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Abstract: This paper deals with predictor-corrector iteration of Runge-Kutta-Nystrom (RKN) methods for
integrating initial-value problems for special second-order, ordinary differential equations. We consider
RKN correctors based on both direct and indirect collocation techniques. The paper focusses on the
convergence factors and stability regions of the iterated RKN correctors. It turns out that the methods
based on direct collocation RKN correctors possess smaller convergence than those based on indirect

collocation RKN correctors. Both families of methods have sufficiently large stability boundaries for
nonstiff problems.
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1. Introduction

We will investigate a class of (explicit) predictor-corrector (PC) methods obtained by predictor-corrector iteration
(or: fixed point iteration) of Runge-Kutta-Nystrdm correctors for solving the initial-value problem (IVP) for nonstiff,
special second-order, ordinary differential equations (ODEs)

(L) %L f(y(0)-

The methods described in this note have the same nature as the PIRKN methods (parallel, iterated RKN methods)
proposed in [13]. The present note is concerned with a comparison of the convergence factors and stability regions of
PIRKN methods based on direct and indirect RKN methods. Indirect RKN methods are derived from RK methods for
first-order ODEs (as have also been used in [13]), whereas direct RKN methods are directly constructed for second-order
ODE:s (see [9]). The iterated methods will be referred to as indirect and direct PIRKN methods. It turned out that for
direct PIRKN methods the convergence factors and error constants are smaller than those of indirect PIRKN methods,
resulting in a better performance of the direct PIRKN methods. The stability of the two types of methods is comparable,
in spite of the fact that the direct RKN correctors used are only conditionally stable, while the indirect RKN methods are
unconditionally stable (see [9]). In two numerical experiments the superiority of direct PIRKN methods over indirect
PIRKN methods is demonstrated.

For notational convenience, we assume that the equation (1.1) is a scalar equation. However, all considerations
below can be straightforwardly extended to a system of ODEs, and therefore, also to nonautonomous equations.
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2.  Direct PIRKN and Indirect PIRKN methods
The starting point is a fully implicit s-stage RKN method. For a scalar equation, this method assumes the form

@.1) Y = ype + hey' + h2AK(Y), yni1 = Yn +hy'n + W2bTH(Y), Yni1 = Yo +hdTHY),

where A is an s-by-s matrix, b, d, ¢ are s-dimensional vectors, and e is the unit vector. Furthermore, we use the
convention that for any given vector v = (v;), f(v) denotes the vector with entries f(Vj).
Consider the following fixed point i{eration scheme (cf. [13]):

(2.2a) YO - ype + hey'y
(2.2b) Y0 - ype + hey'n + h2Af(Y(j‘1)), j=1..,m

(220)  Yny1=Yn+hYn+hZBTRY™), yp g =y + hdTfY (M),

Notice that the s components of the vectors Y0 can be computed in parallel, provided that s processors are available, so
that the computational time needed for one iteration of (2.2b) is equivalent to the time required to evaluate one right-
hand side function on a sequential computer. Therefore, the method (2.2) was called a PIRKN method (parallel, iterated
RKN methods).

Regarding the prediction formula (2.2a) as the predictor method and (2.1) as the corrector method, (2.2) may be
considered as a conventional PC method (in P(CE)™ME mode). Assumingothat the fun%tion f(y) is Lipschitz continuous
and observing that (2.2a) defines a first-order predictor formula (i.e., Y )Y = O(h<)), the following theorem easily
follows (see also [10], [13]):

Theorem 2.1. Let p be the order of the corrector method (2.1). Then on s-processor computers the PIRKN method (2.2)
represents an explicit RKN method of order p* = min{p, 2m+2} requiring m+1 sequential right-hand side evaluations
per step. [1

Remark. From Theorem 2.1, we see that by setting m = [(p-1)/2], [.] denoting the integer function, we have a PIRKN
method of maximum order p* = p (order of the corrector) with only [(p+1)/2] sequential right-hand side evaluations per
step. []

In the following subsections, we concentrate on the convergence factors and stability regions of direct and indirect
PIRKN methods. Specification of the parameters (A, b, d, c) of the direct collocation corrector methods can be found in
the Appendix to this paper.

2.1. Convergence

In actual integration, the number of iterations m is determined by some iteration strategy, rather than by order
considerations. Therefore, it is of interest to know how the integration step affects the rate of convergence. The step size
should be such that a reasonable convergence speed is achieved.

We shall determine the rate of convergence by using the test equation y" = Ay, where A runs through the
eigenvalues of the Jacobian matrix df/dy. For this equation, we obtain the iteration error equation

YO .Y -zA[YGD-Y], z:=A2, j=1,..,m

Hence, with respect to the test equation, the rate of convergence is determined by the spectral radius p(A) of the matrix
A. We shall call p(A) the convergence factor of the PIRKN method. Requiring that p(zA) < 1, leads us to the
convergence condition

1 1
2.3 — h? € ——e
@y <t p(A) p(3E3y)

This convergence condition is of the same form as the stability condition associated with RKN methods. In analogy
with the notion of the stability boundary, we shall call 1/p(A) the convergence boundary.

Let the RKN matrices generating the direct PIRKN methods and indirect PIRKN methods be denoted by Agirect
and Ajndirect, respectively. Table 2.1 lists the convergence boundaries 1/p(Agirect) and 1/p(Ajndirect), and the reduction
factors € = p(Adirect) / P(Aindirect) Of a number of indirect PIRKN methods and their direct analogues. These figures
show that the direct PIRKN methods have much larger convergence boundaries, and hence much smaller convergence
factors, than indirect PIRKN methods of the same order.



Table 2;1. Convergence boundaries 1/ p(A) and reduction factors €

P-order correctors p=3 p=4 p=5 p=6 p=17 p=8 p=9 p=10
Indirect Gauss-Legendre 12.04 21.73 37.03 52.63
Direct Gauss-Legendre 20.83 34.48 55.54 76.92
Indirect Radau ITA 5.98 13.15 25.64 40.00
Direct Radau TA 1041 20.40 37.03 55.55

Reduction factors € 0.57 0.58 0.64 0.63 0.69 0.66 0.72 0.68

2.2. Stability boundaries
The linear stability of the PIRKN method (2.2) is investigated by again using the model equation y" = Ay, where
A runs through the eigenvalues of df/dy. Applying (2.2) to the model equation, we obtain the recursion

Yn+1 .
Vn+l =Mp(2)Vy, Vn+1 = (hy'm_ 1) , with

1+zb TIzAY 1@-zAY™ e  142bT(1-zA) 1(1-(zA)M+])c
24 M (2) = ( )

2dT(1-2A) 1(-zA™ e 142dT(1-zAY 1(-zAY™H )

From (2.4) we see that if z satisfies (2.3), then M, (z) converges to the amplification matrix M(z) of the
corrector as m — oo (see [9]). Hence, the asymptotic stability interval for m — oo is the intersection on the negative
z-axis of the stability interval (—BCOH,O) of the generating corrector and the region of convergence in the complex
z-plane defined by (2.3). For indirect PIRKN methods, where the corrector method is A-stable, the asymptotic stability
region is completely determined by its region of convergence. For direct PIRKN methods, where the corrector method is
conditionally stable with stability boundaries less than the convergence boundaries, the asymptotic stability region
coincides with the stability region of the corrector method (see Table 2.1 for convergence boundaries and Appendix for
stability boundaries of direct collocation RKN correctors).

Table 2.2. Stability boundaries Bg;rect and Bipdirect for direct and indirect PIRKN methods

Generating corrector methods p m=l1 m=2 m=3 m=4 m=5 m=6 .. m=> O
Indirect Radau ITA 3 494 499 352 503 544 490 ...598 1.00
Direct Radau ITA 3 600 784 444 704 862 696 .. 861 0.57
Indirect Gauss-Legendre 4 12,00 12,00 0.00 12,00 12.00 0.00 ...12.04 0.75
Direct Gauss-Legendre 4 683 000 0.00 8.57 0.00 000 .. 900 043
Indirect Radau ITA 5 706 219 1046 476 1170 7.81 ...13.15 0.73
Direct Radau [TA 5 7.06 049 1433 5.33 951 955 ...955 047
Indirect Gauss-Legendre 6 706 000 981 0.00 975 000 ...21.73 045
Direct Gauss-Legendre 6 7.06 0.00 1877 0.00 980 000 ..977 028
Indirect Radau ITA 7 706 000 950 1821 540 1857 ...2564 0.38
Direct Radau TA 7 706 000 951 269 606 984 ... 984 027
Indirect Gauss-Legendre 8 706 000 951 0.00 000 9.86 ...37.03 0.27
Direct Gauss-Legendre 8 706 000 951 0.00 037 986 ... 986 0.18
Indirect Radau ITA 9 706 000 951 021 2635 5.80 ...40.00 025
Direct Radau TA 9 706 000 9.51 0.03 986 6.13 ... 986 0.18
Indirect Gauss-Legendre 10 7.06 0.00 951 0.00 986 000 ...5263 0.70
Direct Gauss-Legendre 10 7.06 0.00 9.1 0.00 986 0.01 ..36.65 048

For finite m, the stability intervals are given by

(-Bm),0) := {z: p(My()) < 1, z<0}.

Table 2.2. lists the stability boundaries Bgjrect(m) and Bipdirect(m) of direct PIRKN and indirect PIRKN, respectively.
The stability boundaries corresponding to the minimal value of m needed to reach the order of the correctors are indicated



in bold face. In actual computation, the stepsize h should of course be substantially smaller than allowed by condition
(2.3), that is, we want | z | < o/ p(A), where a is significantly smaller than 1. In Table 2.2, we added the value of o. for
which 0 > z > - min{Bgirect(®): Bindirect(=>)}- This value is denoted by cicri¢. Table 2.2 shows that usually the
stability boundaries of the indirect PIRKN methods are larger than those of the direct PIRKN methods. However, in
actual computation, we also need fast convergence, so that the integration step may be much smaller than allowed by
stability. The values of ocrit in the last column indicate that, as far as convergence is concerned, the direct methods are
superior. By means of Table 2.2 we can select the number of iterations needed to achieve an acceptable stability
boundary (the corresponding boundaries are underlined). In this selection, the 5-, 6-, 9- and 10-order methods require one
iteration more than the number of iterations needed to reach the order of the corrector (see Theorem 2.1).

2.3. The truncation error
Let us denote the step values associated with the corrector by u,, 1 and u'y, 1, and define

B @ ( 2bTAY™+](1zAyle  zbTzAYM+1(1zA) le ) Up+i Ynil
mz = R ’ wn+l=(h ] )s vn+l =( t )-
2dTeA ™ (1za)yle  2dTEAY™+1(1-zA) Lc Yn+l Yn+l

It can be shown that wy 1 - v, 1 = Eqvy (see [10], [11]), so that the local truncation error of PIRKN methods can be
written as the sum of the truncation error of the corrector and the iteration error of the PIRKN method:

¥(ta41) ¥(tn41)
(hy'(tml)) V4l = (h)"(tn+l))- Wni1+ Emvp.

Our numerical experiments have shown that the truncation error of direct RKN correctors is smaller than that of indirect
RKN correctors. Since the convergence factors of the direct PIRKN methods are also smaller than those of indirect
PIRKN methods, there are two potential effects to expect that the truncation error of direct PIRKN methods is smaller
than that of indirect PIRKN methods.

3. Numerical experiments

In this section we report numerical results obtained by direct and indirect PIRKN methods. The absolute error
obtained at the end of integration interval is presented in the form 10-4 (d may be interpreted as the number of correct
decimal digits (NCD)). In order to see the efficiency of the direct PIRKN methods, we follow a dynamical strategy for
determining the number of iterations in the successive steps. It seems natural to require that the iteration error is of the
same order in h as the local error of the corrector. This leads us to the stopping criterion

3.1 || Y(m) . ym-) ||, < cnP*,

where C is a problem and method dependent parameter. Furthermore, in the tables of results, Ny, denotes the total
number of sequential right hand side evaluations, and Ngteps denotes the total number of integration steps. The
following two problems possess exact solutions in closed form. Initial conditions are taken from the exact solutions.

3.1. Linear nonautonomous problem
As a first numerical test, we apply the various PIRKN methods to the linear problem (cf. [11, problem 5.1])

2 2y (-2 ot -olt)+1

= ¥(1), o(t) = max (2cos2(t), sin2(t)), 0 <t < 20,

de 2(o(t)-1)  o(t)-2

with exact solution y(t) = (-sin(t), 2sin(t))T. Table 3.1 clearly shows the improved accuracy of the direct PIRKN
methods. In all experiments, the (averaged) number of iterations m needed to satisfy the stopping criterion
(approximately) varies between [p/2] and [(p+1)/2].



Table 3.1. Values of NCD / Nseq for problem (3.2) obtained by PIRKN methods.

Generating corrector methods P Ngeps=80 Nitepg=160 Nytep=320 Nyieps=640 Ngieps=1280 C

Indirect Radau ITA 3 21/160 3.0/320 39/640 4.8/1280 57/2560 10%
Direct Radau TA 3 25/160 35/320 44/640 53/1280 62/2560 104
Indirect Gauss-Legendre 4 40/227 53/476 65/958 7.7/1920 89/3840 10!
Direct Gauss-Legendre 4 50/226 64/477 76/95 8.8/1920 10.0/3840 10!
Indirect Radau IIA 5 53/238 68/480 83/1179 9.8/2511 11.3/5098 10!
Direct Radau ITA 5 58/238 7.5/480 89/1179 104/2511 11.9/5098 101
Indirect Gauss-Legendre 6 74/318 92/640 11.0/1280 12.8/2560 14.6/5120 1071
Direct Gauss-Legendre 6 8.1/318 9.9/640 11.7/1280 13.5/2560 15.3/5120 101
Indirect Radau IIA 7 87/320 109/737 13.0/1570 15.1/3184 17.2/6393 10
Direct Radau TA 7 9.1/320 11.6/737 13.7/1570 15.8/3184 17.9/6393 1071
Indirect Gauss-Legendre 8 11.0/395 13.4/799 15871600 18.2/3200 20.6/6400 1072
Direct Gauss-Legendre 8 124/395 16.1/799 18.6/1600 21.3/3200 23.8/6400 102
Indirect Radau ITA 9 13.5/400 1527926 17.9/1903 20.6/3830 23.4/7673 1073
Direct Radau TA 9 127/400 16.0/926 18.7/1903 21.4/3830 24.2/7673 102
Indirect Gauss-Legendre 10 14.9/477 17.8/959 20.8/1920 23.8 /3840 10-3
Direct Gauss-Legendre 10 16.6/477 18.6/959 21.6/1920 24.6/ 3840 103

Table 3.1 also shows that the number of iterations are for both the indirect and direct method the same, so that
the smaller convergence factor of the direct methods does not seem to play a role. For problems which are locally of the

form y' = Ay (such as problem (3.2)), this can be explained by considering the stopping criterion (3.1) more closely. Let
us denote the step point values and the iterates corresponding to the direct and indirect PIRKN method by yp, ¥'n, ()
and xp, x'n, x@, respectively, and define

Om 1= [Y() . y(m-1)] _ [x(m) . X(m-1)],
where m is the actual number of iterations performed per step. If it turns out that the magnitude of &y, is much smaller
than that of the tolerance C hP+1, then this would explain that the direct and indirect PIRKN methods use the same
number of iterations. Writing the recursion (2.2b) in the form

(220) YO = [1+24 +2242 + ... + FAT] (ype + hy'se),

and a similar expression for XU), we obtain
8m = Z™(Adirec)™ (¥ne + hy'ne ) - z™(Aindirec)™ (xpe + hx'pe ).
Hence, defining the defect
Dj(v) := Il (AdirectVV - (AindirectP¥ lloos
the quantity &y, is bounded by
I18m lleo <12™| [ lynl Dm(e) + h ly'nal Dm(e)] +12™ | || (Aindirec)™ [(xn - yn)e + h(x'y - y'n)e] ||

<hZm | A | (|yy| + h |y'yl) Dm + O(hP+2m), Dy, := max {Dy(e), Dm(c)},

where A runs through the spectrum of the Jacobian of the ODE. Ignoring the O(hP+2™) term, we conclude that the
iteration processes in the direct and indirect methods are expected to satisfy the stopping criterion (3.1) after equal
numbers of iteration if hZM | A™ | (|yy| + h |y'y]) Dy << C hP+!1, For nonstiff problems (i.e., | A | < 1), this
condition takes the form



C hP+1-2m

33 e —
©-3) m << jy i1+ hlyql

D
Table 3.2 lists the values of Dy, for the correctors of Table 3.1 (notice that Dy, vanishes for m = 1, and, if p = 9 or 10,

also for m = 2; this is a direct consequence of the order condition (q+1)(q+2)Acd = ¢3+2 satisfied by RKN correctors
derived from collocation, see [6, p.270]). By means of Table 3.2 it can be verified that the values of m, C and h used in
Table 3.1 satisfy (3.3), explainig the identiacla performance of the iteration processes.

Table 3.2. Values of Dy, := max {Dmy(e), Dm(c)} for RKN correctors.

m=2 |

Correctors p m=l m=3 m=4 m=5 m=6 m=7 m=8
Radau A 3 25E-02 17E-02 82E-03 15E-03 12E-04 6.0E-05 4.5E-06 1.2E-06
Gauss-Legendre 4 8.0E-03 4.0E-03 69E-04 15E-04 9.1E-06 3.7E-07 1.0E-07 6.2E-09
Radauu A 5 0 1.1E-03 2.6E-04 84E-05 12E-05 8.5E-07 5.1E-08 4.9E-09
Gauss-Legendre 6 0 52E-04 6.8E-05 99E-06 13E-06 84E-08 3.1E-09 1.2E-10
Radauu TA 7 0 48E-05 2.8E-05 22E-06 3.7E-07 5.2E-08 3.1E-09 1.1E-10
Gauss-Legendre 8 0 25E-05 1.2E-05 59E-07 3.2E-08 5.6E-09 3.5E-10 1.2E-11
Radauu A 9 0 0 2.0E-06 3.0E-07 12E-08 12E-09 1.5E-10 7.9E-12
Gauss-Legendre 10 0 0 1.0E-06 13E-07 33E-09 14E-10 1.6E-11 9.3E-13
3.2. Nonlinear Fehlberg problem
For the second numerical example, we consider the orbit equation (see [2])
42 2/x(1) , v
34) QZ%Q= ( ) ¥y(©), 1(t) = '\/ y12(»t) + yzz(t) , Y2 <t<3m,
dt 2/1(t) 42 )

with exact solution y(t) = (cos(t2), sin(t2))T. The results are reported in Table 3.3. In this nonlinear problem, the

superiority of direct PIRKN methods is once again demonstrated.

Table 3.3. Values of NCD / Ngeq for problem (3.4) obtained by PIRKN methods.

Generating corrector methods P Ngteps=200 Nggeps=400 Ngiens=800 Nypone=1600 Ngjen=3200 C

Indirect Radau ITA
Direct Radau ITA
Indirect Gauss-Legendre
Direct Gauss-Legendre
Indirect Radau HA
Direct Radau IIA
Indirect Gauss-Legendre
Direct Gauss-Legendre
Indirect Radau TA
Direct Radau A
Indirect Gauss-Legendre
Direct Gauss-Legendre
Indirect Radau ITA
Direct Radau ITIA
Indirect Gauss-Legendre
Direct Gauss-Legendre

O O 0o I A Y bbb WVWW

0.8 / 556
1.3/ 556
19/570
271570

3.2/652
3.8/652
451845
5.3 /841
5.7 /808
6.2 / 808

721992
8.1/7991

8.6/ 1036
9.4 /1036

10 10.1/1207
10 11.1/1207 14.1/ 2473

1.7 71182
22/ 1182

3.2/ 1208
3.9/ 1200

4.7/ 1411
5.3/ 1411

6.3 /1765
7211760

7911760
8.6/ 1760

9.6 / 2060
10.5 / 2057

11372174
12.1/2174

13.1/ 2473

2.6/ 2400
3.1/2400

4.4/ 2554
5.1/2510

6.2 / 2967
6.8 7 2967

8.1/ 3596
9.0/ 3585

10.0/ 3648
10.7 / 3648

12.0 / 4246
129 / 4244

14.0 / 4479
14.8 / 4479

16.1 / 5054

3.5/4800
4.0 /4800
5615353
6.3 /5276
7.716147
8.3/ 6147
9.9 /7301
10.8 7 7291
12.1 /7482
12.8 /1 7482

14.4 / 8684
15.3 /8672

16.8 / 9094
17.5 /1 9094

4.4 /9600
49 /9600

6.8 /11122
7.5/ 10991

9.2/ 1259
9.8 712594

11.7 / 14809
12.6 / 14790

14.2 / 15304
14.9 / 15304

16.8 / 17556

17.71 17549

19.5/ 18422
20.2/ 18422

19.1/ 10273 22.2 / 20826
17.1 /5052 20.1/ 10270 23.3 / 20825

104
104
105
105
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APPENDIX

A.l.  Additional numerical experiments

In addition to the experiments reported in Section 3., we present further experiments. As in the preceding
examples, the superiority of direct PIRKN methods over indirect PIRKN methods is demonstrated. The integration
strategy is identical with (3.1).

A.1.1. Duffing equation
As a first additional example we consider the Duffing equation forced by a harmonic function (cf. [1])

(A1) %Q= -y3(t) - y(t) + cos(1.01t), 0 <t<24m, y(0) =yg(0), y'©) =0,

where yG(t) is Galerkins's approximation of order nine to a periodic solution computed by Van Dooren (see also [1]):

4
Yo® = Y @41 cos((2i+1)1.010),
i=0

where a; = 0.200179477536, a3 = 0.246946143E-3, a5 = 0.304014E-6, a7 = 0.374E-9 and ag = 0.0.

Table A.1a. Value of NCD / Nseq for problem (A.1) obtained by 3-, 4-, 5-, 6-order PIRKN methods.

Correctors of PIRKN methods p  Nggeps=100 Ngpen=200 Ngtepe=400 Ngpen=800 Ngiepg=1600 C

Indirect Radau ITA 3 19/252 26/581 3.5/1188 4.4/2400 53/4800 101
Direct Radau TA 3 26/259 3.1/581 4.0/1188 4.9/2400 5.8/4800 10!
Indirect Gauss-Legendre 4 22/295 35/662 4.7/1470 5973056 7.1/6280 1072
Direct Gauss-Legendre 4 30/294 42/600 54/1444 6.6/3043 7.8/6232 1072
Indirect Radau ITA 5 38/357 53/716 69/1588 8.4/3200 99/6398 102
Direct Radau TA 5 43/357 59/776 7.5/1588 9.0/3200 10.4/6398 102
Indirect Gauss-Legendre 6 45/397 6.4/800 82/1600 10.0/3664 11.4/7688 1073
Direct Gauss-Legendre 6 53/39 73/800 9.2/1600 10.9/ 3642 103

Table A.1b. Value of NCD / Ngeq for problem (A.1) obtained by 7-, 8-, 9-, 10-order PIRKN methods.

Correctors of PIRKN methods p  Nggepg=25 Nggeps=50 Ngeps=100 Ngteps=200 Ngepg=400 C

Indirect Radau IIA 7 12/104 40/247 62/500 85/996 10.6/2000 103
Direct Radau A 7 26/118 43/247 73/500 94/99 11.2/2000 103
Indirect Gauss-Legendre 8 20/157 48/298 72/59 9.6/1196 11.4/2400 1077
Direct Gauss-Legendre 8 42/148 53/298 8.1/600 10.5/1195 10”7
Indirect Radau ITA 9 29/155 55/298 87/600 11.2/1200 10”7
Direct Radau TIA 9 34/147 56/298 93/600 11.4/1200 107
Indirect Gauss-Legendre 10 40/162 7.0/336 9.6/688 11.5/1387 10-8

Direct Gauss-Legendre 10 46/161 7.1/336 10.9/688 10-8




A.1.2. Newton's equations of motion
The second example is the two-body gravitational problem for Newton's equation of motion (see [12, p. 245]):

0 y100

dt2 ()

(A2) 0<t<20, y1(0)=1-8€, y2(0) =0, y'1(0) =0, y'9(0) = \l(l +€)/(1-¢),
@y y20)
a2 S

where 1(t) = ‘\j ylz(t) + y22(t) . The solution components are y(t) = cos(u) - €, y(t) = \j (1 +€)1-¢€) sin(u),
where u is the solution of Kepler's equation t = u - € sin(u) and € denotes the eccentricity of the orbit. In this
experiment we set € = 0.3.

Table A.2a. Value of NCD / Nseq for problem (A.2) obtained by 3-, 4-, 5-, 6-order PIRKN methods.

Correctors of PIRKN methods p  Nggens=200 Nsteps=400 Ngieps=800 Nisteps=1600 Nggeps=3200 C

Indirect Radau ITA 3 13/406 22/1200 3.1/2400 4.0/4800 4.9/9600 102
Direct Radau ITA 3 18/406 2.7/1200 3.6/2400 4.5/4800 5.4/9600 102
Indirect Gauss-Legendre 4 37/600 49/1200 6.1/2400 7.3/4800 8.5/9600 102
Direct Gauss-Legendre 4 49/600 6271200 7.4/2400 8.6/4800 9.8/9600 102
Indirect Radau TA 5 45/680 6.0/1504 7.5/3200 9.0/6400 10.6/12800 101
Direct Radau ITA 5 51/680 6.6/1504 8.1/3200 9.7/6400 11.2/12800 101
Indirect Gauss-Legendre 6 7.0/662 8.6/1600 10.4/3200 12.2/6400 14.0/12800 102
Direct Gauss-Legendre 6 7.8/661 93/1600 11.1/3200 12.9/6400 14.8 /12800 102

Table A.2b. Value of NCD / Ngeq for problem (A.2) obtained by 7-, 8-, 9-, 10-order PIRKN methods.

Correctors of PIRKN methods P Nsteps=50 Nsteps=100 Nsteps=200 Nsteps=400 Nsteps=800 C

Indirect Radau ITA 7 36/215 56/447 77/939 9.8/2000 12.0/4000 10-1
Direct Radau TA 7 43/215 63/447 84/939 10.5/2000 12.6/4000 101
Indirect Gauss-Legendre 8 54/238 7.7/516 10.1/1047 12.5/2121 14.9/4294 102
Direct Gauss-Legendre 8 62/237 9.0/515 11.4/1047 13.8/2119 16.2/4291 102
Indirect Radau ITA 9 56/261 82/537 10.9/1099 13.6/2258 16.3/4800 1072
Direct Radau ITA 9 64/261 9.0/537 11.7/1099 14.4/2258 17.1/4800 102
Indirect Gauss-Legendre 10 73/265 10.2/548 13.2/1160 16.2/2400 19.2/4870 102
Direct Gauss-Legendre 10 85/265 10.9/548 14.0/ 1158 17.0/2400 20.0/4869 10-2

A.2.  Butcher arrays of direct collocation-based Runge-Kutta-Nystrom methods
Here we give the Butcher arrays together with the stability boundaries Bcorr for a few high-order direct

collocation Runge-Kutta-Nystrom methods based on Gauss-Legendre and Radau ITA collocation points. These methods
have been used as corrector methods in this paper. For full details about direct collocation-based Runge-Kutta-Nystrom
methods we refer to [9] and also to Report NM-R9016, September 1990, Centre for Mathematics and Computer
Science, Amsterdam.



A.2.1. The 2-stage direct collocation-based Radau ITA Runge-Kutta-Nystrom corrector method

33333333333333 | .07407407407407 -.01850185018501
1.0000000000000 | .50000000000000 .00000000000000
.50000000000000 .00000000000000
.75000000000000 .25000000000000

with stability boundary B gy = 8.61

A.2.2. The 2-stage direct collocation-based Gauss-Legendre Runge-Kutta-Nystrom corrector method

21132486540519 | .02777777777778 -.00544867840852
78867513459481 | .28322645618630 .02777777777778
.39433756729741 .10566243270259
.50000000000000 .50000000000000

with stability boundary Bcoer = 9.00

A.2.3. The 3-stage direct collocation-based Radau ITA Runge-Kutta-Nystrém corrector method

.15505102572168 | .01637627564304 -.00686652290351 .00251065754914
.64494897427832 | .18119985623684 .02862372435696 -.00184399088247
1.0000000000000 | .31804138174398 .18195861825602 .00000000000000
.31804138174398 .18195861825602 .00000000000000
.37640306270047 .51248582618842 .11111111111111

with stability boundary Beorr =9.55

A.2.4. The 3-stage direct collocation-based Gauss-Legendre Runge-Kutta-Nystrom corrector method

.11270166537926 | .00833333333333 -.00273296324905 .00075046260535
.50000000000000 | .10587476869733 .02083333333333 -.00170810203066
.88729833462074 | .21591620406132 .16939962991572 .00833333333333
24647175961687 .22222222222222 .03130601816091
27777777777718 .44444444444444  27777777777778

with stability boundary Begrr =9.77

A.2.5. The 4-stage direct collocation-based Radau ITA Runge-Kutta-Nystrom corrector method

.08858795951270 | .00538267552947 -.00242159178326 .00156464563415 -.00060181609506
40946686444073 | .06955830402056 .01612025009105 -.00247876656799 .00063176899384
.78765946176085 | .15453781373038 .14485808726103 .01115013560396 -.00034232274468
1.0000000000000 | .20093191373896 .22924110635959 .06982697990145 .00000000000000
.20093191373896 .22924110635959 .06982697990145 .00000000000000
.22046221117677 .38819346884317 .32884431998006 .06250000000000

with stability boundary Boorr = 9.84
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A.2.6. The 4-stage direct collocation-based Gauss-Legendre Runge-Kutta-Nystrém corrector method

06943184420297 | .00323055316068 -.00125019789572 .00059911990284 -.00016908467309
.33000947820757 | .04465473951622 .01105516112504 -.00157634391318 .00031957112534
.66999052179243 | .10477319401975 .10928215124631 .01105516112504 -.00066685674526
93056815579703 | .14960613448281 .19642483580315 .08371702284510 .00323055316068
.16185132086231 .21846553629538 .10760704113589 .01207610170642
.17392742256873 .32607257743127 .32607257743127 .17392742256873

with stability boundary Beorr = 9.86

A.2.7. The S-stage direct collocation-based Radau IIA Runge-Kutta-Nystrom corrector method

11

.05710419611452 | .00224347112086 -.00103687182778 .00073133548477 -.00050560983563 .00019811966472
.27684301363812 | .03108273511543 .00834170664325 -.00157102933696 .00070672593038 -.00023911125198
.58359043236892 | .07589152043041 .08508291363323 .01012552665068 -.00100095211071 .00018988777267
.86024013565622 | .11533394404710 .16450067926681 .08525394016214 .00500946019427 -.00009147817341
1.0000000000000 | .13550691343149 .20346456801027 .12984754760823 .03118097095001 .00000000000000
.13550691343149 .20346456801027 .12984754760823 .03118097095001 .00000000000000
.14371356079122 .28135601514946 .31182652297574 .22310390108357 .04000000000000
with stability boundary Beoy = 9.86
A.2.8 The S-stage direct collocation-based Gauss-Legendre Runge-Kutta-Nystréom corrector method
.04691007703067 | .00149031739012 -.00062259679760 .00036153237990 -.00018017673448 .00005120142557
.23076534494716 | .02147193514388 .00591709001729 -.00103452586322 .00036101254307 -.00008918962672
.50000000000000 | .05382516053910 .06356132506917 .00833333333333 -.00087038743098 .00015056848937
.76923465505284 | .08547986650844 .12922443754336 .07554777601848 .00591709001729 -.00030819282043
.95308992296933 | .10740038552504 .17268244948941 .12924044380229 .04337660442598 .00149031739012
.11290631331378 .18408888012499 .14222222222222 .05522545512469 .00555712921431
.11846344252809 .23931433524968 .28444444444444 23931433524968 .11846344252809

with stability boundary Boory = 36.65



