
stichting 

mathematisch 

centrum 

AFDELING ZUIVERE WISKUNDE 

A.E. BROUWER & A. SCHRIJVER 

GRAPHS WITH BALANCED STAR-HYPERGRAPH 

zw 46/75 

~ 
MC 

DECEMBER 

2e boerhaavestraat 49 amsterdam 



PJu..nted a.t .the. Ma.the.ma.Uc.al Ce.nt!Le., 49, 2e Boe1thaa.ve1.i:t1r.a.a.t, Am.6.teJZ.dam. 

The Ma.the.ma.Uc.al Ce.nbte., ,6ou.nde.d -t.he. 11-.th o 6 Feb11.u.aJLy 1946, 1...6 a. non­
pJr..o 6i:t ,i.!'1,6:ti;tu;tlon a,.uru.ng a..:t. the. pll.omoUon o 6 pWl.e ma.the.ma.t,,i,C-6 and w 
app.Uc.a.tionl,. 1.:t v, lipo114011.e.d by .the. Ne..theJita.ndli Gove1tnme.nt .thll.ou.gh .the. 
Ne;t.he.Af..andli Oti.ga.niza..Uon [;oh.. .the. Advanc.e.ment o fi PuJI..e. Re.-6 e.a.Jr..c.h ( Z. W. 0), 
by .the Mwu.c.ipalUy 06 Am.6.teJtdam, by .the. Un.iveJL6ilY 06 Am.o.teJr.dam, by 
.the F1te.e. Un,,ive.ti..6Uy a..t Am.6.te.Jr..dam, and by indl..lJ.i,t/ue.-6. 

Ai.~S(MOS) subject classification scheme (1970): OSC40 



Graphs with balanced star-hypergraph 

by 

A.E. Brouwer & A. Schrijver 

ABSTRACT 

A characterization is given of simple graphs G = (X,r) such that HG= 

(r(x) u {x} Ix EX) is a balanced hypergraph. 

KEY WORDS & PHRASES: balanced hypergraph. 



BERGE [l,p.278] asked for a characterization of simple graphs G • (X,r) 

such that the hypergraph HG = (r(x) u (x} x .:. X) is balanced. (A hyper­

graph (E.li E: I) is called balanced if for each circuit 
l 

(x 1,E 1,x2,E2 , ..• ,xn,En,x1), where n is odd, there exists an Ei (lsisn) such 

that IEi n {x 1, ••• ,xn}I ~ 3). The following theorem gives such a character­
ization. 

THEOREM. Let G = (X,f) be a simple gPaph and let HG• (f(x) u {x}jx € X). 

Then the foilowing conditions a:r-e equivalent: 

(I) HG is balanaed; 

(2) evePy subgPaph of G induced by a circuit of length at least 4 has a 

point 2Jith valency at least 3 and ePe'l'y subgraph of G induaed by a 

ciPcuit of length 4k + 2 has at most 2k points 2Jith valenay 2 

PROOF. Define for each x € X: r (x) = r(x) u {x}. 
* 

(I)~ (2). Let C = (x 1, ... ,x4k+i'x1) be a circuit in G, where k?: I and 
0 sis 3. 

If i = 2, C can be interpreted as a representation of an odd circuit in HG' 

namely the circuit 

C' = (x 1,r*(x2),x3,r*(x4), ... ,r*(x4k+Z),x 1). Since HG is balanced some 

xj must be adjacent to at least three other vertices xi, i.e. the valency 

in C' of x. is at least 3. 
J 

If 1 = then in order to get an odd circuit 1n HG we have to repeat one 

point: 

C' = (x 1,r*(x1),x2,r*(x3), ... ,r*(x4k+l),x 1). 

If 1 = 0 we have to repeat two non-adjacent points, and if i = 3 we have 

to repeat three non-adjacent points in order to get an odd circuit in HG. 

E.g. in the last case: 

c' = (x 1,r*(x1),x2,r*(x3),x3,r*(x4),x5,r*(x5),x6 , ..• ,r*(x4k+3),x1). 

In all cases it follows that for some j the set r (x.) contains at least 
* J 

three vertices of C', since HG is balanced. It is not possible that 

r· (x.) = {x. 1,x.,x. 1} (otherwise x. 1,x.,x.+I would be vertices of C', * J J- J J+ r J J 
but only non-adjacent vertices of C were repeated), hence the valency of 

x. in C is at least 3. This shows that every circuit in G with at least 
J 

4 vertices contains a point with valency at least 3. Next assume we have 



a circuit C in G with 4k + 2 vertices of which at least 2k + I have in C 

valency 2: 

2 

C = (x 1,x2, ... ,x4k+Z'x). If xi and xi+I both have valency 2 then a minimal 

circuit c0 , which is contained in C and which contains xi and xi+!' also 

contains xi-I and xi+z· Hence c0 has at least 4 vertices. Therefore c0 must 

contain a point xj with valency at least 3, i.e. c0 contains a diagonal. 

But this contradicts the minimality of c0 • Hence at most one of two adjacent 

points has valency 2 in C and we can index C in such a way that the points 

of valency 2 are just the points x2 ,x4, ... ,x4k+Z with even subscript. Taking 

C' = (x 1,r*(x2),x3,r*(x4), ... ,r*(x4k+Z),x 1) we find that HG is not bal­

anced. 

(2) => (1). Assume HG is not balanced and that we have a circuit 

C = (x 1 ,E 1 , ••• ,x2n+l'EZn+l'xl) such that for each i: 

IE. n {x1 , ••• ,x2 1 }1 = 2. Let E. = r (y.) with y. EX. Note that we may 
i n+ i * 1. 1. 

suppose that all x. are different. If ally. differ from each x. then we 
1. 1. J 

have a circuit (x 1,y 1, ••• ,x2n+l'Yzn+l'xl) in G with length 4n + 2 and 

2n + vertices have valency 2, contrary to the hypothesis. Therefore as­

sume y 1 equals some xj. But: E1 n {x1 , ••• ,x2n+l} ~ {x 1,x2 ,xj}, hence xj 

must be either x 1 or x2 and we may suppose y 1 = x 1• Now let 

G0 = {x1, ••• ,x2n+l'yl, ... ,y2n+l} and let c0 be a minimal circuit 1.n G0 con­

taining x 1 = y1• By hypothesis c0 is a triangle: c0 = (x 1,z 1,z2,x1). 

If z 1 c: { x 2 , ... , x2n+ 1 } then: E 1 n { x 1 , ••• , x2n+ 1 } ~ { x 1 , x2 , z 1 } , so z 1 = x2 . 

Therefore {z 1,z2 } cl: {x2 , ... ,x2n+l}. Hence we may assume: 

z2 i {x 1 , ••• ,x2n+l}, i.e. z2 = yk for some k # l. 

But now: Ek n {x 1, ••• ,x2n+l} ~ {~•~+ 1,x1}, so k = 2n +land z2 = Yzn+l • 

Therefore {z 1 ,z 2 } ¢ {z 1,z2} cl: {y 1, •• ·,Yzn+l}. Thus c0 = (x 1,x2 ,Yzn+I), and 

this means that: EZn+l n {x 1, ••• ,x2n+I} ~ {x 1,x2 ,x2n+l}. But this contra­

dicts our assumption. D 
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