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CAN EVERY TYCHONOFF G-SPACE EQUIVARIANTLY BE EMBEDDED IN A COMPACT 

HAUSDORFF G-SPACE? 

by 

J. DE VRIES 

ABSTRACT 

In this note we present a brief account on some aspects of the so­

called compactification-problem, i.e. the problem which is described by the 

title. The main results imply the fact that a counterexample is probably 

complicated. Indeed, for an important class of G-spaces, including all 

locally compact Hausdorff and all homogeneous G-spaces, the answer is in 

the affirmative. 
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I. INTRODUCTION 

Recall that a G-spaae is a triple <G,X,ir>, where G is a topological 

group, Xis a topological space, and ,r is an aation of G on X. This means 

that ir: G x X +Xis a continuous mapping satisfying the conditions 

(i) V x EX~ ,r(e,x) = x (here e denotes the unit of G); 

(ii) V(s,t,x) E G x G x X: ,r(t,ir(s,x)) = ,r(ts,x). 

Obviously, if ,r is an action of G on X, then we can define continuous 

mappings ,r: G + X and ,r t X + X by ,r (t) ,r( t,x) =: t for . := ,r (x) . 
X t 

X 

(t,x) E G X x. In fact, 1T is a homeomorphic mapping of X onto itself, and 

t 1-+,rt is a morphism of groups from G into the full homeomorphism group of X. 

For x EX, the set ,r [G] will be called the orbit of x in X under G. 
X 

If <G,X,ir> and <G,Y,a> are G-spaces, then a mapping f: X + Y is said 

to be equivariant whenever f o ,rt= at of for every t E G. A morphism of 

G-spaaes is a continuous equivariant mapping; notation: <IG,f>: <G,X,ir> + 

<G,Y,a> (we use this clumsy notation merely to distinguish between fas a 

continuous function - i.e. fas a morphism in the category TOP - and fas an 

equivariant mapping). 

In this way we obtain a category TOPG, having all G-spaces as its ob­

jects and all continuous equivariant mappings as its morphisms. 

Let (E) be a property which applies to topological spaces so that it is 

meaningful to speak of an E space (e.g. Hausdorff, Tychonoff, compact, etc.). 

Then an E G-space is a G-space <G,X,ir> such that Xis an E space. The full 

subcategory of TOPG defined by all compact Hausdorff G-spaces, is denoted 

by COMPG. 

It is well-known (and easy to prove) that COMPG is a reflective sub­

category of TOPG. (For a systematic treatment of TOPG from a categorical 

point of view we refer to the author's thesis, which will appear in [4]). 

Let <G,X,ir> be any G-space, and let <IG,f>: <G,X,ir> + <G,Y,a> denote its 

reflection into COMPG. If f: X + Y is a topological embedding, then Xis 

clearly a Tychonoff space. Now the question is whether the converse is true, 

i.e. is fan equivariant embedding of X in Y if Xis a Tychonoff space? 

We can reformulate the problem by means of the following proposition. 



PROPOSITION. Let <G,X,n> be any G-spaae and let <IG,f>: <G,X,n> • <G,Y,o> 

be its reflection in COMPG. Then the following statements are equivalent: 

(i) f is a topological embedding of X in Y. 
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(ii) There exist a compact Hausdorff G-space <G,Z,~> and an equivariant 

embedding g: X • Z (i.e. a moPphism <IG,g> of G-spaces with g a topo­

logical embedding). 

PROOF. 

(i) => (ii): Obvious. 

(ii)=> (i): By the properties of a reflection there exists a unique morphism 

of G-spaces <IG,g>: <G,Y,o> • <G,Z,~> such that the diagram 

<G,X,n> 

/ 

¥ 
<G,Z,~> 

<G,Y,a> 

/ 
/ -

/ < 1 ,g> 
/ G 

commutes, i.e. g = gof. If g is a topological embedding, then f is a topo­

logical embedding as well. 0 

Thus, our problem is equivalent to the following 

corrrpaatification problem: can every Tychonoff G-space equivariantly be em­

bedded in a compact Hausdorff G-space? 

Related to this compactification problem is the following 

extension problem: given a Tychonoff G-space <G,X,TI> and a compactification 

g: X • Z of X (i.e. a dense embedding of X in a compact Hausdorff space Z), 

which conditions on <G,X,TI>, g or Z imply the existence of an action~ of G 

on Z making g equivariant? 
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The compactification problem has been considered earlier in [1]. An 

improvement on a result of that paper is obtained in the theorem in §3 below. 

The extension problem for the case G = R is investigated in [2]. There it 

has been proved that in general an action of the additive group Ron a nor­

mal Hausdorff space X cannot be extended to an action of Ron the Stone-
v 
Cech compactification BX of X. On the other hand, if X has a compactifica-

tion Z so that the remainder Z ~Xis 0-dimensional (cf.[4], theorem VI.30), 

then every action of Ron X can be extended to an action of lR on Z. 

2. COUNTEREXAMPLES ARE NECESSARILY COMPLICATED 

We begin with the obvious observation that for a discrete group G 

there is no problem at all. Indeed, if <G,X,TI> is a G-space with G discrete, 

then continuity of TI reduces to the requirement that each Tit: X +Xis con­

tinuous. If Xis a Tychonoff space, then each Tit can be extended to a con­

tinuous mapping it: BX+ BX, and it is easily verified that We= idBX and 

h -S _t - st f 11 G I h" b . . tat TI 0 TI = TI or a s,t E • n t 1s way one o ta1ns a continuous 

action i of the discrete group G which extends the action TI of G on X. 

If G is non-discrete (e.g. G = lR) then one can still define i: G x BX+ BX, 

but then TI is not continuous in general (cf. the above mentioned result from 

[2]). 

In order to find a counterexample against an affirmative answer to the 

compactification problem, one would be inclined to consider spaces with 

very few compactifications. Now there exist spaces which have only one com­

pactification. But such spaces are necessarily locally compact, and then 

the following shows that such spaces do not provide us with a counterexample. 

PROPOSITION. Let <G,X,TI> be a G- space with X a locally compact Hausdorff 

space. Then the action TI of G on X can (continuously) be extended to an 

action a of G on the one-point compactification Z of X. 

PROOF. Set Z =Xu {00 } and define cr: G x Z + Z by the rules crlGxX := TI and 

cr(t, 00 ) := 00 (tEG). The only thing that needs a proof is continuity of cr on 

G x Z at the points (t, 00 ) (tEG). To do so, it is sufficient to prove the 

following statement: for every t E G and for every compact subset K of X 
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there exists a neighbourhood V oft in G such that clX TI[V x K] is compact. 

The proof of this statement is a straightforward compactness argument. 

Indeed, for every x EK, let U be a compact neighbourhood 
X 

By continuity of TI there exist neighbourhoods V and W of 
. X X 

of TI(t,x) in X. 

t (in G) and 

of x (in X) respectively, such that TI[Vx x Wx] s Ux. Cover K by finitely 

many of the W's, and let V be the intersection of the corresponding V's. 
X X 

Then Vis the desired neighbourhood oft. D 

REMARK. If G is locally compact, take for Vin the preceding proof just a 

compact neighbourhood oft: then TI[V x K] is compact. For locally compact 

groups this result is well-known, but for non-locally compact groups G 

I could not trace back the preceding proposition in the literature. (Of 

course, the compactness argument is standard!). 

3. A POSITIVE RESULT 

There is a close connection between compactifications of a Tychonoff space X 

and uniform structures on X. So it is not surprising that the property of a 

Tychonoff G-space <G,X,TI> of being embeddable in a compact G-space can be 

expressed in terms of uniformities, as follows: 

THEOREM. Let <G,X,TI> be a Tychonoff G-space. 

The following statements ClI'e equivalent: 

(i) <G,X,TI> can equivariantly be embedded in a compact Hausdorff G-space. 

(ii) There exists a unifomity U on X, generating the topology of X, for 

which the family {TI ; x EX} is equicontinuous at the point e of G. 
X 

PROOF. 

(i) => (ii): Suppose <G,Z,~> is a compact Hausdorff G-space and that X ~ Z 

such that TI= ~,GxX: G x X • X. Then Z has a unique uniformity V which is 

compatible with its topology. A straightforward compactness argument shows 

that{~ ; z E Z} is an equicontinuous set of functions from G to Z (i.e. 
z 

equicontinuous with respect to the uniformity Von Z). Now it suffices to 

take for Uthe uniformity which is induced on X by V. 
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(ii),.. (i): First we establish some notation. For any space Y, let C (G,Y) 
C 

denote the space of all continuous functions on G with values in Y, endowed 

with the compact-open topology. If Y is a uniform space with uniformity W, 
then this topology on C (G,Y) is induced by a uniformity having as a base 

C 

all sets of the form 

. 
M(K,a) := {(f,g) EC (G,Y) x C (G,Y) 

C C 
: (f(t), g(t)) Ea for all t EK}, 

with a E Wand with Ka compact subset of G. In addition, let~: G x C (G,Y) 
C 

+ C (G,Y) be·defined by (ptf)(s) := f(st) for s,t E G and f EC (G,Y). 
C · C 

Notice that pt: C (G,Y) + C (G,Y) is easily seen to be continuous for every 
C C 

t E G; it is even an autohomeomorphism of Cc(G,Y), due to the fact that 
~St ~s ~t f h d ~e 'd • • p =pop or eac s,t E Gan p = i entity mapping. 

Now suppose condition (ii) is fulfilled. Then the mapping 

TI: XH-- TI : X + C (G,X) 
- X C 

sends X into the subset TI[X] of C (G,X) which is equicontinuous ate. Then 
- C 

![X] is easily seen to be equicontinuous at each point of G, using the fact 
-I 

that TI (s) = TI (st ) with y = TI(t,x). In addition, observe that TI is a 
X y 

topological embedding of X in C (G,X), and that 
C 

~t t p o TI = TIO TI 

for every t E G (so if p were an action of G on C (G,X), TI would be an equi-
c -

variant embedding of the G-space <G,X,TI> into the G-space <G,C (G,X),p>). 
C 

Next, recall that the Tychonoff space X can be embedded in some large 
I "cube" [0,1] , due to the fact that the continuous functions on X with 

values in the closed interval [O,I] separate points and closed subsets of X. 

However, we need a little bit more, namely the fact that the functions on X 

with values in [O,I] and which are unifoPmZy continuous with respect to the 

prescribed uniformity U in X separate points and closed subsets of X; cf.[4], 

theorem I.13. It follows that X can be embedded in some cube [0,1]3 by means 

of a uniformly continuous mapping. This induces a topological embedding F of 

C (G,X) into C (G,[O,1]3 ) which maps equicontinuous subsets of C (G,X) onto 
C C C 
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equicontinuous subsets of C (G,[0,llJ). Moreover, ptoF = Fopt for every t E G 
C 

(here the left hand pt is an autohomeomorphism of C (G,[O,l]J), and the 
C 

right hand pt is an autohomeomorphism of C (G,X)). Resuming, we find that 
C 

FoTI is a topological embedding of X into C (G,[O,I]J), such that pto(FoTI) = 
- . C -

= (FoTI)oTit, and FoTI[X] is an equicontinuous subset of C (G,[O,l]J). 
- - C 

Let Z denote the closure of FoTI[X] in C (G,[O,l]J). By ASCOLI's theorem, 
- C 

Z is a compact Hausdorff space. In addition, the continuity of each pt and 

the fact that Fo![X] is mapped into itself by each pt imply that pt[Z] ~ Z 

for each t E G. Since pe is the identity mapping, and pst = pso~t (s,tEG), 

it follows that <G,Z,PIGxZ> is a compact Hausdorff G-space, provided 

PIGXZ:G x Z • Z is continuous. We shall show now that this is so; then, 

indeed, <G,X,TI> is equivariantly embedded in the compact Hausdorff G-space 

<G,Z,plGXZ> by Fo!• 

In order to prove that PIGxZ: G x Z • Z is continuous, recall that 

FoTI[X], and consequently, Z, are equicontinuous subsets of C (G,[O,l]J). 
- C 

Consider a typical element M(K,a) of the uniform base of C (G,[O,Il) -with 
C 

Ka compact subset of G and a an element of the uniformity of [O,l]J. Now Z 

is equi-uniformly continuous on the compact set K, i.e. there exists a neigh­

borhood V of e in G such that (f(s),f(t)) Ea for alls EK and all t E G 

such that t- 1s EV, and for all f E Z. This means exactly that (f,puf) E 

E M(K,a) for all f E Zand u E V-l. Since psg E Z for every s E G and 

g E Z, it follows that (psg,pusg) E M(K,a) for alls E G, g E Z, and u E V-l. 

Using this, continuity of PIGxZ on G x Z is easily proved. 

Indeed, if we fix (s,f) E G x Z, then there is a neighbourhood U off 

in Z such that (psf,psg) E M(K,a) for all g EU, because pslz is a homeo­

morphism of z. Combining the results, it follows that (psf,pusg) E M(K,a.2 ) 

for all g EU and u E V-l. This implies continuity of pjGxZ at the point 

(s,f). D 

REMARKS. 

(i) 

(ii) 

The implication (ii)~ (i) occurs in [I], with the additional condi­

tion in (ii) that each Tit: X • X be a unimorphism with respect to U. 

Then for Z the Samuel compactification of X with respect to U is taken. 
J In the above proof the space [0,1] can be replaced by the closure of 

the image of X in [O,l]J. This closure is just the Samuel-compactifi­

cation of X with respect to U. Notice that it is not clear at all 



whether Z is the Samuel compactification of X with respect to U. 
(iii) If G is locally compact, then p: G x C (G,Y) • C (G,Y) is continuous 

C C 

for every topological space Y. In this case, the last part of the 

above proof can be omitted. 

We present now an application of the preceding proposition, stating 

that every homogeneous G-space has a compactification. Here a homogeneous 

G-space is, by definition, the quotient space G/H of all left cosets of a 

subgroup Hof G, with action TI of G on G/H defined by 

t TI (sH) := ts H (t,sEG) 

(due to the fact that the quotient mapping q: G • G/H is an open mapping 
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- cf. [3], 5.17 - the mapping TI: G x (G/H) + G/H turns out to be continuous). 

In order to prove our corollary, it is useful to recall that a unifor­

mity on a space can be described by a family of pseudo-metrics. In partic­

ular, the right uniformity of a topological group G can be described by a 

family I: of right-invariant pseudo-metrics (apply [3],8.2 with "left" re­

placed by "right"; see also [3], 8.14(a)). Moreover, according to [3], 

8.14(a), for any subgroup Hof Gone can define 

* { . a (q(s),q(t)) := inf a(u,v) u E sH & v E tH} 

{ * . } * . ·1 f for every a EI: and s,t E G. Then a : a EI: =: I: is a fam1 yo contin-

uous pseudo-metrics on G/H just generating its topology. So G/H has a uni­

formity U which is compatible with its topology. Notice that the quotient 

mapping q: G • G/H is uniformly continuous with respect to this uniformity 

on G/H and the uniformity on G corresponding to I: (i.e. the right uniformity 

on G). 

COROLLARY I. Let H be a closed subgroup of the topological group G. Then 

the homogeneous G-space <G,G/H,TI> can equivariantly be embedded in a compact 

Hausdorff G-space. 

PROOF. Since His a closed subgroup of G, the space G/H is a Hausdorff space. 
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Hence the uniformity U introduced above is separated (equivalently, G/H is 

a Tychonoff space). Set x := q(e). Observe that TI = q, so according to one 
X 

of our previous remarks, it follows that TI: G + G/H is uniformly continuous 
X 

with respect to the right uniformity on G and the uniformity U on G/H. 

Consequently, for every a EU there exists a neighbourhood U of e in G such 

that 

(TI (s),TI (ts)) Ea for every s E G and t EU. 
X X 

Write y := TI(s,x) and observe that {TI(s,x) : s E G} = G/H. So(*) is equiv­

alent to 

Thus, { TI 
y 

tion. D 

(TI (e),TI (t)) Ea for every y E G/H and t EU. 
y y 

y E G/H} is equicontinuous ate, and we can apply our proposi-

COROLLARY 2. Every G-space of the foY'm <G,GxX,µ> with Ga topological 

Hausdorff group, X a Tychonoff space and µt(s,x) := (ts,x) can equivariantly 

be embedded in a compact Hausdorff G-space. 

PROOF. In view of the preceding corollary there exists a compact Hausdorff 

G-space <G,Z,s> in which the Tychonoff G-space <G,G,A> can equivariantly be 
t embedded; here A (s) = ts fort, s E G. It is clear, that the G-space 

<G,GxX,µ> can equivariantly be embedded in the G-space <G,ZxBX,cr> where 

crt(z,y) := (stz,y) for every t E G and (z,y) E z X ax.)l D 

REMARK. In the literature, the reflection of the G-space <G,G,A> in COMPG 

- which is by the preceding corollary an equivariant embedding if G is a 

Hausdorff group - is often referred to as the universal (or greatest) 

G-ambit. See e.g. [!]. 

If G = R, then the R -spaces of the form <R ,R xX,µ> are called 

parallel flows. So by our previous corollary, parallel flows on Tychonoff 

spaces can equivariantly be embedded in flows on compact Hausdorff spaces. 

) 1 Here BX may be replaced by any other compact space in which X can be 
embedded. 
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In order to place our next corollary in its proper context, we state 

two well-known facts. As was observed in the proof of our main theorem, the 

mapping p: G x C (G,Y) + C (G,Y) is, in general, not continuous. But if Y 
C C 

is a uniform space and f e C (G,Y), then the restricted mapping 
C 

is continuous if (and only if) f is right uniformly continuous. In addition, 

if f[G] is relatively compact in Y, then piGJ is relatively compact in 

C/G,Y), and p: G x cl pf[G] + cl i:3'/GJ is continuous (see [SJ, lemma 2.1.8). 

So in particular, if f e RUC*(G), i.e. if f is a right unifoY'ITlly continuous, 

bounded, real valued function on G, then the G-space <G,p'f[Gl,p>)l can equiv­

ariantly be embedded in a compact Hausdorff G-space, viz. the closure of 

pf[G] in Cc(G) (this can also be obtained as a corollary of our main theorem, 

but then we do not know what that compact G-space looks like; in point of 

fact, the proof of our theorem is a generalization of the above remark). 

Next, we consider a similar G-space <G,pf[G],p>, but now we endow 

pf[G] with the topology of unifoY'ITI convergence. It is easily seen that 

this is, indeed, a G-space, provided f is left uniformly continuous. 

The elements f e C(G) such that i:3'/GJ has a compact closure in Cu(G) are 

called almost periodic functions. They have been intensively studied in the 

past and the~y still form an interesting field of research, but what is of 

interest to us in the present context, is the fact that for each almost 

periodic function f on G the G-space <G, p / G J, p-) 2 ca:n equivalently be 

embedded in a compact Hausdorff G-space, viz. the closure of pf[G] in Cu(G). 

In the light of these two facts, the following is a little bit surpris­

ing, since on a non-totally bounded group not every uniformly continuous 

bounded function is almost periodic (see [6], remark 4.3) 

) 1 Here pf[G] has the compact-open topology. 

) 2 Here pf[G] has the topology of uniform convergence 
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COROLLARY 3. If f E C(G) is left uniformly aontinuous, then the Tyahonoff 

G-spaae <G,~f[G],p>, where pf[G] has the topology of uniform aonvergenae, 

aan equivariantly be embedded in a aorrrpaat Hausdorff G-spaae if f is also 

right uniformly aontinuous. 

PROOF. Set X = pf[G]. As in the proof of corollary 2, one shows that 

{p : x EX} is equicontinuous ate if for one particular choice of x the 
X 

mapping p: G +Xis right uniformly continuous. If X has the uniformity of 
X 

uniform convergence, then right uniform continuity of pf: G +Xis easily 

seen to be equivalent to right uniform continuity of f: G + R • D 
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