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some numerical examples are given.

1980 Mathematics Subject Classification: 60F05

Keywords and Phrases: local limit theorem, asymptotically uniform distribution.

Note: This paper was completed while the author was visiting the Centre for Mathematics and Computer
Science, Amsterdam. We wish to thank K. Dzhaparidze for discussions and editorial work.

1. Let
gl*'.'7£nﬂ... (])

be a sequence of independent integer-valued random variables (i.v.r.v.).
Denote S, =&+ - -+ +&,. A,=ES,. B;=DS,, P,(m)=P(S,=m) and Py, =P (¢ =m). Let P;"
be the m-fold convolution of the distribution of an independent intgger-valued random variable 7.
The sequence (1) is said to satisfy the local limit theorem (L.L.t.) if

P,(m) = (27B,) “exp{—(m —A4,)*/2B2}+0o(B; ") Q)

as n—oo.
We will say that the strong local limit theorem (s.l.1.t.) holds if relation (2) is true for (1) as well as
for every sequence, which differs from (1) only by a finite number of the first members [1]. As is
known [1,2] it is necessary for the LLt. that (1) is asymptotically uniformly distributed (a.u.d.) in the
sense that for any fixed integer valued 4 >0
lim P(S,=j jmodh)y=h '. j=0.1,2,...,h—1.
n—x
For uniformly distributed random variables in (1) (i.e. P(§,=k)=1/m,, k =1,2,...,m,) the LLt.
is equivalent to the central limit theorem (c.l.t.) [3]. It seems reasonable to ask whether this fact is true
generally. Unfortunately the answer is negative. Furthermore in Example 1 we construct a sequence of
a.ud. independent i.v. random variables for which the c.l.t. holds and at the same time the LLt. fails
to hold.

2. ExaMPLE 1 [4]. Let & _, be a random variable with the symmetric Poisson distribution and the
characteristic function f(z, {5 —1)=exp{Ai(costh; —1)}. The parameters A; and A, will be choosen
below. Take an even uniformly distributed random variable &, which takes each couple of values
—k, ...,k with probability 1/2k. It should be noted that if we add an arbitrary random variable £ to
a random variable 7 distributed by modulo 4, then the sum §{+7 is distributed by modulo A. Thus
S,=&+ - +§, is aud.

The sum S,/B, satisfies the c.l.t., because even terms £, are asymptotically normal. Now, if we
choose Ay, h; as follows: A,=k"* and h,=2[e¥e "¥], then the random variables increase very
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rapidly and P(S,=0)X P(S,=h,,). Thus the L1.t. fails to be valid.

Now one might suggest that the extra condition on §-infinite negligibility property of §-would
help us. Unfortunately this is a false conjecture.

In Example 2 below we construct a sequence of independent a.u.d. integer valued random vari-
ables which satisfies the c.l.t., has the infinite negligibility property, but the 1.Lt. fails to be valid.

ExaMPLE 2 [5]. Let [1,1,...,1] be a continued fraction of the number a= (1+ \/5_)/2. Represent a
suitable fraction by means of the following table '
jl1]121]3
pi| 358
g 121315

It then follows that p; (j=1,2, - - -) is the Fibonachi sequence i.e. p;=p;_,+p;_, and ¢;=p;
(j=2). Let us consider a sequence of independent random variables which we represent by the fol-
lowing table

gly tt sgnlv

gn|+l* e ’gn,+n,*

5n,+ SR 0 ) LI -5n.+n,+ R
Sn,+ IR O 3 I gn,+ ce o+,

Every line with the number j consists of i.i.d. random variables which take the values 0,¢;,p; with pro-

babilities 22, 1 L. the number n; of random variables in the line equal to [p}/*]+1. (We

i Pj Pj
denote by [a] the integer part of a.)
We shall verify the property of infinite negligibility as follows. For arbitrary n we can choose a
number k, so that Ny _;<<n<N, where N,=n,;+ - - - n;, hence
-1 242

max |§; —E&|<2p,, B3>
l(jsnll /1<% 35 p

and thus
const

pi

max |§;,—E§;|/B, = — 0 as n—oo0.
I<j<n

Obviously Liapunov’s condition and the property of infinite negligibility hold.

Now we shall investigate the a.u.d. property by the Dvoretzky-Wolfowitz test [2], which states that
for an arbitrary fixed #>0 and r =0,1, ...,k —1 the characteristic function of sums of i.d. random
variables tend to zero.

We obtain

If @r=.ty)|<1—-L where n=mn(h)>0.
h / p]
Finally we shall show that f(z,S,) does not tend to zero near the point 27a.

Let us consider Taylor’s expansion when |t —27a|<——. We can write

n



c c Pj
@§P=1-—5 ——— —c0o—
&)l p;  PiBw, B},

and we obtain

1 e 52> S s Syl e
t, i ’/Cxp —C - - n.P, = e .
j=1 ’ j=1 Pj3' By, jSi P Bw 5 7

Hence we may conclude that if K is sufficiently large then

k
Jv, = By, [ TIVf @&\ ™d>By, [ e dt>e™"

e<pt|<m j=1 |t —2ma|<B,,

It should be noted that a necessary condition for the L1.t. is the following fact [6]:

J, =B, [ ﬁ|f(t,§j)|2dt -0

e, <|t|<m j=1
for any positive ¢, which tends to zero as n—oo.
As we have seen above Jy, >const, so that the necessary condition J,—0 is violated and sequence

(1) of independent a.u.d. random variables satisfying the c.l.t. has infinite negligibility property, but
the LLt. fails to be valid.

3. Main statement. For any, integer-valued random variable 1 define the function of smoothness by
8(P,,):22|P(n:m)—P(n:m —1)|. where Z is the set of all integers.

Let us list some properties of 8(P,) [7.8].
1) Obviously §(P,)<2.

2) THEOREM. If 8(P,)<<2 then the maximal step of the distribution of n is equal to one.
The converse assertion may be false: it may happen that 4, =1 while 8(P,)=2. For example, for
the random variable n which takes the values 0,3 and 5 with probabilities 1/3 we have 8(P,)=2.

3) ASSERTION. &§(P,)=2max,,.zP (m=m).

If the distribution is unimodal (i.e. if there is an mg such that P(m +1)<<P(m) for m=my and
P(m —1)<<P(m) for m<my, then 8(P,)=2P (mo)=2max,,.zP (m)).

If in addition the distribution is symmetric or has a non-negative characteristic function, then
mo=0 and

§(Pg)=2P(0)= i [f W

4) ASSERTION. If my and m, are independent integer valued random variables, then &(P, i, )<
minJ«S(P,,J ).

From property 4) it follows that §(P; ) is a monotone non-increasing function of n.

It should be noted that if §; are identically distributed with A ,, =1 then, starting from some n, the
inequality 8(Ps )<<2 holds, although, as is already noted., 8(P¢ ) may equal 2. But if £, are distributed
differently and A, =1, then the equality 8(Ps)=2 may hold for each n. Indeed, let £, take the
values 0 and 8 ~! with probabilities 1/2. Then the difference of any pair of possible values is =2,
and so §(P; )=2.

The properties of (P, ) listed below describe the behaviour of this function as n—oo.
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5) THEOREM. If lim,_,8(P, )=0 then the random variable v, is asymptotically uniformly distributed,
Le.
lim (P, = jmod/) = 1/], j=0,1,...,/—1
n—o0
for an arbitrary integer | > 1.
The converse assertion is false.

6) THEOREM. Let 1, be an arbitrary i.v.r.v. Let g(x) be a nonnegative bounded piecewise monotone func-
tion (the number of monotonicity intervals is finite), and for some A, and B, let

m—A,
B,

2 Py, =m)— ‘l';"g | =0, as n—o0

meZ

where B,—o0. Then 8(P, )—0 as n—co.

7) Let us show that the sum S, of independent identically distributed i.v. random variables §, with
hmax =1 always satisfies 8(Ps )—0 as n—co (no matter whether their distribution is attracted to a

stable law or not). Moreover, for each sequence £, satisfying the indicated conditions, there is a con-
stant A >0 such that the estimate 8(Pgs )=A4, % +o0(n~") is true (n—o0). For simplicity we suppose
that the considered i.v. random variables are bounded by one and the same constant.

THEOREM. If {§&}7 =) is a sequence of independent bounded (§,<L) identically distributed i.v. random

variables with h p,,, =1, then
+o(+)

2
8(Ps) =
(Fs.) oV22mn n

where o* is the variance of &,.

4. Using now the function 8(P;) we will present a wide class of “smooth” distributions (in sense of
function 8(P;)) for which the strong version of the L1.t. holds [9]:

THEOREM (M). Let &, ... ,§&, be a sequence of independent (not necessarily identically distributed)
integer valued random variables. Assume that .
1) there exists a natural number ny and a positive number A<< V2 such that 8(P¢*)<X uniformly in k;

2) the c.Lt. holds true for the sequence (1);
3) B2 =0(n) as n—>o.
Then the sequence (1) satisfy the s.l.Lt.

The last theorem is essentially based on the following lemmas. The first one gives the connection
between the characteristic function and the function of smoothness 8(P,).

LEMMA 1. Let 1 be an integer valued random variables. Then we have

lf(t’ n)l < _8_(._1_)17_)___

.1
2|sin > |

Sfor every t£2mh.
On the other hand, by Lemma 1 and Cramer’s inequality we have

LEMMA 2. Let ny be a natural number which satisfy condition 8(P:,"° < V2. (This is possible iff the dis-
tribution has a maximal step equal to 1). Then for t: |t|<m we have



If (6. | <exp{—ct?)
where

1
2’)72110

To prove the LLt., one usually starts with the following representation

_ 8(P;")
€= 2

A, = 27{B,P.(k)— L e‘zi~’2]=11+12+13

Vor

where z =z, ,,=(m —ES,)/2B?% and

_ —iztppo L _—-n
Jl - fe ’[f(B,, ,Sn) e ]dt’

Jt|<4

JZ — /e—m—.’/zdt’ J3 = fe—izlf( ,S,,)dt.

t
lt|=A4 A<|t| n

B
For brevity we omit here the details of estimating J, and J,. We observe only that J, tends to zero
because the c.l.t. is true. Concerning J, we note that it may be made arbitrary small by choosing 4.
The main problem is to show that J3—0 as n—oco.
Suppose that there exists a natural number n, and positive number A< V2 such that (P gm)<A
holds uniformly in k. Thus according to Lemma 2 we obtain
n 2,2
< HV(—Bf-,gj)ldt<2B,, / e ndr< 2Bum

no. o A? 2.2
. exp{—[;—]A (1—"2—‘)/23n"7 }-
A<|f|<aB, j =] n A/B, A[-;z—](l— 0

}\2
7))
It should be noted that here the parameters ny and A ensure the existence of sequence of i.i.d. ran-
dom variables ¢{©,...¢ ﬁ,’:) which are distributed like &, for every k (k =1,n) and they are “sufficiently
smooth” in the sense of the function of smoothness 8(Py, %)) <A< V2.

5. Now we consider basic properties of the function §(P;) in the multidimensional case [8].

Let £=&Y, ... ,£9) be a random variable in the s-dimensional space. Let £¥) take only integer
values m® k=1,...,s. Denote m=m®", ... ,m"), e;=(1,0,...,0),..., ¢=(0,...,1). The
multidimensional function of smoothness may be defined as follows

8(Pg) = 2 S|P (E=m)—P(E=m —e)|
k=1 m

The second sum is taken over all integers.
Obviously we have 8(P;)<2s.
It is not difficult to generalize Theorem 4 in R*. For simplicity we consider the 2 dimensional case.
Let $,,S,, ..., be a sequence of integer valued random vectors S, =(SP,89).

THEOREM. If lim,_,,,8(Ps )=0, then the random vector S, is asymptotically uniformly distributed.

The next step is to establish the connection between the multidimensional function of smoothness
and the maximal step.

THEOREM. Let & be an integer valued vector §R". If 8(P;)<<2, then the maximal step of the distribution
of § is equal to one.

The following properties are concerned with the asymptotic behaviour of 8(Ps, ), where S, is the
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sum of random vectors &, . . . ,§ . .

Denote a®=E£, oz—Dgs'O AN =E@E —aP) ¢ —a®) and A=det{Nj)=1... . Let Ay
be the co-factor of the element A
THEOREM. Let &y, . . . ,§, be a sequence of integer valued i.i.d. random vectors with maximal step 1 and
|éx|<L. Then

W) = \/ oo (VAo + VA bo(—=)

6. SOME NUMERICAL EXAMPLES

Let  be a random variable which takes values 0,3,10 with probabilities 1/3. Tables 3,4.5 and 6 illus-
trate the behaviour of the probability P,(m) for n=8,16,30,70 and m: ES,—B,<m<ES,+B,.
Table 2 corresponds to values -3,0,7 and n =4. For comparison Table 1 gives the distribution P,(m)
of n taking values -3.0.6 with probabilities 1/3.

0.160
1)n=4

1l H ln .Z_G_ui“ll‘ [11

1260 61218 24 -926-3014781114821 28

3) n=8&10.085 4)n=16 0.0468

.l,l I Ir“;lll[[”llh,lu

i fo i
il
A



Concerning these examples we are interested in the following problems.
1. The estimation problem of the absolute value of approximation by the local limit theorem. This
problem is solved by applying theorem (M).
2. The problem of approximating P,(m) as n is not large (i.e. n =10,20).
The situation in 1 and 2 is different. If n is ‘large’ (n=100) the limit behaviour of P,(m) has the
smoothness property. But if n=~10 the probability P,(m) behaves irregularly and the addition to ‘nor-
mal’ approximation consequent terms does not improve essentially the approximation:

2
Z

1 -7 M3
P,(m) = ———e 1+
) V2mno { 663 Vn

To improve the approximation we introduce correcting terms [10], and the L1t. with these correc-
tions approximates P,(m) better than usually. For simplicity we assume that f(¢) is real and nonnega-
tive. Let 7,f5,....1 be points of local maximums of characteristic function f(¢), 7;€(0,m). If
E £12-< 00, then

Z3-32)+ - -- } (ny)

2
m

- 1 Zn B 2no; 1
P,(m) = e 9 +22 \/__ cos (1;m)e 4 o(—). (n3)
n

2mno j=1 0;

It should be noted that formula (n,) has no advantage over (n,) because the remainder terms in (n;)
and (n,) are of one and the same order, however the approximation in (n,) is better than (n,). Indeed

let 7 be a random variable such that

For comparison we give also the graph of the characteristic function of the random variable

0 3 0
173 173 1/3

0 =3 =7 =10

T o319 19 149

We give below the graph of its characteristic function.

\/\/\

0 /2 r’

T0R

\

057

n

the symmetrization of which leads to 7.
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The next table presents the n=8,30 fold convolution of the distribution of the random variable 7
with itself (bold dots), the approximation by the classical local limit theorem (continuous curve) and

the L1.t. with correction (dashes).

This numerical material shows that formula (n,) which takes in account only one local maximum of
characteristic function describes the behaviour of probability P,(m) better then the LLt. To get the
idea of the effect of correcting terms in (m,) observe that the graph of the characteristic function is
very close to 1. It is this local maximum that improves the accuracy of the approximation.
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