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A super-balanced hypergraph has a nest point 

by 

Andries Brouwer & Antoon Kolen 
Mathematisch Centrum, 
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ABSTRACT 

A super-balanced hypergraph is a hyperqraph such that in any cycle of 

length at least three there is an edge containing at least three vertices 

of the cycle. A nest point is a vertex such that the edges containing it are 

totally ordered by inclusion. It is proved that a super-balanced hypergraph 

contains at least two nest points. 
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1. INTRODUCTION 

Let X == {x 1 ,x2 , ... ,xn} be a finite set, and let E = {Eili = 1,2, .•• ,m} 

be a family of subsets of X. The family Eis said to be a hypergraph on X if 

(1) E. f= 0 i = 1, 2, •.• ,m, 
1. 

(2) 
m .u 1 E. -· X 

1.= 1. 

The couple H = (X,E) is called a hypergraph. The elements x 1 ,x2 , ••. ,xn are 

called vertices and the sets E1 ,E2 , .•. ,Em are called edges. 

* * * * . The dual hypergraph H =(XE) is defined by X = {e1 , ••. ,em}, 

* E = {x1 ,x2 , .• ·.,x}, where X. = {e.lx. EE., i = 1, ..• ,m}, j = 1,2, ..• ,n. 
n J l.J 1. 

In a hypergraph H = (X,E), a chain of length q is defined to be a sequence 

(x ,E ,x ,E , ••• ,E ,X 1) such that 
1 1 2 2 q q+ 

(1) x 1 ,x2 , ... ,xq are all distinct vertices of H, 

(2) E1 ,E2 , ... ,Eq are all distinct edges of H, 

(3) ~'~+l E Ek fork= 1,2, •.• ,q. 

If q > 1 and x = x 1 , then this chain is called a cycle of length q. 
q+l 

A hypergraph His said to be balanced if every odd cycle has an edge that 

contains at least three vertices of the cycle. Balanced hypergraphs have 

been studied quite extensively (BERGE [1,2]). They have the following 

property. 

PROPERTY 1.1 Let Jc {1,2, ... ,m} be such that if E. n E. f 0 for all i,j 
1. J 

E J, then .n E. f 0, i.e., the edges of a balanced hypergraph have Belly's 
l.E J 1. 

property. 

We consider a more restrictive class of hypergraphs called super-balanced. 

A hypergraph is said to be super-balanced i.f every cycle of length at least 

three has an edge containing at least three vertices of the cycle. 

* PROPERTY 1.2. The dual hypergraph H of a super-balanced hypergraph His 

super-balanced. 

PROOF. Consider a cycleµ= (e 1 ,x1 ,e2 , ••. ,xp,e1). It corresponds to a cycle 

(x1 ,E2 ,e2 , .•. ,xp,El,xl) in H. 

As His super-balanced an edge E. contains three of the x.'s and therefore 
1. J 

* in H an e. belongs to 
1. 

three of thee. 's. 
1. • 

three of the X.'s; or equivalently an Xk contains 
J 
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As an example of a super-balanced hypergraph we consider the following. 

EXAMPLE. Let T be a tree with vertex set V = {v1 , ••• ,vp}. Each edge of the 

tree has a positive length. The distance d ( v. , v.) between two vertices 
1 J 

v.,v. EV is defined to be the length of 
1 J 

the shortest path between these two 

vertices. For each i, 1 Si Sp, let r. be a nonnegative integer and define 
1 \ 

E. = {v E vld(v,v.) s 
1 1 

r.}. It was shown by GILES [4] that the hypergraph 
1 

(V,{E 1 , ... ,Ep}) is super-balanced. 

A A 
A subhypergraph of (X,E) is a hypergraph (A,E), where Ac X and E 

{E. n A I E. EE, E. n A f 0}. 
1 1 1 

A partial hypergraph of (X, E) is a hypergraph (XF ,F) , where F c E and 

XF = u FE .• E.E 1 
1 

The following properties of super-balanced hypergraphs are trivial. 

PROPERTY 1.3. If His a super-balanced hypergraph, then every partial hyper­

graph H' is super-balanced. 

PROPERTY 1.4. If His a super-balanced hypergraph, then every subhypergraph 

H' is super-·balanced. 

A nest point: of a hypergraph is a vertex with the property that the edges 

containing it are totally ordered by inclusion. 

The incidence matrix A= (a .. ) of a hypergraph (X,E) is defined by a .. = 1 
1] 1] 

if x. E E., a .. = 0 otherwise. 
] 1 1] 

A (0,1)-matrix is called super-balanced if it does not contain a square 

submatrix of size at least three with row and column sums equal to two. It 

is clear that the definition of a super-balanced hypergraph that the inci­

dence matrix of a super-balanced hypergraph is super-balanced. The converse 

is trivially true: every super-balanced matrix defines a super-balanced 

hypergraph. Our interest in proving that a super-balanced hypergraph has a 

nest point arises from the fact that this result enables us to solve the 

set covering problem on a super-balanced matrix in polynomial time; in a 

subsequent paper we will show how this is done. 

The vertex intersection graph G = (X,T) corresponding to a hypergraph (X,E) 

has vertex set X and two vertices are adjacent if and only if they have 

an edge of E in common. 
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A chordal graph is a graph with the property that every cycle with more 

than three vertices has a chord, i.e., an edge incident to two vertices of 

the cycle which are not incident to an edge of the cycle. 

The following porperty follows from the definition of a super-balanced 

hypergraph. 

PROPERTY 1.5. The vertex intersection graph of a super-balanced hypergraph 

is a chordal graph. 

Chordal graphs are sometimes called rigid circuit graphs or triangulated 

graphs. 

A simplicial vertex of a graph is a vertex with the property that if 

two vertices are adjacent to this vertex, then they are also adjacent to 

each other, i.e., all vertices adjacent to a simplicial vertex form a clique. 

The following property of a chordal graphs was first proved by DIRAC [3]. 

PROPERTY 1.6. A chordal graph has a simplicial vertex. 

2. MAIN RESULT. 

In this section we will prove our main result, namely that every super­

balanced hypergraph (X,E) with at least two vertices contains at least two 

nest points. To prove this result we will use induction on the number 

!xi + !El. It is clear that if !xi = 2, then both vertices are nest points. 

Consider a super-balanced hypergraph (X,E) and assume that all super-balanced 
A A A A 

hypergraphs (X,E) with !xi + !El < !xi + IE! have at least two nest points. 

In particular this is the case for all partial subhypergraphs of (X,E) (by 

Property 1.3 and 1.4). Our result follows from the next two theorems. 

THEOREM 2.1. The super-balanced hypergraph (X,E) has a nest point. 

THEOREM 2.2. The super-balanced hypergraph (X,E) does not contain exactly 

one nest point. 

Before proving these theorems we give some definitions and prove some 

useful lemmas. 
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DEFINITIONS. E 
X 

{E I EE E, x EE}, for x EX. 

- E(A) = {E\A EE E}, for Ac X. 

- Two edges E1 and E2 are comparable if E 1 .'.:_ E2 or E2 .'.:_ E 1 

- Two edges are incomparable if they are not comparable. 

- Let E (x EX) be totally ordered by inclusion. 
X 

Then min E is an edge belonging to~ with the property 
X X 

that it is included in all edges of E, max E is the edge 
X X 

belonging to E which includes all other edges of E. 
X X 

LEMMA 2.3. Let E,F 1 ,F2 EE such that E .'.:_ F 1 n F 2 and Fl and F 2 incomparable. 

Then (X,E) cor,.tains two nest points. 

PROOF. Consider the partial hypergraph obtained from (X,E) by deleting the 

edge E. By induction this hypergraph has two nest points Y1 and y 2 • Since 

Fl and F2 are incomparable it follows that Yi ' E: 
C F 
- 1 

n F2 (i = 1, 2) . Hence 

Y1 and Y2 are also nest points of (XIE) • • 
According to Lemma 2.3. we may assume without loss of generality that 

(X,E) satisfies Property 2.4. 

PROPERTY 2.4. If E,F 1 ,F2 E f and E c Fi (i=1,2), then Fl and F 2 are compar­

able. 

LEMMA 2.5. Let (X,E) be a super-balanced hypergraph .. Then there is a vertex 

x 1 and an edge E1 with x 1 E E1 such that VF E fx 1[F .'.:_ E 1]. 

PROOF. Consider the vertex intersection graph G of (X,E), By Properties 1.5 

and 1.6 there is a simplicial vertex x 1 of G. Let x 2 , •.• ,xk be all vertices 

adjacent to x 1 • Clearly all edges belonging to Ex 1 are included in 

{x1 ,x2 , ••• ,~}. Consider the dual hypergraph of (X,E). Since x 1 ,x2 , ••. ,xk 

form a clique in G we know that for the corresponding edges x1 ,x2 , •.. ,Xk 

of the dual hypergraph X. n X. f 0 for all i,j = 1, ••• ,k. By Property 1.1 
1. J 

we known that there is a vertex e 1 of the dual hypergraph such that 
k 

e 1 E .n 1x .. Therefore the corresponding edge E 1 of (X,E) contains 
1.= 1. 

x 1 ,x2 , ••• ,~. Since all edges containing x 1 are contained in {x1 ,x2 , ••• ,~} 

we know that E 1 = {x1 ,x2 , •. , ,~} • D 
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PROOF OF THEOREM 2.1. Let x 1,E 1 be the vertex and edge found in LeI!lllla 2.5. 

Define the set I by I= {i E E1 I 'VF E Ei[F c E1]}. Since x 1 EI we know 

that If 0. We consider two possibilities. 

1. I = El. 

Consider the partial hypergraph obtained from (X,E) by deleting E1 . By 

induction it contains two nest points y 1 and y 2 • tf yi i E1 , then yi is 

nest point of (X,E) (i = 1,2). If yi E E1 = I, then by definition of I 

all edges of Eyi are included in E1 , hence yi is also a nest point of 

(X,E) (i=l,2). 

2.I~E1• 

Consider the subhypergraph of (X,E) obtained by deleting the set I from 
A 

X. Let E = E(I). Let y be a nest point of this hypergraph. If there is 

no edge belonging to E ~hich contains y and a point i EI, then y is nest 

point of (X,E). So we may assume that there is an edge FEE containing 

bothy and a point i EI. By definition of I we know that F =- E1 and 

therefore y E E1\I. Since y i I we know that y is contained in an edge 
A 

E which contains a point not belonging to E1• Consider E2 = max Ey. E2 
includes both E1\I and E. Since E2 contains a point not belonging to 

E1 it follows from the definition of I that E2 EE. We conclude that 

(X,E) contains two incomparable edges E1 and E2 with E1 n E2 = E1\I. 

CASF. 2.1. I= {i}. 

Suppose i is not a nest point. Then there are two incomparable edges F1 and 

F2 containing i. Choose a 1 E F1\F2 and a 2 E F2\F 1• Then (i,F1 ,a1 ,E2 ,a2 ,F2 ,i) 

is a cycle of length three not containing an edge which contains all three 

vertices, contradicting the assumption that (X,E) is super-balanced. Hence 

i is a nest point. 

CASE 2 • 2 • I I I > 1. 

Let i EI. Consider the subhypergraph of (X,E) obtained by deleting I\{i} 

from x. By induction this hypergraph has two nest pointsi at least one of 

them, say y, is different from i. We have y i E1\(I\{i}) since all points 

from E1\(I\{i}) except i are contained in two incomparable edges, namely 

E1\(I\{i}) and E2• By definition of I it follows that y is not contained in 

an edge of E which also contains a point of I, hence y is also a nest point 
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of (X,E). • 
LEMMA 2.6. Let (X,E) be a super-balanced hype_rgraph satisfying Property 2.4 

and let y be a nest point of the subhypergraph obtained from 

deleting a vertex x, but not a nest point of (X,E). Then min 
A A 

min E u {x} EE, where E = E({x}). 
y 

(X,E) by 
A 
E t E and 

y 

PROOF. Since y is not a nest point of (X,E) there 

that Fl\{x} ~ F2\{x} and x E Fl, x t F2. Since min 

are edges 
A 

F 1 , F 2 E E such 

A A 
E· C (F 

y --,- 1 n F2 ) it follows 

from Property 2.4 that min Ey t E and hence min Ey U {x} E f. • 
PROOF OF THEOREM 2.2. Assume (X,E) contains exactly one nest point x. Consider 

the subhypergraph obtained from (X,E) by deleting x from x. By induction 
A 

there are two nest points y 1 and y2 • Define E. = min Ey. u {x}, where 
A i i 

E = E({x}) (i = 1,2). Since y 1 and y2 are not nest points of (X,E) it follows 

from Lemma 2.6 that E. EE (i = 1,2). Since x EE. (i = 1,2) and xis a nest 
i i 

point it follows that E1 and E2 are comparable, say Ei ~ E2 • 

CASE 1. El = E2 
Then y 1 and y2 are contained in exactly the same edges. Consider the sub­

hypergraph of (X,E) obtained by deleting y 1 from X. It has two nest points 

z 1 and z 2 • Clearly z 1 and z2 are also nest points of (X,E), contradicting 

our assumption that there is exactly one nest point of (X,E). 

Consider the partial hypergraph obtained from (X,E) by deleting E1 from E. 
It has two nest points; at least one, say z, is different from x. If z t E1 , 

then z is also a nest point of (X,E), contradicting the assumption that 
. A 

x was the only 
A 

nest point of (X,E). So assume z E E1• But then E y c E , 
2 z 

where E = E\{E1}, and hence y2 is also a nest point of (X,E). Since y2 ~ x 

this again leads to a contradiction. D 

We conclude that (X,E) contains at least two nest points. 
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