
stichting 

mathematisch 

centrum 

DEPARTMENT OF PURE MATHEMATICS 

K.R. APT 

zw 69/76 

lNDUCTIVE DEFINITIONS~ MODELS OF COMPREHENSION 
AND INVARIANT DEFINABILITY 

Prepub I i cation 

~ 
MC 

MARCH 

2e boerhaavestraat 49 amsterdam 



PJun:ted a.;t :the. Ma.thema;Uc..a.l Ce.n:tJte., 49, Ze BoeJT..ha.a.vu.tJta.a.;t, Am.o:teJT..dam. 

The. Ma.the.mazi.c.al Cen:tJr.e, 6ounded the. 11-.th 06 Fe.bnt.1.CVLy 1946, A..-6 a non­
ptwn,i.:t in.6.tltr.iti..on a.i.mlng a.;t .the. pnomotion 06 pwr..e. ma.;th.emmc..-6 and w 
app.Uc..a;Uono. I.t ,i,,6 ..opon.60J1.e.d by .the Ne..thvr.,la.nd.6 GoveJT..n.me.n..t .thlr..01.Lgh the 
Ne..thvr.,la.nd.6 Ongavuzazi.on 0on .the Advanc..e.me.n..t o 6 PuJt.e. Re.o eaJr.c..h { Z. W. 0), 
by the M1.LYUupaLi.:ty 06 Am.oteJtdam, by the. UvuveJl.-6.Uy on Am.oteJT..dam, by 
.the Fnee Un,i,veJt.6.Uy a.;t Am.o.teJT..dam, and by Indl.L6.tn,i,e,o. 

AMS(MOS) subject classification scheme (1970): 02F27, 02F99, 02HJO 



Inductive definitions, models of comprehension and invariant definability *) 

by 

K.R. Apt 

ABSTRACT 

The connections between inductive definability and models of comprehen­

sion are studied. 

Let U = < A,R1, .•• ,Rn >bean infinite structure and let 1¢ be a set 
u inductively defined by a formula¢ of the second order language L2. 

We prove in §3 that if A is a model of 6!-comprehension relativized to 

¢ is A-absolute then for every n smaller than the height of A (h(A)) 

in A. If A is a S-structure which satisfies I!-comprehension relati­

to ¢ and WF(X) and¢ is A-absolute then I<j, is in A and 11¢11 < h(A). 

¢ and 
n . 

I<jl 1.s 

vized 

These results imply that Barwise-Grilliot theorem is false in the case of 

uncoutable acceptable structures. 

In §4 we study the notion of invariant definability over models of 6! 

Comprehension. We prove that if U is a countable, acceptable structure and 

Tan inductive theory in L~ which extends 6!-comprehension and has a model 

over U then the hyperelementary relations of U are exactly the sets 

invariantly definable over all models of U. We show that this theorem 1.s 

false in the case of uncountable acceptable structures. We prove that if U 

1.s an acceptable structure then for some inductive set I every set 

invariantly definable over models of 6!-comprehension 1.s hyperelementary in 

I. 

KEY WORDS & PHRASES: inductive definitions, 6:-Comprehension, hyperelemen­

tary relations, inva:riant definahility. 

This paper 1.s not for review; it is meant for publication elsewhere. 



§1. INTRODUCTION 

This paper is devoted to the study of connections between inductive 

definability and models of comprehension. The basic question to which we 

want to find an answer is the following. 

Let Ube an infinite structure. Suppose that 1¢ is a set inductively 

defined by a second order formula~- Which properties of a second order 

structure A over U imply that 1¢ or some of its stages r; belong to JAi? 

We prove in §3 that if A satisfies 6!-comprehension scheme relativized 

to¢ and¢ is A-absolute than for every n smaller than the height of A 

(h(A)) In E [Al. 
¢ 

If we assume that A is a S-structure for which¢ is A-absolute and A 

satisfies I!-comprehension relativized to¢ and WF(X) then 11¢11 < h(A) and 

1¢EIAI. 

Using these results we prove that Barwise-Grilliot theorem (see 

MOSCHOVAKIS [2] p. 140) is false in the case of uncountable acceptable 

structures. 

The basic problem to which we are unable to find the answer is the 

following: is it true that hyperelementary relations on an arbitrary 

infinite structure U form a model (the smallest one) of !:,!-comprehension? 

In §4 we study the notion of invariant definability over models of 6!­

Comprehension. We prove that if U is a countable acceptable structure and T 

is an inductive theory in L~ which extends !:,!-comprehension and has a model 

over U then the hyperelementary relations of U are exactly the sets 

invariantly definable over models of T. This theorem is not true in the 

case of uncountable acceptable structures. 

Finally we prove that if U is acceptable then for some inductive set I 

every set invariantly definable over models of 6:-Comprehension is hyper­

elementary in I. 

Unfortuanately we are unable to give the exact characterization of 

sets which are invariantly definable over all models of 6!-comprehension in 

the case of an arbitrary infinite structure U. 

We thank Mr. E. Alward and prof. G. Kreisel for helpful remarks about 
A 1 • 
u 1-comprehension. 
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§2. PRELIMINARIES 

Throughout the paper the letters n,§,,,a always denote ordinals. If A 

is a set we use small latin letters to denote the elements of A and capital 

letters to denote relations on A of any (finite) number of arguments. By 

An (n~l) we denote the set of all n-tuples of elements of A. If Xis a set 

P(X) denotes its power set. x denotes a sequence x 1, ••• ,xn of elements of A 

and X denotes a sequence x1, ... ,Xn of relations on A. 

For the convenience of the reader we recal1_ here some definitions and 

notations which can be found in MOSCHOVAKIS [2] and MOSCHOVAKIS [3]. 
A The first order language over a set A,L has an infinite list of indi-

vidual variables x,y,z, ... , a constant b for each element b of A, an 

infinite list X,Y,Z, .•• of n-ary relation variables for each n ~ I and a 

constant P for each relation Pon A. In forming formulas of LA the quanti­

fiers 3 and V are applied only to individual variables. 

The second order language over A,L~ is obtained by allowing quantifi-
A cation of the relation variables in the language L. For convenience we 

assume that the formulas of the type X = Y are not well formed formulas (we 

may write instead Vx(X(x) +-+ Y(x))). 

Let U = < A,R1, ••• ,Rn > be a structure (that is to say R1 , ••• ,R are 
· U U · n 

relations over A). The first (second) order language L (L2) for U consists 

of those formulas of the language LA(L1) whose relation constants are among 

=,R 1, ••• ,Rn. We sometimes write i EX instead of X(i). 

Formulas of LU are called arithmetical formulas. All structures 

considered are infinite. 

A is called a second order structure over U = < A,R1, ••• ,Rn > if 

A=< A, IAl,R1, ••• ,R > where !Al c u1 P(An). While interpreting a formula 
U n n~ 

¢ of 1 2 on A we assume that the second order quantifiers of¢ range over 

IAI. For simplicity P(U) denotes the second order structure 
n 

< A, n~l P(A ),R1, ••• ,Rn >. 

We sometimes write ¢(i,X) instead of P(U) f= ¢ (i,X). 



DEFINITION 1. Let A be a second order structure over U. 
A formula ¢(x1 , ••• ,~,x1, ••• ,Xn) of L~ with free variables indicated is 

called A-absolute if 

for all x1, •.• ,~ EA and x 1, ••• ,Xn E IA!. 

WF(X) is the following formula of L~ where U = < A,R1, ••• ,Rn > 

WF(X) ~Xis a well-founded transitive relation on A. i.e. 

WF(X) ~ V x,y,z [((x,y) EX A (y,z) Ex)+ (x,z) Ex] A 

AV S [3x(XES) + 3y(yES A Vx(xES + (x,y)/x))] 

DEFINITION 2. A second order structure A over U is called a a-structure-if 

the formula WF(X) is A-absolute. 

3 

If ¢(x 1 , ••• ,~,x1, ••• ,Xn) is a formula of L~ wi~h free variables 

indicated we say that¢ is a (k,ri, ••• ,rn)-formula to indicate the fact that 

¢ has exactly k free individual variables and for every i ~ n free variable 

X. ranges over r.-ary relations. 
i i 

DEFINITION 3. Let ¢(x,X,X) be a (m,l,r1,···,rn)-formula of L~ and f(y,yl,Y) 
u - - - - -be a (l+p,p 1, ••• ,pr)-formula of 1 2 • Suppose that ¢(x,X,X) and f(y,y 1,Y) have 

no variables in common. Then ¢-Cx,f(y,yl,Y),X) is a (m+p,r1,···,r ,P1,··•,P,)-
f f u . <l -) . . nf 1 f·-ormula o 1 2 obtained from¢ x,X,X by replacing all the atomic ormu as o 

the form z EX occuring in ¢(x,X,X) by f(z,yl,Y). 

LEMMA I. Suppose that ¢(x,X,X) and f(y,yl,Y) are formulas of L~ which satisfy 

the above conditions. Then for aZZ x, y1, X and Y 

where 

A= {y 
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PROOF. By induction on the length of the formula ~(x,X,X,). • 

DEFINITION 4. Suppose that X c A2 is a binary relation on A. Let 

Fld(X) = {x 3y((x,y) EX V (y,x) € X)}. 

If z E Fld(X) then 

XI = {(x,y) : (x,y) € X A (y,z) EX}. 
z 

By transfinite induction we define the classes of wellfounded transitive 

relations on A 

WF(cr) = {X Xis a wellfounded transitive relation on A and 

V z(z E Fld(X) + XI' E WF(T) for some T < cr} 
z 

It is easy to see then that 

WF(X) ~ X € WF(cr) for some a. 

Suppose that WF(X). By llxll we denote the least cr such that XE WF(o). 

If X € Fld (X) then llx!' II < llxll. 
X 

If (x,y) !': X then XI' = X~ I'. If cr < IIXII then for some x € Fld(X) o = IIX~ II. 
X y X X 

If X and Y are two binary relations on A then by X ~ Y we mean the 

following formula of L~. 

3Z(Z is a 1-1 function from Fld(X) into Fld(Y) 

and V x,y ((x,y) EX+ (Z(x),Z(y)) E Y)) 

We define then 

X < Y --- 3z (z E Fld(Y) A X :S Yf".) z 
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It is easy to see then that if WF(Y) then 

x s Y. nxn s Dyll 

X < Y • Uxll < Dyll 

DEFINITION 5. Let A be a second order structure over LJ. We define 

h(A) = sup(IIXll+l:P(U)l=WF(X) and XEIAI) 

We call h(A) the height of A. 

DEFINITION 6. Let K be a class of structures over LJ = < A,R1, ••• ,Rn >. Then 

n K = {X XE IAI for all A EK} 

n - U Def (K) = {X: XE n~l P(A) and for some formula ~(x) of 1 2 
with free variables indicated which is A-absolute 

for all A EK 

P(U) t= Vx (xeX ++ ~ (i))} 

Thus n K is the intersection of all the structures belonging to K 

whereas Def (K) is the collection of all sets invariantly definable over K. 

If Tis a set of sentences of L~ (i.e. a theory in L~) then 

Mod (T) = {A A is a second order structure over LJ and A != T}. 

DEFINITION 7. Let ~O bG n 

formulas of L~ such that 

u formula of 1 2• Ar(~0) is the smallest class of 

i) ~o E Ar(~o) 
ii) every arithmetical formula of L~ is in Ar(~ 0) 

iii) if <I>,'¥ E Ar(~o) then 7 ¢,~ V '¥, 3x~ E Ar(~o)· 

A formula '11 of L~ is a I!<~0) formula if it is of the form 3X1 ••. 3Xn ~ 
for some formula~ E Ar(~0). 
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We call a relation R(x,X) (R c An x P(Anl) x ••• x P(Ank) for some 

n,n1, ••• ,~) arithmetical(L:) if for some arithmetical (L~) formula¢ of L~ 

R = {(~,X) P(U) t= ¢ (~,X)} 

A relation R is n! if 7 R is I! and 1s 6! is both Rand 7 Rare I!· 
Recall that for n ~ l, WFn = {Y: Y is wellfounded on An}. 

By 6!(¢0 )-Comp we mean the class of all the sentences of L~ of the form 

where X does not occur 1n ¢ and ¢,f E Ar(¢ 0). 

By I!<¢0 )-Comp we mean the class of all the sentences of L~ of the form 

'v'Y3XVz (zEX +-+ ¢(z,Y)) 

where¢ E I!<¢0) and X does not occur in¢. 
I ,1 ,I It is clear what we mean by 61-Comp, l 1-Comp or l 1 (¢ 0 ,WF(X))-Comp. 

LEMMA 2. Let ¢0 be a foY'l11ula of L~. For every I!<¢0) formula~ of L~ there 

exists an Ar(¢ 0) foY'l11ula ¢ such that if A is second order structure over U 

which satisfies the following two conditions 

(1) X,Y E IA!=> Xx YE IA! 

(2) If XE !Al and Xis a l+m-ary set (l,m~l) then there exist sets 

x1,x2 E !Al l-ary and m-ary respectively such that 

Ar= v:z (zEx1 +-+ 3y (<z,y)EX)) 

A 1= vy (yEx2 +-+ 3z ((z,y)Ex>> 



then 

A F 1j1 +-+ 3X<jl. 

PROOF. Assume for simplicity that'¥ is of the form 3X13X21 1 (x,X1,x2,X) 
- - . u where 1j1 1(x,x1 ,x2 ,x) is a (k,l,m,n1, ••• ,ns) Ar(¢0 )-formula of L2 for some 

k,l,m,n 1, ••• ,ns where l,m ~ 1. 

Let '¥'(x,x,x2 ,X) be the following (k,l+m,n 1, ••• ,ns)-formula of L~ 

- - u and let <ji(x,X,X) be the (k,l+m,n1, ••• ,ns)-formula of L2 obtained from 

ljl 1 -(x,X,3z((i,y)EY,X) by replacing all the occurrences of Y by X (we have 
y 

to make this small detour via Yin order to avoid the clash of variables). 

Clearly qi E Ar(qi 0). 

Now it is easy to see that for all x and X 

Indeed, if for some xl and x2 A F '¥] (x,Xl ,xz,X) then XI x x2 E IAI and 

clearly by lennna l A F <p (x,X,X). 
Conversely' if for some X A F <p (x,X,X) then 

A F 3y (( z, y) EX) } E I A I 

A r= 3z(<z,y)Ex)} E 1A1 

and clearly by lemma 

u COROLLARY I. Let ¢0 be a foY111ula of 1 2. Let A be a second order structure 

over U. If A F .6! (cp 0 )-Comp then A also satisfies the following scheme 

7 
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w cvz<¢<z,Y) +-+ ~<z,Y)) • 3XVz(zEx +-+ cp(z,Y))J 

where X does not occur in¢ and ¢~1 are I!<¢0) formulas. 

PROOF. By lemma 2 0 
u 

Suppose now that ¢(x1, ••• ,xn,Y) is a (n,n)-formula of L2 • ¢ defines an 

operator~ (not necessarily monotone) on the n-ary relations 

Define by induction 

I = UIE;, 
4> E;, <p 

By the closure ordinal of ¢,11¢11, we mean the least E;, such that 

U 1;. Icp is said to be inductively defined by¢. Observe that 
n<E;. 

+ 
By IXI we denote the cardinality of a set X. By n we mean the least 

cardinal number greater than n. 
u If ¢0 is a (n,n)-formula of L2 where U = < A,R1 , ••• ,Rn > then 

+ - n 11¢ 011 < JAi . If x EA then 

= {least 

IAI+ 

n such that x E In if x EI~ 
<Po 't'o 

otherwise. 

Observe that for every n < JAi+ there exists X c A2 such that 

P(U) F WF(X) and IIXII = n. 



§3. NONMONOTONE INDUCTIVE DEFINITIONS AND MODELS OF COMPREHENSION 

The first theorem we prove is the following: 

u THEOREM 1. Let ¢0 be a (l,1)-formula of 1 2 • Let A be a second order struc-

ture over U such that A F ~!(¢0)-Comp and ¢0 is A-absolute. Then 

n < h(A) => In E !Al, 
¢0 

PROOF. Define a (2,2,2)-formula ~(x,y,X,Y) of L~ as follows: 

Let 

~(x,y,X,Y) +-+ 3z (zEFld(X~) A (z,y)EY) 
X 

o/(x,y,X,Y) +-+ ~(x,y,X,Y) v [¢0y'(y,~(x,y',X,Y) Ax E Fld(X)] 

(we avoid the clash of variables by appropriate renaming of the variables 

occurring in ¢0). 

Finally define 

0(X,Y) +-+ VxVy((x,y) E Y ++ o/(x,y,X,Y)) 

Observe that 

o/(x,y,X,Y) E Ar(¢0) 

and 

so both are A-absolute formulas. 

We prove at first the following two facts: 

9 
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I) If P(U) I= WF(X) then for all Y 

{ , IIX~ II} 
P(U) I= e(X,Y) ~ y = (x,y) XE Fld(XJ, y E I<l>o X 

II) If X E I A I and P(U) I= WF (X) then 

II XI'- II 
{(x,y) : x E Fld(X), y E 14> x} E IAI 

0 

Suppose that P(U) I= WF(X). Let 

{ ( ( ) I ~ X !'-xii } Ya= x,y) : XE Fld X' y E ~ 
0 

PROOF OF I). We prove that P(U) I= 6 (X, Y0 ). 

Then 

Let x and y be arbitrary. If x t Fld(X) then 

So assume that x E Fld(X). 

P(U) I= (x,y) E yo~ y E r 11 X~x 11 
<Po 

4=t y E U 1;0 V <jl (y, U l~) 
n<IIXl:11 O n<IIX~II 0 

X X 

because (z,x) EX.,. (X[' f':=Xf') <=1- 3z(ZEFld(Xt) /\ y E I~X~II) v 
X Z Z X ~Q 

by lemma 1 

.,. P(U) I= o/(x,y,X,Y0 ) 



Thus P(U) != 8 (X, Y0 ). 

Suppose now that for some Y P(U) f= e (X, Y). 

Observe that then for all x and y 

(x,y) E Y • x E Fld(X). 

We prove by induction with respect to IIXt": II that for all x,y 
X 

(x,y) E Y +-+ (x,y) E Y0 . 

Let x E Fld(X). Suppose that the claim is true for all pairs (z,y) 

such that IIX[' II < IIXf'll. 
Z X 

Then for ally 

P(U) f= (x,y) E Y ~ P(U) != 'l'(x,y,X,Y) 

by lemma I ~ P(U) f= :lz(ZEFld(Xf') " (z,y)EY) 
X 

11 

P(U) f= 3z(ZEFld(X~) /\ (z,y)EY)}) 

By induction hypothesis 

by lemma l 

by the above string 

of equivalences 

~ P(U) j= 3z(ZEFld(Xf') " (z,y)EY0 ) 

v ti 0(y,{y' : P(U) f= 3z(u:Fld(X~) /\ (z,y)EY0)}) 

~ P(U) f= 'l' (x,y ,X, Y0 ) 

# P(U) != (x,y) E Y . 
0 

Thus by induction Y = Y0 which concludes the proof of I). 
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PROOF OF II). Assume additionally that X c IAI. We prove the claim by 

induction with respect to IIXII. So suppose that the claim is true for Z E IAI 

such that II ZII < II xii • Let for x € Fld (X) 

{ IIXf' f' II} Y(x) = (z,y) : z E Fld(X~x), y E I~O x z 

For x E Fld(X) II X~ II < II XII and Xf" E IA I so by induction hypothesis 
X X 

and I) combined with A-absoluteness of e 

(3) Vx [x E Fld(X)-+ (Y(x) E IAI and A I= e(X~,Y(x)))] 

We prove now that 

(4) A I= Vx.Vy [3T3Y(x€Fld(X) "x~ = T" e(T,Y) A '1-'(x,y,X,Y)) 

++ vTVY(xcFld(X)" ((X~x = T" e(T,Y)) • '1-'(x,y,X,Y)))] 

Take arbitrary x and y. Suppose that the left hand side of the equiva­

len~e holds. Then x E Fld(X). By A-absoluteness of e, I) and (3) 

A I= 4'(x,y,X,Y(x)). 

Take now arbitrary Y such that A I= e (X r--, Y). Then P(U) I= e (XI', Y), 
V ~ 

so by I) Y = Y(~c). By the above A F 4'(x,y,X,Y). Thus 

A I= VY(8(X[': ,Y) -+ '1-'(x,y,X,Y)) i.e. the right hand side of the equivalence 
X 

holds. 

Conversely, suppose that the right hand side holds. Then x E Fld(X). 

By (3) Y(x) c IAI and A I= e(Xf"",Y(x)). Thus A I= '1-'(x,y,X,Y(x)). Hence 
X 

A I= 3Y(0(Xf"' ,Y) " '1-'(x,y,X,Y)) i.e. the left hand side holds. 
X 

So (4) is proved. A satisfies 6:(~0)-Comp, so by (4) and corollary 1 

A I= VxVy [ (x,y) E Y1++ 3T:1Y(xEFld(X) "X~ =TA 8(T,Y) A 4'(x,y,X,Y))] 

for some Y1 E IAI. 
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for all x and y 

A F (x,y) € Y1 <=> A F x € Fld(X) A 3Y(0(Xf'x,Y) A '!l(x,y,X,Y)) 

) and (3) ~ A F x E Fld(X) A '!l(x,y,X,Y(x)) 

e '±' 1.s A-absolute <=> P(U) F x E Fld(X) A '!l(x,y,X,Y(x)) 

:ie definition of'±' <=> x E Fld(X) & P(U) I= 3z(zEFld(X['x) Aye I!~['x~ 11 ) 

lemma I 

1e definition of II x[' 11 <=> x E Fld(X) & P(U) F y e U I 11 
x n<llxr--11 <Po 

<=> x e Fld(X) & y E I!xf')I. 
0 

X 

Y1 = Y0 • But Y1 E JAi so the proof of II) is concluded. 

Let now n < h(A). Then for some Xe: IAI such that P(U) I= WF(X) 

XII. By II) 

{ llx~U} yo= (x,y) : XE Fld(X), y E I<Po X E IAI 

,mprehension there exists Z e IAI such that 

Observe that for ally 
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by lemma l ~ y E u r; v P(U) r== ¢0(y, u 1~0 ) 
t,;<IIXII O t,;<ltXII . 

Thus Z = 1¢0 which concludes the proof. 0 

What are the conditions which imposed on a structure A imply that 

11¢ 0 11 < h(A) and 1¢0 E IA!? Clearly we have to assume that A is a S-structure 

- there are w-models of full-comprehension which do not contain rr! - I~ sets 

(see e.g. APT [I]), so in particular do not contain all sets inductively 

defined by arithmetical formulas. 
l Is it sufficient to assume that A is a S-model of ~1 (¢0 )-Comp? The 

answer is no, because there exist acceptable structures on which every model 

of ~!-comp is a S-model. 

We conjecture that I!<¢0 )-Comprehension is not sufficient either. 

Clearly one has to add the condition that ¢0 is A-absolute. 

We prove the following theorem: 

THEOREM 2. Let ¢0 
over U which is a 

Then llip0 11 < h(A). 

PROOF. Let 

u be a (1,1)-formula of 12 . Suppose that 

model of I!<¢0 ,WF(X))-Comp and that ¢0 

A is a S-structure 

is A-absolute. 

X(x,y)+-+ 3X3Y [WF(X) A e(X,Y) A 3z((z,x) E YA (z,y) i Y)] 

where 8(X,Y) is the formula defined in the proof of theorem I. X(x,y) is a 

I!C¢ 0 ,WF(X))-formula, so there exists Z E IAI such that for all x and y 

A F (x,y) E Z ~ X (x,y). 



Observe that for all x and y 

(x,y) E Z ~ A F WF(X) A 0(X,Y) A 3z((z,x) E Y A (z,y) ,/. Y) 

for some XE !Al and YE JAi 

because A is a B-structure ~ P(U) f= 0(X,Y) A 3z((z,x) E YA (z,y) i Y) 

and e(X,Y) is A-absolute 

15 

for some XE JAi and YE LAI such that P(U) J= WF(X) 

by I) and II) 

for some X E !Al such that P(U) f= WF(X) 

because h(A) is limit 

It follows that Z is transitive and wellfounded i.e. P(U) F WF(Z). 

Suppose that h(A) s 0¢ 011. Then for every n < h(A) there exists 

X E Fld(Z) such that !xi.,, = n. Clearly 
'tQ 

IIZl':ll 
X 

= n. Thus h(A) s II ZII , which 

is a contradiction. D 

u THEOREM 3. Let ¢0 be a (1,1)-formula of L2 , where U = < A,R 1, .•. ,Rn >. Let 

Then 

i) 

ii) 

K(¢ 0) = {A A is a B-structure over U, 

and ¢0 is A-absolute} 

1¢0 E nK(¢O). 

1¢0 E Def(K(¢o)). 

Moreover 1¢0 is invariantly definable over K(¢o) by aI!c¢o,WF(X))­

formula. 
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iii) There exists a I!<cp 0 ,WF(X))-formula 1¥0 (x,y) such that 

i') 1¥0 (x,y) is A-absolute for A E K(¢ 0) 

ii') llz0 ll = 11¢00 where z0 = {(x,y) : P(U) I= 1¥0 (x,y)} 

PROOF OF i). By theorem I and 2. 

PROOF OF ii). Observe that for all x 

P(U) F x E Iq, 0 +-+ 3X3Y [WF(X) A 9(X,Y) A 3z((z,x)cY)] 

Indeed, 

by I) 

n+l + 
X € Icpo <=> X € I<Po for some n < IAI 

~ x E I!~l'zll for some X such that WF(X) 

and z E Fld{X) 

.. 3X3Y [WF(X) 11 e(X,Y) A 3z((z,x)EY)]. 

It is left to prove that the formula 

3X3Y [WF(X) A e(X,Y) 11 3z((z,x)EY)] 

is A-absolute for A E K(¢0). 

Let A E K(¢0). By theorem 2 there exists Z E I A I such that P(U) I= WF(Z) 

and IIZII = 11¢011. 

We have for all x 

P(U) F 3X3Y [WF(X) A 8(X,Y) 11 3z((z,x)EY)] 

=> X € 

In for some n < 11 zll 
¢a 



by I) ~ P(U) r 3Y [8(Z,Y) A 3z((z,x)EY)] 

by II) ~ A F 3Y [8(Z,Y) " 3z((z,x)€Y)] 

~ A r 3X3Y [WF(X) A 8(X,Y) A 3z((z,x)EY)] 

Implication in the other direction follows from the fact that WF(X) 

and 8(X,Y) are A-absolute formulas. 

PROOF OF iii). Let 

~o(x,y) +-+ 3X3Y [WF(X) 11 8(X,Y) A 3t((t,y)EY) A 3z((z,x) €YA (z,y)iY)] 

and let z0 = {(x,y) : P(U) F ~0(x,y)}. 

Then for all x and y 

as a string of equivalences analogous to that in the proof of theorem 2 

shows (in place of A we should take P(U)). 
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The proof that ~0(x,y) is A-absolute for A E K(¢ 0) is analogous to the 

appropriate proof from part ii). D 

Let WFn(X) be the following (0 ,2n)-formula of L~ where U = <A,R1, .•• ,Rn>; 

WFn(X) ~Xis a wellfounded transitive relation on An. 

Clearly all the results ot this section hold for (n,n)-formulas instead 

of (1,1)-ones after replacing throughout the section each occurrence of the 

formula WF(X) (including the definition of h(A) - we denote this changed 

ordinal by hn(A)) by WFn(X). 

From the proofs of theorems 1 and 2 we can easily extract 

THEOREM 4. Suppose that for some n ~ 1 the relation WFn is arithmetical on 

u. 
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Then 
U \1 {I~0 ~O is a (n,n)-arithmetical formula of L2} c nMod(L 1-comp) 

PROOF. For some arithmetical formula~ of L~ 

P(U) i= WFn(X) +-+- ~ (X) 

Suppose that ~O is a (n,n)-arithmetical formula of L~. Then 

A1(~ 0 )-Comp = 6!-comp. Let A be a second order structure over U which is a 

model of I!-comp. 

Let X (x,y) be the following (2n)-formula of LU 
2 

X(x,y) +-+- 3X3Y [~(X) A 8(X,Y) A 3z((z,x) E YA (z,y)iY)] 

where 8(X,Y) is the appropriate (0,2n,2n)-formula defined in the proof of 

theorem 1. 

X(x,y) is al~ formula, so there exists z E !Al such that 

A i= VxVy((x,y) € z +-+- X(x,y)). 

The same string of equivalences like in the proof of theorem 2 shows 
- -that for all x and y 

(x,y) E z C::> lxl~ < hn(A) & lxl~ < lyl~o 
0 0 

which analogously implies that II ~011 < h(A). Due to theorem 1 r~ 0 E I A I • D 

COROLLARY 2. Baruise-Grilliot theorem (see MOSCHOVAKIS [2] p. 140) is false 

if one omits the assumption of countability. 

PROOF. There are acceptable structures U on which all the relations WFn are 

arithmetical (see MOSCHOVAKIS [2] theorem 6C.3). By theorem 4 the intersec­

tion of all models of I!-comp contains all inductive relations on U, so by 

corollary 5D.3 from MOSCHOVAKIS [2] it is different from the family of all 

hyperarithmetical relations on U. • 
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NOTE. The other way to prove the above corollary is to use theorem 7A.l 

form MOSCHOVAKIS [2] in connection with theorem 7F.l. The advantage of the 

proof presented above is that it is much more elementary - it doesn't even 

use any of two Stage Comparison Theorems. 

§4. INVARIANT DEFINABILITY OVER MODELS OF 6!-COMPREHENSION. 

Throughout this section we shall use freely several results from 

MOSCHOVAKIS [2]. Instead of writing e.g. "by theorem 7A.2 from MOSCHOVAKIS 

[2]" we shall simply write "by theorem 7A.2". 

All the previously unexplained notations can be found in MOSCHOVAKIS [2]. 

THEOREM 5. Let Ube an acceptable structure. Let T be an inductive theory 

in L~ which has a second order model over U. Then 

Def(Mod(T)) c b!. 

Here, of course, 6! denotes the family of all b! first order relations on U. 

PROOF. Let X E Def (Mod (T)). For some formula ¢ of LU which is A-absolute 
2 

for A E Mod(T) 

x E x ~ Pcu) f= 4> ex) 

~ for every A E Mod(T) Af= ¢(x) 

(we are using here the notation of le:mma 7E.2 and theorem 8C.2). 

ModT(Z) is a I! relation (see theorem 8C.2) and Sat2(a,Z,Y,b) is a 6: 

relation (see lemma 7E. 2 and theorem 6B. 5)_. Thus X is a II: relation. Also 

....,x E Def(Mod(T)), so Xis an! relation as well. Thus Xis ti~. [l 
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THEOREM 6. Let Ube an acceptable structure. Let T be a theory in L~ such 
I that ~1-Comp c T and T has a second order model over U. 

Then 

J{& (U) c Def(Mod (T)). 

PROOF. Suppose that x0 EJf&(U). By theorem 7D.l there exists a formula 

¢(x,X) of LU such that for all x 

x E XO.,. 3X¢(x,X) ~ 3X(Xe1f8.(ll) & qi(x,X)). 

Let A E Mod(T). Then Jf& (U) c I A I by theorem 7E. l. 

We have for all x 

P(U) I= 3Xqi (x,X) ~ P(U) i= qi (x,X) for some X E J{-8,_ (U) 

~ P(U) I= qi (x,X) for some X E I A I 

~ Ai= 3Xqi (x,X). 

Thus 3Xqi(x,X) is A-absolute which shows that x0 E Def(Mod(T)). 0 

Combining these two theorems we get 

COROLLARY 3. Let Ube a countable acceptable structure. Let T be an induc-
U l tive theory &n 1 2 such that ~,-comp c T and T has a second order model over 

U. Then 

Jf&(U) = Def(Mod(T)). 

PROOF. By theorem SA.I Jf&(U) =~!,so the claim follows from theorems 5 

and 6. 

The above statement is not true for uncountable acceptable structures. 

It follows from the following theorem. 



THEOREM 7. Let Ube an acceptable structure. Suppose that for some n ~ 

WFn is arithmetical on U. Then 
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{rcp 0 : ¢0 is a (n,n) X-positive formula of LU} c Def(Mod(t>.~-Comp)). 

PROOF. Let ¢0 be a (n,n) X-positive formula of LU and let A be a model of 
I 

t>. 1-comp. 

By theorem 7A.1 there exists a formula ¢(x,Y) of LU such that for all x 

.-~ 3Y [Y E: X& (U) & WFn(Y) & <P (x, Y) J. 

For some formula IJI of LU 

for all X c A2n. 

Then 

P(U) F vx(xd<Po +-+ 3Y [IJl(Y) A <P(x,Y)] ). 

We have for all x 

P(U) F 3Y [IJl(Y) A ¢(x,Y)] * P(U) F IJl(Y) A ¢(x,Y) 

for some YE: ;JC&(U) 

by theorem 7F. l => P<u) r= IJl(Y) " <P<x,Y) 

for some Y E: I A I 

=> A != 3Y [4'(Y) A tp(x,Y)] 
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which shows that 3Y [~(Y) A 8(Y,i)J is A-absolute. 
1 

Thus I~O E Def (Mod(A 1-Comp)). 0 

1 
We are unable to characterize the sets which belong to Def(Mod(A 1-Comp)) 

in the case of arbitrary acceptable structures. Observe, however that the 

following theorem holds. 

THEOREM 8. Let U = < A,R1, ••• ,Rn >bean acceptable structure. There exists 

an inductive set I such that 

1 Def (Mod (A 1-Comp)) c JC& (U, I). 

PROOF. Let I be an inductive binary relation which parametizes the unary 

inductive relations (see theorem SD.2). 
1 Let XE Def(Mod(A 1-Comp)). Then for all x 1, ••• ,~ 

Let k be the highest arity of second order variables occurring in~- Then 

clearly for all x 1, ••• ,xr 

By theorem 5D.4 for every l there exists a (l+l)-ary inductive set Il 

which parametizes;J{'&l(U). 

Let J = {< E!,a >: a E Im,m ~ k} 

(here~ is them-th integer in the copy of win a coding scheme fixed 

throughout the proof). 

Clearly J is inductive. 

By lemma 7E.2 for all x 1, ••• ,xr 

where Sat2 1s a second order hyperelementary relation. 



This easily implies that Xis hyperelementary on (U,J). 

For some a J = {x: (a,x) € I} thus X €3C~(U,I). D 
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It seems likely that the inclusion in the above theorem could be re­

placed by equality. We are, however inable to prove it. 
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