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A note on David Lubell's article 'Local Matchings in the Function Space of

*)

a Partial Order"

by

A. Schrijver

ABSTRACT

A characterization is given of nonnegative functions defined on par-
tially ordered sets with the property that the sum of the values on each
antichain is at most 1. With the help of this characterization some the-

orems of LUBELL can be proved.
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In [ 1], DAVID LUBELL defined the function space E of a finite partially
ordered set (w,<) as the vector space of all real-valued functions on 7; as

usual, the inner product of o« and 8 in E is

(Q)B) = Z aX.BxX.

Xen

By identifying a subset £ ¢ 7 with its characteristic function, one can
speak of subsets of 7 as elements of E, i.e. £x = 0 if x ¢ £ and £x = 1 if
x € g, for x ¢ m and § < 7.

A chain, resp. antichain, is a subset £ of 7 such that any two differ-—
ent elements of £ are comparable, resp. not comparable (with respect to the
ordering <). A maximal chain (maximal antichain) is a chain (antichain) not
contained in another chain (antichain); a maximum chain (maximum antichain)
is a chain (antichain) with maximal cardinality.

Let n be the length of a maximum chain. For i = 0,1,...,n-1 let Mo

resp. V., be the set of all elements of m of height i, resp. depth i; this

means:
By = {x e l the largest chain in 7 with maximum x has length i + 1 3,
v, = {x ¢ 7 | the largest chain in 7 with minimum x has length i + 1 }.

Finally, a convex cone in E is a nonempty subset A < E such that if a, B € A
and A, p ¢ R, » 20, p =2 0, then \a + B € A. The polar of a convex cone A

1s the convex cone
A° = (B¢ E | for all o € A, (a,B) < O}.

Then A°C is the closure A of A in the euclidean space E (see, e.g.,[2]). Let

K be the convex cone generated by all maximal chains in m, i.e.,

K={A]7]+...+>\y |

Ve cesh 20 and Y ,...v, maximal chains in 7};

1°°
this is the intersection of all convex cones in E containing all maximal

chains (as vectors in E, of course). Since K is a closed set, we have

K° = K.



Writing « € 0 if (a,y) < 0 for each maximal chain y, we have also that

OO
v ¢ K

iff a € 0 implies {v,a) <« O.
The purpose of this note is to give more general theorems from which

the feollowing two theorems of Lubell follow.

THEOREM 3 (LUBELL). Let (¢,pi) =1 forall i = 0,1,...,n~1. Then (y,£) s |
for every antichain £ i{f and only ©f a € O implies (y,a) < 0 (f.e. v € KOO

(=K)).

THEOREM 4 (LUBELL). Let (w,ui) =1 forall i = 0,1,...,0-1, and (y,£) < 1

for every antichain L. Then (&,vi) = | forall i =0,1,...,0~1.

{(Using Theorem 1 of Lubell this is clearly equivalent to the formulation in
(133

We now give our two theorems.

THEOREM A. Let y ¢ E such that yx 2 0 for all x € n. Then (¥,£) < 1 for each

antichain & if and only if ¢ 18 a convex combination of chains.

PROOF. Since for each chain y and antichain £, (y,§) < | holds, the "if"
part of the theorem is trivial. For the "only if" part we use the (easy)
theorem that in a partially ordered set the maximal cardinality of a chain
equals the minimal cardinality of a collection of antichains which covers
the partially ordered set.

Take ¢ € E such that (y,£) s | for each antichain ¢. Furthermore, let
w ¢ E be such that wx is a nonnegative integer for all x ¢ =. If ETEERERL

are antichains in 7 such that

we have

m m
. . T

(w,y) = z WX.yX S § E a.Xu9x = ) (a,,v) ¢ ml =m
XeT Xen i=i i=1



Hence

(w,y) < min{m | there are antichains Apseeenap in 7 such that

o
WK £ ) acx for all x in »}.
i=] "

Let 7' be the partially ordered set arising from m by replacing each x by a

chain of wx elements. Then

m
min {m | there are antichains Upsenes® in 7 such that wx < Z a.x for
i=1
all x in 7} = min{m | there are antichains a;,...,a; in n' such that
m
1< ) aix' for all x' in ='};
i=]

but this last equals, by the theorem mentioned,

' chain in 7'},

max {|y'] | ¥
and this is the same as

max {(w,Yy) | y chain in n}.

So we have proved

A

(w,¥) < max{(w,y) | y chain in 7}, for each w: = 2.

Then also
(w,¥) < max{(w,y) | y chain in n}, for each w: = +q,,

and this holds even for each w: 7 >~ R . This last result means that y is
contained in all half-spaces bounded by positive hyperplanes and contain-
ing all chains (note that a subset of a chain is itself a chain, and, in
particular, @ is a chain). Thus, since yx 2 0 for all x ¢ n, £ is a convex

combination of chains. []



&

REMARK. If we exchange the terms "chain" and "antichain" in Theorem A, the

theorem is also true (we then have to use DILWORTH's theorem).
From Theorem A, Theorem B follows.

THEOREM B. let y ¢ E such that (4,5) s 1 for all antichains ¢ ny then the

S
t

following assertions are equivalent:
(;,ui) = 1 for all i = 0,...,n"13

(ii) there exists a partition of » into antichainsg SEREREE such that for

[

= h..qmawfmm?(%ay = 13
(i1i) ¢ T8 a convex combination of maximem chains:

@

(iv) for each minimum partition of = into antichains Bppeeeyn WE have,

I I

for @ll 1 =1,...,n, {¢,ai} = i,

PROOF. (i) - (ii) and (iv) - (i) are easily seen, since L .,...,. is a

0 n~1i
minimum partition of = into antichains.

(ii) - (iii). Let STERRREEM be a partition of » into antichains such that
(w,ai) =1 fori=1,...,m. By Theorem A, ¢y is a convex combination of

chains, say

v = Z f(y)*y, such that E f(y) = 1, and for each chain v, f(y) 2 0.
¥ chain ¥

Let f(yo) > 0; then Yo meets every a, . For suppose Yo "oy " #. Then, since

(Yo,ai) = (0, we have

1 = (u,ai) =7 f(w)'(w,ai) = 7 f(w)‘(w,ai} < 7 f(y) <] £(y) =1,

Y Y#YO Y*Wo

Bl e |

which is a contradiction. Hence iyoi = m, and o is a maximum chain (and,
consequently, Bpseeenl is & minimum partition of 7 into antichains).
(i1i) -~ (iv). Let SIERERPLN be an antichain partition of 7 with minimum
cardinality; then (w,ai) = ] for all maximum chains v and 1 = |,...,n.
Hence, also, (w,ai) = | for all convex combinations ¢ of maximum chains

and i = 1,...,n. U

It is easy to see that ¢ ¢ K and (@,pi) = | for all i = 0,...,n~! im-

plies that ¢ is a convex combination of maximum chains. Using this and the



Theorems A and B one can easily deduce the Theorems 3 and & of LUBELL.
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