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Following the method of lines approach parabolic problems discretized in
space by any usual method are discretized in time by the linearly implicit
Euler method. To avoid order reduction occuring for problems with time
dependent boundary conditions a modification of the method is proposed.
This modified method is proved to be of uniform {(i.e. independently of the
space discretization) order 1 of convergence for wide classes of
semi-linear and quasi-linear problems.
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1. Introduction

Consider a real abstract Cauchy problem

u, = Flx,t,u) QctsT u{x,0) = uo(x) (1.1)

where ¥ represents a partial differential operater differentiating the

unknown (scalar or vector) function u(x,t) w.r.t. its space variable x in
. 2 3 ) , .

the space domain in R, R™ or R”, The operator ¥ will! contain the boundary

conditions too.

Following the method of lines approach discretization in spacz (e.g. by
finite differences or finite elements) vields an (only ftormaily explicit)

initial value problem of ODE’s

(t);h)  O<t<T vy (Oi=y (1.2)

yplt) = Flt,yy
where h denotes a grid parameter (e.g. the vector of grid distances). For
the time integration of this semi-discrete problem ODE-solvers are used.
Our analysis of the full (both space and time) discretization errcr is
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centered around the semi-discrete problem (see VERWER/SANZ-SERNA [1984]
and SANZ-SERNA/VERWER [1989]). The classical concepts of consistency and
convergence known from ODE-theory are not applicable here because the
Lipschitz constant of F is used to derive bounds for the local and global
error. For semi-discrete problems with small grid distance h, however, the

classical Lipschitz constant becomes arbitrary large, in general.

This paper deals with the analysis of the full local and global
discretization error of linearly implicit cne step methods applied to the
semi-discrete problem. We derive bounds for the local and global error
that hold uniformly for h-20 (i.e. the grid is refined arbitrary far in a
suitable manner).

5}

In Chapter 2 semi-linear problems with semi-discretizations

yh(t)-‘-Al h(t)+Qh(t,yh(t))+r (t) yh(O)=y0 (1.3}

W h

(described in more detail below) are considered. Lineariy implicit one
step methods for such problems with constant linear operator ‘_‘\'h were
analvsed in STREHMEL/WEINER [1987]. The obtained bounds for local and
global error which hold uniformly for h20 are in general of a lower order
than the classical ones - order reduction occurs, a phenomencn well known
from stiff ODE-theory (see VERWER [1986] e.g.). The linearly implicit
Euler method has (uniform) order 1 of consistency only if rh(t)-=- const
(which refers to continuous problems with time independent boundary
conditions), in general its order of consistency is reduced to 0. A rathev

simple modification of the method has, however, crder 1 again.

The analvsis of numerical methcds for quasi-linear parabolic problems is
more complicated than for semi-linear ones. Semi-discretization yields
svstems similar to (1.3) but with a linear operator Ah {and function 1'h)
depending on the solution wvector Y Chapter 3 contains the =znalysis of
the linearly implicit Euler methed for quasi-linear problems. It s
divided into two parts. First a general convergence thecrem for a wide
class of problems (e.g. u =d(u)uxY and Burger’s equation; but not the

t
quasi-linear heat flow equation) is given. After that we prove convergence

of the linearly implicit Euler method applied tc the onz dimensional

guasi-linear heat flow equation semi-discretized by central differences.

The numerical examples given in Chapter 4 demonstrate the thecretical

results in a nice way.



2. Linearly implicit one step methods for semi-discretizations of

semi-linear parabolic equations

Let the parabolic equation be given by

o «
du _ _c?_[ duy N @
3t - }_‘ axi blk(x)a\k + L a'( Lb (\)u) + qlt,x,u)
I k=1 i=1 (2.1)
(xeG, t€(0,T])
u{x,t) = @(x,t) (x€0G, t€]0,T]),
ulx,0) = uo(x) {X€QG)

where the matrix “bik“ is uniformly positive definite and '3 is a spatial
. . (04 , . .

domain in R («=1,2 or 3) with boundary 9G. It is assumed that (2.1) has a

unigue "smooth"” solution u(x,t), the source term gft,x,u) is Lipschitzian

w.r.t., u .
We suppose that semi-discretization in space results in

vo(t) = Ay, (t) + Qh(t,yh(t)) + r (t)

h h” h h (2.2)
yplor = v,
with
i ' < <
(i) iJ.[Ah] “0 0,
(ii) HQ (v )-Q (v )| < Lilv-v, || for all t€l0,T), v v, R
di
(iii) H——lQh(t,uh(t))I, <M for all t€[0,T], i=l(1)p,
dt
where HH vis some norm, M[-] the corresponding logarithmic matrix norm
{cf. DEKKER/VERWER [1984]) and u, (t) denotes the natural restriction of

h
the exact solution ulx,t) of {2.1) on the mesh.

The constant linear operator Ah is the discrete analogue of the

differential operator in (2.1), Qh represents the source term, rh(t)
arises from inhomogeneous boundary conditions (note that, in general,
Hrh(t)H — ~ if h=20). The assumption ;JOSO allows to simplify the proofs.
Analogous results, however, will hold for L.'O‘)O too. pGZl denotes an

integer specified below.



[T

Remark 2.1.: An essential tool in our further investigations are bounds
for rational matrix functions which hold uniformly in h (DEKKER/VERWER
[1984], pp. 43, 46-47):

1

(i) The matrix I-TA is invertible and H(I—'EA)_lll Ttala] for all
norms HH {with corresponding logarithmic norms i{-1), all matrices
A and all T with tufAl<lL.

{ii) Let R{z) be a rational function, the norm HH be induced by an inner

product and <Aw,w> = unHz (w€[RN) (this one-sided Lipschitz condi-
tion is known to be equivalent to H[AJSuU)., Then we get
[[R(za)|] = sup  |R(z)].
Rez=Tu
The assumption on the norm in (ii) to be induced by an inner preoduct is
essential. For the Chebyshev norm HH\, e.g., a bound similar to (ii) does

not hold in general. &

Definition 2.1.: The semi-discretization (1.2) is called consistent, if

the local space discretization errecr

O(hft) = ut’](t) - F(t,uh(t);h) tends to zero if h=0. ®

Remark 2.2.: We denote

« = omax g (0]
h,0 t€10,T] h
and
P .
o =« + max T/\‘UH-—g—l a (] (p,zl). ®
h,p(J h,0 te|0,T! i:.l dtl h 0

0 o

Definition 2.2.: A one step method applied to (1.2) defines a sequence

yo,yl,... approximating uh(O)’uh(tl)"" .

A A
Let ¥ be the result of one time step with v _:=u (t ).
n+1l n h 'n
. A
Pre1™ Un'tne1 Y na

is called the (full) local discretization error.

£ = -V
n+l° uh(tn+l) “n+l

is called the (full) global discretization error. ®



We want to derive bounds of the form (see VERWER [1986] and
SANZ-SERNA, VERWER and HUNDSDORFER [1986])

~ {.9q . e
LOLI + ah,pOJ for all hE(O,hOJ and t€((),10]

for the global discretization error of linearly implicit one step methods
applied to semi-discrete systems. Here U denotes the time step, the
0’ hO’ I'O and q do not depend on the space discretization
parameter h. The term «

constants C

h,p represents the error caused by discretization
0

Yterm” results from the discretization in time. q is

in space, the "t
called the uniform order of convergence (i.e. independent of the space

discretization; of the one step method.

The global discretization error is studied via the Ilocal discretization
error (uniform consistency). Under certain mild assumptions uniform

convergence follows.

Example 2.1.: Lineariy implicit Euler method with arbitrary stability

function (classical order 1).
The linearly implicit Euler method applied to (2.2) is given by

v := R

Y n+l O(I‘Ah)yn + tRll‘tAh)(Qh(tn,yn) + 7 )i

h(tn
Here Ro(z) denotes a rational function (an approximation of exp(z) for z-0

of order 1 at least). Rl(z):=(R0(z)—1)/z, }"€2(z):=(Rl

are rational functions with the same denominator as RO!Z). Ro(z) is

{z)-1)/z {(see below)

proposed to be A-acceptable, i.e. Re z < 0 3 |R0(z)!<l .

We get
f‘\’mfﬁo‘ FAp DUy (6 TR (T, 0@, (b jup (8 D4r (t )
=u, (£ 4TR (TAL (U (t )= (t )
Bn+1=uh(tn+l)_?n+l 5
=1(I-R (T4, Du/ (t HTR | r,Ah)cxhttn)%_ug(tnﬁ?c)
2 1:2
Bnﬂz—t‘Rz(.T.'Ah)Ahul’}!tn)+'rRl(rAh)cxh(tn)+§ ui’l(tnh‘?t) {2.3)

with 0<#<1.



Let us now consider problems (2.1) with time independent boundary
conditions, i.e. rh(_t)-E const, and a norm ||-|| induced by an inner product.
Then it holds (choose p0=1 in (2.2) (iii) )

A u/(t)=u, (t)-

-y}
nWh n dtQ (tyu (t)) O(h(t)

h

laupolf = ¢+« o

Due to Remark 2.1 (ii) and ,U[AhJSO it follows that HRO(tAh)HSL and
HRl(tAh)ll, HR.;,(‘tAh)H are bounded uniformly in h.

Hence

| ||_6(t)+Cm}0

For the global discretization error we obtain

ALA
Fpe1™H (t -y -uh(tm—l Yne1 ¥ ne1 Ve

h 'n+l” “n+l

=Bn 1+R0(’m )E +tRl(rA Qk(t ", (t Y- Q ))

Because of (2.2) (ii) and Remark 2.1 (ii} we get

< ey e[l + 1,

e,
and by induction (provided that €O=O)

c,
e paqll = = ”Bn+ll aT) + Cuoty g -

l.e. for problems with time independent boundary conditicns the linearly
implicit Euler method is of uniform order 1 of convergence.

For time dependent boundary conditions of (2.1), however, l‘hlt)f—‘ const

HA (t)*! is not bounded for h-»0 and thus

|8

O(t) + C. mho

n+l“
only (cf. (2.3)).

Following the lines of the proof above we now oniyv get

-~ \* >3
Ht’n-ﬁ»l“ < 0(1) + CDO‘h,l

Under the additional assumption

Ro(z) # 1 for all z € Cu{x} ,Re z £ 0, z#0



=~

uniform convergence with order 1 can still be proved by taking into
account cancellation and damping effects (cf. HUNDSDORFER [1986],
Corollary 3.2), but the proof becomes more complicated. Below we will
discuss some simple modifications on the method for which a direct proof

can be given, &

In STREHMEL/WEINER |1987] for problems (2.2) fulfilling (i)-(iii} with a
norm induced by an inner product a principle is given that allows to
construct linearly implicit one step methods of arbitrary high uniform
order of convergence. Because of occuring order reduction the number of
stages increases rapidly with increasing uniform order. For time
independent boundary conditions the order reduction is often decreased

{cf. Example 2.1).
But (2.3) shows a natural way to modify the methods to get better results
for rfx(t) £ 0 too.

Example 2.2.: Modified linearly implicit Euler method I.

2 )
yn+l.-—RO(tAh)y n-H:Rl( tAh)(Qh(tn,ynHrh(tn) 14T R2( CAh)I h(tn)

Instead of (2.3) we get

B MA, ul(t )+r’(t N+ ...

P
= TURN(TA MA Uy () ey ()

n+1

and following the proof of Example 2.1 for time independent boundary

conditions we now get the estimate for €p+1 :

<
| < cytv + o« )

lle 44!
also for time dependent boundary conditions. Thus no order reduction
occurs.

The additional numerical effort of the modification is small, in general,
because almost all components of rh(t) are zero (for one dimensicnal

problems only the first and the last ones are not zero). ®

Similar modifications are useful for methods with more than one stage too.
They involve the computation of higher derivatives of rh(t). For
implementation it is possible to substitute the derivatives by a discrete

approximation using values of rh(t) at different points ti:



Example 2.3.: Modified linearly implicit Euler method II.

yn+l:=R0( t’Ah)yn+‘tRl( tAh )(Qh(tn,yn)ﬂ‘h(tn) )+TJR2( IAh)(rh(tn+l )-rh(tn) )
Because of o
1'h(tn+l )—rh(tn')=trl:1(‘tn)+§—rl'r;(tn+3‘t)
and
d2 d2
ri,'li tn+{}r )=ui’l' xtn+3t>—Ahug(tn+3t ;-;?Qh(tnmuuh(tn»r{}t ) )—Izolh(tnﬁi't)

and the uniform bounds of ||R2(tAh)H and H’CAth(TAh_)H, the estimate

lle ol = Cotm + oy o)

is proved as above (choose p0=2 in (2.2) (iii) )
For the special choice RO(Z)=1/(1—Z) {({1,0)-Padé-approximation to exp(z) )

thz)=R2(z)=l/(l—z)

holds and we get

—1ora v lio - C Ve 5 .
y l.—(I tAh) (}n+t(fq}h(tn,}-n)+1h( IRR (2.4)

n+ n+l

We will consider this method for solving quasi-linear problems in

Chapter 3. =&

3. The linearly implicit Euler method for quasi-linear-problems

As proved in STREHMEL/WEINER [1987] linearly implicit one step methods are
suitable solvers for semi-linear parabolic problems. Because of the lack
of B-stability we cannot expect positive uniform convergence results for
general nonlinear problems. Even the analysis of the applicaticn of very
simple linearlyv implicit methods to semi-discretizations of guasi-linear
parabolic problems is much more complicated than for the semi-linear

problems considered in Chapter 2.

LE ROUX [1980] considers linearly implicit multistep methods (including
the linearly implicit Euler method) for the quasi-linear abstract Cauchy

problem (1.1) with
Fix,t,u) = —Alt,ut))ult)+r(t).

The linearly implicit Euler method is shown to be of order 1 of



convergence for this problem. However, assumptions on the differential
operator A(-,-) are made which are in general difficult to verify and
require homogeneous boundary conditions together with an inner product
norm. In contrast to these results we investigate convergence of the fully
discretized scheme under easily verifiable conditions on the differential

operator and the space discretization (see (3.2) (i)={iv)).

We give two theorems characterizing the behaviour of the (modified)
linearly implicit Euler method. Following the basic ideas of Chapter 2
Theorem 3.1 is a (uniform) convergence result for a wide class of
quasi-linear problems. The semi-discretized system is assumed to fulfil
certain conditions but no special interest is given to the space

discretization itself, it may be done by each usual method.

Among the examples of wide-spread interest not meeting the assumptions of
Theorem 3.1 the one dimensional quasi-linear heat flow equation
semi-discretized by central differences is considered in more detail in

Theorem 3.2 . Again uniform convergence of order 1 is proved.

3.1. A special class of quasi-linear problems

Look at quasi-linear problems of the form (cf. (2.1})

e (¢4
a B \ »
3% = Z b, (x, u)q\ a\ + Z b.(x u)a + altx,u)  (X€G,tE0,T]) (3.1)
i,k=1 =1
u(x,t) = @(x,t) (x€3G, t€[0,T])
u(x,0) = uylx) (x€G)

As before we assume the existence of a unique “"smooth" solution of (3.1).
The matrix ((bik” shall be uniformly positive definite, the source term

ql{t,x,u) Lipschitzian.
We consider semi-discretizations of the form

' (t)=A (t))v t)+Qh(t,yh(t))+r (t)) {3.2)

Yh 3 h'B¥y
with

(i) Ll[,»\h(w)jsuo for all \V‘EIRN ,

(ii) ”Qh(t’vl)_Qh(t’Vf{)“ =L HVL-VZH for all t€|0,T], Vi

(T
E]
2



(iii) |IAh(vl)uh(tHrh(t,vl) (A (v,)lu (t)+rh(t,v2))“SCHvl—VZH

for all t€|0,T], vl,vpene“,

(iv) g tup (g (6 e (uy (£))-

h h "1

-(Ah(uh(t) )uh(t2 )+rh(t2,uh

wnll < ¢ t,-t,]
for all t,tl,t2€[O,T‘J .
The constants iJO, L and C are independent of h.

Notice that conditions (iii) and (iv) are fulfilled automatically for
semi-linear problems (2.2). These conditions seem tc be very technical but

in fact they are often easy to verify:

Example 3.1.: Semi-discretization of

au ﬂ

at = d( ) ——."2' X'_:(O,l) ] tE(OsTJ [} d(u)?—(iL"O (uE“‘?)
Jx

u{0,t)=u(l,t)=0 te(0,T]

u(x,0)=u0(x) x€[0,1})

by central differences on an equidistant grid yields the ODE-system

, _ i N
vt = Dh(sh(t))Bhyh(t) with M {0,T} — R
ylfll)(t) approximating u(xi,t) ,x‘.=i-h (i=1(1)N) , h=1/{N+1) .
Dh(w):=dlag(d(wl),...,d(wN))
is a diagonal matrix and
[-2 1
_ 1 1-2 1
®h T2 .
L -2
2
the (constant) standard approximation of —. Because u(x,t) is assumed to
ox~

be smooth Bhuh(t) (an approximation of uv((x,t) on the grid) and

(Bhuh(tl) Bhuh ))/(tl-—tz) (tl¢t2) (an approximation of

(u__(t,)-u (t ))/(t t )= u, (\t +3(t ))  with J€{0,1)) are bounded
xx 1 XX XX 1 l

uniformly in the Chebyshev-norm ||||Y
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Hence we get

Ah(vl )uh(t)—Ah(vg)u

and (iii) holds if

(t)=(D, {(v )=-D (v ))B u, (t)

h h' Vi PRV B

N _ ) i) 1) T
D, (v =D (vl = max [d(v, ")-div, <L v =v Ml
i=1(1)N
i.e, if d(-) is Lipschitzian with constant Ld' (rh{_t)EO).

Analogously (iv) holds if

, )- = {1 -
Ah(uh(t))(uh(tl. uh{tz)) Dh(uh(t))Bh (Jh(tl) uh(tzl) ,
ie. if ||ID, (u (tH]]. = max |diulx,,t)| is bounded - this is a natural
b TN ey '

assumption to the parabolic problem.

This foregoing may obviously be generalized to more complicated problems

{3.1) and its semi-discretizations. ®

Remark 3.1.: Until now we did not specify the norm that should be used to
guarantee conditions (2.2) (i)={iii) or (3.2) {(i)-(iv) to be fulfilled.
Norms induced by inner products are more favourable for our investigations
of linearly implicit one step methods because Remark 2.1 (ii) gives bounds
for such norms of rationral matrix functions which allow to construct
methods of arbitrary high uniform order for semi-linear problems {see

Chapter 2).

The $2-—norm is known to be an effective tool to analyse the semi-linear
heat flow equation of form (2.1). Therefore the discrete analogue of this
norm f{e.g. on an equidistant grid with meshwidth h on [0,1]cR induced by
the inner product <x,3r>9=h‘xT}*) seems to be a natural choice for the norm
[I'll in (2.2). Indeed ;or the one dimensional semi-linear heat flow
equation discretized in space similar to Example 3.1 {with d=d{x), now)

by central differences (on a not necessary equidistant grid) standard

approach shows that conditions (2.2) (i)-(iii) hold for ”H?
The use of the H-H‘)—norm for the "mild" quasi-linear generalization given
by Example 3.1 to prove condition (3.2) {i), however, is already

impossible {see ARNOLD [1988]):

Let df{u) be given by d(u)=14+2u and y:y(E)=(0,€,O,t€,...,0.'T for arbitrary

€0 (the grid is assumed to have an odd number of grid pecints for
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convenience of presentation). Because of

<:E,Dh(y(6.))BhE,'>
D (v(€))B, | = max =
2""h h ££0 <€,C>2
{see DEKKER/VERWER [1984] p. 31) we get with

2

E=E(€)=( 1+€,1,1+€,1,...,1+e)T

. T 2
<£,£>2 = h-& & £ (1+€)”

and
T 1 2 2
<‘€’Dh(y(€”Bh£>‘? = h-§& Dh(y(E))Bhﬁ = —le +2h(e7+£-1))

=y

-2 . .. R
leDh(Y‘t))BhJ = O(h 7) (h~0) for fixed E.

Obviously no constant “ma'{ independent of h with (3.2) (i) can be found.

M

{Notice, however, that because of

N =

HyDy (u, (0B | < 5 (41D, (u (0B, | + i (D} (u, (t)B 1)

and
L{KI{Dh(uh(t)BhJ =0

we get by Taylor expansion

1 .
d (D, (u (LB | < = max( sup|d’(u){- sup Iu‘_ (x,t)]
2°7h "h h 2 u<R x€10, 1] X
tel0,T]
2
sup|d”(u)|- sup |u (x,t)|'“)
ueR x=10,1]) *
t€l0,T]

for sufficiently "smooth" functions d(u), u(x,t) with d{u)za>0 ).

Because condition (3.2) (i) plays an essential role in the proof of
Theorem 3.1 we have to look for other norms to prove convergence for
Example 3.1 . Until now we found no norm induced by an inner product, for
which conditions (3.2) (i)-(iv) hold, the Chebyshev-norm HH seems to be
the only alternative. The corresponding logarithmic norm is given by (see

DEKKER/VERWER [1984], p. 31)
N

T = i T .7 = ,
H LTI = max (t.+ ) ltijl) for T = ((tij,) .
i=1(1)N j=1
MER!
We get
lix,(Dh(Y)Bh_f =0 ,

i.e. (3.2) (i), and (3.2) ({ii) follows immediately, (iii) and (iv) have

been shown to be fulfilled in Example 3.1 .
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As a result of this choice of the ncerm we have te restrict our analysis to
the rather simple {(first order) modified lineariy implicit Euler method
(see (3.3) below). Bounds of rational matrix functions needed for higher

order methods do not hold for the H'H‘\_‘—norm (cf. Remark 2.1}, =

The modified linearly implicit Euler method for quasi-linear problems

{3.1) with semi-discretization (3.2) is given by

v -1 -
r = [-1 ro)) 4+T1Q. (t ,v )+Tr (3.3}
3 tI Ah(‘\n (3!1 Qh(tn,}n) r. (t ) 3.3

“n+l h''n+l™n
Remark 3.Z.:

i) Because of assumption (3.2) (i) a constant ¥ . >0 (independent of h!
exists so that (I-TA (s'n'!) is regular for all T€(0,U.| (see Remark 2.1

h
{i}).

ii) For time independent socource terms Qh the vector Yl in {3.3) is the
result of one simplified Newton step (with initial guess ¥ and matrix

Ah(‘vn” applied to the system of nonlinear equations arising in the

solution of (3.2) by implicit Euler method:

v v o+TIA (v v it
n n

= +Q@. ! 3 Y4+r - ) .
“n+l ot n+l Y ne1t¥n tn+l" n+l " h e n+l)

In practice this method is often implemented similar to (3.3}, ie. only
one step with a simplified Newton method 1s computed and iteration is

broken off (not looking at convergence of the Newton method). ®
It helds

Theorem 2.1.: (Uniform convergence for guasi-linear problems).

The modified lnearly implicit Euler method (3.3) applied te semi-discrete

svstems (2.2) has uniform order 1 of convergence.

Proof: We get

(I-ta, (u, {1 IRRTE =

1 h nn+l
==-TA, (u, 1t Yrha, IRV A L A A it e 1 }

I nmh n 1h(tn+1 Yh'tn h{tn’uh X N i tn’ htnel h
=u, {t =tu, (v MH+T(A (u, {t u, o (tou, (to+r. {(tou, (t Y-
h n+i h n h' "h n.) h 'n Q)h “h'r ) 1:1( n it n)

-L(A {u, it 1) 41, (L u
R U P )

-\ {u Yha Lt Mt u, it )
h n n h n

(t
h' ' n

and by (3.2} (iv) and Tavlor expansion it follows that
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2
lla-a, (£ DB, Il < Cule® + tay ) for TE(O,T ). (3.4)

For the global discretization error the following recursion holds:

(t y )=

(I-TA, (v IHu Y el

h n+1)—

=(I—‘CAh(uh(tn) ) )Bn+1+uh(tn)+”C(Qh(tn,uh(tn))+rh(tn,uh(tn) ) )+

+T(A (uh(t ))--Ah(yn))uh(tn

n +l)—(yn+7:(Ql'l(tn,yn)+rh(tn,yn)))

h
-1 1
Il =

= 'l—__-w—o holds for

Because of (3.2) (i) and Remark 2.1 (i) H(I—tAh(yn))

ru0<1. Using (3.2) (ii),(iii) we get

- 1
Il n+1” = 1=Th

(sic+L|le | ;+H(1-~cAh(uh(tn) ) ’5n+1”’

By induction and (3.4)

= 0(t) + O0( max foh(t)H) for TE€(0,T.) is

He M
n+1l te(0,T]

0

proved, i.e. uniform convergence of order 1. &

3.2. The one dimensional quasi-linear heat flow equation

Theorem 3.1 shows uniform convergence of the modified linearly implicit
Euler method for quasi-linear problems. In cecntrast to the semi-linear
case where conditions (2.2) (i)-(iii) are met by a very wide variety of
problems occuring in practice, conditions (3.2) (i)-(iv) are fulfilled for

a wide but not at all complete class of quasi-linear problems.

From a practical point of view the quasi-linear heat flow equation

g—‘tl = div(d(u)-gradtu)) + qlt,x,u)  (X€G,t(0,T]) (3.5)
u(x,0)=u0(x) (x£G) ulx,t)=@(x,t) {x€3G,tel0,ThH

d{u) 2 x>0 {u€eR)
occuring in many applications is of special interest.

Theorem 3.2 shows uniform convergence of order 1 (in the discrete
fz—norm) for the modified linearly implicit Euler method applied to the
one dimensional heat flow equation (3.5) discretized in space by central
differences. Notice that this discretization does not fulfil condition

(3.2) (iii) - so Theorem 3.1 is not applicable. On the other hand the



proof of Theorem 3.2 is based essentially on special properties of the

used space discretization.

Let G=(0,1)cR , the source term g be Lipschitzian. Furthermore equation

{3.5) is again supposed to possess a unique “'smooth” solution ulx,t).

On the equidistant grid { xi=i-h , 1=1{1)N } h=1/(N+1) the differential
operator is discretized by central differences
d du 1 {i-1) (i)
—_ _ RS — - * - )
dx(d(u)dx) 2(di_l(t,§h(t))(yh {t) Yh {t)) +
X h
_ Litl) (i)
+ di(t,sh(t))()h (t) Yh (£)))
IV ) A+ e () (N+1) _ _ -
(‘\h (t!—Llh(J,t)—(P((),t) Yh (,t_)-uh(l,t)—\l)(l,t) )
with
(i), (i+1) .
~ ! ¢ \ bW
dits,y) o= o T ) (i=1(1)N-1, y=R")
and
(1) {(N-1)
e o {e(0,s ity T , o ¢(l,s)+y
do(s,}) = dL—’z——J dN(S,}) = d( 2 5 )
. N (i) ) . .
v, :10,T] — R with v, () &~ ulx.,t) (i=1(1)N).
h h i
We get the semi-discretized syvstem
R =i b T t)) > r ‘
3h,t) Ah(t,,\ h(t))yh(t)i-Qh(t,_,.h{t),ﬂh(t,t,}h(t)) (3.6)
with
r \ 7
-do—dl dl (LN Q
1 dl —dl-»d2 d: vee 0 0
A (s, ¥v) = —
h™ 7 2 . .
h . . .
0 0 0 . 9y-1 TOnop9
d. (s,y) d\I(s,y) T N
l‘h(S,t,j\‘)=(—,)"‘(,0(0,t),0,0,...,0,;-—‘)——<ﬂ{l,t)) £ R
h~ h~
. (1) , 2) (N), . T
fc)h(t,y}:(q(t,xo,y ),q(t,.\;l,y )y eee ,q(t,x:\’.,y )y .
In contrast to (3.2), the discretized differential operator in (3.6}
depends on the time t. The modified linearly implicit Euler method is
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therefore given by

-1 , i _
(t, yn)) (y n+tQh(tn,yn)+I1h(t (3.7)

,

¥ ey =I-TA

h n,tn+l’yn))

Remark 3.4.: The matrix (I—”CAh(s,y)) is regular for all ©™>0 because of

Urp[Ah(S,Y)]=0 (ydRN) (see Remark 2.1 (i)). =

Theorem 3.2.: The linearly implicit Euler method (3.7) applied to the

semi-discretization (3.6) of the one dimensional quasi-linear heat flow
equation has uniform order 1 of convergence.

Proof:

i) Write (3.7) in the form

- . . Ve .
Yn+l yn+tAh(tn’yn)yn+l+LQh'tn’yn)+t‘h(tn"tn+1’3n) (3.8)

(ii) We get an expression similar to (3.8) for the exact soluticn of (3.5}

on the grid (see Definition 2.2):

uh(tn+l)=uh(tn}+tQh(tn,uh(tn))+'17rh(tn,tn+l,uh(tn))+ (3.9
+'T.'Ah(tn,uh(tn))uh(tm_l)+(I—IAh(tn,uh(tn)))Bm_l
One easily verifies by Taylor expansion
[l(I-TA, (t_,u, (t I, = 6(t?)+0(th® =0(h>
(I-1! h( n,uh( n)))ﬂn+l o = {(t7)+0(th™) mh,O' (h™)).
iii) It holds
+ -
Ah(s,}-) = Dh Eh(s,Y) Dh
with the operators
1 0 0 0 0]
-1 1 0 0 0
0-1 1 0 90
- ._ 1 (N+D)xN + _ - T
Dh—h . R ,Dh.—(Dh)
0O 0 0 -11
. 0 0 O 0-1 |
approximating g: on the grid and the diagonal matrix
. {(N+1)x{N+1)
E, (s,5) := diag (dyis,¥),dy(s,y)) € R )% :
For the exact solution we get on the grid
a - .
31 s~ D ou (t) + 0, (t) (i=0(1IN, x,:=0)

3x h "h
i



with

T N+1

@h(t) = (- ;11_ ¢(0,t),0,0, ... ,0 eil,t) Y € R

}
iv) Subtracting (3.8) from (3.9) leads to the following recursion for the

full global discretization error

> =£ 4T v )E })-2 r
&n+l tn+.Ah(tn_:yn)ﬁ +T{A, {t ,u (tn) —\h(tn,sn))u (t )+

n+l h" n’"h h 'n+l
+I(Qh(tn,uh(tn))—Qh(tn,yn))+ {3.10)
{r - | - —-TA. ) n
H(‘h(tn’trﬁl’uh(tn” !h‘tn’tn+l’”‘n”+(1 t\n(tn,uh(tn) )'Jn+1

9
Now take on both sides of this equation the (discrete £°-) inner

product with € N+l

We have (cf., (iii))

<En+l.’Ah(tn"vn)€n+1> - <En+l’ hEh(t Yy D;xgnx*l>
- —<p;xgn+1’Eh(tn’yn)D;lgm-l} =« “D;Erwl%g ?
<Erx+1’(Ah(trl’L‘h(tn))_Ah(tn’yn))uh{tn+l)+
oy st U (e e (e sty 0 =

= <En+),Dh(uh(t ,dh(tn))-Eh(tn,yn>)(D;luh(tml)+q>httn+ln;>

= - ij;ErHl,(Eh(tn,uh(tn))—E‘h-{tn,yn))(D;luhltn+l)+='ﬁh(tn+l‘9);>

< ”Dt-fml”z’”Dr—l”h“nﬂ}wh(t wile (d (t up (t ))=d (t 'Vn))?zo I,

s vllope, Holle L

h n+l

with ¥ being the wproduct of the Lipschitz constant Ld of df{.) with
D . ¢ +0. [ oxi ineg lu (tl! rid)
,!Dhuh(tm_l) ph'tn+l)uk {approximating hux.t)l_‘_‘ on the grid}.

From (3.10) we now get

e qailly < CesDlle llle Il-ecliope1Eediogelllle [l
IR INI[b LAV TSN IRETRN I
and it follows )
el < el il + 45 v i I -
el e e e L.
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By considering the two possibilities Ht'-m_lHSHEnH and H€n+1H2H€nH sepa-

rately it is seen that

e, lly = (asduille [l + Ho-vap e upce 0B, Ll

2

i

with & = 4—&°L. Provided that 630 this yields the convergence result by

induction. ®
Remark 3.5.: The proof of Theorem 3.2 was stimulated by LEES [1966] who
proved uniform (second order) convergence of a linearly implicit two step

method applied to the one dimensional heat flow equation (under the

assumption t=0(h), however). &

4. Numerical Examples

In Chapter 3 we proved uniform convergence of order 1 of the modified
linearly implicit Euler method applied to gquasi-linear problems. Now we
give some numerical examples that illustrate the practical relevance of
these results. Numerical examples of linearly implicit cne step methods

applied to semi-linear problems are given in STREHMEL/WEINER [1987].

All examples are one dimensional, G = (0,1} < R. The differential
operators have been discretized in space by finite differences on an
equidistant grid with distance h. The exact solutions are known, they
determine the initial and Dirichlet boundary conditions. We give the full
global discretization error for different stepsizes in time (T) and space
{h). To get the numerical uniform order g of convergence a numerical

‘num

solution yh(ro) with a very small stepsize in time (tozl/l()OOO) has been
computed for each semi-discrete system thus giving the possibility to

eliminate the space discretization error:

| v, (0=v, 3l
num log2 ”yh(ZI)—-yh(tO)H

q

Example 4.1.: BURGER’s equation

? -
du 3 u du

u —
at ~ 2~ Yax
ax

x€(0,1) te(0,1]

This equation has been studied by several authors. For small values of

steep gradients may exist in the exact sclution u. We used the "large”
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value #=0.1 (to ensure a "smooth” exact solution) and the sclution given
by WHITHAM [1974], Chapter 4. This solution has also been used by VERWER
[1986].

I'l 1‘,)
u{x,t) =1 -09 —m— - 0.5 ———
’ v trotr, rotrytr,
‘he r.=exnl x-0.5 - 99{) s =ex (_“:—0‘5 __121‘.) r.cex l_x_—‘)“.a_}.v_{).)
where 1-— XD S0p 1000 3 12— XPpt 1p 1681 3" Xpi I .

To ensure condition (3.2) (i) to be fulfilled upwind-technigue was used
for semi-discretization. Thus space discretization is of order 1, only. As

in example 3.1 it can be shown that (3.2.) {ii)-{iv) hold in the Chebyshev

norm.
Theorem 3.1 vields Hsmlnx, = Oit) + T(h) .
r 1710 1720 1740 1/80 1/160
h ”t n“\ }lﬁxlg"x' qnum th g‘ qnum ”t’n“-fc' qnum Hf n'!-”‘? qnum

.0e=-210.9911.4e-2;1.00

310.99(8.2e-3|1.00
715.8e~310.99;4.7e-3|1.00
714.1e-3{0.9913.0e-271.00
713.2e-310.99(2.1e-3}1.00

1710 }2.8e-2{ . {2.1e-210.94(1.7e-2{0.97
1720 |2.3e-2 1 1 0
1/46 {2.0e-2 1

1/8C |1.9e-2) . {1.1e-2]0.91|6.3e-3
17160i1.&e-2 9

Example 4.2.:

du d"u .
= = d(u) 5+ oaltx,ul x€(0,1) te(0,1)
3L “,\.‘x_
. . . -t
exact solution: ulx,t) = {1 + sin 7ixle
22 2 2 -t 2 -t
source term: git,x,u) = =7 u +(0. In7-1-1"e Ju-0.17m"e

d{u) = 0.1 + u
semi-discretization in space by central differences similar to Example 3.1

2
Due to Theorem 3.1 it holds “E’nil-f' = Oft) + Oth™) .
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T 1710 1/20 1/40 1/80 1/160

b e | et ol Mo @ | 1M ] AL

num num nuni n ~“| ‘num

Un]

1710 {3.1le-1| . |2.1e-1]0.68(1.3e-1{0.83|9.1e-2|0.92|6.6e-2{0.97
1/20 |2.8e-1] . {1.8e-1]0.70{1.0e-1{0.84{5.9e-2]{0.93|3.5e-2|0.97
1/40 |2.8e-1] . |1.7e-1{0.70{9.6e-2{0.85]5.2e-2{0.93(2.8e-2{0.97

1/80 |2.7e-1| . |1.7e-1{0.70{9.4e-2]0.85({5.0e-2{0.93|2.6e-2{0.98
1/16012.7e-1} . |1.7e-1{0.70(9.4e-2{0.85{4.9e-2]0.93(2.5e-2]0.98
Example 4.3.:

du 9— (dlu) ) & qie,x,u) €(0,1 t€(0,1)

3t _ 9x u 3x =) qit,x,u X 1) )
exact solution: ui(x,t) = (1 + sin Ttx)e_t

9 L

source term: qft,x,u) = (0.1a7=-1)u-0.17"e t

2 . . -2t
-7 (cos 27ix - sin 7X)-e

df{u) = 0.1 + u
semi-discretization in space by central differences similar to Chapter

2
3.2. Due to Theorem 3.2 it holds Henll,) = O(t) + O(h™) .

1 1/10 1/20 1/40 1/80 1/160
h ’E ”... i HED“Z qnum HEn“'_’. qnum HEH“Z qnum “ “ qnum
1/10 |2.4e-2] . |l.4e-2[1.03|8.4e-3]1.02{5.9e-3{1.01 -3]1.02
1720 {2.1e-2| . |1.1e-2]1.03|5.8¢-3|1.02|3.3e-3]1.01|2.1e-3|1.02
1740 |2.1e-2] . |1.0e-2{1.03|5.2e-3{1.02]2.7e=3|1.01|1.te-3}1.02
1/80 |2.0e-2| . |1.0e-2]1.03|5.0e-3|1.02(2.5e-3]1.01|1.3e-3{1.02
1/16012.0e-2| . |1.0e-2]1.03|5.0e-3]1.02{2.5e-3/1.01[1.2e-3]/1.02

The uniform convergence accordingly to Theorem 3.1 and Theorem 3.2 ,
respectively, is clear to be seen. For 'large” values h the space
discretization error dominates, especially for space discretizations of
lower order {(Example 4.1 ). The main point of our interest is the error
caused by discretization in time. For "small" grid distances a (i.e. small
space discretization errors) it is approximately equal to the full
discretization error. As we would expect uniform order g &g 1 is

num
observable.



Thus the numerical experiments underline the theoretical results of
Chapter 3. The modified lineariy implicit Euler method is a suitable

method to solve semi-discrete systems of quasi-linear parabolic problems.
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