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*) 
The triply shortened binary Hamming code is optimal 

by 

M.R. Best & A.E. Brouwer 

ABSTRACT 

By explicit evaluation of the linear programming bound for the case 

q = 2, d = 3 (after adding one inequality when n = 0 (mod 4)), we prove 

that A[n,3] ~ 2n-Z/L¼n+lj. In particular the binary Hamming code is shown 

to remain optimal when it is shortened one, two or three times. Furthermore 

some general relations between solutions of the LP problem are derived. 

KEY WORDS & PHRASES: linear programning bound. 

This paper is not for review; it is meant to be published elsewhere. 



l • INTRODUCTION 

For any sequence (Ai)~=O we define the dual sequence (Bk)~=O by 

where 

n 
l Ai~(i), 

i=O 

denotes a Krav~uk polynomial (cf. [I]). 

An [n,d]-code is a code of length n and minimum (Hamming-) distance at 

least dover an alphabet Q of q elements. A[n,d] is defined as the maximum 

cardinality of an [n,d]-code. An [n,d]-code for which this maximum is at­

tained is called optimal. 
n Now let (A.). 0 be the inner distribution of a code C of length n 1. 1.= 

over Q, i.e. 

A. = ICl-l. l{(x,y)lx,y EC and d(x,y) = i}I 1. 

is the average number of codewords with Hamming distance i to a fixed codeword. 

P. DELSARTE proved that in this case the components Bk of the dual sequence 

of (A.). are nonnegative. Hence for any [n,d]-code its inner distribution 1. 1. 
(A.). must satisfy: 1. 1. 

A. ~ 0 1. 

Bk ~ 0 

AO = I , 

for 

for 

A. = 
1. 

0 s i s n 

0 s k s n 

0 for s i < d. 

We shall denote this system by LP[n,d]. Since B0 = 

programming bound can be formulated as 

rA. = ICI the linear 1. 

A[n,d] s max{BOi(A.). is a solution of LP[n,d]}. 1. 1. 

For q = 2, d = 3 (and ford= 4) we can solve the implied linear prograI!'I!ling 
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problem explicitly. It turns out that the optimal solution is unique and 

specializes for n = 2m - 1, n = 2m - 2, n = 2m - 3 to the weight enumerator 

of respectively the zero, one or two time-s shortened Hannning code. 

For n = 0 (mod 4) however the (unique) optimal solution satisfies A 1 = 
n-

= 2n/(n+2) > I which is clearly impossible for a single-error-correcting 

code. Therefore we added the inequality 

to the system LP[n,3], and solved the resulting LP problem. This time 

there is an optimal solution which specializes for n = 2m - 4 to the weight 

enumerator of the triply shortened Hamming code. 

REMARK. The general idea of adding extra inequalities to LP[n,d] has proved 

to be very fruitful. For instance, we showed in that way that the [12,5]­

Nadler code with 32 codewords is optimal, a result found independently and 

almost simultaneously by F.J. MacWilliams, A.M. Odlyzko and N.J.A. Sloane 

(private co1llllll.unication, sept 197 5). 

2. GENERATING FUNCTIONS 

For theoretical purposes the definition of (Bk)k can be transformed 

into a much more convenient form by using generating functions. First of 

all we have 

I 1\Ci) 
1k 

n-k k 
W X 

n-i i 
= (w+(q-l)x) (w-x) . 

n 
Defining for any sequence (Si)i=O 

S(w,x) \' n-i i 
= l S.w x , 

l. 
l. 

the definition of (Bk\ is reflected in B(w,x) = A(w+ (q-1 )x, w-x). 

If F >> 0 d1enotes that Fis a polynomial in wand x with positive coefficients, 

LP[n,d] can be reformulated as 
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J A(w,x) » 0 

l B(w~x) » 0 _ 

AO - I, Ai - 0 for l ~ i < d. 

(note that AO = A(I ,O) and BO = B(I ,0) = A(l, l) .) 

In the sequel we shall apply several times the coordinate transformation 

Observe 

and 

{ ,, = w + (q-1) X ., 

t = w - X 

that 

a a a 
-+ at 

=-
as aw 

a a a 
-+ -- qas aw ax 

B(w,x) = A(s,t), 

qnA(w,x) = B(s,t). 

i.e. { 
w 

·x 

3. SOME RESULTS ON KRAV~UK POLYNOMIALS. 

= (s+(q-l)t)/q 

= (s-t)/q 

We mention some results which we need in the sequel. For q = 2 we ex­

plicitate K0 , K1, K2 and Kn: 

K0 (i) = 

K1 (i) = n-2i 

1(2 (i) 

K (i) 
n 

I ( . ) 2 = - n-21 
2 

= (-1) 1 

1 
2 n 

as 1s easily verified from the definition. Moreover we remark that 

qn~ = [Bi~(i), that is, the dual of the dual of a sequence is a constant 

factor (qn) times the original sequence, [This follows at once from the 

bottom line of section 2.] 

Next we need a result about certain submatrices of the Krav~uk matrix 

(~(i))~ i = 0 . From the equation 
' 



k • . . 
~<i> =? <-q) 3 (q-1) - 3 c::j> <J> 

J 

(cf.[l])one immediately sees that ~(i) is a polynomial in i of degree k: 

~(i) = L~=O aktit with leading coefficient akk = (-q)k/k!. Now let 
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Is {0,1, ••• ,n} with III = i and let (~(i))k<i, iEI be the square submatrix 

of the first i rows and i different columns. Then 

Since (akt)k t<i is a 
, t . 

lower triangular matrix with nonvanishing diagonal 

elements and (i )t<i, . I is a Vandermonde matrix, both matrices are regular 
1€ 

and so is (Kk(i))k<i, . I' Hence 1€ 

THE.OREM I. Let I£ {0,1, ••• ,n} with III = t. Then the matrix (¾(i))k<i, iEI 

is reguZar. k 

(In faat its determinant equaZs kQi (~!) .n., (i-i') •) 
1>1 

D 
i,i'EI 

A consequence of this theorem is 

COROLLARY. Let Is {I, ••. ,n} with III = d. If eaah optimaZ soZution of 

LP[n,d] (or an extension of it) has B. = 0 for i E {1, ••. ,n}\I, then there 
1 

is exaatZy one optimaZ soZution of the LP probZem under consideration. 

PROOF. We know that qn~ = f ~(i)Bi. Since all~ for 

ii I are known, this yields (using k<d) a system of d 

knowns B.(iEI) with nonvanishing determinant. D 
1 

4. MODIFICATIONS OF CODES AND SEQUENCES. 

A. Shortening. 

k < d and all B. for 
1 

equations in the un-

Let C be an [n,d]-code over Q. A shortened aode cP,j of it consists of 

all words with the symbol j E Q at a fixed position p, where the symbol 

itself is deleted. Obviously each Cp,j is an [n-1,d]-code, and there 

exists one for which !Cp,j I ~ q-l !Cl. In general the inner distribution 

(Ai'j)~=~ of Cp,j cannot be determined from the inner distribution (Ai)i 
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of c. But if all shortened codes Cp,j (p any position, j€Q) have the same 

inner distribution (and in particular if C is invariant under an automor­

phism group which acts transitively on bitpositions as well as on the sym-
p j n-i bols of the alphabet Q) then A.' = --A 
1 n i · 

In fact we have in general 

l ICp,j IA~'j = LI{ (x,y) lx,y € C, d(x,y) = i and x = y } I= (n-i). ICI. A. 
• l. p p l. 

P,J p 

and 

r ICp,jl = n • ICI 
p ,j 

hence the sequence (n-i A.). is a 
n l. l. 

convex combination of the sequences (A~'j) .• 
l. l. 

Thus motivated we define for each 
p µ-I O _ n-i 

(A. ) . O by A. - - A .• 
1 1= 1 n 1 

sequence (Ai)~=O the shortened sequence 

In the language of generating functions this means 

B. Puncturing. 

AO(w,x) = _!_~ A(w,x). 
now 

Let C be an [n,d]-code over Q with d ~ 2. A punctured code Cp,- of it 

consists of all words of C with the symbol at position p deleted. Obvi­

ously Cp,- is an [n-1, d-1]-code with ICp,-1 = ICI. In general the inner 

distribution (A~'-). of Cp,- cannot be obtained from the inner distribu-
1 l. 

tion (A.). of C. But if all punctured codes Cp,- (p any position) have 
l. l. 

the same inner distribution (and in particular if C is invariant under 

an automorphism group which acts transitively on the bit positions), 
p - n-i i+l 

then A.' = -- A. + -- A.+l, 
1 n 1 n 1 

In fact we have 

l ICp,-1 A~'-= l l{(x,y)lx,y EC and 
l. 

p p 
((d(x,y)=i and x =y) or 

p p 

(d(x,y)=i+l and x /y ))}I 
p p 

• ((n-i)A. + (i+l)A. 1) • ICI 
l. 1+ 

and 



l ICp,-1 = n. ICI 
p 

hence the sequence 

sequences (A~'-) .• 
l. l. 

punctured sequence 

In the language of 

( n-i A i + 1 A ) . · · f 
\-- . + -- . 1 . 1.s a convex comb1.nat1.on o the n 1. n 1.+ 1. 
Therefore we define for each sequence (A.)~_0 the 

1 • • 1 l. 1.-- n- - n-1. 1.+ 
(A.). Oby A. = - A.+ - A. 1• 1. 1.= _ 1. n 1. n 1.+ 
generating functions this means 

A-(w,x) = .!.cL + i...) A(w,x). n aw ax 

2 Let X s :N and for each (n,d) € X let R[n,d] be a restriction laid upon 

sequences (Ai)~=O (with A1= ••• =Ad_ 1=0). We say the collection 
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{R[n,d] I (n,d) € X} is inva:.!'iant under shortening (puncturing) if for each 

(n,d) € X with (n-1, d) € X ((n-1, d-1)€X) whenever a sequence satisfies 

R[n,d] then the shortened (punctured) sequence satisfies R[n-1 ,d] (Rrn-1,d-l ]) • 

THEOREM 2. Let LI[n,d] be the set of aii Linea:.!' inequalities with real ao­

efficients and Va:.!'iables A., such that they a:.!'e satisfied by each sequence 
l. 

(A.). which is the inner distribution of an [n,d]-code. Then {LI[n,d]I 
l. l. 

(n,d) € :N2 } is inVa:.!'iant under shortening and puncturing. · 

PROOF. A convex combination of solutions to a linear inequality is again a 

solution. D 

THEOREM 3. {LP[n,d] I (n,d) € E 2} is inva:.!'iant under shortening and punc­

turing. 

PROOF. Suppose (Ai)~=O satisfies LP[n,d]. Then 

B0(w,x) = A0(s,t) = .!.L A(s t) = -1-cL + L) B(w,x) >> 0 n as ' nq aw ax 

and 

B-(w,x) = A-(s,t) 1 (a a )A( ) 1 a B( ) o = n as + at" s , t = n aw w ,x » . 

The verification of the other conditions is left to the reader. D 

THEOREM 4. Let (A?). and (A:). be respectively the shortened and the punc-
1. 1 1 1 0 -1 -1 

tu.red sequence of (Ai)i. Then B0 = q • B0 + (nq) B1 and B0 = B0• 



PROOF. From the proof of theorem 3 follows: 

BO= BO (1 ,O) l a + _1_[2._ B (l ,x)Jx=O 
l + _1_ B = -[- B(w o)J = - B 

0 nq aw ' w=l nq ax q 0 nq I 

and 

- - I a B = B ( I ,O) = -[- B(w O)] = BO. • 0 n aw ' w=l 

Calling a sequence (A.). an optimal solution of a restriction when B0 is 1. 1. 
maximal we have: 
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THEOREM 5. Let {R[n,d] (n,d) EX} be a collection of restrictions invari-
~ 

ant under shortening and such that R[n,d] implies LP[n,d] for each (n,d) Ex. 

If (A.). is a solution of R[n,d] and its shortened sequence (A?). is a 
1. 1. 0 -1 1. 1. 

(unique) optimal solution of R[n-1, d] and B0 = q • B0 then the sequence 

(A.). itself is a (unique) optimal solution of R[n,d]. 1. 1. 

PROOF. If 

of R[n,d] 

0 (A.). 1.s an optimal 
1. 1. * 0 

solution of R[n-1, d] and (A~). is any solution 1. 1. 
then B0 ~ q B; ~ q BOO= BO hence (A.). is optimal. If (A?). is 1. 1. 1. 1. 

the unique optimal solution of R[n-1, d] and (A~). is any optimal solution 
* * *o o 1. 1. . o 

of R[n,d] then B0 2: B0 hence B0 = q B0 = q BO = B0 • By the uniqueness of (Ai )i 

. f 11 h A*O - AO f O . l d h * = n *O - n AO= 1.t o ows tat . - . or ~ 1. ~ n - an ence A. --. A. - --.. 1. 1. 1. n-1 1. n-1. 1. 
= A. for 0 1. ~ i ~ n - I. But also A*= A since LA~= B* = B0 = LA .• Hence 

n n i 1. 0 i 1. 
(A.). is unique. 1. 1. • 
REMARK. Of course the requirement R[n,d] • LP[n,d] was needed only to ensure 

0 that B1 ;::: 0 hence B0 ~ q B0 for any solution (Ai)i of R[n,d]. 

THEOREM 6. If' {R[n,d] I (n,d) EX} is invariant under puncturing and such 

that R[n,d] i~plies LP[n,d] for each (n,d) EX and (A.). is a solution of 1. 1. 

R[n,d] such that its punctured sequence (A:). is a (unique) optimal solu-
1. 1. 

tion of R[n-1, d-1] then the sequence (A.). itself is a (unique) optimal 1. 1. 
solution of R[n,d]. 

PROOF. If (A:). is an optimal solution of R[n-l, d-1] and (A~). is any solu-
1. 1. * *- 1. 1. -

tion of R[n,d] then B0 = B0 ~ B~ = B0 hence (Ai)i is optimal. If (Ai)i is 

the unique optimal solution of R[n-1, d-1] and (A~). is any optimal solution 
- *- a * i. i. * of R[n,d] then A (s,t) = A (s,t) hence aw(B (w,x)-B(w,x)) = 0 and B (w,x) = 

= B(w,x) + cx0 • Using B(I,I) = qnA0 = qn it follows that c = 0. D 



REMARK. Here R[n,d] • LP[n,d] was needed only to ensure that A0 = l for 

any solution (A.). of R[n,d]. 
l. l. 

5. THE CASE q = 2, d = 3 or d = 4. 
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For the case q = 2, d = 3 or d = 4 we can give the solution of LP[n,d] 

explicitly. 

THEOREM 7. Let q = 2. If d = 3 then Zet (A.). be defined by 
l. l. 

_!_2(w+x)n + _!_2 (w+x)½n-l (w-x)½n ((n+l)w+x) if n = 0 (mod 2) 
n+ n+ 

I n I Hn-3) (w-x) Hn-1) 2 2 
A(w,x)= --3 (w+x) + - 3 (w+x) ((n+2)w +2wx-x) 

. n+ n+ 

If d 

I n n 1 (n-1) --( ( w+x) + - 1 ( w+x) 2 
n+l n+ 

= 4 then Zet (A.). be defined by 
l. l. 

( ) Hn+l) w-x 

I n n 
2(n+l)((w+x) + (w-x) ) + _!!..,_w 

n+l 
( 2 2)Hn-I) w -x 

if n = (mod 4) 

if n = 3 (mod 4). 

if n = I (mod 2) 

A(w,x) = 2(~+2)((w+x)n + (w-x)n) + n!2<w2-x2)½n-l((n+l)w2-x2) 

if n = 2 (mod 4) 

I n n n-1 2 2 ½n -2 ((w+x) + (w-x) ) + -(w -x ) n n if n = 0 (mod 4). 

Then (A.). is the unique optimal solution of LP[n,3] and LP[n,4] respective-
1. l. 

Zy. In particu Zar we find the bounds 

A[n+l, 4] = A[n,3] ~ 

2n/(n+2) 

2n/(n+3) 

2n/ (n+l) 

if n = 0 (mod 2) 

if n = (mod 4) , n 'f I 

if n = 3 (mod 4). 



for j = 1 , 2 , 3 • 

PROOF. (i) Observe that (A.). ford= 3 is obtained by puncturing these-
1 1 
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quence ford= 4 and n increased by one. Also, ford= 3 and n = 1 (mod 4) 

or n = 2 (mod 4), (A.). is obtained by shortening the sequence for none larger. 
1 1 

The same holds ford= 4 and n = 2 (mod 4) or n = 3 (mod 4). 

(ii) In order to prove that (A.). satisfies LP[n,d] it suffices to 
1 1 

consider the cases d = 4, n = 0 (mod 4) and d = 4, n = 1 (mod 4) by (i) and 

theorem 3. 

If d = 4, n = 0 (mod 4) then 

so 

B(w,x) 
2n-l n n n-1 

= A(w+x, w-x) = --(w +x) + --. n n 

Certainly B(w,x) >> O. Furthermore A2i+l = 0 for each i and 

since 

(n-l)(n-3) ••• (n-2i+l) ~ n _ 1 
(2i-1)(2i-3) ••• 3.l 

provided I ~ 2i ~ n - 2; but if 2i 

is positive too., Finally A0 = I. 

I n-1 = n then i is even and A2i = 0 + 11 = 

If d = 4, n = I (mod 4) then 

A(w,x) I n n 
= 2(n+l)((w+x) + (w-x) ) n ( 2 2)½(n-1) +--w w-x , n+l 

so 

B(w,x) = A(w+x, w-x) = 2::; (wn+xn) + n~l(w+x) (4wx)½(n-l). 

Certainly B(w,x) >> O. Furthermore A2i+l = 0 for each i and 

A.= _l_(n.) + _..E._(½(1?--1))(-l)i ~ O 
21 n+l 21 n+l 1 



since 

c;i)) n(n-2) ..• (n-2i+2) ---,----,- = ---a--,.---a..-,..-..,......_,,...--...., 
(Hr:-1)) (2i-1)(2i-3) .•• 3.l 

l. 

for 1 s 2i s n - 1. Also A0 = 1: 

In both cases one can check easily A1 = A2 = ~ = 0 and hence (Ai)i is a 

solution of LP[n,d] in all cases. 

10 

(iii) In order to prove that (A.). is the unique optimal solution of 
l. l. 

LP[n,d] it suffices by theorems 3, 5 and 6 to consider the cases d = 3, 

n = 0 (mod 4) and d = 3, n = l (mod 4). Let n = 0 (mod 4). Then since 

(n-2i) (n-2i+2) = nK0 (i) + 2K1(i) + 2K2(i) we obtain 

I (n-2i)(n-2i+2) Bi= (nA0+2A1+2A2). 2n = n.2n 
l. 

The coefficieints (n-2i) (n-2i+2) are non-·negative 
zn 

1. = !n and i = ~n + I. Therefore B0 s n+Z and if B0 

and vanish only for 
zn 

= n+Z then 

B. = 0 for i E {1,2, .•• ,n}\{½n, !n+l}. This proves 
l. 

ness follows from the corollary to theorem l. 

Next let n = l (mod 4). Since 

we obtain 

optimality, and the unique-

The coefficients (n-2i)(n-2i+2) - l 2(-l)i are non-negative and vanish 

only for i E {½(n-1), ½(n+l), ½(n+3)}, as is easily verified, 

(n-1)2n 2n 2n 
Hence B0 s 2 = n+3 and if B =·-- then B. = O for 

n +2n-3 O n+3 1. 

1. E {1,2, ... ,:n}\{½(n-l), ½(n+I), Hn+3)}. This again proves optimality and 

uniqueness. D 
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PROOF of the corollary: shortening the appropriate Hamming code it is seen 

that the upper bound given in the theorem can be attained. O 

6. AN ADDITIONAL INEQUALITY. 

By adding the inequality A 1+ A ~ 1 (if d=3) or 2A 2 + n(A 1+A) ~ n n- n n- n- n 
(if d=4) to the system LP[n,d] we can improve the known bounds on A[n,3] 

for n = 0 (mod 4) and A[n,4] for n = 1 (mod 4), respectively. Denote the 

extended system by LPE[n,d]. 

THEOREM 8. Let q = 2. If d = 3 then Zet (A.). be defined by 
1 1 

1 n I ½n-2 ½n-1 
A(w,x) = n+4(w+x) + (n+l)(n+4)(w+x) (w-x) • 

. ((n+l) (n+3)w3 + 3(n+l )w2x - 3(n+I-)wx2 - 3x3) if n = 0 (mod 4), 

and by the expression given in theorem 7 otherwise. 

If d = 4 then Zet (A.). be defined by 
1 1 

A(w,x) I n n l 2 2 1 (n-3) 2 2 
= Z(n+3)((w+x) +(w-x) ) + n+3 w(w -x ) 2 ((n+2)w -3x) 

and by the expression given in theorem 7 otherwise. 

Then (A.). is an optimaZ soZution of LPE[n,d]. 
1 1 

In particuZar we find the bound 

2n 
A[n+l, 4] = A[n,3] ~ n+4 

m 2m-m-4 
COROLLARY. A[2 -4, 3] = 2 • 

if n = 0 (mod 4) • 

if n = 1 (mod 4), 

PROOF. (i) Observe that (A.). ford= 3 is obtained by puncturing these-
1 1 

quence ford= 4 and none larger. Also, ford= 3 and n = 0 (mod 4), (A.). 
1 1 

is obtained by shortening the sequence for n + 1. The same holds ford= 4 

and n = 1 (mod 4). 

BIBLIOTHEEK MATHEMATISCH CENTRUM 
--AMSTERDAM--



(ii) By theorems 3 and 7,(A.). satisfies LP[n,d]. Moreover, 
]. ]. 

{LPE[n,d] I n E E, d E {3,4}} is invariant under puncturing: 
- - 2 If (A.). is a solution LPE[n,4] then A 2 + A I = - A 2 + A I+ A ~ I. 

ii n- n- n n- n- n 
Therefore it is sufficient to show that (A.) is a solution ford= 4 and 

]. 

that it is optimal ford= 3. 

Compute A 2, A and A for d = 4: 
n- n-1 n 

If n = 0 (mod 4) then 

A = 0, A = o, n-2 n-1 
If n = I (mod 4) then 

A n-2 = o, A = 1 , n-1 
If n = 2 (mod 4) then 

A n A o, = 2' = n-2 n-1 
If n = 3 (mod 4) then 

An-2 = O, An-1 = O, 

A = 1. n 

A = o. n 

A = o. n 

A = O. n 

2 Therefore in all cases - A 2 + A + A ~ I is satisfied. n n- n-1 n 

Since for n ~ 0 (mod 4) (A.). is the optimal solution of LP[n,3], it is a 
]. ]. 

12 

fortiori optimal for LPE[n,3]. Remains to show optimality ford= 3, n = 0 

(mod 4). 

Let a(i) = (n-2) K0 (i) + 2K1(i) + 2K2(i) + 2Kn_ 1(i) + 2Kn(i), 

then if i is even 

a(i) = n + 4 (n-2i) + (n-2i) 2 - n = (n-2i)(n-2i+4) 

and if i is odd 

a(i) = n - 4 + (n-2i) 2 - n = (n-2i-2)(n-2i+2). 

Since n = 0 (mod 4) this implies that a(i) ~ 0, while a(i) = 0 only for 

Now from 

and 

i E {½ n - I, ½ n, ½ n + 1, ½ n + 2}. 

l a(i) B. 
i ]. 

a(0) = n(n+4) 
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it follows that 

which proves optimality. 

(iii) In order to conclude that A[n,3] ~ 2n/(n+4) all we have to do 

is checking that the inequality An-l +An~ 1 is satisfied for the inner 

distribution of a code with d = 3. D 

REMARK. The solution of LPE[n,d] given in theorem 8 is not unique in general. 

REFERENCES. 

[I] P. DELSARTE, An algebraia approaah to the assoaiation sahemes of aoding 

theory. Philips Res. Repts Suppl . .!.Q (1973) 




