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Powers and almost powers

by

J.W.M. Turk

ABSTRACT

An integer of the.form axm, where a € I is given and x,m € WN with
m 2 2 are arbitrary, is called an almost power (with exponent m). Two dis-
tinct almost powers with equal exponents not equal to 2 are not contained
in a relatively short interval. For three distinct almost squares the same
is true. Any number, greater than 1, of distinct positive integers in any

very short interval do not have a power as their product.

KEY WORDS & PHRASES: (almost) powers, short intervals
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§1. ALMOST POWERS IN SHORT INTERVALS

It is easy to see that two distinct powers with the same exponent, i.e.
integers of the form xm, ym where x,y € N and m € N with m =2 2, cannot have
a small difference. We now consider also almost powers, i.e. ‘integers of the
form axm, where a is some given positive integer. The first theorem express-
es that two distinct almost powers with the same exponent, but not almost

squares, cannot be close together.

THEOREM 1.1. For every a, b, M, € with a,bp,M € N, M 2 3 and € > 0 there
exists a positive number C = C(a,b,M,e) such that for every interval [N,N+K]
which contains two distinct integers of the form axm, bym with x,y,m € N
(x,y) # (1,1) and m = M one has

-2 /M-
K > CN1 M 8.

Observe that the number C does not depend on m, but only on M. We also
remark that the dependence of the positive numbers C(a,b,M,e) on a and b is
such that they are bounded (from below) be some p031t1ve number C' (pl,...
-eerPLM, ,€) if a and b are from the set {p11...pt lv € Z, v, > 0} of
integers composed of primes PyrerP - In particular, an interval of the form

1/3-¢ ] never contains two distinct integers of the form 2 xm, B m

[N,N+c(e)N
with x,y,me N, 0,8 ¢ Z andm = 3, a 2 0, B =2 0. See also Theorem 2 in [1].

Two distinct almost squares can be as close as one can (reasonably) wish,
as is shown in Theorem 1.3.a. Our second Theorem 1.2 shows that three dis-

tinct almost squares cannot be close together.

THEOREM 1.2. For every a, b, ¢, € with a,b,c € N and € > 0 there exists a
positive number C = C(a,b,c,e) such that for every interval [N,N+K] which
contains three distinct integers of the form ax2, by2, c22 with x,y,z2 € N
one has

x > ont/47E,

Theorem 1.3 shows that the lower bounds for the lengths of the intervals

in Theorems 1.1 and 1.2 cannot be much improved.



THEOREM 1.3.

a) For every M ¢ N with M 2 2 there exist infinitely many N € N and a posi-
tive number C(M) (with C(2) = 1) such that [N,N+C(M)N1_2/M] contains two
distinct integers of the form xM, 2yM with x,y € NN.

1/4]

contains three distinct integers of the form 2x2, 3y2, 622 with x,y,z € N.

b) There exist infinitely many N ¢ IN and a constant C such that [N,N+CN

Apart from the remark following Theorem 1.1, nothing is known about the
way the numbers C of the Theorems 1.1 and 1.2 depend on a, b (,c) and . To
prove certain theorems in §2 we need effective versions of Theorems 1.1 and
1.2, which we state in Theorems 1.4 and 1.5. Also compare Theorem 1.4 with

Theorem 1 in [1].

THEOREM 1.4. Suppose [N,N+K], where 3 < K < N° with 0 < 0 < 1, contains two
distinct integers of the form axm, bym, where a,b,x,y,m ¢ IN with m =2 3 and
m=3if x =y =1, while a and b are m-free. If b/a = 1 we put C(b/a) = 1.
If b/a # 1, let b/a = p?l...pzt with a, € z-{0}, 1 prime (1 < i £ t) and
p1<...<pt. Put P = max{pt,B}, H = max{a,b,3} and put C(b/a) =
min{COlongoglogH, (t+1)c0t(logP)tloglogP}, where C, is a certain absolute

0
(large) constant. Then

1

(1) m(logm) ! < (1-0) lc(b/a),

3
(2) g™ logKloglogK > logN,

where C 1Is some absolute (large) constant.

One can also prove inequalities of the form C(H,m)logK > logN, but in

our applications these would not be improvements of (2).

THEOREM 1.5. Suppose [N,N+K], where K = 3, contains three distinct integers

of the form axz, by2, c22 with a,b,c,x,v,z € N. Put A = max{a,b,c,3}. Then
2 3 .
CA" (logA) ™ (AlogA + logK) (logA + loglogK) > logN,

where C is some (large) absolute constant.



§2. NEIGHBOURING INTEGERS WHICH HAVE A POWER AS THEIR PRODUCT

In 1975 ERDOS and SELFRIDGE [2] proved the following elegant assertion,

which had been a conjecture for more than 150 years.

PROPOSITION. (Erdds, Selfridge). The product'of two or more consecutive

positive integers is never a power.

The following Theorem 2.1 implies that the product of two or more dis-
tinct integers is never a power if the integers are sufficiently large and

have an average distance not much greater than 1 (i.e. if the integers

Nyseee/Dg satisfy n0<n1<...n 1 < 1+c(logf)_1 for certain

positive constants n

£ and (nf—nl)(f-l)_

0 and c), generalising the proposition on consecutive
-1
integers ((nf-nl)(f—l) = 1). Note, however, that in the latter case the

constant n0 may be taken as n0

2.2.b for integers for which the average distance is bounded.

= 0, by the proposition. See also Theorem

THEOREM 2.1. Let ny,...,ng be distinct (f 2 2) integers in [N,N+K] with
N 2 N0 and £ 2 K—cK(logK)'l, where N0 and c are certain positive constants.
Then
£ mi
igl n, £ " for any m € N with m 2 2 and any (ml,...,mf)

with m, € IN and gcd(mi,m) =1 fori=1,...,E.

Theorems 2.2 and 2.3 show that the product of two or more distinct posi-
tive integers is never a power if the integers are neighbouring, i.e. con-
tained in a relatively short interval. In the proofs we use Theorems 1.4 and

1.5.

THEOREM 2.2.

a) For every (f,m) € IN2 with £ 2 2 and m 2 2 there exist positive numbers ¢ and
e(f,m) (with limf_w° e(f,m) = limm+w e(£,m) = 0) such that if nl,...,nf are
distinct integers in [N,N+c(logN)€(f’m)] then ﬂ§=1 n?i ¢ N for any
(ml,...,mf) with m, € IN and gcd(mi,M) =1 fori=1,...,%£.

b) For every (§,m) € (0,1] x IN with m > 2 there exist positive numbers c and

e(§,m) (with lim e(§,m) = lim e(§,m) = 0) such that if Nys.--sng

&0



e(8,m) and £ = 6K+1

are distinct integers in [N,N+K] with K < c(logN)
then ﬂf nmi ¢ w" for any (m,,;...,m_.) withm, ¢ IN and gcd(m, ,m) = 1
i=1 7i 170 i i

fori=1,...,f.

While Theorem 2.2 deals with neighbouring integers whose number or
average distance is bounded, the first assertion of Theorem 2.3 implies that
the product of any number (greater than 1) of any distinct integers in an
interval of the form [N,N+loglogN] is not a square, a cube, ..., an m-th
power when N is large enough. However, it does not include the cases where
m is 'large', e.g. m = [loglogN]. The second assertion of Theorem 2.3 shows
that the product 6f two or more distinct integers from a still shorter inter-

val is never a power.

THEOREM 2.3.

a) Let m € N with m 2 2. Let Nyseeern be distinct (f = 2) integers in an

£
interval [N,N+cm_8(loglogN) (logloglogN)—l], where c is some positive

absolute constant. Then Uf= n?i ¢ Ifn for any (ml,...,mf) with mi € IN

1
and gcd(mi,m) =1 fori=1,...,f.
b) Let nl,...,nf be distinct (f 2 2) integers in [N,N+clogloglogN], where c

, . m;
is some positive absolute constant. Then ﬂf ni1 ¢ N° for any m € N

=1
with m =2 2 and any (ml,...,mf) with mi € IN and gcd(mi,m) = 1 for

i=1,...,£. In particular, T,

n, is not a wer.
i=1 i po

It is, probably, difficult to relax the conditions gcd(mi,m) =1 in
Theorems 2,2 and 2.3 (it is impossible when m is a prime, of course) in view
of the following. Two powers ap, bq satisfy n?ng e " with m = pg; it is
not known that two distinct powers with distinct exponents cannot be close
together (apart from finitely many exceptions such as 32 and 23). The only
known general result is due to TIJDEMAN [3]: apart from finitely many excep-
tions, two powers are not consecutive integers.

Finally we consider the problem of the existence of (as short as possi-
ble) intervals which do contain two or more distinct integers having a power

as their product.

/2

THEOREM 2.4. For N = 3 we write K(N) = exp(lZ(logNloglogN)1 ). For every

me IN with m 2 2 there exists an infinite set Nm c IN such that for every



N € Nm the interval [N,N+K(N)] contains two or more distinct integers, say

, . £ m;
NyseeerDey and integers My,ee.,me from {1,...,m-1}, with ﬂi=1 nil e WN°.

COROLLARY. There exist infinitely many positive integers N such that
[N,N+K(N) ] contains two or more distinct integers having a square as their

product.

For m ¢ IN with m 2 3 we cannot find intervals shorter than

1-2/m

[N,N+cmN ] which contain two or more distinct integers having an m-th

power as their product.
§3. PROOFS OF THE THEOREMS IN §1

PROOF OF THEOREM 1.1. Suppose N < ax" < by < N+K< 2N. First we consider the

trivial case where b/a = cm/dm for certain c¢,d € N with gcd(c,d) = 1. Then

3™ divides a and we obtain

kd" > @ (by™-ax™) = a((cy)™-(@x)™ > a((dx+1)"=(ax)™ > am(dx)™?

a1/mdm—1(axm)1—1/m S dle—l/m S dle—l/M,

/m

1_1/M. Now we assume that the real algebraic number (b/a)1 is

hence K > N

irrational. By Roth's theorem on rational approximation of algebraic irra-
/ -(14+¢€)

tionals (see Proposition 1, page 11) we have l(b/a)1 my-xl > cy for
every € > 0, where c is some positive number depending only on 6 = (b/a)l/m
and €. Observe that bym—axm = a(ey—x)((ey)m_1+(9y)m_2x+...+xm—1). Put z =
min{x,y}. Since x,y >> Nl/m we have z >> Nl/m. Also ym < N+K < 2N. Hence
K = bym-axm > acy'—(1-'-‘3)m-min{b/a,1}-zm"1 >> N(m—2—e)/m
S N1—2/m—€.
1-2/m-¢ . .
Hence K > cl(a,b,m,e)N for some positive number ¢y depending only on

a, b, m and €. We also have

bym--axm = axm(bym/axm-l) > axm(mlog(y/x)i-log(b/a)) # 0.



By a theorem on linear forms in logarithms (see Proposition 3, page 12) we

have, writing Z = max{x,y} (= 2),
(3) mlog(y/x) + log(b/a) > exp (-ClogZlogm)

for some positive number C depending only on a and b. Since ZB < N+K < 2N <

N2 we obtain

m m m -1 1—2Cm_1lo
K 2 by -ax > ax exp(-2Cm "logm logN) = N gm.

Hence for m > mo(a,b,M), a certain number depending only on a, b and M, we
1-2/M

have K ; g . Put cé = c2(a,b,M,e) = minMSmSmo clfaéb&m,e). Then we have
K > c,N ~2/m-e > c2N1‘2/M’€ for M < m < m, and K > N -2/ for m > m,. This
implies the assertion of Theorem 1.1. 0

REMARK. The number C in (3) depends only on the distinct prime divisors of

a and b. Since ¢y depends, in fact, only on the m-free part of a and b, it

follows that the final constant C

min{l,cz} in Theorem 1.1 depends only

on the distinct prime divisors of a and b and on £ and M.

2
PROOF OF THEOREM 1.2. Suppose N < ax < by2 < c22 < N+K < 2N. If one of Vg/a,
Ye/a, VYc/b is rational, then we have, trivially, K > N1/2. Hence we may

assume that these algebraic numbers are all irrational, or, equivalently,
that 1, vYc/a and vYc/b are linearly independent over the rationals. By
Schmidt's theorem on simultaneous rational approximation of algebraic irra-

tionalities (Proposition 1) we have, therefore,

lzVe/b -yl |z/c/a-x] > coz_(HE),

for some positive number c, depending only on g, vc/b and Yc/a. Hence

0

~
v

(czz-by2)(czz—ax2)

ab(zvc/b -y) (zVc/a - x) (zVc/b +v) (zVc/a'+ x)

z—(1+e) 2 S N(1_€)/2.

>> (min x,v,z )~ >



This proves Theorem 1.2. 0

PROOF OF THEOREM 1.3.

a) The assertion for M = 2 follows from the (well-known) existence of in-

finitely many x,y € IN with x2--2y2 = 1, Assume M 2= 3. By Dirichlet's

theorem on rational approximation of irrationals (Proposition 2) there

1/M 1/2

exist infinitely many x,y € IN with |y2 -x| < y_1 and %X,y > M . For

these integers x, y we have

I2yM-le = |y21/M—XI ((1/'21/M)1Vl_1 . +xTh o y_1'2M(max{x,y})M—1

Put N = min{xM,ZyM} then it follows that x and 2yM belong to the inter-
1-2/M

val [N,N+K] for some K <<MN
b) By Dirichlet's theorem on simultaneous rational approximation (Proposi-
tion 2) there exist infinitely many X,y,z € IN with

1/2

1/2 and lzV2-y]| < z~ .

|zV3-x| <z

In particular y << x << z << x << y, It follows that

1/2 1/2

I6zz—2x2| 21zV3-x|(2V/3+x) << z ' “max{x,z} << (max{x,y,z})

1/2 1/2

I

l622-3y2l 3lzv2 -y (2V2+y) << z / “max{y,z} << (max{x,y,z})

Let N = min{6z2,2x2,3y2}, then it follows that 6z2,2x2,3y2 e [N,N+K] for

some K << N1/4. g

PROOF OF THEOREM 1.4. Suppose that N < ax® < by™ < N+K, where 3 < K < N°,

0 <o < 1. If b/a =1 then

a(ym—xm) > a((x+1)m-xm) S amxm—l S (axm)l—l/m > Nl—l/m,

2
1\
A~
%

hence m(logm)_1 <m < (1—6)_1==C(b/a)'(1—0)-1. We assume b/a # 1 now. We
may also assume that (x,y) # (1,1), since otherwise m = 3 and inequality
(1) of Theorem 1.4 trivially holds since C(b/a) exceeds 3, while inequality
(2) trivially holds, if x =y = 1, since H 2 a 2 N, then. Observe that

°

14



N0 2 K 2 bym—axm > axm(bym/(axm)—l) > axm(mlog(y/x)+log(b/a))2:N~A

By Proposition 3 we have, with Z = max{x,y} (= 2),

=
1

mlog (y/x) + log(b/a) > exp(-ClogHloglogHlogZlogm),

1 t
mlog (y/x) + E ailogpi > exp(—(t+1)Ct(logP)tloglogPlogzlogm).
i=1

-
1

Since Zm < N+K < 2N < N2 it follows that

-

N

SAEEN exp(—2ClongoglogHPm_1logm-logN),

=4
\%

v

A > exp(‘2(t+1)Ct(logP)tloglogP-m—llogm-logN)
which implies that (1) holds
To prove (2) we use the following result, proved by EVERSE [4], follow-
ing a method of Baker.
Let x,y € Z satisfy xm—dym =k, where d € Z, me IWN, k € Z, with
m > 3 and k # 0. Put k" = max{ |k|,3}. Then

2
Cm * *
max{|x|, |y|} < exp((mld])™ logk loglogk ),

where C is some large absolute constant.
We have b™ ! (by®-ax™ = (by)™- ab™ Tx®
Observe that d = abm_'1 < 5 and k* = max{3,k} < b

= k, where bm“1 <k < bm-lK.
m—lK < HmK. It follows that

m cm3
N < by < exp(H logKloglogK) for some large constant C. 0
To prove Theorem 1.5 we first prove

THEOREM 1.6. Let a, b, ¢, d be square free positive integers with a # b and
c # d and let e and f be integers. If af = ce then we also assume that abcd
is not a square. Then for every solution (x,y,z) € 1N3 of the pair of egqua-

tions
(4)

one has



max{x,y,z} < exp(Caz(loga)3ylogy),

where o = max{a,b,c,d}, B = max{le],|£],3}, v = max{alogo,logB} and C is

some large absolute constant.

In the proof of Theorem 1.6 we use results of Nagell and Schur on equa-
tions of the form X2 - DY2 = 1 (see Proposition 4) and a lower bound for
linear forms in logarithms of algebraic numbers (Proposition 3). Our method
of proof is analogous to the proof in [5], where it is shown that the only
solutions of (4) in the case (a,b,c,d,e,f) = (3,1,8,1,2,7) are those corres-

ponding to x =1 and x = 11.

PROOF OF THEOREM 1.6. We may assume that gcd(a,b) = gcd(c,d) = 1. By (4) we

have

2

{(ax)2 - aby ae

(cx)2 - cdz2 cf

Since aecf # 0 and ab and cd are not squares we conclude from Proposition

4 that

5) fax + y/EB = (s+t/§5)e§b
1cx + z/cd = (u+v/Ea)azd

Yale| and |ul,|v] < e _/c[f].

for certain s,t,u,v,m,n € Z with |s]|,|t] < ¢

ab cd
Combining (5) with the conjugate equations we obtain, since EZb = e;g and
-m _ -m
€ca T Eea’
2ax = (s+t¢§5)€n + (s—t/gg)e—n
6) { ab ab
2cx = (u+vVEE)em + (u—v/Ea)e_m
cd cd

In view of the symmetry in (6) we may assume that m 2 O and n =2 0. From (6)

it follows that

n m
(7) Aeab - Bgcd = C,
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-n
cd c(s—t)/gg)eab.

2
The minimum polynomial of A is T -2csT-kc2ae. Hence H(A) = max{1,2cl|s|,

< (ab)‘/EB < aza. Analogously,

where A = c(s+t/§5), B = a(u+v/35), C = a(u—v/Ea)e_m

czalel} < a3a-6 since, by Proposition 4, €
H(B) < a3a-8. We also have H(eD) = 2xD < 2€D and eD > 1+ /D > 2. Observe
that A > 0 and B > 0. Also note that B~1 = (u-v/Ea)(acf)'l, hence B“1 <
max{|ul, |v|}2/cd(ac|£])~1 < a3a. also A~1 < a3a. We also have

Icl < alu-v/cd| + cls-tVab| < 2a3a8. Observe that C # 0: if C = 0 then
Ezb = Bsgd hence c2ae = AA = BB = ach, so ec = af. From (4) we infer
bcy2 = adzz, contradicting that abcd is not a square. Since C # 0 we may

A

assume, by the symmetry in (7), that C > O.

We now show that N := max{m,n,4} satisfies
-1 2
(8) N (logN) < Coa(loga) (aloga + logB)

for some constant CO.

CASE 1.

c > (Bsm )1/2
cd

. 2_-1 .
In this case we have m < log(C B )/logscd << ologa + logB. Since

n m 2 2 *
= < =
Ae C+Be g <C+C < 2max{1,c"} = C

we obtain

* -
n < log(C A 1)/loge << aloga + logB.

ab
Therefore (8) holds in this case.
CASE 2.

(0 <)c < (Be, y1/2,

d

It follows from (7) that
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m m
< <
C/Be (Becd

-1/2 _4-1/2
cd = e -

0 < log(A/B) +nloge )

—mlogec

ab d

L w2y Y23, where

}. We use this upper bound

Observe that we also have the upper bound max{ (u/2)

U= Aszb, since y = c+Be®. < 11/24-A < 2max{k,11/2

cd
if n 2 m and the bound 1_1/2 if n < m. We may assume now that 4 < n < m. From

Proposition 3 it follows that

log(a/B) + nloge ., - mlogsc

ab d

> exp(—Cllog(a3aB)logH(ecd)1og(a2a)logalogm).

As we saw, we also have the upper bound (Belgd)—l/2 < B_I/Z(H(scd)/2).—m/2 <
exp(3aloga-1/2~mlog(H(£cd)/2)). Combining the bounds we infer
-1 -1 2
N (logN) = m(logm) << (ologo + logB) *a-° (loga)
Therefore (8) also holds in this case.
From (6) it follows that x < 2max{|s]|,|t]}/abe™ < a4na81/2. By (8) we

ab
have n << a(loga)zylogy. Hence x < exp(Caz(loga)3ylogy) for some constant C.

In view of (4) this inequality also holds for y and z for some C. 0

PROOF OF THEOREM 1.5. We have ax2--by2 = e and ax2--cz2 = f for some e,f € Z

with le|,|f| < K. We may assume that a, b, c are square free and also that
they are pairwise distinct (since otherwise K > Nl/2 and the inequality of

Theorem 1.5 holds). Therefore we can apply Theorem 1.6. We obtain

x < exp(CAz(logA)3(AlogA1-1ogK)(logAi—loglogK))

/2

1
for some constant C. Since x = (N/2) the inequality of Theorem 1.5 fol-

lows. g

Finally we state the results which we used in this §.

PROPOSITION 1. (ROTH, SCHMIDT [6]). Suppose Qs--.,0 are real algebraic
numbers such that 1,a1,...,an are linearly independent over the rationals

and suppose § > 0. Then there exists a positive number c, depending only on
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ocl,...,an and 8§, such that for every Pysec-sP € Z and every q € N one has

- (1+6)
loja-p, I...la a-p | > cq .

PROPOSITION 2. (DIRICHLET, [6]). Suppose that at least one of the real num-

bers Qgreees0 is irrational. Then there exist infinitely many distinct n-

-1/n
q /

tuples (pl/q,...,pn/q) with p, € Z and q € IN and Iaiq—pil < for

i=1,...,n.

PROPOSITION 3. (BAK.ER, [7]). Let Ogreees@y (where n =2 2) be positive

algebraic numbers of degree one or two with heights at most Al" . .,An, re-
spectively, where A, 22 for 1 <i < n-1 and A 2 max{Al,...,An_l,3}.

Let B .,Bn be rational integers with absolute values at most B (= 2).

17"

Suppose that A := Z?___ leogocj is not zero. Then

1

A > exp(—ncnlogA ...logAnloglogAnlogB)

1
where C is some (large) absolute constant.

PROPOSITION 4. (SCHUR, NAGELL, [8], [9]). Let D be a positive integer which

is not a square and let €D =x +yD/]3, where (xD,yD) is the solution of

D
xz—Dy2 =1 with (x,y) € IN* and x+y/]3 minimal. Then € < exp(Dl/zlogD) .

If the equation
(9) X" - Dy2 = e,

where e €¢ Z with e # 0, has solutions (x,y) € Zz then there exist (finite-

1y many) solutions (s,t) € ZZ of (9) with

1/2
lsl,le] < e lel®
such that every solution (x,y) € Z2 of (9) has the form
x +y/D = (s + t/]S)s:rD1

for some n € Z and some (s,t).
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§4. PROOFS OF THE THEOREMS OF §2

First we prove the following lemma.

LEMMA. Let m,f ¢ IN withm = 2 and £ 2 2. Let nl,...,nf be distinct integers

. 1-1 ,
in the interval [N,N+K], where K < N /m, with the property that
f my m . —
ﬂi=1 n,= e N for some (mlé""mf) with m, € IN and gcd(mi,m) = 1 for
i=1,...,£. Write n, = a,x, with ai,xi € N and a, m-free (1 < i < £). Then

(1) P(ai) <K fori=1,...,%,

(2) a, < exp((m-1) (f-1)logK) for i =1,...,f,
(3) there exist at least two (three if £ = 3) ai's with ai:Sexp(3me_llogK),
(4) there exist at least two (three if £ = 3) ai's with

1/2 1/2

ai < exp (CmK (logk) ), where C is some absolute constant.

PROOF. First we observe that ai # aj for i # j: if a. = a., then, assuming

m-1 N1—1/m

n, >n,, we have X 2 n,-n. = a. (x%-xD) > ma.x. , a contradiction.
1 J i 7] J 1 J J 3

To prove (1), let 1 < i < f and let p be a prime divisor of a, . Since

m .
ﬂ§=1 ajj € B&n, the mj are relatively prime with m and a, is m-free, there
exists a jwith 1 < j < £, j#1iandp aj. Hence p ai--aj and, since aiséaj,

p < Iai-a_l < K. To prove (2), let 1 < i < f. Observe that a; divides

£ v (a.)
P 1

R 1

j=1 pl ay P

J#L

which divides

£
-1
g ot
.,:.  Plas
j
j#L Plai

which divides

£
351
3

Since a; # ay for i # j we have gcd(ai,aj) < lai—ajl < K and we infer that

m-1
(gcd(ai,aj)) .

a, < k@-1) (£-1) | we now prove (3): we have
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£ zf=1 v, (@) 2?;1 #{1<ise | p’ aivides a,}
i3 =0p =7p
D) (1+lk/p ) _ 2o, [x/p]
< .
pgk P - pgk P pgk P

< Kn(K)(m—1)+K < K@K.

m-1
(pgk p) °K!

If £ 2 3 we conclude that the number of a, with a, > exp(mKlogK°(f—21-1) is
less than f-2, hence there are at least three a, with a, < exp (3mKf "logK).
If £ = 2 then, by (2), a, and a, do not exceed exp((m-1)logK). This proves
(3).

Finally we prove (4). Suppose A € IN with 3 < A < £. We have

A
()
pm_l-K 2

a, < LcM[a ]

1 %4 pro-r@

3>

: <
! A 1<y 90d(a;0a5) <

A
w
AN
°

Hence there exist at least three ai among al,...,al with

a, < exp((A—Z)_l(mKlog3+-(;)logK)).

If £ 2 24—[(K/logK)1/2] then we take A := 24—[(K/logK)1/2] (= 3) and we ob-
1/2 /

2) for some constant C. If
1/2 1/2

tain three a, with a; < exp (CmK (logK)1

f < 14-[(K/1ogK)1/2] then, by (2), a; < exp (mK (1logk) ) for every

1 < i < £, This proves (4). g

REMARK., The combination of (2) and (3) gives that a; < exp(3mK1/2logK) for

at least two (three) a, which is only slightly weaker than (4).

1,...,n£ are distinct (f 2 2) integers

in [N,N+K], where N 2 N0 and £ = K-cK(logK)—l, where c(> 0) is a sufficient-

PROOF OF THEOREM 2.1. Suppose that n

ly small constant and NO is a sufficiently large constant, and suppose that
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ﬂf_l n?i € " for some m € IN with m = 2 and some (ml,...,m ) with mi € IN
and gcd(m m) =1 for i =1,...,f. We shall finally obtain a contradiction,

but first we show that K < N1/m

If § < 1/2 and N is sufficiently large and K 2 N then there exist more
than <§K(logK)_1 primes in [ (N+K)/2, N+K] c [N,N+K], hence if'c < 6§ and N0
is sufficiently large then one of the n, is such a prime (which cannot divide
any other nj # ni), contradicting ﬂf=1 n?i € I&n. Hence K < N. If N2/3 <
K(< N) then the number of primes in [N,N+K] is asymptotically K(ngN)_1 for
N - ®, by a well-known result of Ingham, hence, provided c < 2/3 and NO is
sufficiently large, there exists a n, which is a prlme (larger than N > K,

hence not dividing any other n, # nl), contradicting ﬂ -1 nTl ¢ IWN". Hence
K < N2/3. For KO <K <N /3, where K0 is some absolute constant, the number

of integers v in [N,N+K] with P(v) > K exceeds K/6 (see, if necessary, the
proof of Theorem 2 in [10]). Hence, provided K 2 Kl(c), one of the n, is
divisible by a prime p exceeding K. Hence p * n, for every nj # n, and from

nj—l n?j € ﬂ¢n, it follows therefore that pmlni. This implies (K.+1)m < pm <
ni < N+K, hence K < Nl/m. If K < KO’ where KO is some constant, then, by

Theorem 2.3 (b), we have N < NO(KO), some constant depending only on KO. Tak-

large enough and c sufficiently small (i.e. ¢ < 1/2) we may therefore

1/m

ing NO

assume that KO <K <N

We distinguish the cases m 2 3 and m = 2 now.

in the sequel, where KO is some suitable constant.

Suppose m = 3. In [2] it is shown that it follows from K < Nl/m, m = 3

and P(ai) < K (which holds in view of (1) of the lemma) that all products
aiaj, where 1 < i, j £ £, are distinct (in particular the a, are distinct),

and also that, consequently,

3/4 -3/2 -1 -1

(logx) ) = x(logx) ~(1+0((logx) 7)).

Y 1 <T(x) +0(x
ain

We change (if necessary) the indices of the a, in such a way that a1<...<af.

Then it follows that t = Zaisat 1< at(logat)—l(1+O((logat)—1)), hence

a, = tlogt+ tloglogt+ O(t), in particular a, 2 tlogt for t 2 t. . Therefore

t t 0°
T T .

(10) M, a, >exp() log(tlogt)+0(1))
t=1 "t o1

exp (TlogT + TleglogT + O(T))

for T 2 2. For every prime divisor g of al...af we choose an 1 < i(q) < £
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with v (a. ) = vq(aj) for 3 =1,...,f. Then

q i(q)

m-1 ; £ I e

£ L.y #{1<i<f | i#i (Q)V¥q and p’ divides ai}

1 a_=]'[p

i=1 i p

i#i (q) Vg
m-1 j
Z._1 [x/p”]
Sgp:’" < k!

*
Put £ = £-TI(K) (= 2). Since there exist at most TI(K) distinct q's we ob-
tain

£

< ' < I <
e 2 < 4 8 s KL <KL

i#i(q)Vvg
Combining this with (10) gives £ < K(1 - loglogk (logK) »+0((logkK) 1)). It

follows that £ < K-—K(logK)_lloglogKi-O(K(logK)_l), a contradiction with

£ > K--cK(logK)—1 and K = KO’ since KO is sufficiently large. We now consider
the case m = 2.

f
As we saw in the proof of the lemma, TT,

.. .
io1 4 divides (K!) anK p. Hence

Hh

v, (M_, a,)=v, (k) s (M, a,)-vy (K1)

.

(11) .MM, a, divides K! _ 1T p-2
i=1 i go)

Note that plai if and only if Vp(ni) is odd. Let n(p) be an integer in

V(™ _ ¥ for

[N,N+K] with v_(n(p)) =2 v_(n) for every n ¢ [N,N+K]. Then p
p p 25+1

every n # n(p) in [N,N+K]. Let j(p) be the maximal integer with p < K.

Then it follows that

<
+h
o
IA

1+#{1<i<f] n, #n(p), vp(ni) is odd}

J(p)
1+ Zp (N(23+1) - N(23+2)),
3=0

IA

where N(i) = #{n € IN INSnSN+K, n#n(p), }_'Jl[n} = K/pl + 0(1). It follows

IA

that vp(ﬂjf_= K/ (p+1) + O(logK). Using also that K! = exp(KlogK-K+

1
O0(logk)), néSK

a.)
i

p = exp(K+O(K(logK)) and VP(K!) = K/ (p-1) + O(logK) we obtain
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from (11)
£
n a; < exp (KlogK - ((21og2)/3 + (log3)/4)K + O(K(logk)) .

Let 1 = q1‘<q2-<... be the increasing sequence of square free integers. Then
qt~ﬂ2t/6 for t - «, Hence a, > qp > dt for any 4 < ﬂ2/6 and t 2> to(d). It
follows that ﬂle ai > f!df for £ 2 fo(d), hence

£
;0 a; > exp (flogf + (logd-1) f + O(logf)).

Combining theAbounds for ﬂf= a, we obtain £ < K - ((21log2)/3 + (log3)/4 +

1
logd - 1)K/logK + O(K/logK). Since (2log2)/34-(log3)/4+-log(ﬂ2/6)-1 is posi-
tive we obtain a contradiction with K 2 KO and £ 2 K- cK/logK if c is suffi-

ciently small. 0

REMARKS.

1) By including the primes 5, 7, 11, 13 in the last argument on the square
free a, one can see that the assertion of Theorem 2.1 holds for any
c < 1/2 (the 1/2 comes from the first argument in the proof), provided

N, is sufficiently large.

0
2) It is implicit in the proof that if n1,...,nf are distinct (f 2 2) inte-
gers in [N,N+K] with N 2 Ny» K < N1/3 and £ 2 K-—cK(logK)—lloglogK for

some ¢ < 1 and NO sufficiently large, then ﬂf=1 n?i £ Bfn for any m € IN

with m 2 3 and any (ml,...,mf) with mi € IN and gcd(mi,m) = 1 for
i=1,...,f.

< Nl—l/m

PROOF OF THEOREM 2.2. First we suppose that m = 3, 3 < K and that

g are distinct (f = 2) integers in [N,N+K] with ﬂf=1 nTi e WT for

some (ml,...,mf) with mi € N and gcd(mi,m) =1 fori=1,...,f. Writing

Nyseee,n

n, = aix? with a, m-free, as in the lemma, we obtain, from (2) of the lemma,
two distinct integers ale and azxg with a, < K(m—l)(f_l)

From inequality (2) of Theorem 1.4 we obtain

=: H in [N,N+K].

4
KCIn £ logKloglogK > logN.

Hence K >> (logN)E(f'm) holds for every e(f,m) with 0 < e(£f,m) < (Cm4f)—1.
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. .. 2
Now we consider the case m = 2. If £ = 2, then, trivially, n, = axi for some

1/2

a € IN and i = 1,2, hence K > N and therefore K >> (1ogN)€(2'2) holds for

every positive number €(2,2). We assume f 2 3 now. By (2) of the lemma we

have n, = aixi, with a; < Kf-1 for i = 1,...,f. Hence [N,N+K] contains the
distinct integers a.x?, i=1,2,3, where a, < Kf_1
3(£-1) -

=: A. By Theorem 1.5 we

5 e(£,2)

infer that K (flogK)~™ >> logN. This implies that K >> (logN) holds

for every e€(£,2) with 0 < e(£f,2) < (3(f—1))_1. This proves part (a) of Theo-

rem 2.2.

To prove part (b) we argue similarly, but we use (3) of the lemma in-
stead of (2). We then obtain a, < K3m6_1 =: A for at least two (three) a, -
It follows that K >> (logN)e(a’m) for every €(8§,m) with 0 < €(§,m) < &/(9m) .[J

PROOF OF THEOREM 2.3. To prove part (a) we argue the same as in the proof of

Theorem 2.2, but we use (4) of the lemma instead of (2) or (3). In casem = 3

£ s . . . . .
and ﬂi= n™ ¢ IN" we obtain two distinct integers a,x. and a.xo in [N,N+K]

1 1/2 1/2 171 272
with a; < exp (CmK (logk) ) =: H. By inequality (2) of Theorem 1.4 we ob-

tain

/

exp(Cm4(KlogK)1 2))logKloglogK > logN,

which implies K >> m_8(loglogN)2(logloglogN)—l.
If m = 2 then the assertion trivially holds for £ = 2 as we saw in the

proof of Theorem 2.2. Assuming f = 3 we obtain, by (4) of the lemma, three
1/2
)

g . 2 .
distinct integers ajxj with a; < exp (C (Klogk) =: A. From Theorem 1.5 we

/

infer exp(C'(KlogK)1 2) > logN for some suitable C' > 0. Hence
K >> (loglogN)2(logloglogN)-l.

We now prove part (b). Suppose nys...,nc are distinct (f 2 2) in [N,N+K]

£
and ﬂf=1 n?i € H&n for some m € IN with m 2 2 and some m, € IN with
gcd(mi,m) =1 fori=1,...,f. We shall prove that K >> logloglogN., If m = 2
then this follows from part (a). We assume m = 3, and also that K < N1/2. We

1/2

have n, = aix? with a, m-free and a, < exp (Cm(KlogK) ) for at least two a,

say for a, and a2. We apply inequality (1) of Theorem 1.4, with ¢ = 1/2, and
obtain m/logm < 2C(a1/a2). We show that C(al/az) < exp(CK) for some constant
c. If al/a2 = 1 then this holds, since C(1) = 1. By (1) of the lemma we have

o (Xt
< - - 1 . .
P (a. ) <K for i 1 ,2 . ertlng al/az = p1 By o with primes p, and
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a; € Z-{0}, we have py<---<p < Kand t < TI(K). In view of the definition
of C(al/az) it follows that C(a1/a2) < (t+1)cot(logP)tloglogP < exp(CK) for
some C. Hence m < exp(CK) for some constant C and, therefore, ai <

expexp (CK) =: H for some C and i = 1,2, From (2) of Theorem 1.4 we conclude

that expexp (CK) > logN for some constant C, in other words K >> logloglogN.[]

PROOF OF THEOREM 2.4. We shall use the following (elementary) fact (see, for

example, [11])

(12) There exists an infinite set S of positive integers such that the

number f£(N) of integers n in [N,N+K(N)] with P(n) < PO(N) =:

/2) satisfies £(N) > (PO(N))2 for every N € S.

exp((logNloglogN)1
Let m € N with m 2 2. For every set T which consists of [f(N)/2] distinct
integers n in [N,N+K(N)] with P(n) < PO(N) we define ¢(T) as the tuple

$(T) = ( z Vp(t)mod m)P

< . .
Lo _P0 (N) ,p prime

The number of distinct sets T is ([ff;?}zj) and the number of distinct tuples

$(T) is at most m”(PO(N)). Hence there exists a tuple v = (Vp)pSPo(N) = v(N)

such that the number of distinct sets T with ¢(T) = v is at least

( £ () )m_n(PO(N)). In view of (12) there exist for every N € S with
[£(N)/2]

N = No(m) (defining an infinite set Nm) m distinct sets Tl""'Tm with
¢(Ti) = v(N) for i = 1,...,m:
P (N)2 (P (N))+1

2 0

£(N) £(N) 0
([f(N)/2]) > 2 /E(N) > 2 /PO(N) >m

for N 2 No(m), N € S.

Hence nteTi t e anPC(N) jo)

tinct integers in T1U...UTm and let m, be the number of j with 1 < j < m and

Pe® for i = 1,...,m. Let nl,...,ng be the dis-

n, € Tj’ for i =1,...,9. Then 1 < m, <mfor 1 <i < g and ﬂ?=1 n?' =
. g _ X .
HT=1 nfeTi t e nfﬂ while Zi=1 m, m[£(N)/2]. Deleting those n; from

nl,...,ng with m, =m we obtain distinct integers ni,...,n% in [N,N+K(N)]

. ' . . £ oy > .
and integers m € {1,...,m-1} for 1 < i < f with ﬂi= (ni) 1 e . Since

1
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£

Ei—l mi is a nonnegative multiple of m, but not zero (otherwise T1=...==Tm,
a contradiction), we have £ = 2. 0
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