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SQUARES OF GEGENBAUER POLYNOMIALS AND MILIN TYPE INEQUALITIES
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De Branges, in his proof of the Bieberbach conjecture, was led to a specific solution with monotoni-
city properties of a certain linear system of differential equations. We present other solutions with similar
monotonicity properties, the derivatives of their coordinates being multiples of squares of Gegenbauer
polynomials. De Branges’ solution is a nonnegative linear combination of our solutions. As a corollary
we obtain Milin type inequalities for logarithmic power series coefficients of univalent analytic functions
on the unit disk which are sharper than the Milin conjecture.
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1. Introduction

In Louis de Branges’ recent proof (cf. [4], [6]) of the Bieberbach conjecture the following key observa-
tion is made.

Let k € C([0,00)), |k(t)] = 1forz = 0 and v;,v2,-.. € C 1([0,00)) such that

k-1 )
() = kve(®) + 23 ju@O@e) ™ + @)k = 12, (1.1)
j=1
Fixn € N. Let 7,75, . . . , Ta+1 € C'([(0,00)) such that 7, = 0 and
o kTl =1 — kHD) I g, k=100 (1.2)
Let
o) = D k@ —k Hn@) = (13)
k=1

= =3 10750 + @ +D )

S KO — k7Y
k=1
Lemma 1.1. With x,y; ,7¢.¢ as above: '
¥O = = 3 k70 e a4
Let S denote the class of all functions
f@) =z + %2 a,z" (1.5)
n=
which are analytic and univalent in the unit disk and write
log(e ' (2)) = 2"2 Yaz". (L6)
Then Lemma 1.1 implies by use of Loewner’s partial differential equation:

Theorem 1.2. Let 7y, ...,7, satisfy (1.2) and let () <O for k = 1,..,n and t = 0. Then for each
f € S with coefficients Yy given by (1.6) we have

ﬁ] 70 k |v |~k < 0. (1.7)
k=1

De Branges showed that the functions 7, with

n+k-+1
n—k

—n+kx+%n+k+2

—kt 3
k+22k+1

() = —k e M,F, le™ (1.8)

and 7 (t) — 0 as t — oo, satisfy the conditions of Theorem 1.2 and, moreover,
7%(0) =n+l—k (1.9)

Inequality (1.7) together with (1.9) is precisely the Milin conjecture, which was thus settled. It was
already known that the Milin conjecture implies the Bieberbach conjecture.

In (1.8) we used the notation

P
ays..- 4,

P
ity ¥ (1.10)

PE,

.= i (al)v”'(a )v .
»=0 (bl)v e (bq)vv!




for the (generalized) hypergeometric power series, where

1, I (1.11)

The inequality 7, (t) < 0 for 7 given by (1.8) turned out to be contained in Askey & Gasper [2]. Their
proof wrote the 3F, in (1.8) as a linear combination with positive coefficients of

@), = {a(a +fa+r—1),r e N,

—m+k,m+k+1,k+%

3F2 k+1,2k+1 € (L12)

m running over n,n —2,n —4,...k or k +1. Now the inequalify is settled by using Clausen’s formula (cf.
[3, p. 86]), which sets (1.12) equal to

LF (= ¥m + ¥k , Ysm + %k + Vs k + 15 )P (1.13)

It is the aim of the present paper to show that the functions (1.12) are not just an aid, exterior to
Bieberbach type problems, for settling the nonpositivity of (1.8), but that these functions themselves
belong to solutions of (1.2) and that they lead to Milin type inequalities which contain the original Milin
inequality in their convex hull.

2. Main part ,
If follows by straightforward computation that the general solution (7y, . . . , 7,) of (1.2) has the form
_ n -1 i—k 201 —e
@) =k 2Tk 0 @D
where b,,...,b, are arbitrarily complex (see also [4]). Then :
n—k »
PN — okt (— 1’2k +2»)! —t
7 (t) ke Eo 2k 49! by e 2.2
De Branges made the choice
n+i+1
by:= | 2.3)

Then (2.2) becomes (1.8). Now, for each m =1,....,n we choose bT',....b;" by

27 %m +p!
Pl m —o’

bi' = 0, t=m+1L...,n 24

t= 1,...m,

Then (2.2) becomes

i 2" %(m +k)! k.
kW (m—k)
o —-m+k,m+k+1,k+% )
(@) = {3Fo k41,2 +1 le™") if k=1,...m, .:5)

0 ifk=m+l..n

The n solutions (", . . ., 7™, m = 1,..,n, of (1.2) form a basis of its solution space. Note that we met
the 3F,’s in (2.5) already in (1.12), in the expansion with positive coefficients of (1.8). Because of the
equality of (1.12) and (1.13), the solution (77", . . ., 7,;") of (1.2) satisfies the conditions of Theorem 1.2.
Hence, in view of (1.7) and (1.3) we have

- é} @7'@YO) + @+ D)7 Y O). (2:6)

&




ER

S e P-k") <0,
k=1

where v, is given by (1.6), f € S. In order to compute (7;°)'(0), use that

ron . @N), 2
CMx) = Py i (—¥n Y + NA+;1—x9), 2.7
where
o @M,
CH(x) := Py JFi(—nn +2A+ V16— Vix) 2.8)

is a Gegenbaner polynomial. (Formula (2.7) follows from [5, 2.11 (2)].) Hence, by (1.12) = (1.13), 2.5)
and (2.7):

272 (m —k)I2K)! k.

YO =~k ok & @9)
CRE—e VP m = k.
Hence, by [5, 10.9 (19)]:
D D
o (o + B\ om — vy & TR and even,
@&)(©) = 0 , otherwise. (2.10)
Thus, by substitution of (2.10) in'(2.6) we obtain the following Milin type inequalities:
Theorem 2.1. Let f € S and let v1,Yy,... be given by (1.6). Then
. o ,
zld,;"kzl(km |2—k"h <0, @11
p= =

where

e gm = (3)m + 159 Pt —13p 3 "1
» = BT m t hp)(am =)0 PV 212)

Since ({",...,r™), m = 1,..,n is a basis of the solution space of (1.2), there are coefficients ey,....e,
such that

= e, T, k = L., (2.13)

m=k

By (1.8) and (2.5) this can be rewritten as

n+k+1 —n+kk+4%bnt+k+2
n—k 2| k+2u+1 K| T @2.14)
n ~2% 1 —m+km+k+1k+4%
— 2 en E—M}—}Fz ‘x .
= kW m—k)! k+12k+1
It follows by Askey & Gasper [2, (3.1), (3.7)] that
n—2j +¥%)(%);(n —j)!
en—3j = ( h X .2)’ =) ,Jj =0,..[%(n—1],
(n—j +10)j (%) -
(2.15)

e, =0, n —m odd

&

Since the coefficients e, _j; are positive, we can get a new inequality from (2.11) by multiplying both




sides of (2.11) with e,, and summing up from 1 to n. This new inequality will necessarily be the Milin
inequality.

Let us conclude with a proof of (2.15) which is slightly different from the proof given in [2]. Put
x = 0 in (2.14), multiply both sides with 2 *'k(y —1)* ! and sum up from k = 1 to n. Then, by sub-
stitution of (2.8) in both sides of the identity, we obtain

. N
C10)=% 3 enCr-10). (2.16)

m=1

This is a special case of Gegenbauer’s formula expanding C in.terms of Cf, cf. for instance Askey {1,
(7.34)], and we obtain again (2.15).
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