stichting
mathematisch |

centrum MC

AFDELING ZUIVERE WISKUNDE ZW 146/80 NOVEMBER
(DEPARTMENT OF PURE MATHEMATICS)

A.E. BROUWER & A.,W.J. KOLEN

A SUPER-BALANCED HYPERGRAPH HAS A NEST POINT

kruislaan 413 1098 SJ amsterdam

N

ez T



Printed at the Mathematical Centre, 413 Knuwislaan, Amsterdam.

The Mathematical Centre , founded the 11-th of February 1946, is a non-
progit institution aiming at the promotion of pure mathematics and Ats
applications. 1t is sponsored by the Netherlands Government through the
Netherlands Onganization forn the Advancement of Pure Researnch (Z.W.0.).

1980 Mathematics subject classification: 05C65




A super-balanced hypergraph has a nest point

by

Andries Brouwer & Antoon Kolen
Mathematisch Centrum,
Amsterdam ) \

ABSTRACT

A super-balanced hypergraph is a hypergraph such that in any cycle of
length at least three there is an edge containing at least three vertices
of the cycle. A nest poinf is a vertex such that the edges containing it are
totally ordered by inclusion. It is proved that a super-balanced hypergraph

contains at least two nest points.
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1. INTRODUCTION

Let X = {xl,x ,...,xn} be a finite set, and let £ = {Eili =1,2,...,m}

2
be a family of subsets of X. The family £ is said to be a hypergraph on X if

(1) E, £¢ i=1,2,...,m,

The couple H = (X,E) is called a hypergraph. The elements X, ,X reserX are

1°72

called vertices and the sets El'E ,...,Em are called edges.

* *. % 2 * :
The dual hypergraph H = (X E) is defined by X = {el,...,em},
*

E = {Xl,X ,..;,Xn}, where Xj = {eilxj € B, i= 1,...,m}, j =1,2,...,n.

2
In a hypergraph H = (X,E), a chain of length q is defined to be a sequence

hat
(xl'El'x2'E2"'"Eq'xq+1) such tha
(1) xl,xz,...,xq are all distinct vertices of H,
(2) El’EZ"°"Eq are all distinct edges of H,
(3) X r¥ € Ek for k =1,2,...,q9.

If g > 1 and x = Xy then this chain is called a cycle of length g.

g+l
A hypergraph H is said to be balanced if every odd cycle has an edge that
contains at least three vertices of the cycle. Balanced hypergraphs have
been studied quite extensively (BERGE [1,2]). They have the following

property.

PROPERTY 1.1 Let J < {1,2,...,m} be such that if E, n Ey # ¢ for all i,J
€ J, then i2J Ei # @, i.e., the edges of a balanced hypergraph have Helly's
property.

We consider a more restrictive class of hypergraphs called super-balanced.
A hypergraph is said to be super-balanced if every cycle of length at least

three has an edge containing at least three vertices of the cycle.

*
PROPERTY 1.2. The dual hypergraph H of a super-balanced hypergraph H is

super-balanced.

PROOF. Consider a cycle u = (el'xl'eZ""'Xp'e1)° It corresponds to a cycle

(Xl'E ,e ,...,xp,E 'Xi) in H.

2°72 1
As H is super-balanced an edge Ei contains three of the xj's and therefore

*
in H an e, belongs to three of the Xj's; or equivalently an Xk contains
i

three of the ei's. |



As an example of a super-balanced hypergraph we consider the following.

EXAMPLE. Let T be a tree with vertex set V ='{v1,...,vp}. Each edge of the
tree has a positive length. The distance d(vi,vj) between two vertices

Vi'vj € V is defined to be the length of the shortest path between these two
vertices. For each i, 1 £ i £ p, let r, be a nonnega?ive integer and define
E;, = {v € V“d(v,vi) < ri}. It was shown by GILES [4] that the hypergraph
(V,{El,...,Ep}) is super-balanced.

‘ . A
A subhypergraph of (X,E) is a hypergraph (A,EA), where A ¢ X and E =

{E, nA | E, € E, E, n A # ¢g}.

i i~ i
A partial hypergraph of (X,E) is a hypergraph (XF,F), where F ¢ E and
Xp = EgeFEi"

The following properties of super-balanced hypergraphs are trivial.

PROPERTY 1.3. If H is a super-balanced hypergraph, then every partial hyper-

graph H' is super-balanced.

PROPERTY 1.4. If H is a super-balanced hypergraph, then every subhypergraph

H' is super-balanced.

A nest point of a hypergraph is a vertex with the property that the edges
containing it are totally ordered by inclusion.

The incidence matrix A = (aij) of a hypergraph (X,E) is defined by aij =1
if xj € Ei’ aij = 0 otherwise,

A (0,1)-matrix is called super~balanced if it does not contain a square
submatrix of size at least three with row and column sums equal to two. It
is clear that the definition of a super-balanced hypergraph that the inci-
dence matrix of a super-balanced hypergraph\is super-balanced. The converse
is trivially true: every super-balanced matrix defines a super-balanced
hypergraph. Our interest in proving that a super-balanced hypergraph has a
nest point arises from the fact that this result enables us to solve the
set covering problem on a super-balanced matrix in polynomial time; in a
subsequent paper we will show how this is done.

The vertex intersection graph G = (X,T) corresponding to a hypergraph (X,E)
has vertex set X and two vertices are adjacent if and only if they have

an edge of E in common.



A chordal graph is a graph with the property that every cycle with more
than three vertices has a chord, i.e., an edge incident to two vertices of
the cycle which are not incident to an edge of the cycle;

The following porperty follows from the definition of a super-balanced
hypergraph.

\

PROPERTY 1.5, The vertex intersection graph of a super-balanced hypergraph

is a chordal graph.

Chordal graphs are sometimes called rigid circuit graphs or triangulated
graphs.

A simplicial vertex of a graph is a vertex with the property that if

two vertices are adjacent to this vertex, then they are also adjacent to
each other, i.e., all vertices adjacent to a simplicial vertex form a clique.

The following property of a chordal graphs was first proved by DIRAC [3].

PROPERTY 1.6. A chordal graph has a simplicial vertex.,

2. MAIN RESULT.

In this section we will prove our main result, namely that every super-
balanced hypergraph (X,E) with at least two vertices contains at least two
nest points. To prove this result we will use induction on the number
IXI + |El. It is clear that if lX[ = 2, then both vertices are nest points.
Consider a super-balanced hypergraph (X,E) and assume that all super-balanced
hypergraphs (Q,g) with IQI + Igl < IXI + |E[ have at least two nest points.
In particular this is the case for all partial subhypergraphs of (X,E) (by

Property 1.3 and 1.4). Our result follows from the next two theorems.
THEOREM 2.1. The super-balanced hypergraph (X,E) has a nest point.

THEOREM 2.2. The super-balanced hypergraph (X,E) does not contain exactly

one nest point.

Before proving these theorems we give some definitions and prove some

useful lemmas.



DEFINITIONS.

Ex = {E [ Ee E, x € E}, for x € X.

- Ea) = {E\Aa | E € E}, for A c X.

- Two edges E1 and E2 are comparable if Ei S-EZ or E2 CE

- Two edges are incomparable if they are not comparable.

1

- Let Ex (x € X) be totally ordered by inclusion.
Then min Ex is an edge belonging to Ex with the property
that it is included in all edges of Ex' max Ex is the edge
belonging to Ex which includes all other edges of Ex'

€ £ such that E < F, nF, and F, and F, incomparable.

LEMMA 2.3. Let E,F 1 5 1 5

,F
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Then (X,E) contains two nest points.

PROOF. Consider the partial hypergraph obtained from (X,E) by deleting the
edge E. By induction this hypergraph has two nest points ¥y and Yy Since

F1 and F2 are incomparablé it follows that Y ¢ E E_Fl n F2 (i = 1,2). Hence

Y4 and y, are also nest points of (X,E). 0

According to Lemma 2.3. we may assume without loss of generality that

(X,E) satisfies Property 2.4.

PROPERTY 2.4. If E,F, ,F

1% e E and E E_Fi (i=1,2), then F1 and F

2 are compar-

able.

LEMMA 2.5. Let (X,E) be a super-balanced hypergraph. Then there is a vertex

x, and an edge E, with x, € E, such that VF ¢ Ex [F c Elj.
=

PROOF. Consider the vertex intersection graph G of (X,E), By Properties 1.5

1 of G. Let x2,...,xk be all vertices

. Clearly all edges belonging to Exl are included in

and 1.6 there is a simplicial vertex x

adjacent to X,

{xl,xz,...,xk}. Consider the dual hypergraph of (X,E). Since Xy rKopeee X,
form a clique in G we know that for the corresponding edges Xl'x2""’Xk
of the dual hypergraph X, N Xj # @ for all i,j = 1,...,k. By Property 1.1
we known that there is a vertex e, of the dual hypergraph such that

e, € . Therefore the corresponding edge E, of (X,E) contains

1€ 184%5
xl,x2,...,xk. Since all edges containing x

1

| are contained in'{xl,xz,...,xk}

we know that E1 = {xl,xz,...,xk}. 0



PROOF OF THEOREM 2.1. Let xl,E1 be the vertex and edge found in Lemma 2.5.

Define the set I by I = {i € E

VF € Ei[F E_Elj}. Since x, € I we know

1
that I # @#. We consider two possibilities.

1

1. I = E1.

Consider the partial hypergraph obtained from (g,E) by deleting El' By
induction it contains two nest points Yq and Yye Tf Yy ¢ El’ then Y; is

nest point of (X,E) (i = 1,2). If y; € E, = I, then by definition of I

1
all edges of Ey_ are included in El’ hence vy is also a nest point of
1 .

(x,B) (i =1,2).

2. I ; El’
Consider the subhypergraph of (X,E) obtained by deleting the set I from
X. Let g = E(I). Let v be a nest point of this hypergraph. If there is
no edge belonging to E which contains y and a point i € I, then y is nest
point of (X,E). So we may assume that there is an edge F ¢ E containing

both y and a point i € I. By definition of I we know that ¥ ¢ E, and

1

therefore y € El\I' Since v ¢ I we know that y is contained in an edge
- A

.- Consider E, = max Ey' E,

contains a point not belonging to

E which contains a point not belonging to E
includes both E1\I and E. Since E,

E1 it follows from the definition of I that E2 € E. We conclude that

(X,E) contains two incomparable edges E, and E, with E, NE, = El\I.

CASE 2.1, I = {i}.

Suppose i is not a nest point. Then there are two incomparable edges F1 and

F2 containing i. Choose a1 € Fl\FZ and a2 1,a1,E2,a2,F2,1)

is a cycle of length three not containing an edge which contains all three

€ F2\F1. Then (i,F

vertices, contradicting the assumption that (X,E) is super-balanced. Hence

i is a nest point.

CASE 2.2. |1| > 1.

Let i € I. Consider the subhypergraph of (X,E) obtained by deleting I\{i}
from X. By induction this hypergraph has two nest points; at least one of
them, say y, is different from i. We have y ¢ E1\(I\{i}) since all points
from El\(I\{i}) except i are contained in two incomparable edges, namely
El\(I\{i}) and Ey. By definition of I it fol;ows that y is not contained in

an edge of E which also contains a point of I, hence y is also a nest point



of (x,b). 0

LEMMA 2.6. Let (X,E) be a super-balanced hypergraph satisfying Property 2.4
and let y be a nest point of the subhypergraph obtained from (X,E) by
delefing a vertex x, butAnot a nest point of (X,E). Then min %y ¢ E and
min Ey u {x} € E, where £ = E({x}).

A}

PROOF. Since y is not a nest point of (X,E) there are edges F ,F, ¢ E such
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A

that F \{x} SF \{x} and x e Fir X ¢ F,- Since mln Ey c (F nF, ) it follows
from Property 2.4 that min E ¢ £ and hence min E U {x} € E 0

PROOF OF THEOREM 2.2. Assume (X,E) contains exactly one nest point x. Consider

the subhypergraph obtained from (X,E) by deleting x from X. By induction
there are two nest points y1 and y2. Define Ei = min gyi UA{x}, where

= E({x}) (i = 1,2). Since Yy and y, are not nest points of (X,E) it follows
from Lemma 2.6 that Ei e £E (i =1,2). Since x € Ei (i =1,2) and x is a nest

point it follows that E1 and E2 are comparable, say Ei E.Ez’

CASE 1. E1 = E2

Then Yy and Y, are contained in exactly the same edges. Consider the sub-
hypergraph of (X,E) obtained by deleting ¥4 from X. It has two nest points

z, and Zy- Clearly z, and z, are also nest points of (X,E), contradicting

our assumption that there is exactly one nest point of (X,E).

CASE 2. E1 § E2

Consider the partial hypergraph obtained from (X,E) by deleting E1 from E.

It has two nest points; at least one, say z, is different from x. If z ¢ El'
then z is also a nest point of (X,E), contradicting the assumption that

A

x was the only nest point of (X,E). So assume z € El' But then Ey2 <E,.
A y

where E = E\{El}' and hence Y, is also a nest point of (X,E). Since Yy # x

this again leads to a contradiction. 0

We conclude that (X,E) contains at least two nest points.
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