mod 4).

(ii) In order to prove that .(A’i)i satisfies LP[n,d] it suffices to
1 (mod 4) by (i) and

consider the cases d = 4, n=0 (mod 4) and d = 4, n
theorem 3.
If d =4, n =0 (mod 4) then

1 -
A, = 50 (0™ + e + EL?x?)2m,
so
n-l n n n-1 in
B(w,x) = A(wtx, w-x) = (w +x ) + - (bwx)?.
Certainly B(w,x) >> 0. Furthermore AZi+1 = 0 for each i and
ay =Lty + Bl et s
21 n2i
since
(53)
217 (n-1)(n=3)...(n-2i+1) > 1 1
, = >n -
(37 @i-n@i-3)...3.1
provided 1 < 2i < n - 2; but if 21 = n then i is even and A2i =-% + 2o
n

is positive too., Finally A0 = 1.
Ifd=4, n=1 (mod 4) then

1 n n _n_

AW,X) = gy (@™ + ™) + 2oy @D,

sO

n-1 n n 1
(™) + () (Gux) 2 (071D

B(w,x) A(wtx, w-x) =

n+l

Certainly B(w,x) >> 0. Furthermore Arip1 =0 for each i and

1 I ;
By; = mrlag) * n+](£(2 ) -nt
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since
n)}
227 a(@-2)...(n-2i+2)
fGD) - GIrDEED..5.0
i
for 1 < 2i <n-1. Also A = 1.

0
In both cases one can check easily A1 = AZ = A3 = 0 and hence (Ai)i is a

solution of LP[n,d] in all cases.

(iii) In order to prove that (Ai)i is the unique optimal solution of
LP[n,d] it suffices by theorems 3, 5 and 6 to consider the cases d = 3,
n=0 (mod 4) and d = 3, n =1 (mod 4). Let n = 0 (mod 4). Then since
(n=-21) (n-2i+2) = nKO(i) + 2K1(i) + 2K2(i) we obtain

L (n-2i) (n-2i+2) B, = (nA*2A,+2A,). 2" = n.2"

1

The coefficients (n-2i)(n-2i+2) are non-negative and vanish only for
n n

. . 2 . 2
- 1 = 1 pRan— [
i ;0 and i ;n + 1. Therefore BO < 7 and if BO e then

B, = 0 for i € {1,2,...,n}\{}n, in+1}. This proves optimality, and the unique-

ness follows from the corollary to theorem 1.

Next let n = | (mod 4). Since

(n-2i) (n-2i+2) - 1 - 2(-1)* = (n—l)KO(i) + 2K1(i) + 2K2(i) - 2Kn(i)

we obtain

] ((0=2i)(a-2i%2) = 1 = 2(-1)") B, = ((n-1)Ay + 24, + 24, = 24 ) 2" < (o-1)2"
i

The coefficients (n-2i)(n-2i+2) - 1 = 2(-1)* are non-negative and vanish

only for i € {}(n~1), i(n+1), }(n+3)}, as is easily verified:

n n n
Hence B, < (n-1)2 = 2 and if B =‘—Z— then B. = 0 for
0 n2+2n—3 +3 0 n+3 i

ie{1,2,...,a\{3(n-1), i(n+1), }(n+3)}. This again proves optimality and

uniqueness. [
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PROOF of the corollary: shortening the appropriate Hamming code it is seen

that the upper bound given in the theorem can be attained. [

6. AN ADDITIONAL INEQUALITY.

By adding the inequality Ah—1+ An <1 (if d=3) or 2An—2 + n(An_l+An) <n
(if d=4) to the system LP[n,d] we can improve the known bounds on A[ln,3]
for n = 0 (mod 4) and Aln,4] for n =1 (mod 4), respectively. Denote the
extended system by LPE[n,d].

THEOREM 8. Let q = 2. If d = 3 then let (Ai)i be defined by

A(w,x) = -r—ll—(w+x)n + (W+X)£n_2(w—x)%n—] .

1
+4 (n+1) (n+4)

.((n+l)(n+3)w3 + 3(n+1)w2x - 3(n+l')wx2 - 3x3) if n = 0 (mod 4),
and by the expression given in theorem 1 otherwise.

If d = 4 then let (Ai)i be defined by

1

-3 w(wz-xz)%(n—3)((n+2)w2—3x2)

A(w,x) = W+X)n+(W'X)n) +

1
TSRS
if n =1 (mod 4),

and by the expression given in theorem 7 otherwise.

Then (Ai)i 8 an optimal solution of LPE[n,d].
In particular we find the bound

n
Aln+l, 4] = A[n,3] < %:Z- if n= 0 (mod 4).

m
COROLLARY. A[2"-4, 3] = 22 ™74,

PROOF. (i) Observe that (Ai)i for d = 3 is obtained by puncturing the se-

quence for d = 4 and n one larger. Also, for d = 3 and n = 0 (mod 4)',(A.)i
A

[

is obtained by shortening the sequence for n + 1. The same holds for d

and n =1 (mod 4).

BIBLIOTHEEK MATHEMATISCH CENTRUM
—— AMSTERDAM ———
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(ii) By theorems 3 and 7,(Ai)i satisfies LP[n,d]. Moreover,

{LPE[n,d] | n e N, d € {3,4}} is invariant under puncturing:
. . - - 2
- <
If (Ai)i is a solution LPE[n,4] then A.n_2 + Ah-l = A.n_2 + An_l + An < 1.
Therefore it is sufficient to show that (Ai) is a solution for d = 4 and

that it is optimal for d = 3.

Compute An—Z’ An—l and An for d = 4:
If n = 0 (mod 4) then '

A_,=0,A =0, A =1I.
If n = 1 (mod 4) then

An—2 = 0, A.n_1 =1, An = 0.
If n = 2 (mod 4) then

n = =
n-2 2° An--l =0, An 0.

If n = 3 (mod 4) then

A_,=0,A =0, A =0.
Therefore in all cases E-A + A + A <1 is satisfied.

n n-2 n—1 n

Since for n # 0 (mod &) (Ai)i is the optimal solution of LP[n,3], it is a
fortiori optimal for LPE[n,3]. Remains to show optimality for d = 3, n = 0
(mod 4).

Let a(i) = (n-2) Ko(i) + 2Kl(i) + 2K2(i) + 2Kn_](i) + 2Kn(i),

then if i is ewven

a(i) =n + 4 (@-2i) + (-20)° - n = (n-21) (n-2i+4)
and if 1 is odd

a(i) = n - 4 + (n-2i)% - n = (a-2i-2) (n-2i+2).

Since n = 0 (mod 4) this implies that o(i) 2 0, while a(i) = O only for
ie{in-1,4n, in+1, in+ 2}.

Now from

n n

[ a(i) B, = ((n=2)A*2A,+2A 424 | +24 ) * 2° < 0.2

i

and

a(0) = n(n+4)
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it follows that

B0 < 2%y (n+4)

which proves optimality.
(iii) In order to conclude that A[n,3] < 2n/(n+4) all we have to do
is checking that the inequality An_1 + A.n < 1 is satisfied for the inner

distribution of a code with d = 3. 0

REMARK. The solution of LPE[n,d] given in theorem 8 is not unique in general.
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