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O, Introduction,

Let G be a real reductive Lie group of the Harish~Chandra
class, 7 an involution of G, and H an open subgroup of
¢° = {xe€aq; T(x) = x} . Then G has a T -stable maximal
‘compact subgroup K (see Section 1),

In the harmonic analysis on the reductive symmetric space
G/H, one often encounturs K-finite functions annihilated by
a cofinite ideal of the algebra D(G/H) of invariant differential
operators on G/H., Such functions arise in a natural way as
matrix coefficients of K~finite vectors and H-fixed distribution
vectors of admissible representations (see e.g. [i4] , L1573 9
f2] ), or as K-finite functions in L®.realizations of discrete
series representations (ef. [61 , [13] , [2] ).

It is to be expectéd that the asymptotic behaviour of such
functions plays a fundamental role in the harmonic analysis on
G/H. This is for instance true in the group case, where G is
the direct product of a reductive group 'G‘of Harish-Chandra's

-class with itself, H the diagonal in 'G x 'G, and K = 'K x 'K
with 'K a maximal compact subgroup of 'G, Then G/H x'G and
D(G/H)x '3 , the centre of the universal enveloping algebra
of 'G, In this case, a detailed knowledge of the asymptotic'
behaviour of '3 -finite and 'K x 'K-finite functions on ‘G is
one of the essentials in Harish-Chandra‘'s derivation of the
Plancherel formula for 'G, Harish-Chandra started the general
study o{ such functions and the differenfial equations satis-
fied by them in two unpublished papers [7] and [8] « Later

on this material was made more accessible by Casselman and

Mili&ié [3] who used ideas of Deligne [4] on systems of




differential equations with regular singularities, A different

approach was followed by Wallach [19] o

In this paper we study the asymptotic behaviour of D(G/H)—
finite and K-finite functions on G/H (in fact we also deal
with the more general case of 3 «=finite and K-finite H-~spherical
functions on G)., As it turns out, the methods of [8] and [3]
apply very well to our situation,

In all directions to infinity the asymptotic behaviour can be
described by converging socries expansions similar to those in
the group case,

There exists a simple relation between leading exponents
and LP.integrability properties (see Section 9), However, in
the present case it is necéssary to take leading exponents
arising from expansions in different Weyl chambers into
account (cf., Theorem 9.4), whereas in the group case all
growth behaviour is governed by the leading exponents
corresponding to a single cﬁamber,

In Section 10 we introduce a space of rapidly decreasing
functions on G/H which generalizes Harish-Chandra's Schwartz
space, A8 an application of_the preceding sections we then prove
that every WD(G/H)-finite and K-finite function belongs to
this Schwartz space if and only if it belongs to LZ(G/H)
(Theorem 10,3). This generalizes a well known result of
HarisheChandra [9] .

Having later applications involving parabolic induction
in mind we present the material for a group G of the Harishe
Chandra class. Sectioms 1 and 2 deal with the basic structure
théory of the corresponding reductive symmetric spaces.

Often proofs would have been essentially identical to

those of analogous results in [3] . Therefore our paper




contains many references to proofs in that paper, and we have
followed the presentation of [3] rather closely, using the
same notations where possible, On the other hand, we have

tried to keep this paper self-contained by not referring to

[3] for notations or definitioms,
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1, Symmetric spaces of class H .

If @ is a group of class i s T an involution of G,
H a closed subgroup with (6°)% H ¢ G, we call the
homogeneous space G/H a symmetric space of the Harish-Chandra
class (class Y ). For the basic structure theory of groupsr of

class , we refer the reader to [ 18, PPs 192-198] o

Proposition 1.1, Let G be a group of class H s CL,H

as above, Then G carries a Cartan involution 0 with Or=T0 .

Moreover, |[H:H°]<oo and ©(H) = H.

Proof, Let X{(G) demote the space of continuous saltiplicative

homomorphisms G — K = R\{0l, and put
°% = [ xer 1.
Xe x(e)

Let & be the centre of the Lie algebra oy of G, OOJ the Lie
algebra of OG, and set OC = oaa(\ o Because T is an automorphism,
it leaves °G invariant. The associated infinitesimal involution,
denoted by the same symbol T, leaves OOJ, £ and % invariant, If
we let 13_ and Oldenote the +1 and -1 eigenspaces of T in 0}
respectively, we have decompositions ¥ = fh @& fq and
o [+] o B _
K= fk@ g9 Where {h -fnb ? fq -fM{[ s ete. Fix linear

subspaces v and _ of ﬁh and {q such that

Qo
b = fh®v+w t

° :
h = fq @l?’_ J

q
and put W= 93'+ @29‘”. Then 1 = °£@v s and so V = expl is

& T-stable maximal closed vector subgroup of centre(G).

On the other hand, since T leaves the semisimple algebra
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?l = fo;,og] invariant, there exists a T-stable maximal éqmpaat
su‘balgébra A&l of 0}, (ef. Y1 17]). Moreover, there exists a
imiq_ue maximal compact subgroup K of G, whose Lie algebra
contains &1 (ef. [18, p.197, Thm 12 | ). Finally, there exists
a unique Cartan involution € of G such that Ge = K and
6(x) = x"! for x €V, We claim that W=0T, In fact, T(K) is
o maximel compact subgroup of G, whose Lie algebra T(#£)
contains ‘C(&l) = &l. Henee, by the unigueness referred to
above, T(K) = K., The infinitesimal Cartan involution 0 1eaves
g, and £ invariant, so that P = cg-e = G)Ie @ﬁ"e = cﬁeew .
Therefore ?P is T-stable, hence exp P is, whence the claim,
Finally, since 7T and O commute, G° and (G-c)0 are
© -invariant, so that G° = (G 0 K)exp(”rnb) and (6%)° =
[(6¥)°n K)exp(spnh). It follows that [H:H[{ [67:(¢%)°]
[GrnK : (65)%n K](Oo (the latter by compactness of K)., It
also follows that (G°)°nK = (G°NX)°, hence H°n K = (HNnK)®,

and H = (an)exp(vrnb), In particular H = B(H).

From now on, let G be a group of class '}C s T an involution
of G, and € a commuting Cartanm involution, Without further
comments we will use the notations of the above proof im the
sequel, Moreover, we fix a bilinear form B on q which 1s
negative definite on % and positive definite on T s Golncides
with the Killing form omn %1 and for which (51 and ¥ are ortho-

gonal, Then B is non-degenerate and Ad(G)-invariant,

Préposition 1,2, The map {3 Kx (rnal) X (cpnb) —3y G,

(%,X,Y) -» k expX expY is a diffeomorphism.




Proof. Since G = %°GxV (e£. [ 18, p.196] ), where

vV > exp(fa OPnol)x exp(fn‘)on‘b), it suffices to prove the
assertion when G = OG. In this case G = K Gl’ where Gl is-
the connected analytic subgroup with Lie algebra ql. G being
of class 'J{ s Gl is a closed subgroups moreover it is semisimple
and has 'finite centre, Therefore the lemma is valid for
¢, (ef.[ 5, proof of Thm b,1]), and it follows that @ is sur-
jective. On the other hand, if k,k'€K, X,X' €pnq, Y,Y'eTﬂ‘b
and (‘)(k,X,Y) = Y(k',X',Y'), then k."'lk'eKnGl and by the
validity of the lemma for Gr1 we deduce that k = k', X = X', .
¥ = ¥', Hence ((? is injective, Finally, by a standard calculation
one finds that the differ_ential of ‘f’ is evéx'ywhere injective, |

thereby completing the proof,

Let ¢ be the +1 eigenspace of 70 im 4 . Then

9, (nh)) @ (pnep ).
Select a maximal abelian subspace Olpq of ‘)onq « Then
(leq = (IQJ+, OJ"-]A mpq) & (centre(OJ+)l\°p )
. From the corresponding fact in the semisimple case it is
immediate that the set Aa:A(Q],apq) of restricted roots of

QPQ; in 0} is a (possibly non-reduced) root system (cf. [16]).
Since T = I on Olpq, every root space 6]« (e d) is

té -invariant, so that we have a corresponding decomposition

o

q* =47 ® gt

into the +1 and -1 eigemspaces. Let

A, = {xeA;oﬁ#o} .
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Then A = A(oa_l_, mpq), the restricted root system of OL

" Pg

in OJ+. Of course m'pq may be central in 034_, so that

= ¢ « We £fix a choice A: of positive roots for A+ (if

> B

¢ , then AI =¢ ), and put

- +
m‘pq= {Héﬁlpq; &(H)< 0 for all O(GA+}.

A = exp(mpq), AT = exp(Olpq)

(later on, it will be techmnically more convenient to work with

negative Weyl chambers). Also, we let
e A
O-Ll')q = {HE Dl.pq, A(H) £ 0 fo‘r all GA+}' .
and A' = exp(ol l')q). If A; = ¢ this 18 to be interpreted as

=0

g =Opq pq’

Proposition 1.3, For every Xé& "fma]_ there exists a unique
Ye cl(m;q) such that X = Ad(k)Y for some k& KnHC,

Proof, Without loss of generality we may assume that

G = OG, and then the same proof as in EB, p.llS] applies.

Corollary 1.4k (Cartan decomposition), For every x€ G there

exists a unique a€ ¢l (4”) such that xe&KaH®,

Proof, This follows from a straightforward combination

of Propositions 1.2 and 1.3.

Befdre stating the next result we introduce a few more

notations, Let l be the centralizer of a‘pq in OJ s Since




0‘qu is invariant under T and & , so is ,Z y and we have the

decomposition
r- 2t ol,00a el , (1)
where qu = /Zn ﬁ.n{[ sy ete, Put

N = Z 0}0(’ E: Z %-"(o

ae At AE D

Then obviously
o= ol en, - (2)
By the same proof as im L 2 , Prop. 3.4] s We also have
qg:=neol, ,oea, eoh. (3)
Moreover, the maps # x lkw-)‘ﬁ s (X,U) i+ X 4+ 8X + U and

# x Zh——r‘b s (X,U) > X + vX 4+ U are easily seen to be bi-

Jective., Using [2, Prop, 3.5] » We now obtain the following.

Proposition 1.5 (infinitesimal Cartan decemposition). Let

¢
1} be ithe orthocomplement of Zkh in b » Then for every

€ A' we have the direct sum decomposition

(3 = Ad(a-l) & @ mpq @ bc ®

Let M be the centralizer of O in KnH, and put d(M) =
Pa

Y (mym)e KxH®; memV.

Lemma 1.6, The map (Kx H°)/d(M) x A” —» G given by

( (k,m)d(m), a) —> ken~t (1)

is a diffeomorphism onto the opem dense subset G' = KA H® of G.




Proof, From Propositions 1.2 and 1,3 it easily follows that

G' equals the open dense subset Kexp(Ad(KnHO)a;q)exp( °Pn‘b )
of G,
To see that (4 ) is injective, suppose that k€K, a,be A"

h e H®, Then it suffices to show that kah~l= b implies

k=h € MNH® and a = b, Now this is seen as follows. Write

wl

' o
h""= h h,, where h;€ KNH , h,¢ exp(jonb). Then by Proposition

1.2 we have khj= 1, h,= 1, hj'ah = b, Let Ad_ be the adjoint
representation of G: = (Kn Ho)exp(ﬂpnq) in C) . Then it follows
that Ad+(k) maps log(a)ém;q into m.;q. But m.;q is a Weyl
chamber for A+ = A(O}+, dlpq) and so, by standard semisimple
theory applied to Ad+(G:), it follows that k' centralizes Glpq'.
Hence k = h € MNH® and a = b.

Finally, fix ke€¢XK, heHo, a€ A", and consider the map
g 4 xbcx élm_...; G, (X,Y,2) > k exp(X)a exp(z)exp(y) h.
Then the differential d(p(o) of y at (o,o,o} is given by
ap(0) (U,v,W) = a@__p)(e) (ad(a™t)u+ v 4+ W),

| where xka denotes left multiplication by ka, and Ph right
paltiplication by h on G. By Proposition 1.5 this differential

is bijective., Consequently (4 ) has bijective differential

everywvhere.




2. Invariant differential operators,

.In this section we have gathered a number of propertiés
of the algebra' D(G/H) of invariant differential operators
on G/H, For G semisimple and connected these results
are rat‘her well known, but somewhat spread through the literature.
Given a real Lie algebra & , we let U(D ) denote the
universal enveloping algebra of its complexification ’)}c.
Similazrly, S(]}) denotes the symmetric algebra of ‘bc'
If uéU(oa ), let R = R(u) denote the right regular action
of u on C (G), Then if X lies in the algebra u(o) ) of
AdG(H) - invariant elements in U(o; ) Ry l.eaves the space
cm(G/H) of right H-invariant smooth functions on G invariant,.
Throughout this paper we shall identify C”(G/H) with the space
of smooth functions G/H — €. This being said, Ry acts as an
element of D(G/H) on C (G/H). The induced algebra homomorphism

U{ o )‘H_—-, D{G/H) is again demoted by R,

Proposition 2,1, Let A: s(ag)— U(OJ) be the symmetrization

map. Then we have the direct sum decomposition
oo™ = (u(g)¥n u(g)h) @ L[ s(q)"l.

For connected reductive G, this result is proved in [,"10].,

One saslily checks that the proof goes through for non-connected

G as well. The same is true for the following result,

&

Lemma 2,2, The map R: U(O})H__;, D(G/H) maps X ( S(ol)H)

bijectively onto ID(G/H). Moreover,
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ker (R) = U(q)¥ n U(o‘;)b .

In particular, since R is a homomorphism of algebras, if
follows that U(OJ Y0 U(% )14() is a two-sided ideal in U(cs;})H

a.ndiwe have a natural isomorphism

p(e7r) = u(o)® / (u(e)nulg)h ). (5)

In a canonical way  U( OJ )H/(U( g )l-I nu( % )1)) embeds onto

a subalgebra of the algebra

D = u()/ (ulgVaulgh).

The adJjoint representation haturally induces an action of H
on D. Clearly H° acts trivially, so that in fact we have an

: )
action of the finite group H/H® on D, Obviously IDH - H/H o

Proposition 2.3, U(%)H/(U( og)Hn U(o} )19) = pH,
Proof. Let j denote the canonical map U(OJ )43—» D. Then
i(u(g )¥) ¢ D" and it suffices to show that "J maps U(oa)H

H H/HO

onto D = D o Fix YE[DH. Ther Y = j(Z) for some Z€U(03)lb.'

Put

e

x = [m:8°]"t 2 z®

he n/n°
Then obviously er(oa)H and j(X) = Y.

For the moment, let us focus on the algebra |D., The following

argument, based on a duality used in [ 1], has been exploited

by several authors (cf. [5], [13] ).

¥We define the so called dual real form o‘}d of 03 in %c by
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g% = i(keq) @ (bhy) @ (pne) @ £(pn}y), (6)

“and put ‘hd = bcn O}d, ‘Pd =0 0 Qd (this may be read as:

"the & in the dual algebra", etc.,). Then
d d d
o = %% e

is a Cartan decomposition for the reductive algebra o&d. Since
&,d and 6 are real forms of the same complexification /}c’ we

have
a d

¥ & d
D = Uu(g) /(u(g) nu(gi). | (7)

In the semisimple case it is well known that the algebra .
on the right hand side of (7 ) is commutative and finitely
generated as a module over the centre 3 of u( 0)). From

this the following result easily follows.

Proposition 2=h. D is commutative and finitely generated

as a J-module,

In a natural way D embeds as a linear subspace of

U(OJ )/u( 9 )f) o« The adjoint representation naturally induces a

representation of ‘b in U{ Y/ )/U(OJ ))b o

Proposition 2.5, D (U(o;)/U(Da,)b )lb o (8)

Proof, Obviously we have

d
Y IC S R LN CTE TV 1C Dl S

Now let Kd be the amnalytic subgroup of the adjoint group G c
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of o«}c’ generated by exp(ad -&d). Then Kd is compact, and by
& standard argument involving averaging over Kd (see also the

pi‘oof of Proposition 2.3) it follows that the natural map

(u(q )Kd/(u(a) )Kdn U(Q})&d) — (u(q)/u(q )&d)K{l (9)

is an isomorphism onto, But obviously the left hand side of
(9 ) equals (7 ), whereas the right hand side equals (8 ). This

proves the assertion,

Let O be maximal abelian in /ﬁ‘ » Then
kg q

= O 10
(TLq kg ® m’pq ’ ( )

. : d da
= N
is maximal abelian in 0], and azp OZq'c % is maximal

abelian in &P d

o Obviously we may identify Aq = A(o;c,ozq'c)
with A(o}d,mﬁ). Let w(Aq) be the Weyl group of Aq, and
let I(G‘Lq) = 1(02;:) denote the space of W(Aq) ~invariant elements
in s(mq) = S(O)_i). Then by (7 ), Harish«Chandra's canonical
isomorphism associated with o&d‘, ‘kd, mg is actually an algebra
isomorphism from D onto I( Olq)o

Fix a choice A; of positive roots for Aq’ and put

. of
w(é\q) = Z OJ? .

s
€
Aq
Then by the Iwasawa decomposltion in oad we have the direct sum
o
Fe = bc ® 0, . &na, ).

Thus, by the Poincaré-=Birkhoff-Witt theorem, we obtain the

direct sum

u(g) = (n(ADu(q) +u(g)h) e s() .
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The corresponding projection of U(0}) into S( O'Lq) induces an
algebra homomorphism f from D into S(dlq). Let T(A ;) be

fhe auntomorphism of S(ULq) determined by

T(A‘;) () = ® o+ §or (aa@in(al)),

for Hemq,;. Then T(A;)° ¥ maps D isomorphically onto J:(m.q)
and is independent of the choice A; of positive roots; by
definition we have 7Y = T(A;)"? (for proofs of these facts,
see for instance [ 12, Chapter 10} ).

The following result and its proof were privately communi-

cated to me by Professor T. Oshima,

Lemma 2.6, p ~ b(G/H).

Proof, By (5 ) and Proposition 2.3, we must show that the
elements of D are H-invariant,

Via the above isomorphism ’b‘ y We see that D is a commu-
tative ring without zero diviscors. Let l be the canonical image
of 3 in D and fix PED., Then by the proposition below it follows
that PQEZ for some Qe%. Since G is of class 'K, the elements
of 3 pre Gelnvariant, Hence the elements of 2 are H-invariant,

Therefore, if h &€ H, then
h h
P = (PQ)® = %" = pla.
Because 1D has no zero divisora, this implies that P = Ph for

all he H,

Proposgition 2.7. The quotient fields of I and the canonical

image z of 3 in D are the same,
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Proof, Let Ot be a Cartan subalgebra of 9] containing mqs
and let Y» be Harish-Chandra's canonical isomorphism of 3
onto the algebra I{(o) of w(o;c,mc) -invariants in S(6L). Then

it is well known that the feolleowing diagram commutes

3 > D

Ta fa-

1(on) > I(0y),
Here r» denotes restriction to O'I.q via the form B, The asser~
tion now follows from the fact that I(dlq) and r(I(0lL)) have

the same quotient fields (ef. [ 11, Theorem 7.6 )e

Corcllary 2.8, The algebra D(G/H) is commutative and

finitely generated as a 3 -module,

After the above, it is sitralghtforward to see how the results

of [ 2] extend to symmetric spaces of the Harish-Chandra class,

Therefore we will refer to [ without further comments.
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Jo Spherical functions and the basic equations,

Let u= (/ul, /1-2) be a smooth representation of KX H
in a finite d'imensional complex linear space B, If vE€E,
h€ H, ve shall often write vﬂz(h‘l) instead of /Lz(h)v. A
mefunction F: G - E such that for all x¢€ G, keX, héH

we have

Flkxh) = u (k) F(x) p,(n)

is called /L-spherical. The space of all such‘functions is
denoted by C:(G). The subspace of 3 =finite elements in
C:(G) is denoted by A/‘(G). As they are annihilated by an
elliptic differential operator with real én_alytic coefficients
(see for instance the argument in [18, p.310] ), the elements
of 4,(G) are in fact real analytic functions.

A functiom F € C;(G) belongs to A.F(G) iff it is annihilated
by a cofinite ideal I in 3 s We write A/‘(G, I) for the space
of FEAF(G) satisfying

R,F = 0 (zex ),

Here we hav.'e used the notation Ru = R(u) for the infinitesi-
mal right regular action of an element u eU(O}).

For the sake of completeness we list the following
propogition which is proved along the same lines as
[ 2, Cor. 3»10] » involving a finite basis of 3 /I over €
(ef. [18, p.308, Thm, 8 ] ). Let acd be a Cartan
. subalgebra containing O‘LPq, %= A(%c,m.c), §0 aA(Ic,a_c),

and let W(® )s W( §0) be the Weyl groups of P and @o

respectively,
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Proposition 3.1, Let I be a cofinite ideal in 3 . Then

dim 4,(6,I) ¢ aim(3 /1) aim(p ) [W(B) = w(§y)] .

Let ¥ be an admissible representation of finite length of
G in a Fréchet space V., Let the space Vm of Cw-vectors in V be

equipped with the topolegy induced by the collection of seminorms

Np;a s v — p(mw(a)v ),

where p ranges over a complete set of seminorms for V, and

a € U(% ). As a locally convex space V™ is isomorphic to the
closed subspace T = {£€ C (G,V); £(x) = m(x)f(e)} of the
Fréchet space Cm(G,V); this follows by a stralightforward appli-
cation of the Banach-Stelnhaus theorem, Hence v® is Fréchet,
The topological dual V" of v® is a Gemodule in a natural way;

)H denote the subspace of H-fixed elements in V™ ° ,

GO)H

we let (V™%
Given ¢€ (V~ s W€V, (the K-finite vectors in V), we may

form the (C-) matrix coefficient

m(x) = (x) = ¢(=(x"Y)u). (12)

m‘f’u
If J is the annihilator of V° in 3 y then J is a cofinite ideal
because T has finite length, and we have R(Z")m = L(Z)m = 0
for all Z€ J; here L(Z) = L, denotes the left regular action of
z on C°(G), and u+~> u’ denotes the unique anti-automorphism of

U(og ) determined by

L4

X7 = X (xeo‘;).

Consequently m is & 3 ~finite and K~-finite real analytic
function on G/H (ef. [ 18, p.308] ).

In a natural way the function m (a.nd more generally any

3 -finite and K-finite function on G/H) gives rise to a
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spherical function ¥(m). Let nf be the set of K-types occur=
ring in the linear span of {Lkm; k€ K}, and write E for the

finite dimensional subspace 6851\7 L2(K)8 of L2(K); here
L2(K)e denotes the subspace of left K-finite elements of

isotopy type 8¢ K, Then ¥Y(m): G —E is defined by
Y(m)(x): ke m(kx), K ., ¢, (12)

for x€G. Let u= (}‘1’}‘2) where .. is the right regular

representation of K restricted to E, and where }A-z is the

trivial representation of H in E. Then obviously ¥(m)é& A/,,(G,I).

Corollary 3.2. Let W be an admissible representation of

finite length of G in a Fréchet space V. Then dim(V“”)H< co

Proof, Select a finite set of K-finite generators
U,5 oo, m_ for the (OJ y K)-module V., and let A7 be the
(f:i.nite) set of K-types‘ occurring in the linear span of
the rc(k)uj, k€K, L£j¢8. Let E = E(n9) and M be as
above., Then the map (V™ 7)¥ _, 4 (¢,3%): ?H('ﬁ(m?’uj); 1¢3¢s)

is injective. Now apply Proposition 3.1.

The matrix coefficient m = ? a 2% be retrieved from
®

v(m) as follows, Let A= Zae“’dim(E) Xg » Where ¥

is the character of & . Then olg € E and
meu®) = (¥im D), X)),

where (,,.) denotes the restriction of the L'?'(K)-j_nner

. product to E. Thus in a straightforward manner the asymptotic
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bebhaviour of m a can be read off from the behaviour of the
(}Al@ i)=spherical function V(m?,u)”

From now on, let u= (}4,1,).;2) be a Tfixed smooth represen-
tation of K« H in & finite dimemsional complex linear s?ace
B,

In view of the Cartan decomposition G = Kel(A")H , a
function F € Cf(@) is determined by its restriction Res(F)

to A", Let M be the cem*ralizer of A in Kn H, and put

" = fuer; g (m)u=up,(n) forall mem} .  (13)

Then obviously the restriction map Res maps C;:(G) injectively
inte ¢”(a~, Y.
Let ? be the collection of systems P of positivse

roots for A with P a A = A, Ir Pe%F, we set

R/ (H)< 0 for all K€ P},

%

= P = € 6L
Oog(P) = imea

and A" (P) = exp m.;q(P)@ Then

el(A”) = UV er( a™(p) ).
P ey

Thus, without loss of generality, we may fix a system A+ of
positive roots im % and study the behaviour of F¢ Aﬂ(G)
on cil{ A(A") ).

Let & be the collectiom of simple roots in A" (warming:
in L 3 J, & stands for the root system, & for the
simple roots), Then 2 is a basis for (Glpqﬂ 031);lrc over R,
Select a basis Af for (Olpqn | )* over R, Identifying

. s % )
(O‘ZPq n 0;1)# and (Olpqn %X )* with subspaces of Olpq via B, we

putse




N = 2 v N\,

Let {H,;XéN} be the basis of ® ., vhich is dual to the
basis A of U . Then H, € 0L N0 for ce€Z and
Pq pq 41
H € @ n L for A€A.,
A Pa .
As in [ 2], 1et F* be the algebra of functions A'-> R

generated by |

£(a) = (a% - 2™, l(a) = ~a~"t%(a),

£f(a) = (&f + a7f)"T, gf(a) = -a~PzP(a)

(]

(ot eA:; pe A+, O}E # 0 ). Here we have used the notation

a’)’ - eqflog a

for TGGL* s &€ A, Moreover, let c}' be the ring generated

P4
by 1 and ¥t

Let 3 (/) denote the centre of U(J ) and let v_=1,

1
Voseses V. € 3(Z) be as in L 2, Lerma 3.7] + Moreover,

let I be a cofinite ideal in 3 and fix Dl = 1, Dz,..o, Ds'é 3
such that their canonical images generate 3 /I over €. Then
by [ 2, Lemma 3.8] there exist finitely many elements
¢ ekt ke
ffij €%¥ , §,\ijeu(& )s vl,‘ijev(’b ) (red , 1€4i,k¢s,
1<3,l ¢ r), such that

T 1 kl \a .
HD,v,' = %1 f‘i‘ij(a)(fkij) DyVe ' Maiy mod I (14)
for all a€ A', Here we have used the notation

Y* 2 ad(x"th) ¥ (xea, YEU(qy) ), (15)

which is the technically more convenient mnotation of [ 3 7],




but incomnsistent with the notation in f 2].

| The centralizer L of azpq in G is of class R s hence
centralizes 3(X) (ef. [18, p.286, Theorem 13] ).
Therefore M centralizes 3 and 3(Jf ). Consequently, if

FeA,,(G,I) then the functions

§13 = Res(R(Divj')F) (16)

(L¢ig¢s, 1<£j¢r) map A into Y, By (14) it follows that

ké Kl

Hy, ;;(a) = kZ_; f;‘g,j(a) PrlEisy) Buala) /fz(ﬁxig)’ (17)

for all a €EA'. Now let & : A' — (EM)®F be the vector

valued function with entries §ij (L$i¢s, 1€£3<$r). Then

by (17) there exist elements
G, € ¥ @ Endc{(EM)sr} (xeA)

such that the real analytic map @: A —» (EM)sr satisfies

the differential eguations

H ® = 6,-¢ (re)

on A',

As in [ 3) we view A as embedded in CA' under the map
X
A(a) = (a5 2Are N).

Under this map the differential operators H, (X&)

A
correspond to zxa/bzh in € ., If YE€ZZX , then the

character e@: a > ax corresponds to a rational function

on ¢’ Identifying Y€ Z2, with the element (7;“ § XEZ) of

ch ZA determined by Y= Z«ez Y% + and using the multi-

index notation
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t 1T (zx)tk
Xe I\

A A
for z€€C , te#Z , we have

T
al = Aa) .
Consequently the elements of “F can be viewed as rational

functions on ,CA' o If otéA+, we put

A

Y = {zecA; 2 l} » (18)

and if BE€A, qg £ 0, we put
Yf = {ze Gﬁl\'; z2P= -1} o

Moreover, let Y = U{Yi;- XéE A:} , Y_= U{yf; P6A+’ Oag # o}

and
Y = Y+U r (19)

Then the elements of °F 'areAregular on CA'\ Y. Being real
analyvtic on A, the map § extends to a holomorphic (EM)sr_
valued map on an open neighbourhood {) of A(a) in CA'. We
conclude that it satisfies the system of differential

equationsg

8
[
o

Zx %;;\@ X (neA) (20)

O .ﬂ.‘\Y,
The system (20) has simple singularities (in the sense of
[3, Appendj_x] ) along the coordinate hyperplanes z, = L&

(AeA ), so that we may apply the theory described in

[ 3 , Appendix]. Put

D = Lzec; jz1< 1}t .

o ‘A
Then obviously A(A~(a%)) ¢ px e ¢ \Y, so that a result




analogous to L 3 ; Lemms 5..1.] holds. To formulate it, we

need some definitions and notations. If mélNA (W = {0,1,...}),

s&_@A s We put

log™A(a) = TT  {X\(1og a)} ™,
reN

A%(a) S TTA exp( s, A(log a) ),
. e

for acA, Two elements s,t¢ CA' are called integrally

equivalent iff 3 = t € ZA' N

Lemma 3,3. Let Fé€ A}A(G,I). Then there exist

( i) & finite set S of mutually integrally inequivalent'

slements of %'A, and

(ii) for each s ¢S a finite collection L (menN™) of
]

non=trivial holomorphic Emuvalued functions on Dxx (BA\’: such

that on each of the coordimate hyperplanes z, = 0 (AEA) at

least one of them is not identically zeroc, such that

F o= 2= (P, =A) A% 10g"™

8,m

on A."(A*) .

This S and the Fs are unigus.

$

k N
Let Z‘k es-l-k,m z (summation over N ) be the power

gerises expamsion of Fs m® Then the series expansion
$

t i
F = ;Zm . m AY log A (21)
9

&

of F converges absoclutely on A”(AT). Any series expansion

like (21) which converges absoclutely to F on a non-empty

open subset of A”(A") must be idemtical to (21). If e, m O
]
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A
for some meéN , then t is called a A+-exponent of F, On ¢™

we define the sz ~order by

8 (zt iff t=a € INZ,

for s,t¢ €, The ¢ -minimal elements in the set of A%
exponents of F are called the A+-1eading exponents of F.
Given a A"'.-'-leading exponent té¢ CA s the corresponding

character ?gt: A —»¢" is called a A+-1eading character, and

t m
F, = > ct,mz'- log A

is called the corresponding A%-leading term of F.

In Section 4 we will develop the theory of radial com-
ponents associated with the Cartan decompdsi_tion ( Cor. 1.4)
in order to limit the possible A"'-leading terms of F, Let
¢ be the injective algebra homomorphism of 3 into 3(J)),

determined by
Z - o(z2) € nU(g), (22)

for Z€3 (0006 is the map denoted by i in [ 2 , Prop.
3.6] ). If I is a cofinite ideal im 3 , then 3(Z) o(1)

is a cofinite ideal in ?,(/Z) (¢cf. [ 2 , Lemma 3.7 )e
Under left multiplication the space U = 3(L) 3(1)o(x)

is an Olpq-module; by exponentiation it becomes an A-module,
Being finite dimensional, the A-moduls U splits into a Finite
direct sum of generalized A~welght spaces. A character

Ws A>C* is said to lie A*ush:i.fted over the cofinite ideal

I in“ 3 4if it is a generalized A-weight for the A-module

3 (L) 3L )s(3).




Remark, Here we do not follow the terminology of [ 3] .

The réa,son is that we wish to make the dependence on the
choice AYe€% explicit. If I is a cofinite ideal in 3 ,
then to each P ¢ corresponds the set X(P,I) of characters
lying P-shifted over I. The sets X(P,I), P €% , are mutually
different, but related by certain ¥ p =shifts™. We discuss this

in Section 6, .

Iheorem 3.4, Let I e a cofinite ideal in 3, Fe A,(G,I).

Then all A*m}.eading characters lie A'-shifted over I.

¥We positpone ths proof of this theorem to the next section,

In particular, the set of A*mleading characters is
finite, soc that with essentially the same proof we have the
following analogue of [ 3 , Theorem 5963@ Viewing'ﬂ:z as a
subspace of € , we call two elements s,t & ¢*" Z =integrally
eguivalent if s-% € ZE; M‘oreoverg we define ithe map

ﬁs&-@@zby

afa) = (™5 oeZ ).

Let F be a H~finite fegpherical function

opn G, Then there exlist

(i) a finite set S, of mutually Z-integrally inequivalent

gslements of %A' s &and

(ii) for each se¢ S a finite set of nonstrivial holomorphic

functions Ff‘.m H DZ_@, EM (me N‘A) such that on each coordinate
-

hyperplane Zoe = O (xeZ ) at least one of them is not iden-

tically zero, such that on Am(A‘%’) we have

Fo= 2 (FZ o) A° 10g™

8,m




R

on A” a*).

—

This S and the Fz' are unigue,
b 8,m

Remark 3,6, As in [ 3 ] the set Sy can be characterized
as follows., For each class L0 of 2 -integrally equivalent

A *-leading exponents we define the element s(f£2) e ot by
s(-ﬂ.)x = min ttxg t € D.} .

Then S is the set of all s(L).

&
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L, Radial compomemts and leading characters.,

In this section we develop the theory of the Meradial
component of a differential operator in order to prove
Theorem 3.4, We start with a result related to the infinitesi-~
mal C&rt@ decomposition (see Proposition 1.5)., Let R be the

ring of functioms A'-; R gemerated by 1, a® (cteE ) and

= (aca?),

(1 - &
(1 + azﬁ)ml ( pe at, '?Jf £ 0).

Morseover, lst R * be the ideal in R generated by the

functions &%, oeX .

Proposition 4.1, Let Xdé%ﬁ or X_ € O}i (ete A%,

Then there exist flgfz 6?.%, such that for all a & A' we have
a
X, = :E’l(a) (X, + BX, )" + fz(a.) (X, + TX,). (23)

Proof, First recall that we use the motation (15).

I X, € 9 , then OX, = <TX, so that (23) holds with
& @ P
£, =a (L - azx) l, £, = eaZO({l - a.zm) 1. on the other hand,
if X_& %i , them 8X, = =TX, and (23) holds with
£, = e (1 + am)”l, £, = aw(l + a.zo()w'}',, In both cases it is

clear that f,,f, & R,

After this, we are prepared for the radial decomposition
of differential operators. As in [ 3 ], we define trilinear

maps

B

(12

of Ula, ) x u(k) x u(h) o u(g)




(a €A) by Ba(H,x,Y) = X*HY. Now let M be the centralizer

of “éq in #n}) . Then w is the Lie algebra of M. If Ue U(#)
‘then obviously Ba(H,XU,Y) = Ba(H,X,UY), so that B_ induces

the linear map .

Tat VO, )@ U(k) By, U(H) — v(g)

. a

determined by . I (HeX®Y) = X*HY fora€a, He L
X€EU Yeu . Let (I denote U(Q )&
‘(1‘2), (%) ( pq‘) U(fi)®u‘m U(‘)).

viewed as a linear space.,

Lemma 4,2, If a€ A' then the map r'a: a — U(OJ) is a
jinear isomorphism, For each D éU(OJ ) there exists a unique

(D) € R® A such that, for all agA':

P (@) = b. | (24)

Proof. Since #l = Zkh’ we have 'b = ‘bc ® W , and
the first assertion follows from the infinitesimal Cartan
decomposition (see Propositien 1.5) and the Poincaré-
Birkhoff-Witt theorem.

The uniquemness part of the last assertion will follow
from (24) and the first assertion. Therefore it suffices to
prove the existence part. We proceed by inductionm on the
degree deg(D) of D. If deg(D) = O the assertion is trivial,
80 let m» 0 and assume that the assertion has been proved
already for deg(D)< m. Let DéU(q )m (the subalgebra of

elements of degree £ m), By the direct sum decomposition

&

qg = nel, o a, eh (25)

(cf. also (3 )) and the Poincard-Birkhoff-Witt theorem, there

exists a D€ U(lk)u(m.pq)v(’b) such that




S e

SRS

D-D, € mv(g)mml,

. Simce 4 centralizes U('Zk)° the assertion is true forxr Dog

so that we may restrict ourselves to the case DO = O,

Without loss of generality we may even assume that D = X“ Vs
A *

where Xxécﬁ or X, €0 (cte A7), and Ve U(G‘})m_l, By

Proposition 4.1 there exist s R* such that
a
X, = fl(a,) (X, + 0X )% =+ £(a) (X + TX,),
for all a € A, Hence
a. ~1
D = £,(a) (Xg+ 0X,)% & £,(a) {V(X,+ TX,) + T},

where V = [x, + ©X,, v] e U((g) 80 that the assertion

me1"’
follows if we apply the induction hypothesis to V and ?.

In a natural way Re({l may be viewed as a M-module, the

multiplication being given by
foeHoX Y = feHoAd(m)X Ad
m (feHe D s ) (m) L (m)Y,

if meM, feR , HeU(mpq)s xevu(k), YeU(%h ). Viewing U(q)
as a M-module for ‘i:he adjoint action, we now have the amalogue
of [ 3, Proposition 2«5] «» We omit the proof, which is

essentially the same,

Proposition 4.3, The linear map 1: U(% )— Xed is

2 Memodule homomorphism,

&

The filtration by degree on U( Olpq) naturally induces a

filtration on R O , which we call the a.pq-filtration.,

The corresponding degree is called the O’qu—degree.
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if xewv(q‘;,)m (m € IN), then

(X)) e j?f’"@ G and T/{(X) has Glpq-degree £m,

Proof., This is easily verified im the course of the proof

of Lemma 4,2,

By the definition (13) of E", it follows that for Z € U(m)

and ué€ EM we have

HMi(Z)m = uwm(Z) = }AZ(ZV) u .
Hence, if in addition X€U(%) and YeU(l), then
P (X 2) Py (T )u = g (X)) (2 ¥) )

Therefore the bilimear map U(4 )x U(f)) — Homg (E¥,E) given
by (X, Y) }AI(X) /&LZ(YV) naturally induces a linear map

M
g}u‘: u (L }®WM)UM;) — lHomﬁ(E +E), determined by

5. (xexY) = p (X)) pe (YY),

for XﬁU{& ) YéU(‘a ). We now define the linear map

W, :0(g) —=2 ®U(apq)®ﬂomc(EM,E) by
M, = (eief,) T .

The elements of X ® U( mm)a Homw(EM,E) may be viewed
as differential operators om A', mapping CW(A',EM) into
¢®(A',BE), in the following way. If f€R , HE U(mpq),

TE i—ioxznq;(.}EM@E)ﬁ then for F€ C”(A', EM) we have
(foH®T) F = £ R ( TF ).

Thus, if XEU(QQ )s then Ti;_(x) may be viewed as a differential

operator on A', called the p=radial component of X, We now




have the following anaslogue of [ 3 , Theorem 3.1] s bthe proof

being essentially identical.

Lemma 4.5, If Fe C,(G) and XeU(q ), then
Res( Ry F ) = T\’»(x) Res(F).
We also have the following analogue of [ 3 , Proposition

3@23 s Which is an immediate consequence of Proposition 4.3

and the definition of EM@

Proposition 4,6, The map T, maps U(g ™ into

R o ulo End ("),

(o )@ Endy (")

Let o) denote R o ul ozpq)@Endc(EM), viewed as a
subalgebra of the algebra of differential operators mapping

c®(a',E") into itself.

Lemma 4,7, The map Tl;‘ ] U(QJ)H_,_-. D is an algebra

homomerphiszsm,

Proof. If X,Y€U(q )", Fe ¢7(c), then R F € C?(G), so

that by Lemma 4.5 we have

Res(RXRYF) = W}b(x)aes(RYF) = ‘E‘Fﬂ(x) %(Y)Res(r‘),
Hencse TT;‘,(X Y) = TT}&(X)TFM{Y) on Res(C,(G)). Using Lemma 1.6,

we may now complete the proof Just as in [ 3s; Theorem 3,3] ®

&

Since L is of class 'k,(cfo [18, p.286, Thm, 13] ), its

subgroup M centralizes J(JY ), so that 3(f ) ¢ U(UJ)M@
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By Proposition 4.6 it follows that TT)‘ maps 3([L) inte D .

Moreover, we have the following.

&

Proposition 4,8, The map m 3(,{) - D is an

algebra homomorphism,

Proof. Let X,Y € 3(1 ). Then by (1) and the Poincaré-

Birkhoff-Witt theorem X can be written as a sum Zi UH V.,

and Y as a sum Z,j UjHJvJ, where Ui,Uje U(,Zk),

HEGUGL and V VGUZ » Henee
(@) 46902,

173 i’
(%) M,(¥) = .2-; (1o H 0 ) (U )p, (V])) (10 H, 0 py (U,) 1, (V)))
iy '

= 7 1@Hiﬁj®ﬁl(01ﬁj)ﬂ2(v';7;)

i,d _
P d (a4 Lid \ Y 4
= 5 1oHH, @ u (U,0,) m({V,v,)7) (26)
On the other hand, since Y € B(Z )s we have XY = Zi UiHiviY =
= Z, UHYV, = Zi’j T HEVY, - Zi,d (UiUJ)(HiHJ)(VjVi),

from which we infer that T,(X Y) equals (26). Hence the

proposition,

osition 4.9,

If Xe p(o;)m (mem), them T, (X)
lies in RY@ u( m,pq)@ HomC(EM,E) and its degree as a

differential operator i1is £ m,

Proof. The degree of the differential operator 'ﬂ'ﬁ(X) is less

than or equal to the mpq-degree of 1r(X). Hence the assertion

is an immediate consequence of Proposition 4.4,




SRS S
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Corollary 4,10, If Z€3 , then n);(z) - TL( o(Z) ) lies

5 & M
in R ®U(0qu)®Endc(E )e

Proof, This follows immediately from Propositions 4,7«9

and definition (22) of o,

Theorem 4,11, Let F & Aﬂ_(G,I), te ¢ a At-leading

exponent of F, and F_ the corresponding leading term, Then

t
for Z&€ I, we have:

TT/*( o(z) ) F, = O.

For a proof the reader is referred to the proof of the
analogous | 3 , Theorem 5.2] , or to the emnd of the mnext
section, where we will prove an analogous théorem for
M =gpherical functions with /4.2= l, annihilated by a cofinite

ideal of the algebra ID(G/H) (Theorem 5,7),

Proof of Theorem 3.4. The proof is essentially identical

to the proof of [ 3 , Proposition 5.4 )., Proposition 4,7 and
Theorem 4,11 have to be used instead of L 3, Proposition 3.6

and Theorem 5.2] . See also the proof of Theorem 5.8 at the

end of Section 5.
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oe Leading characters of right H-invariant spherical

functions.

The matrix coefficient m _  defined by (11) gives
. $
rise to a ()a.l, }Lz)uspherical function F with u, =1,
annihilated by a cofinite ideal of 3 +» Therefore the situation
with /“"2 =1 is of special interest to us. In this section
we study this case in more detail; we put M= /ul and

. o vo
write C»(G/H) instead of C(}"l) (a).

Proposition 5,1, Let F: G/H — E be a smooth function

with values in a finite dimensional complex linear space E.
Then the following statements are equivalent,

(i) F is B -finite,

(ii) F is D(G/H)~finite,

Proof, (ii) => (i) is trivial, whereas (i) = (ii) follows

immediately from Corxrollary 2.8,

Let A,(G/H) denote the space of 3 ~finite functions in
C:(G/H). Then by the above every element of Ay(G/H) is
annihilated by a cofinite ideal imn lD(G/H). If J is a
cofinite ideal in D(G/H), we let A},‘(G/H,J) denote the space
of FeAP_(G/H) annihilated by J. The purpose of this section
is to relate the leading terms of an elsment F of A#(G/H,J)
to the ideal J (see Theorem 5.8).

By Lemma 4,7 the map ﬂ/;: U(%)H._..)b is an algebra
'homémorphism. Moreover, since /*2 =1, one easily checks

that Tl;,, = 0 on U(qJ)Hn U(o;)’b » 80 that ‘n} induces an

algebra homomorphism P(G/H) — D which we denote by TE“ R

By Proposition 4,6 the map TT,A maps U( [ )L‘"H into D .
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. oL
Lemma 5,2, Let Mo, = 1. Then the map lT/"_ s U(L) "M, 0D
is an algebra homomorphism,

Proof, One easily checks that M. = 0 on U(L )‘Zh"

Moreov = i
er, b 'qu ® mpq @ 'Zh s 80 that by the Poincard-

Birkhoff-Witt theorem:

u(l) = vl gula ) + U(l) L.

q

Now fix X,YeU([X )L“H, and set X = Xj + X;, Y =Y, + ¥

where X,,Y € U(lk)U(mpq) and X,,Y;€U([) A, . Then

11

‘ﬁ‘/&(X) = ]T,&(XO) and TI_/“(Y) = TT/L(YO). Moreover, since Y commutes
with Zh, it follows that XY = X, Y mod U([L) p4

1f UEU( L), HeU(o ), then T (HU) = T, (UH) =

nt 8° that

= 1@H®pu, (U). If we express both X, and Y, as sums of such
terms, it follows easily that W»(XOYO) = WF(XO) ﬂ;»(YO) as
differential operators operating on C”(A',E). Since these
differential operators leave C“(A',EM) invariant, it follows

that TTP(XY) = TT/‘(X) TT/‘_(Y) as elements of J .

By the above, the map 'Tr’“ s U( )L“H.-—-u- D naturally

induces an algebra homomorphism iD(L/LnH) —_ D ; which we
denote by ]Tl* o

By (25), (2) and the Poincaré-Birkhoff-Witt theorem we

have a decomposition

o+

u(g) = (nu(q) +u(g)h) u(l),

where

(nu(g) +v(g)h) n u(L) w(L) L

Consequently, if X €U(o)), then there exists a X,¢€ u(l) with




in

X =X € nU(OJ) + U(oa )% . Its canonical image X

0
u(XL)/u(]) lh is uniquely determined by X. Let w

the map X "io » U(9 )H._e u(X)/u(l) Zh.

0 denote

Proposition 5,3, The map L, maps U(OJ)H homomorphically
into U(L)M™/ ()" au(r) 1),

Proof. Since Ad(LaH) leaves 'Zh invariant, the adjoint action
induces an action of Ln H on the linear space U(X )/u(Z) lh'
Since L H normalizes # and 1?, © ., maps U(o )H into
(u(L)Y/u(X) lh)L“H. Because L is of class # , Propositions

2,3 and 2.5 imply that we have a natural isomorphism

(U )/0(L) I 2 u(2 )"/ (w(2)™ o u(L) 1),

so that wo maps imnto the space on the right hand side.

To see that @, is a homomorphism, let X,YGU(Q).)H and put

X=X, +X%X, Y=7Y,+7¥ with xo,Yer(,Z ) and X,,Y, €
€ nU(q) + U(q )h « Since Y commites with h it follows

that X, Y € ﬂU(q) + U(OJ )} . Moreover, since A normalizes

n s we have U(L)n & nU(Ll), so that X ¥, € nU(q) + U(9g h .
Consequently XY - XY € nu(g) + U(oa)'l) » 80 that W (XY) =

= wo(xoyo) = wo(xo) cao(yo) = ‘f"o(x) wO(Y).

Since obviously . maps the ideal U(o)"nu(g)h into

zere,; we have an imduced algebra homomorphism

w : ©(G/H) — D(L/LaH).
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Proposition i.h. The following diagram commutes:

3 = > 3(X)

R R

D(G/H) ————5 D(L/LnH) (27)

Proof, This follows immediately from the definitions of

the maps involved,

Corollary 5.5, The algebra D(L/LnH) is finitely gemerated

as a wW( D(G/H)) =~module.

Proof. By [ 2, Lemma 3.7] 3(1) is a finite o (3 )-
module, Hence R( 3(f )) is a finite w(R(3 ))-module. In addition,
by Corollary 2.8 D (L/LnH) is a finite R( 3( [ ))-module, and

therefore D(L/LnaH) is a finite ( D(G/H))~-module,

In view of Proposition 5.4, the following may be seen as

a stronger version of Cordllary 4,10 for the case Mo = Lo

1, DeD(G/H). Then

Proposition 5.6, Let Mo

ﬁ(n) - ﬁ(u(n)) € R+®U(ﬂpq)®Endw(EM).

Proof, Let X¢ U(q )H and put X = Xy + X; + X,, where

X, € u(lL9y, X, €nU(q), and xzeu(q)’i}. Then
e (By) = TM(@(Ry)) = (X)) + T(X,). Now i, = 1 implies

TEA(Xz) = 0, and so application of Propositiom 4.9 completes

the proof.




Theorem 5,7. Let p, = 1, J a cofinite ideal in D(G/H),

; N
and Fe 4,(G/H,J). If teC is a At -leading exponent of F

‘and F ; the corresponding leading term, then

for every D€ J.

A
Proof, If Tel\. , we let e, € N denote the element
wvhose 7§ -th coordinatc equals one, wheras the other

A\
coordinates equal zero. One easily checks that for lec 9

AN
meN 3

H ?_t_zlogm_X_ = 0 )\ilogm); + m }flogm'eT;/\_. (28)

7 Y = ¥

Every f € R+ has a pover series expansion Zk ck}_k, where

¢, € € and where the summation is taken over k& N\{0}. Hence

by Propositiom 5.6 it follows that for X € U(o) )H we have

L}

T, (w(Ry)) F, . (Ry) Fy

A
modulo terms involving _)_\.t"'klogmzs_ s, where kelNZ\{O}, melN

Also, since t is a leading exponent, (28) implies that

TRy Py = T (R) Py

hence

T (e(R)) P, = M. (Ry) F, (29)

A\
moduloc terms inveolving _}_\t*k 1ogm_>=, where k€ wz\io}. memNW ,

Now w(Rx) is the image of some We U( /[ )LnH in

D(L/LnH),
and so ﬁ#( w(BX)) = Tl;‘(w). But clearly Tfﬁ(w) belongs

to 1®U( qu)@Endc(EM), so that by (28) T, (W)F, is

a finite sum of terms involving _Z\_tlogm?i, mé NA'. From this

and (29) it follows that ﬁ(RX)F = O implies
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ITP (.oo (RX))Ft = 0, whence the theorem,

If J is a cofinite ideal in ®D(G/H), then by Corollary
5.5 D(L/LoH) 0(J) is a cofinite ideal in D(L/LnH).
Since obviously O'quc u( X )L"H, the finite dimensional
space W = D(L/LaH)/O(L/LoH)w(J) 4is a O'l.pq-module ander
left multiplication, Thus, by expomentiation W becomes a
A-module, A character X : A —» ¢ is said to lie A%t.shifted
over the ideal J, if it is a generalized A-weight for ¥W. The

set of such characters is denoted by X(A™Y,J).

Theorem 5.8, Let M, = 1, and let F be a u-spherical

function G/H — E annihilated by a cofinite ideal J of
D(G/H). Then all A'-leading characters of F lie AY-shifted

over J.

Proof, Let te€ CA bé a A"’-—leading exponent of F and
let J(t) be the set of D ¢ D(L/LnH) such that ﬁ/h(D)Ft = 0,
By Lemma 5.2 J(t) is an ideal in D(L/LnH), and by
Theorem 5.7 D(L/LaH)/J(t) is a quotient of the finite
dimensional A-module D(L/LaH)/O(L/LaH)®(J). Hence every
generalized A-weight of D(L/LaH)/J(t) lies A%-shifted over J.
Let dA® be the differential of the character A°: A —» ¢,

IfTHE O , then
Pq

ax® (u) Zrez\_ t. 7(H).

By (28) the differential operators H - dAP(H), He & s act
'nilpotently on the linear space generated by the functions

}_tlogm_')_\ (me!NA).‘The leading term F, being contained in this

t
space, it follows that for sufficiently large né¢ IN,




(m - abEm)* € ().

Therefore d_l_._t is a generalized R g-veight for

D(L/LaH)/J(t), so that A® 1ies A*-shifted over J.

&
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6, Relations between the P-shifted characters.

Let I be a cofinite ideal in J . If PE€ P, we let
x(P,i) denote the set of A-characters lying P-shifted
over I ( for the definition see the remark preceding
Theorem 3.4). In this section we discuss the relations between
the sets X(P,:;), for different PEP .,
Let G'P be the homomorphism 3 —>» 3(f ) defined as in

(22), with A?Y replacec by P. Thus, writing

w(P) = Z OJO‘

we have
2o oa) € n(e)ulg)

for Z €3 . Let Tp be the automorphism of U(J ) determined by
To(X) = X+ + tr( ad(X) |n(P) ), xe¢ L.

Being an automorphism, TP leaves 3 (1) invariant and maps
the ideal ’i‘P = 3(ZF ) 0,(I) of 3(4) onto the ideal

I =3(X )Tp0,(I). Now the map

is Harish-Chandra's isomorphism of 3 into 3([ ), hence
independent of P (ef. [ 18, p, 228] , see also [ 2,

Section 3 | ). Therefore the ideal I is independent of the

choice of P&° . We denote the set of genmeralized A-wedights

of 3F(IJ/I by x(I).

*
Define the element PP of Gqu by




Pp(x) = % vr( aa(x) |n(p) ),

and let ePr denote the positive character of A given by

ar+ a° = exp( pp, loga ).

Lemma 6,1. Let I be a cofinite ideal in 3, P€P, Then

the set X(P,I) of characters lying P-shifted over I

is given by

xX(P,I) = epr.x(I).
Proof, If H € Olpq, then it easily follows from the

definition of T, that for Z €U(J ) we have

Tp(H2) = (H+ p,(H)) TP(Z); ,

Hence Y is a generalized apq-weight of (X )/iP iff
Y - Pp is a generalized Oqu-weight of 3([)/;[-. The

assertion now follows by exponentiation,

The commutativity of the diagram ( 27) suggests that we
have analogous relations between the sets X(P,J) of characters
lying P-shifted over an ideal J of finite codimension in
D(G/H), We will sketch these relations below,

Let ., be the homomorphism of U(OJ)b into

o, = o)™/ v L),

L

defined as in Section 5, with A,"' replaced by P, i replaced

by 7 (P), Then © . induces a homomorphism ©, of B =

'U(o;)%/(v(oa)bnv(q)b) into D, .,
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Proposition 6.2, The automorphism Tp of u(f ) leaves the

Lah , U(Z)Y" ang u(2 )(lnb) invariant,

subspaces U(1 )

Proof, For simplieity of notation we put # = # (P).

Since L normalizes # TP commutes with the adjoint action

of L on U(L ). This implies the invariance of the first two
spaces.
For the last assertion it suffices to show that ad(fZn}))

acts with trace zexro on M . This will follow

if we can show that ad(ch’bc) acts with (complex) trace
zero on #L . Now recall the definition ( 6 ) of Ujd and

% da and let ’35. be the centralizer of apq in &d. Then

» d

4o = /Z@()%Qo Also, M = (’VtcnoJ ).+ The subgroup Z of

the complex adjoint group G_ of ¢ generated by exp(ad % )
normalizes ncn q;d'. Since it is connected and compact it acts
with (real) determinant 1 on #_n oad, By differentiation
this implies that ad( % ) and hence ad(,%c) = ad( '{c n 'bc)

acts with complex trace zero on 'I‘Lc.

By the above proposition, ’I‘P naturally induces an
automorphism "X‘P of the algebra ;. Let OLq be as in ( 10),
and let ¥ denote the canonical isomorphism of D onto I(mq)n
Moreover, let IL( O[q) be the subspace of W( lc’ o&q’c) -
invarlants in S(l}lq), and let TL denote the canomnical

isomorphism of D  onto IL(O'Lq). Then I(OLq) c IL( Ol.q),

and by Lemma 2.6 we have natural isomorphisms

D(G/H) ~ ® and ®D(L/LaH) ~ D, . Put

L.

&

M= Tpe @,

Then from the definitions of L3 T

pr Tps Y and 7y, it

follows that the following diagram commutes,
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o(6/H) — 5 D(L/LoK)
¥ TL
x( a.) > L ( o)

In particular; M is independent of the choice of P,

If J is an ideal of finite codimension in D(G/H),
then ©O(L/LnH)/D(L/LaH)p(J) is a finite dimensional
Olpq-module under left multiplication, By exponentiation
it becomes a A-module; the set of gemeralized A-weights is
denoted by X(J). Proceeding mow exactly as in the first partA

of this section, we obtain

Lemma 6,3, Let J be a cofinite ideal in D(G/H), Pe% .

Then the set X(P,J) of characters lying P-shifted over J is

given by

X(P,J) = ePr' X(J).
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7. Extensions of Ff o over walls of A(ATY,
$

Let F be a 3 -finite p-spherical function & —» E. Here
we do not require that /“2 be trivial. Although in general
the power series expansions for the functions Fsz‘; of
Theorem 3.5 will fail to converge omn the boundary of Dz' ’
so that the series expansion (21 ) for F will not comnverge
for regions larger than A"( A*), the functions Fsz,m“gﬁ do

extend as real analytic functions over walls corresponding to

roots € A\A+. More precisely, we have:

Lemma 7.1, Let P be a 8 -finite Me~gpherical function

on G, Then with the notations of Theorem 3.5, there exists

an open meighbourhood ) of A(A7) v D> :i.;n-G:Z such that

the functions Fim extend holomorphically to L ,
Moreover, we have

F = 2 (Fsvmwg_() A® 10g™\

s,m

on the whole of A .

Proof., By the proof of Theorem 3,5 (see also L 3,
Theorem 5.6] ), it suffices to prove the existence of a

neighbourhood L% such that the functions F, p of Lemma 3.3

9

extend holomorphically to Sk X wA\z.
If £€> 0, we put
s(g) = {zec; {Im z) < € Re z}
vie) = {=zes(eg) ; |zP<1 for peAl}.

Then clearly V(i ) is a simply connected open neighbourhood




S S SR R

- 46 =

of 5(1\-) in CX o Fixing £ sufficiently small we obviously

v(a)xwzmZ n Y = ¢ ~ (30)

(recall the definition (19 ) of Y). We claim that QL= D= U v(ie)

A , . x
satisfies our requirements. Put D* = bpac¢®, &= O n (C*)z.

Then clearly E

s

ﬂ* (D*) v V(£ ).

>
Moreover, since V(€ ) and (D*)Z nVv(ig) = (bas(g)) are
simply connected, it follows by the Van Kampen theorem (cf.

L 177]), that the homomorphism of homotopy groups

A F | #INZE
09 ) Tt (@) F)
induced by the ilnclusion is an isomorphism,
, # N
By ( 30), we have ¥ (E*) nY = ¢ , so that the
map $:  A(A™( A+)) — (EM)Br defined by ( 16 ) extends
to a multivalued holomorphic solution of ( 20) on
.ﬂ.’h x (¢* ONE (ef. [ 3 , Theorem A.1.2] ). Hence @11
* &% MN\Z M
extends to a multivalued holomorphic map JSL % (¢ ) 5 E

satisfying
8 m
&, = 2 Fe,m % 1log'=
s,m

%
on (D%) (for the definition of the multivalued holomorphic

maps z® and logmz, the reader is referred to the appendix).

The F‘; m 2re helomorphic on D‘A' s and by the above Lemma A.1
H

is applicable., Therefore the }3‘8 - extend holomorphically to
0. X cA\E.
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To prove the other main result of this section, we
need a few techmnical propositiomns. If Ye Z s Wwe define the

'W&ll»
| ot '
Ay = laea; a =1 (x¥), a <1 (aeZ\W)}.

Obviously A3, ¢ cl(aA”(A%)) < e1(a”).

Propogition 7.2, Let Y be a subset of the set & of

simple roots for A¥, Then the following two conditions are

eguivalent.
(1) Ay € a7,
(ii) NYna, = ¢.

Remark., In particular, if XE 2  and & ,24 ¢ A+, then

the wall Aiod of codimension one is contained in A .

Proof of Proposition 7.2. Suppose (i). If a€ A s then

a® = 1 for o{eiNY . On the other hand a€ A", so that aT< 1

for Yy é A:. Hence (ii). Conversely, suppose (ii) and let
- +
aEAY“, If yé€ A+, then Y ..quz kot for certain
k€ N (xe¢2 ), so that
2y = TT (a“x)k“e
*EENY
Also, because of the assumption, k_ # O for some PP AN A

But o'¢ 1 for «€Z\W, so that a.T< 1, Hence (i).

If J,E > 0, we put

&

R(1+ 9 ,€) = {ze ¢; |Re z| < 148, liIm z|<'€}' . (31)’

D(e) = {zee; lz1<€ TV .
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View CE as a subspace of CA and let YS: = X N 402. Then

A
obviously Y = Ygx € \z.

Proposition 7.3. Let ¥ be a subset of 2  such that

A~ A . Then:
Y,C

(1) 4if 0<£< 1, there exists a &>0 such that

.R(1+3,8)Yx D(g )z\v n Yy = ¢ (32)
(ii) 4if &> 0, there exists a € > O such that
R(1+8,£)Yx D( ¢ )Z\Y n Y, =9 . (33)
Proof, If 7ye& A*, then 7Y = Zuez k;‘d for certain
k €W (A€Z ), and hence for z¢ ¢ we have
2T T (2% T ()% (54)

SEY HESNY
If 7je /_\:, then by Proposition 7.2 k,> O for at least one
A € E\Y, So, if 0<E<K 1, then from ( 18) and ( 34) it follows

that

4

[-1, 1}‘1" x c1( D(g )Z\ ) (35)

does not intersect Yz o Since obviously ( 35) does mot
intersect Y® for pea*, 9P £ o0, it follows that ( 35)
and Y. have empty intersection. Therefore ( 32 ) holds
if & is sufficiently small,

To see that (ii) holds, fix &> 0, If Y€ A:’ then

as in the first part of the proof we infer that YI does

‘not :fntersect

[-1-8 , 1+ S]Yx {O}Z\H" . (36)
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Also, if @ € AY, o;f_’_ # 0, it is obvious that ( 36 ) does not

intersect YC. Hence (36 ) does not intersect Ys , so that

(33) holds for € sufficiently small,

Lemma 7.4, Let F be a 3 ~finite M =spherical function

z

on G, and let F_ . Pe as in Theorem 3.5, If YW is any subset

®

of F with AL ¢ A", then:

k4
Z
(i) there exists an open subset S of C* x D ‘¥ con-
z
taining [-1, 1]wx D MY such that the functions Fszm extend
$

holomorphically te £L

(11) 4if 8> 0, then there exists a 0<£< 1 such that
>3

@ \

= Xy N
each function F_°  extends holomorphically to R(1+8,£)" x D(g )

k4

Proof, If §&, £, > 0, put

X(5,€,9) = R(1+8,m)° x D(e) %

Then by Proposition 7.3 it suffices to prove that the functions
&

4

that X(3,£,%) n Y, = ¢$ . Therefore let us assume this condition

to hold and put X = X(@,E,‘))) X CA\Z. Then XANnY =¢ and hence

F extend holomorphically to X(é‘,i,?)) under the condition

the function © defined by ( 16 ) extends as a multivalued

- .

holomorphic function to x* 2 X n(€*) . Therefore the same

holds for Fold = §11, and applying Lemma A,l1 we infer

that the functions Fs m of Lemma 3,3 extend holomorphically
4

to X. By the proof of Theorem 3.5 this implies that the functions
z.

8,

F extend to holomorphic functions X(%,£,7) — M,
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8, Asymptotic behaviour along the walls,

In this section we study the asymptotic behaviour of
a 3 -finite M =-spherical function F: G > E along the
walls of A"( A%Y), following the methods of [ 3 1.

Recall that 2 is the system of simple roots for AT,

To a subset ®cZ we associate the wall

Aé = {ae Ay a2 =1 («e®), &< 1 (o(éZ\@)} o

Thus Ay = A7( A") and we have the disjoint unionm

U s .
®c=

el{ AT(AY) )

Also, 4if @C 2 ; We write

- ol

AT(®) = {aca; 2%¢1 (xe®), a < 1 («eZ@)} .
So AT(Z) = c1( A"(A%) ), and we have the disjoint union

2@ = U AL .
ve®

First we will formulate the analogue of L 3, Theorem 6.2-]
for our situation, using the same grouping of terms procedure
as in [ 3 J. At the end of this section we will study the
behaviour along a wall A';f entirely contained in A" in more
detail. As we will see, for such a wall, no grouping of terms
is needed to get expansions along it., This is basically
a consequence of Lemma 7.4,

At present, let @ be any subset of 2 » We use the
'notatiZns of Theorem 3.5 freely. Following L 3], we view

e™® .5 embedded in C‘A, and let

prA\®: C -— ¢




w 51 =

denote the projection map. A motiom of (Z\@ )~integral

AN ‘
equivalence in ¢ ® is defined by

N
s ~g t iff t -8 € Z |
LG
and the ( =\@ )~order on € is defined by
=\
EIR P iff t -8 €N

The set prA®( SS.' ) splits into a finite number of @
equivalence classes, To each such a c¢lass 2. we associate the

©

A
element o (<€) of € defined by

c(£2)y = min{ tp 3 ten}  (yeAN@),

Obviously ¢ (1) <@ t for all t €42, Let Sz be the set of
all ¢{(«n), ©» as above, Then the elements of Ss\@ @re
matually (S\@ )~-integrally inequivalent,

If 2e N , we view log Z, as a multivalued holomorphic
function on (G*)A (see also the appendix). Moreover, for

mE INA, B8 E& c"‘ we define

log z = iT (Log z.)‘)m% ,
A\

z2® = = T exp(s, log z, ).
e\

For seg SZ'\@’ m € NA\®, we define

@ Z: = t=s n
Fs,m N £ Ft,m—x-n = log =,

4

the sum being taken over néw@ and over all t € Sy with

prA‘@(fﬂ (£ @ )=-integrally equivalent to s, Obviously

IO =N\
t - 8 € (E@x‘ iNe® y 80 that FZ\C:)R is well defined omn (0,l)®xD ®

and extends holomorphically to any simply connected open
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8 8 =@
subset of (D*Px D containing (0,1) xD . By the above
and Theorem 3,5 (ii) it is now straightforward to check the

following.,

Proposition 8.1, There exist a finite set Sz.@ o©of mutually

(‘Z‘\@)-integrally inequivalent elements of CA\® and for each
: @ aND
s€ S, o a finite set Fs’m (méW ") of non~trivial

holomorphic functions defined on a neighbourhood of
0,12 % 0@  in 0*Px 7P, such that the following
condlitions are fulfilled,

(i) If se Se@? TEEW , then there exists a m ¢ !NA'\@ sﬁch

that F:\g does not vanish identically on the coordinate
4

hyperplane 2z = 0,

-
(i1) on A"(A") we have:

\®

TP S

8 mn
8,m 02") A 10g é’

We also have the following analogues of [ 3, Lemma 6.1,
Theorem 6,2 ] o We omit the proofs, since they are essentially

the same,

A
Lemma 8,2, There exists an open subset C(® ) of (C"‘)@x D ®-
©,0%0, such that the functions Fi‘% extend
®

containing (0,1}

to holomorphic functions C(® ) —» EY,

Theorxem 8,3, Let F: G — E be a J-finite p=-spherical

function. Then for any set @CZ s We have

P P = Z (FZ\® o O() )\S logm_t:\_

S,m S,m =0 =

on A"(@ ),, Hexre the summation extends over s & Si\@ and finitely
AND

many mé il ®




Because of Lemma 8.2, each function Fz\@ has a converging
. | 4
power series expansion on (O,l:)@x Dz® in the second variable:
=0 < zZ\0 2 '
Fs,'m (x,w) = 4_.2 ca,m,ﬁ(x) W (37)
w0 b3
for x ¢ (0,1]®, wE DZ . Here the sum is taken over [ € W Q, and
' @
the c:\(i , are real analytic functions (0,11 — ",
Rk ]

More precisely, we have the following result. Recall that for

£>0, D(e€) = {zee€; \zi<e) .
Lemma 8,4, The functioms OE\SQ extend to real analytic
¥ H

functions (O,m)®_—> EMY, Given any 0> O there exists a

0<£€<1 such that the series ( 37 ) converges absolutely on

(O,l+8)®x p(¢ )Z\® , locally uniformly in all variables.

Proof, Let &> 0, 0<n<1l, and put

X, = x?_(a,q) = {ze€ n‘:@; 0 <Re z, < 1+, |Im' zdk‘v) (e® )}.

If 0<£< 1, we define

® MNE
X € s

x, =%, (£) = D)

1
We claim that for €& sufficiently small the set

x = x(§,9,8) = xlxxz

satisfies the following conditiong
if T€A+, YZnX # ¢ then 7Y€ N@®. (38)

&
In fact; let Y€A . Then Y=2 k.o, with k€ N, and so

20 = 9T (z)f T (g0,
«Le® I FANC)
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for ze¢ CA'. It is ob%rious from this expression that for £
sufficiently small, z€ X and |z'| = 1 imply that k, = 0O
.for x€Z\®, so that F€ WO . Hence (38 ).

Because X fulfills (38 ), the proof of L 3 , Theorem 6‘.2]
applies to the.present situation and we may conclude that the
functions FZ\® extend holomorphically to X. The assertions

s,m
of the lemma are mow obvious,

¥We now turn our attention to the case of a wall A"!’

entirely contained in A",

Given t € GBA, we write

FANY
t = (t"t"), t,e C‘Y ] t"e c Y @
If s€S, , meN" , we define
I b4 s? m'
Feom (z) = Fs,m(z) z°  log Z

L' AN 4 ., .
for z€(0,1) " x D . Obviously, the following conditions

are fulfilled:

a2 AN 4
(1) the functions F_ =~ extend holomorphically to
9
any simply connected open neighbourhood of (0,1)Yx DZ\Y in

(D")Y X DZ\Ya

A
(ii) for every g €Sy , Y€ Z\Y¥ | there exists a me N such

that the function 'F:‘\:‘ does not vanish identically on
9
the coordinate hyperplane z.o. = 03
(1ii) on A™(A™Y) we have
g ¢ ? ¢
F = 2. ('li\":\;[o 4) A° 1og™ A,
9

s,m

&

Having the notation ( 31) in mind, we put

R (145,6) = {ze¢; 0<Re z<148, |Imzlce}




for 0,E£» 0., With this notation we have the following analogue

of Lemmas 8.2 and 8.4,

Lemma 8,5, There exists an open subset C(¥) of (C"')Yx p= ¥
YW Ny MENY
containing (0,1] xD to which each Fs m extends holomor-
?

phically.

Also, for every & > O there exists a 0<£< 1 such
W

that each function '1;": extends holomorphically to the set

R+(1+5‘,€)Yx D(E£ )Z\Y.

Proof, Both assertions follow straightforwardly from

Lemma 7.4,
The following result is now obvious,

Theorem 8,6, Let F be a B—finite JM=spherical function

on G, Then for any subset ¥ of & with A‘.;f C A, we have

F

5 (NZ\Y o &) ?‘_s' 'logm’ Y

F
S,m -
s,m

on A(Y). Here the summation is taken over s € So and

finitely many me N® ,

Remark., Because of Lemma 8.5 we have the obvious analogue

of Lemma 8.4 for the power series expansion of 'I\'"E‘z (x,w) in
1

the variable w (here x & (0,1]Y , weDp=—¥ ).
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9, Leading characters and global estimates,

Using the results of the preceding sections we are now able
to describe the.connections between leading characters and
the global growth of 3 =finite /*-spherical functions on G/H.
Our results will be analogous to those of [ 3 J. In fact they
can be considered as more general, since every group of
class H can be viewed as a symmetric space of class H
(see also the introduction).

From now on, we will restrict ourselves to right He-invariant
M =spherical functions. Here M is a smooth representation of
K in a finite dimensional complex linear space E, We equip E
with an inner product such that‘ M is unitary, and let H.)

denote the corresponding morm, If F € A#(G/H),_ then
| F(kab)fl = IF(a)li ,

for he€éH, ke X, a€ A, Thus by the Cartan decomposition

(Corollary 1.4), we see that |IF) can be estimated once its
behaviour on c1(A”) is known. As we saw in the preceding sections,
we cannot associate leading characters to F on the whole of

A~ , However, for each Pe‘P. we defined a finite set of P~leading
characters, connected with the asymptotic behaviour of F on

A" (P)., As we will see, these govern the behaviour of F on

the closed Weyl chamber cl(A™(P)).

In view of the union

c1(a”) = U  c1(a™(p)),
2e®

&

this enables us to conmect global estimates for F with estimates

of the P-leading characters for every P € ¥ ,

We start with some notations. If P € % , we define the
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ordering ¢« p OB positive characters of A by

%l $P L iff {Xl(a)$‘X2(a) for all a€ A (P).

Put:

AA = '{aéA; a“: 1 for all D‘EA}.

With the notations of Section 1, we have that

6/H = 4, x °¢/(°GnH).

(39)
Also, A,c ci(A"(P)), so that

X, $p X, implies that
‘)(l=’x2 onAA. We put

Ky G Ky arr X (a)<X,(a) for all aecl(a™(P)NA,.

Theorem 9.1. Let F be a J3 -finite M -spherical function

on G/H, let P €% , and let W be a positive character of A,

Then the following conditions are equivalent,

(1)

for every P-leading character < of F, we have

Pl $p w

(i)

there exist M2 0 and m % O such that

hr(a)h £ M Q(a) (1 + llog a}f )™

for all a € cl(a (P)).

Proof,

We may restrict ourselves to P = A ¥ and use the
notations and results of Sectiomns 3,4,8.

Then & = _>;t for
some te N , and the condition (i) is equivalent to

Re s, % t, (xeZ ),

Re S)‘z t

N ( AéA\Z),
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for all A+mleading exponents s of F., By the characterization
of the set Sy in Remark 3.6, (i) can be reformulated as

=

Re( Sg ) ¢ t + R

L2

Here R, = Lo,®), Thus, if (i) holds, then for OcZ we have

h AN 2}

Re( S;;\®) C prA\®(t) + R .

Now fix 0 <£< 1, and put
4(@) =faea; o<dc1 (@), e (xeT@)}, (bo0)

for ®cZ , If a€c1(A”(AY)), then 0<¢a®¢ 1 for all ®KEZ ,
Thus we see that a€A;(®_), with @_ = {xeL ; g¢ a¥¢ 1} .
Hence we have the disjoint union

c1a7 (%) = U aj@) .

@cZ
If ®cZ , then by Theorem 8.3 we have

P o= I (Fooed) A® 1og™)

s,m =

™ i\@ ™
on AE(®)’ and the functions F_ > % are bounded on A (®).

It follows that there exist M® and m®>, 0 such that
I r(a)ll £ ) w(a) (1 + lilog all )™@

for all aéAE(@ ). Hence (ii).
Of course the above proof of the implication (i)=r(ii) is
essentially the same as the proof of the analogous implication

in [ 3 3 Theorem 7.1 ] » We leave it to the reader to check

that the same holds for the implication (ii)=> (i).

A character Z of A, is called the AA -character of the

p =spherical function F: G/H - E if




O

Flax) = {(a) F(x) (xea, aca, ).

‘From the uniqueness statement in Theorem 3.5 we immediately

obtain:

Proposition 9,2, Let F be a 3} -finite  p -spherical

function on G_/H with the A, -character Z . Then the expansion

of F in A'(A'i') has the form
F = A (Fz ok) A® 10g"A
s,m =/ = g4 o

where the restrictions of \°, sé€ Sg» to A, are equal to z,

and where melN'A'.

We now come to resulits concerning Lp-integrability. We
could set up the theory for M -gpherical functions with

a unitary A, -character (see also [ 3 ]). But because of
the decomposition ( 39 ) and the above proposition, we can

as well assume that

So let this be assumed from now on,

Given P e?, we define the positive character SP of A by

Sp(a) = det( ad(a) | nn(pr) ) (a€a).
Thus, writing m(et ) = dim of for «eél , we have

5 (a) =TT (aFmx) (a€a).
LEP

A function f on A with values in a normed linear space is

said to vanish at infinity in A" (P) if for every W > O there

exists a 0 <€< 1 such that lif(a)li<y for all a €A (P) with
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Theorem 9,3, Let F be a 3 «finite M -spherical function

on G/H, let P € 9 and let (0 be a positive character of A,
Then the following conditions are equivalent:

(i) for every P-leading character 3> of F we have

| 2l <P w H

(ii) the function w " 1F vanishes at infinity in AT(P).

Proof, Without loss of generality, we may assume that
P = A+, and use the notations and results gf Sections 3,4,8, _
It is then easy to see how to transfer the proof of [ 3
Theorem 7.4 ] to the present case, using SA* instead of

the function 8 defined there,

Recalling Proposition 1.2, we define the function ¢ = G-G/H

from G into [0,o ) by

[-B(x,6x) ] t

0 (k exp Xexp¥Y) = JIXH

for k€K, X € Png, Y € pnhy . Then ¢ is left K- and right

Helnvariant, and

g(k a h) I 106 2| ,

for K€K, a6A, héH (see also [ 2 7).

Theérem 9,4, Let F be a J -finite M -spherical function

on G/H and let 1€ p< o , Then the following conditions are

equivalent:

(i) for each P € ¥ and every P-leading character 3 of




R

F, we have

I’P
R B SN P 5 (41)
(ii) for every L3 O the function (1 + G )eF is LP-
integrables
(iii) F is LP-integrable.
Proof, If oleA , we let
m (X) = dim(g)7), m (k) = dim(g™).
+ + - q -
Thus m(«K ) = m+(°() + m_(A ). Now let
- o - ‘
p(a) = [ Ja™™ -4 ,m*(“) la=% & o] m-0) (42)

oke A
Then by [ 6, Theorem 2.6 | we can fix normalizations of Haar

measures dx on G/H and da on A, such that for feg Ll(G/H) we
have

f £f(x) dx = f f(kaH) D(a) dk da,
G/H Kxcl(a™)

)
Therefore (1 + 0 ) F is LP.integrable on G iff for each PED

we have

f - (1 + N1iog amiPir(a) P D(a) da < o ., (43)
c1(a”(P))
Consequently it suffices to prove for a fixed P €% the
equivalence of the following statements:
(i) every P-leading character » of F satisfies (41 ),
(ii)*' the estimate (43 ) holds for all £ >» O,
(iiai)' the estimate (43 ) holds for £ = O,

Moreover, it is immediate that (42 ) remains valid

if we replace AY by P, so that we may restrict ourselves
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to proving the equivalence of (i)'=(iii)' for P = A,

Put § = 8+ , suppose (i)' and fix £ > 0. In the notations

AP
of Section 3 we have N =2 . We define the element te¢ lRZ by

ty = min '[Re(so( )s s a A+-1eading character } .

and the positive character (3 : AR by W= ?:_t. From the
remarks at the beginning of the proof of Theorem 9.1 it follows

that for each A+-—leading character s we have
./P
ISIéA,.(,J and w<A+b‘ .

One easily checks that there exists a Ml > O such that for

all aé cl(A"(A*)) we have
1+ lliog all £ M, (L + Jiog d(a)l ) .

Therefore, applying Theorem 9.1, we infer the existence of

M,2> 0 and m)» 0 such that for a€ cl1(A”(A¥)) we have
p .
(1 + Niog al) IF(a)l € M, 6(a) (1 + l1og §(a)| )™

Also, there exists a constant M3>, O such that

D(a) & M, &(a)™?, (a€ci(a™(AY)).
i1t follows that for some M) O we have

¢
(1 + lllog all)p "F(a)llpD(a.) da

fcl(A"(A*))

£ ML].(A-(A*)) w(a)? (1 + J1og 5(a)l )™ §(a)"taa.

The latter integral is finite because w? 31 ¢ . 1.

o
The implication (ii)'=»(iii)' is obvious. For the remaining

implication, suppose that (iii)' holds. Fix 0 <€« 1, and
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recall the definition (40 ) of A;( # ). There exists a constant

0< C<1 such that
—l -
p(a) » ¢ 8(a)", a€Ac(p).
Combined with the estimate in (iii)' this implies that

a)) P 1 da R
fA;(M IF(2)I® 8(a)~! da < oo

It is now straightforward to check that the proof of the

implication (ii)= (i) in [ 3, Theorem 7.5] applies here

too, and gives us (i)',
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10, Schwartz functions on G/H.

In this section we assume that G = OG, so that A, ={I}.
Given 1§ p<® we define the space € P(Gg/H) as the space of
functions f € C*°(G/H) for which all the seminorms

Now® = (14 o)7L ell

L"(G/H)

( r>o0, u€ U(0] ) ) are oounded., By the classical Sobolev
inequalities the space ‘ep(G/H), equipped with the’ topology
induced by the above seminorms, is a Fréchet space. We call
€ (G/H) = E'Z(G/H) the space of rapidly decreasing, or
Schwartz functions on G/H. In the group case our definition
coincides with Harish-~Chandra's definition of Schwartz space
(ef. [18, p.348]). We leave it to the reader to check that by
slightly modified proofs, we have the following analogues of

[2, Lemmas 1.1, 1.27 .

SR

Lemma 10,1, Let 1{ p<oco . Then C':(G/H) is dense in ¥P(c/H).

Lemma 10.2, Let 1{ p<o . Then the algebra D(G/H) maps

EP(G/H) continuously into itself,

The main result of this section is the following
generalization of a well known result of Harish-Chandra
(cf. [9, Lemma 43] ).
Theorem 10,3, Let G be a group of class H with 6 = OG,

and let f be a 3 -finite and K-finite function om G/H., Fix

1$p<o . Then f belongs to LP(G/H) if and only if it belongs

to €P(g/H).




For the proof of this theorem we need some results

which are of interest of their own. Let R and R7' be
as in Proposition 4,1, One easily verifies that the follo=-
wing result can be proved in the same fashion as Proposition

4,1, Recall that we use the notation (15).

Proposition 10.4, Let X, € oﬁ or X € °J°‘ (o 6 A+).

Then there exist fl, f2 € R* such that

-1
8x, = fi(a)(Xy + 06X ) + fy(a)(X, + TX)®

Proposition 10,5, Let DE‘U(% ). Then there exist finitely

many fie& ) X, € u(& ), H € U(Olpq), Y.€U(h) (1¢1i¢1),

such that for all a€ A~ we have

-1
D = 2 £,(a) Yia Hy X, o
1$i¢1

The proof goes by induction on deg(D), in the same

fashion as the proof of Lemma 4.2, Here one has to use the

decomposition

q = ioa, o d ot

instead of (25), and Proposition 10,4 instead of Proposition

L,1,

Lemma 10,6, Let F be a 3 -finite M =spherical function

G/H - E, and let ué¢ U(ta )+ Then there exists a 3 -finite
spherical function F on G/H with values in a finite
’ o

dimengional vector space E such that the following conditions

are fulfilled,

lad o~
( 1) There exists a § EHomc(E,E) such that L F = E-F.




P

(ii) For each P €? and every P-leading exponent ¢

of T there exists a P=leading exponent t of F with
- o
t € ¢t + WP,
-~ . T t
Remark., Observe that t € t + NP implies A $p A
Proof. Let U be the finite dimensional linear subspace
of U(6 ) spanned by the elements Ad(k)u, k€X. Let T denote
the adjoint representat.on of K restricted to U, and let T*
be the contragredient representation of K in u* » Fix a
basis {uj; 1¢j ¢ J} of U and let {u:'s be the dual basis
of U¥ , Finally, put E = U*® E and define F: G/H — E by:

F(x) = > oL F(x). | o
1¢53¢3 9%

Then the annihilator of F in 3 annihilates F too, so that
F is 3 -finite, Moreover, one easily checks that F is *® pm -
spherical., Since (i) is evident, it remains to prove (ii).
Without loss of generality we may assume that P = A+.
By the results of Section 3, F has a unique series expansion
Po= 2 e, 2% 10g™ A (45)
S,m
which converges absolutely on A ( A”Y). Here cs,me E, sé€ Cz,
m¢ N (recall that A=2% ), We call s¢€ ¢> an exponent of

P if cs o # O for some mé€ Nz , and denote the set of exponents

?
by f (F). Being 3 -finite and spherical, 'fi" also has a unique

absclutely converging series expansion

F = Z (uiﬂd‘j
Jss,m 3 B

) A% 10g™ A (46)

m

on A"(A*). Here ) €k, se & , menN" , 1¢j€J. Clearly




£ (¥)

U e (),
1563 Y
where EJ('I:") is the set of s € € such that dg o # 0 for
¥

some mé N*, From (44) and (46) it is immediate that

L F = 2_ al A% 108" A (47)

u, . s,m = -

J s,m

on A-(A+), for each 1¢ j€J., Now fix j, Then by Proposition

10.5 there exist f €R, X € u(k), H GU(Glpq) (L¢i€1),

i i
such that

=]
u, - 2 fi(a) HX, € ,_{}a u(g)
1¢igI
for all a€A~(A™). Since F is right H-invariant it now
follows that
L Fla) = 2 £, (a) }J.(Xv) L(H,)F(a)
uJ i i i i
for all a€ A"(AY). From the definition of & it easily
follows that there exist holomorphic functions (fi: Dz-—-) € such
- Ak
that £ = cfio_;}: on A (A ). Moreover, via _)_\_, the differential
operators H:i. correspond to polynomials in the differential
operators z,9/0z, (®e€Z ) on €5, Since the expansion (45)
arises from power series expansions in (z,), it now follows that
we may find an absolutely converging series expansion for
- +
L(uj)F on A (A7) by formally applying the expansion for the
3 » v
differential operator 2. i Pi° >_‘.}‘~(x1) L(Hi) to the

expansion (45) for F. By uniqueness this must give the

expansion (47). Finally, taking the formula
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3

. ° s m _ s m
z"‘?zd(z logz ) = 8,2 logz + my,z log

(x € £ ) into account (see also (28)), we infer that
Ej(%:)c €(F) + NI . Hence £(F)c €(F) + NAY and (ii)

follows from the definition of leading exponent,

Proof of Theorem 10,3, Fix relN, ueU(OJ). We must show

that
(1+ 0 )F Lf € L?(G¢/H).

Let F be the m-spherical function ¥(f): G/H — E defined
as in (12). Then obviously F€ LP(G/H, E). There exists a } & E*
such that £ = §e F, Hence L f = §oL F and it suffices to

show that
(1+0) LF € 1Pa/u, E).

Now select F: G -->U¥® E as in Proposition 10.6., Then for some
~F
M% 0 we have L F(x)i $ MIF(x)l (xe&G/H)., Therefore it

suffices to show that

(1+ o0 )F € LP(ec/H, E).

Now this follows immediately from Theorem 9.4 and Lemma 10,6,
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AE Eendix Py

In this appendix we prove a refinement of L3, Lemma

A.1.7] , which is crucial for the extension of the functions

FE
s,m

Let k, n be fixed integers with 1<¢kén, and let X be

over certain walls (see Section 7).

some connected open subset of cn, containing 0. Thus, for

€ >0 sufficiently small, X contains

XE = D(f )n,

where D(€ ) = {ze€; 1z1<€}. Let D*(€) = D(€ )\ {o}, and

put

x* xn [(eH)Exe™k],

X% p*(€)* x p(g )™

then X: and x* are connected, Fix a point xoé
- * *
(O,E)kx p( €)™ K. The inclusion X¢ € X naturally induces

a homomorphism between the homotopy groups
T (xF, x) —s Y, x). (48)
127e o 1 * 7o

Let p:3 %X* . X be a universal covering and fix;ioé X* such that
p(§£) = X, Then (48) is an isomorphism if and only if the
set p'l(xt ) is simply connected, From now on we assume this

to be the case, and so

o~k -1, %
Xe = p T (Xg)

&

'is a universal covering space of X

%
3

If Z is a connected complex analytic manifold and W a

finite dimensional complex linear space, we let O (Z,W) denote
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the space of holomorphic function.é Z —» W, Let 7T ¢ E.—. Z be
‘& universal covering of Z, Then elements of G(E,W) will also
be called multivalued W-valued holomorphic functions on Z,
If T is a covefing transformation of 2, we define the endo-

morphism T* of O (Z,W) by

This being said, let us return to the set X,
If 1€ j¢k, then the multivalued logarithmic function
log zj on X: is defined to be the holomeorphic function

~ R
Lj: Xe¢— € with

oL (¥) = p(w); (weXl),
Lj(ib) € R,

The functions log z':i extend holomorphically to the simply
g 3 : k Nk .
connected manifold X, If s €€, mé¢ s Wwe define the multi-

#*®
valued holomorphic functions z® and logmz on X by:

z® = il exp(s, log z4 )s (49)
1¢j¢k J |
1og™z = T (1og zj)mj o (50)
1€3%k

After these introductory remarks we can formulate the
result of this appendix., Two elements s,t € !Ck are called

integrally equivalent if t-s ¢ Zk.

Lemma A,1l, Let X be a connected open subset of ﬁn,

containing X, = D(€)™, and assume that the natural homo-

: *
morphism from TTl(X':) into n_l(X ) is an isomorphism,




S S

Moreover, let U be a connected open subset of X intersecting
{O} X ‘En_k. Suppose that $ is a multivalued holomorphic
function on x* with values in a finite dimensional complex -
linear space W,'and assume that there exist

( i) a finite set S of integrally inequivalent elements
of ck, |

(ii) for each s €S a finite set of bolomorphic functions

k
& s,m= U-sW (meWN ), guch that

$

2. (8, . °p) 2 log"a on p~t(v).
s,m .

Thens

(a) the functions és,m extend holomorphically to X,

(b) the above formula holds on the whole of x* s and it
determines the §s,m uniquely.

Before giving the probf, we make some preliminary obser-
vations,

(¢)
. #*
element of ‘IT']_(X£ s xo) corresponding to the loop in the

Let x_¢€ X: be a base point as above, and let ‘}'j be the

’complex line {ze (En; z, = (xo)r if r;é,j} going once in the

counter clockwise direction around z, = O (1,,( AE S k). Then

J
. (2.
rrl(xE v X5) X Z Y, ® oo @ LYy-

We let TJ.: ')\{’Z-—)?’(: denote the covering transformation
corresponding to ‘a'j. Because of the assumption on X, Tj extends
holomorphically to a covering transformation of 3{'*. Now on

&

ok
X¢ we have

* -
T;j (1og zr) = log 2z + 8jr 2%i, (51)

for 1 {j,r€¢ks By analytic continuation, the same holds on %’*.
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In the following we shall use the multi-index notations

jm} = m, + coe + WM,

=]

il

B
[
L
&
@
L

. k
for m,réiNk, 8, €C, Also if 1€ j¢k, we put

ey = (&

e 0 ,8

13’ kj)°

From (51) and the definitions (49) and (50) we infer that

(L ]
on X we have:

e-ZIisj) s

z 1ogmz = -2Iimje-2xis5 8 ©

('I‘alk - 2z° 10g™" % 2 (52)

J

modulo terms invelving zslogrz, rsm-?.ej. Consequently

fisk (Tg - e-2t183)mj zslogrz = Erm(_2n1)|m|m!e—2iims zs (53)
1< 3¢

if rym eNk, r{m,

Proof of Lemma A.l, Following the proof of [ 3,

Lemma A.1.7] sy we use induction on the cardinality |S}] of S,
which we call the first level induction, To make the step from
ISl = p=1 to IS) = p we use induction on the number of elements

of the set

us) = {(smesxwy Ao} .

This second level induction starts from IM(S)l = O in which
case tive lemma is trivial. We thus avoid the argument in [3],

where the case IS] = 1, IM(S)l = 1 is dealt with by a

division by zslogmz; in our case 1ogmz may have zeros on X
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Let Is! = 1, IM(S)! = q»1 and suppose that the lemma
has been proved already for 1S} = 1, 0¢M(S) < g, Put

s = {s}, let

M(s) =' {me tNk; $ # ol ’

s,m

and fix an element m of M(s) which is maximal for & . Then

by (53) we have

x L s
TU (T - e *TS)MP o (c2ma) ™ ml 7FHMS(G o) 2°
=1 I '

on p"l(U). Hence & is uniquely determined on U, and

s,m

@s m°P extends holomorphically to X* + By the assumptions
s )

on X and U, the natural map ]Tl(Un x* Trl(x*) is sur-
jective, so that p"l(U) is connected., Therefore, §s,m extends
a®s a single valued holomorphic map from U to U UX*. By

[3, Lemma A.1.8], the map (Ps,m extends holomorphically to

X, Applying the second level induction hypothesis to

o p) z° log =z

¢ -

S,m
we obtain the assertion for |S| = 1, IM(S)l = q.
Next, let 1S} = p» 2, IM(S)l] = g3 1 and suppose the
assertion to be proved for 1S} < p, and for IS! = p, IM(S)< q.

Fix distinct elements ¢,T € S, Then GJ- Tj € Z , for some

1$3$ks By (51) there exists a re N such that

(T* - "3 ¥ & > (.(J."s’mt‘p) z° log™z,

J sfT, m

where Tf; o is a linear combination of the §8 n? n €N, we
9 9
may assume that M(o ) £ ® since otherwise we could reduce

to the case ISl = p=1 at once., Let m, be maximal with respect

0
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to € in M(¢ ). Then from (52) it is immediate that

¢ .

S,m
0

«2Ti0; =2FiT; \=T
(e i - ) qinmo

By the first level induction hypothesis H{cymo is unique
and extends holomorphically to X, and a forteriori the same
holds for § ¢,m0' Application of the second level induction
hypothesis to the function

¢ - §¢,mo° p) z log'°z

now c¢ompletes the proof,
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