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A note on the uniqueness of the Johnson scheme
by

A.E. Brouwer

ABSTRACT

Given a graph with (g) vertices, valency m(n-m) such that each edge isin
n - 2 triangles, and any two nonadjacent vertices have at most 4 common
neighbours Dowling proved that it is isomorphic with the graph of m—subsets
of an n—-set with Johnson distance 1 provided that n > 2m(m-1) + 4. Here
we improve this bound sufficiently to obtain uniqueness in the desired case

m =4, n = 24. (Our lower bound for n is n = max(6m-1, m2+2m—1).)

KEY WORDS & PHRASES: Johnson scheme, Tetrahedral graph.



INTRODUCTION

Using the results of Bose & Laskar [1], Dowling [3] showed the uniqueness
of the graph of the m—subsets of an n-set with adjacency as having Johnson
distance one, under rather mild conditions. Unfortunately I needed a case not
covered by his theorem. Therefore I'll show a minor improvement in the
basic characterization theorem of Bose & Laskar and use Dowlings proof to
obtain the desired result. Since there is not much new here the proofs will

be just outlined.

Let G be a graph with valency k := m(n-m), each edge in A := n-2
triangles, and any two nonadjacent points having at most 4 neighbours. We
shall try to prove that G is derived from the Johnson scheme. (Of course
this is not true in general; certainly an assumption like connectedness of
G or v = (z) is necessary; also for m = 2 and n' = 8 one has the Chang graphs.

One has no reason to expect that no exceptions will occur for larger m.)

1. If n > {(m+1)(m+4) then G does not contain an (mt+l1)-claw.

PROOF. Let (a,S) be an (mt+l)-claw. Let there be Yi vertices in T'(a)\S$S
adjacent to i points in S. Then
2
J ¥, =m - - ),
Z iYi = (n-2) (m+1),
m+ 1

) (E)YJ.L < 30,0,

so 0 < Z;‘—,_(i—l)(i-—Z)Yi < -n + im” 4+ %m.+ 1. 0O

2. If n 2 m2 - m + 2 then each edge is contained in an m—claw.

PROOF. Counting as under 1 for an S-claw one finds

2 Yi = mn - m2 - S,

1 iY; = (n-2)s,

so YO Z mn - m2 - (n—-1)S > 0 and the S—-claw can be extended as long as S < m.

0



3. If an edge is contained in an m-claw, and there are no (m+l)-claws, it is

in a clique of size at least n - 3m + 3.

PROOF. The edge is in n — 2 triangles; at most 3(m—1) of the third vertices

of these triangles have a neighbour in the m-claw; the others are mutually
adjacent, otherwise the claw could be enlarged. This yields a clique of size

at least n - 2 - 3(m1) + 2. 0

4, Let a large clique be a maximal clique of size at least n - 3m + 3. Then

if n 2 6m - 1 two large cliques have at most ome point in common.

PROOF. Otherwise their union has at most A + 2 = n points and their inter-

section at most 4 points, but 2(n-3m+3) < n + 4 implies n < 6m - 2. [

5. If n 2 m2 + 2m - 1 then each point is in exactly m large cliques.

PROOF. m cliques cover m + Y1 2 mn - 2m2 + m points (for a maximal m~claw

we have Y1 = 2YO + Y1 > 2(k-m) - Am = m(n-2m)), so an (m.+1)St can have at

most 1 + k - (mm-2m +m) = m? -m+ 1 <n-3m+ 3 points. [

. . 2 . .
This shows that if m2 3 and n 2 max(6m-1, m"+2m-1) then G 1is the pointgraph of
a geometry with m lines through each point, where lines intersect in at most
one point. The next step is to see that all lines have the same size

n-m+ 1. (This is the average size since k = m(n-m).)

6. Let EO and Zl be two lines through u. Then the number of lines not throughu
intersecting both KO and Zl is at most max(|£0|+l, |£1]+1).

PROOF. Let v € KO. Since Kl is a maximal clique it contains a point v' % v.
Since v and v' have at most 4 common neighbours, and u is one of them there
pass at most three of the secants through v. Suppose there are in fact three.
Then any point v' cannot have a neighbour in KO\{u}, so there are at most

9 secants. But lﬂi‘+-1 >n~-3m+ 4 29 (provided that n > 3m+5). Now assume
that no point of KO U EI is incident with three lines intersecting both
KO\{u} and Zl\{u}. If v is on two secants then any point v' is on at most

one and the statement follows. 0



7. All lines have sizen - m + 1,

PROOF. Let ﬂo be the shortest line; choose u ¢ KO and let Ei (1€i<m—1) be
the other lines through u. Counting edges not containing u from 20 to

Uiso Ei we find on one hand (n—|£0|)(l£0{—1) and on the other hand (by 6) at
most Z. . Iﬂil-Fl =k +2m-1 - IKOI. This yields a quadratic inequality
for ]KO[ with discriminant D2 = (n—2m.-—2)2 + 4(n-4m+1) > O (provided that

n > m) and solution |]£0]-%(n+2)| > ID. For n 2 6m - 4 we find

IKO] > 3(n+2) and hence [KOI > $(m+24D) > n-m. Since n - m + | is the

average line size we must have [ﬂol =n-m+ 1. [

8. Let EO and Zl be two lines through u. Then the number of lines not through

u intersecting both KO and Kl is at least n - 3m + 4 and at most n - m + 2.

PROOF. 'At most" follows from the previous two paragraphs. 'At least' follows
from 'at most' and n - 3m + 4 = (m-1)(n-m) - (m-2)(n-m+2). (As follows:

since A = (n—m-1) + (m-1) we see that if KO""’ﬁm-l are the lines on u,

then any point v on one of these lines is adjacent to m — 1 points w on
another of these lines. Thus the total number of such edges with v € KO is
(m-1) (n-m), and subtracting upper bounds for the number of edges between

KO and Kj for j > 1, we obtain a lower bound for the numbe'rofedgesbetweenl&O
and ﬂl.) a

9. Let u be a point not on the line £. Then u is adjacent to at most two

points of £.

PROOF. Since any two nonadjacent points have at most 4 common neighbours,.
and £ contains a point nonadjacent to u, there are at most 4 points on £
adjacent to u. If there are precisely 4, say Vs Vis Vs V4 then there are
at most 9 lines not through A intersecting both £ and uvg, contradicting 7.
If there are 3, say Vos Vis Yy then count edges meeting K\{VO,V],VZ} and
uvi\{vi} for some i € {0,1,2}. There are at most |£| -3 such edges, so for
some fixed i not more than %(n—mfZ). But now by 8 we find %(n—m~2)+4 >

n-3m+4, i,e. n £ 4m-1, contradiction. g

10. Let KO and Zl be twe lines on u. Then any point on EO\{u} is adjacent to



precisely one point of El\{u}.

PROOF. It is 1 on the average, but never more than 1 by 9. O

. * ., . . .
Define a new graph G with as vertices the lines (large cliques) of G,

two lines being adjacent when they intersect.

* . e . . * *
11. G satisfies our assumptionsonG withn =n and m = m-1].

PROOF.

(1) c* is connected iff G 1s connected.

(ii) G* has (mfl) vertices iff G has (g) vertices.

(iii) 6" has valenmcy K~ = (n-m+1) (m-1) = (2 -n)m" .

(iv) 1If KO and Zl are two lines of u, then there are m- 2 other lines on u
and n-m lines not on u meeting EO and Kl so that A" = (m-2) + (n—m) =

*

n-2=mn -2.

) If EO and Kl are two disjoint lines, then there are at most 4 lines

meeting both.

PROOF. If u e KO is adjacent to point v of Kl’ then by 10. u is adjacent to
precisely one other point v' of Kl. Let w be a point of Kl\{v,v'}. Then w

is adjacent to two points of each of the lines uv and uv' so that we already
know all four common neighbours of the nonadjacent vertices u and w.

Consequently w is not adjacent to any point of IO' oo

THEOREM. Let G be a graph with valency k = m(n-m), each edge in A = n-2
triangles and any two nonadjacent points having at most 4 common neighbours. If
n > max(6bm-1, m2+2m—1) then each connected component of G is isomorphic to
the graph with as vertices the m~subsets of an n—set, two m—-sets being

adjacent iff they have m-! points in common.

PROOF. For m = 0 or m = 1 the statement is trivial. Dowling proves the above
theorem with the restriction on n replaced by n > 2m(m—-1) + 4 so that his
theorem implies ours in the case m = 2 and m = 3. So assume m > 3. By
induction and 11, we can label the vertices of ¢" with the elements of

(mfl) such that intersecting lines have labels with m— 2 symbols in common.



If 4 is on lines KO and Zl labelled L(KO), L(Kl)thensetL(u)=1&£O)UL(KI)-
Clearly L(u) is anm-set. It is independent of the choice of ’60 and Kl , for suppose
22 is another line on u, and L(Zz) ¢ L(u). Then there is an (m-2)-set M
common to L(KO), L(El) and L(Ez). Since n-m+ 2 > m there is an line £ with
M c L(Z) and u ¢ £. Now the three lines KO’ Kl, 22 on u each meet £,
contradicting 9.

Thus L(u) is well defined, and clearly, when u and v are collinear then L(u)
and L(v) have L(uv) in common; by counting one sees that conversely if L(u)

and L(v) have m- 1 symbols in common then u and v are adjacent. [
Now we come to the only conclusion that really interests us:

COROLLARY. Let G be a graph with v = (%f) vertices, regular of valency k = 80
where each edge is in X = 22 triangles and any two nonadjacent vertices have
at most 4 common neighbours. Then G can be labelled such that the vertices
are the 4-subsets of a 24-set and edges are patfrs of 4-sets with 3 elements

in common. 0O

(This is a key lemma in the proof of the uniqueness of the near hexagon

on 759 vertices, see [2].)

REMARK. This result improves Dowling's, but is not very good when one is
looking for characterization of the Johnson scheme in terms of its parameters.
Aeryung Moon [4] improves our condition on n by replacing it by 'mn > 4m'.
Unfortunately she needs all parameters of the association scheme (the proof
uses eigenvalue techniques) and her result does not help us in the character-

ization of the near hexagon derived from the Steiner system S(5,8,24).



REFERENCES

(1] BOSE, R.C. & R. LASKER, A characterization of tetrahedral graphs,
J. Combinatorial Theory é_(1967) 366-385.

(2] BROUWER, A.E., The uniqueness of the near hexagon on 759 points, pp. 47—
60 in: Finite Geometries, N.L. Johnson e.a. (eds), Marcel Dekker,
New York, 1983.

(3] DOWLING, T.A., 4 characterization of the Tm graph, J. Combinatorial Theory
6 (1969) 251-263.

(4] MOON, A., On the uniqueness of the graphs G(m,k) of the Johnson schemes,
J. Combinatorial Theory (B) 33 (1982) 256-264.



