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Abstract

Combinatory reduction systems (CRSs for short) are term rewriting systems in which binding
structures for variables are present. Metavariables ranging over the set of terms are equipped
with a fixed arity. As a consequence of these extensions, various substitution mechanisms
can be expressed: besides first-order term rewriting systems also A-calculus, extensions of A-
calculus, typed A-calculi and proof normalizations fit in the framework of CRSs. Confluence
of orthogonal CRSs has been proved by Klop. In this paper we present a new, much shorter,
proof of confluence for weakly orthogonal CRSs. The proof of confluence gives rise to an
extended notion of development, called ‘superdevelopment’. We prove superdevelopments to
be finite for both orthogonal term rewriting systems and A-calculus, thus generalizing the
well-known Finite Developments Theorem.
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1. Introduction

1.1. Origins

In the thirties, A-calculus was developed by Church, Kleene and Rosser. The original aims
of the study of A-calculus (a standard reference is [2]) were to provide a foundation for logic
and mathematics, and moreover to develop a general theory of functions. Whereas the first
aspect didn’t work out fully satisfactory, because of the appearance of paradoxes such as Curry’s
paradox, on the other hand the latter has turned out to be very fruitful. Being A-definable has
been shown to be equivalent to other notions of effective computability, like for instance Turing
computability. Somewhat before the development of A-calculus a theory related to it, called
Combinatory Logic (CL), was developed by Schénfinkel [20] and rediscovered by Curry [6].
Curry’s aim in studying CL was mainly to provide an alternative foundation for mathematics,
by analysing substitution and the use of variables. The close connection between A-calculus and

CL was demonstrated by Rosser, by means of a canonical translation of A-terms into CL-terms
and vice versa.
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Apart from investigating fundamental notions like computability, A-calculus is of special interest
for theoretical computer science as it can be considered as the prototype of a functional pro-
gramming language. Nowadays both A-calculus and CL play a prominent role in the design and
implementation of functional programming languages.

The study of A-calculus and the foundations of functional programming has led to a great variety
of classes of reduction or rewriting systems, an important one being first-order term rewriting,
which has already been applied successfully in many areas of computer science. Besides term
rewriting [15, 9], a non-exhaustive list cantains typed M-calculi [3, 6], A-calculus with §-rules
2, 17}, A(a)-reductions [8], recursive program schemes [4] and proof normalizations [7, 19].
The first attempt to provide a uniform framework for a number of extensions of \-calculus
was given by Hindley [8] in formulating A(a)-reductions. Aczel [1] has given in his contraction
schemes a much more extensive format of rewriting, in which also variable binding mechanisms
other than the usual one of A-calculus can be expressed. However, Aczel’s format does not
cover general first-order term rewriting. Klop [14] developed a very encompassing formalism
of rewriting under the name combinatory reduction systems (CRSs), which is a combination of
Aczel’s contraction schemes and first-order term rewriting. This format also covers normaliza-
tion of proofs in natural deduction [7], in which variable binding mechanisms occur that differ
essentially from the one in A-calculus.

The use of CRSs is that for all systems mentioned above a uniform proof of some syntactical
property can be given by proving this property for (a certain class of) CRSs. In this way one
avoids the necessity of having several proofs that are basically the same.

1.2. Goal of the Present Paper

An important syntactical property is confluence, meaning that for every two coinitial reduction
sequences s — ¢t and s —» u a common reduct of ¢ and u can be found. The main corollary of
confluence is uniqueness of normal forms, i.e. every term has at most one normal form. Church
and Rosser showed the consistency of A-calculus by showing that every two convertible temrs
have a common reduct. This result, known as the Church-Rosser Theorem, is an immediate
consequence of confluence.

As it turns out, like in the case of A-calculus, in order to prove confluence for orthogonal CRSs
two strategies can be followed. One is based on labelling reductions and tracing what happens
with reductions in a reduction diagram, as it originates from an attempt to prove confluence
by tiling with elementary reduction diagrams. In this way Klop [14] has proved confluence for
orthogonal combinatory reduction systems. Although this method yields useful information on
the manner in which reductions proceed, its drawback is that it is rather tedious and results in
an extremely long and complicated confluence proof.

Tait and Martin-L&f have proved confluence for A-calculus in another way, namely by analysing
the reduction relation in terms of a simpler relation denoted by +»;. This proof strategy has
been used as well by Aczel [1] for proving confluence of his contraction schemes, that form a
restricted class of CRSs. In the present paper we present a proof of confluence for the class
of weakly orthogonal CRSs following this proof strategy. The confluence proof turns out to be
elegant and manageable and might enhance the accessibility to the framework of CRSs. All
complications in the present proof are a consequence of admitting weakly overlapping redexes;
these parts may be skipped by readers only interested in orthogonal CRSs.

In this proof of confluence a relation on terms is used that yields as a side-result a concept which
may be of some interest on its own: superdevelopments.

The relation +; of the confluence proof of Tait and Martin-L&f corresponds exactly to a well-



known concept in A-calculus, namely that of ‘development’. A development is a reduction
sequence in which only descendants of redexes that were already present in the initial term may
be contracted, whereas contraction of redexes that were created along the way is not allowed.
A classical result in the theory of A-calculus is the Finite Developments Theorem, stating that
all developments must terminate eventually.

In the confluence proof of Aczel the reduction relation is analysed by means of a relation on
terms, denoted by >, that is a generalization of the one used by Tait and Martin-L6f. The
reduction sequences corresponding exactly to this relation are less restrictive than developments
and will be called ‘superdevelopments’.

It will be proved for orthogonal TRSs and A-calculus that all superdevelopments are finite. The
same theorem holds for the case of CRSs, but that is not worked out in this paper.

1.3. Related Work

Work on confluence criteria for higher-order rewriting has been done by Nipkow [18]. Jouannaud
and Okada [10] have a general modularity result for polymorphically typed A-calculus extended
by first-order and higher-order rewrite rules. Kennaway [12] has proved that for a large class of
reduction systems, also containing all weakly orthogonal CRSs (although his definition of weakly
orthogonal is slightly more restrictive), a recursive normalizing one-step evaluation strategy exist.
Kahrs [11] investigates an extension of A-calculus with general first-order rewriting, and proves
several syntactic properties. This class of reduction systems is contained in the one of CRSs.
Another new confluence proof for a class of rewriting systems with bound variables is given
by Khasidashvili {13]. This proof proceeds along the lines of the proof given by Klop in [14].
Breazu-Tannen and Gallier prove in [5] that adding simply typed A-calculus to a set of confluent
first-order rewrite rules preserves confluence.

1.4. Contents of Present Paper

The remainder of this paper is organized as follows. In section 2 a concise overview of first-order
term rewriting is given. Then we focus attention on combinatory reduction systems for which
the main definitions are given and illustrated by examples. We use functional notation, like in
[12], instead of the applicative one originally used by Klop in [14]. Section 3 is devoted to a
proof of confluence for weakly orthogonal CRSs. Like in the proof of confluence for A-calculus
by Tait and Martin-Lof, we define a relation, denoted as >, on terms such that the transitive
closure of > equals reduction. Then we prove that > satisfies the diamond property, which yields
confluence for weakly orthogonal CRSs. The relation > gives rise to a special kind of reduction
sequences that form a generalization of developments, and that we shall call ‘superdevelopments’. -
In section 4 we define superdevelopments for orthogonal TRSs and A-calculus and prove them
all to be finite.

2. Preliminaries

2.1. Term Rewriting Systems

A term rewriting system (TRS) is given by a non-empty set of function symbols F and a set
of reduction rules. To each function symbol a fixed arity is associated, denoting the number
of arguments it should have. Function symbols of arity 0 are called constant symbols. Next to
function symbols we shall need a countably infinite set of metavariables, written as Z, Zg, Z1, .. .
ranging over the set of terms. The set of metavariables Mvar and F are supposed to be disjoint.



The set Ter(F, Mvar) of terms built from function symbols and metavariables is defined as the

smallest set such that

®  each metavariable Z € Muvar is a term,

e ifty,...,t, are terms and F € F is a function symbol of arity n, then F(ti,...,t,) is a
term.

If C is a constant symbol we write the term C() as C. Identity on terms is denoted by =. A

contezt is a ‘term’ with one or more occurrences of a special symbol O, denoting an empty place.

A context with exactly one occurrence of O is written as C[ ]; one with n occurrences of O as

C[,...,]. For a context CJ,...,] with n occurrences of O, C[ty,...,t,] is the result of replacing

from left to right the occurrences of O by t1,...,t,. A term s is a subterm of t if a context

C[ ] exist such that t = C[s]. A reduction rule is a pair (I, 7) of terms of Ter(F, Muar), usually

written as | — r, satisfying the following two conditions:

e the left-hand side [ is not a metavariable,

e metavariables occurring in the right-hand side r occur already in the left-hand side .

A valuation is a map o : Mvar — Ter(F, Mvar) extended to a homomorphism Ter(F, Mvar) —

Ter(F, Mvar) by defining o(F(t1,...,t,)) = F(o(t1),...,0(ts)). The map o is subject to the

restriction that 0(Z) # Z only for finitely many metavariables Z. A term o(t) is called an

instance of {. An instance of the left-hand side of some reduction rule is called a redez (short

for reducible expression).

The reduction rules of a TRS R induce a reduction relation —p (written as — if it is clear

which term rewriting system is meant) on Ter(F, Mvar) in the following way: s —p ¢ if there

exists a reduction rule | —p r, a valuation o and a context C[ | such that s = Clo(l)] and

¢t = Clo(r)]. Then s is said to reduce to t by contracting the redex o(I). The subterm o(r) is

called the contractum of the reduction step, and the term t = Clo(r)] is called the reduct. The

reflexive-transitive closure of — is written as —».

2.2. Combinatory Reduction Systems

In a combinatory reduction system (CRS for short), term formation is more complex than in
the case of TRSs, where terms only can be built from metavariables and function symbols. We
distinguish two kinds of ‘variables’: ordinary variables used to build up terms, and metavariables
ranging over the set of terms that are used in the reduction rules. An essential feature of CRSs
is the presence of a binding mechanism for variables. A term ¢ of which some variable z has
been abstracted will be written as [z]t, with [..].. the abstraction operator; z is then called a
bound variable. Metavariables have a fixed arity, denoting the number of arguments they must

have. For an n-ary metavariable Z, Z(z1,...,z,) represents an arbitrary term ¢ possibly but
not necessarily containing the variables z1,...,2,. Then Z(s1,...,s,) corresponds to this term
t in which z,,...,z, have been replaced by s,..., 8,, respectively.

By extending TRSs in this way, a framework is obtained in which various substitution mecha-
nisms can be expressed. For instance, the rule

F([z]Z(2)) - Z(I)

expresses that in an argument of F' starting with an abstraction the variable bound by this
abstraction may be replaced by I.

In A-calculus, we have variables and a binding mechanism, A-abstraction, for them, but metavari-
ables are treated on an informal level. In the rule for B-reduction, usually written as

(Az.M)N —g Mz := N] for A-terms M and N



M and N stand for arbitrary terms and are in fact metavariables, although they are not present
in the language as such. In rules of TRSs only nullary metavariables (unfortunately usually
called ‘variables’) are present, and no binding structures.

We now proceed with the formal definition of CRSs.

The alphabet of a CRS consists of

(1) a countably infinite set Var of variables, written as z,y, z, ...,

(2) acountably infinite set Mvar of metavariables, written as Z. 20,21, . .., where each metavari-
able has a fixed arity denoting the number of arguments it is supposed to have,

(3) a non-empty set F of function symbols, each with a fixed arity,

(4) improper symbols (, ), [, ].

As is customary, function symbols with arity O are called constant symbols. All sets of symbols

are supposed to be mutually disjoint. Metaterms, only used in reduction rules, are distinguished

from terms. Both are built from the alphabet given above.

DEFINITION 2.1. The set Mter(F, Mvar, Var) of metaterms, henceforth simply referred to by
Mter, is the smallest set such that

(1) each variable z € Var is a metaterm,
(2) ift is a metaterm and z a variable, then [z]t is a metaterm,

(8) if F is a function symbol with arity n and ¢y, ...,%, are metaterms, then F'(ty,...,t,) is a
metaterm,

(4) if Z is a metavariable with arity n and ty,...,%, are metaterms, then Z(¢,...,t,) is a
metaterm.

The set Ter(F, Mvar, Var) of terms, henceforth written as Ter, consists of all metaterms not
containing any metavariable.

In the (meta)term [z]t, all occurrences of z in t are bound by [x]. Variables that are not bound
are called free variables. A (meta)term in which all variable occurrences are bound is called a
closed (meta)term. Next to this usual terminology some usual conventions are adopted. Instead
of [z1](... ([zalt) . ..) we write [z1...z,]t. (Meta)terms that are identical up to a renaming of
bound variables are identified. This permits to adopt the convention that for each abstraction
another variable is used.

In the (meta)term [z]t, although it is well-formed, the meaning of the abstraction [z] is not
expressed. The only information we have is the fact that an abstraction has taken place. The
actual (operational) meaning of this binding, however, will be expressed by the function symbol
taking [z]t as an argument, together with the reduction rules ‘defining’ that function symbol.
Another possibility for representing metaterms and terms is using instead of the functional
format chosen here an applicative one. In that case, all function symbols are supposed to be
nullary and next to them a special binary operator ‘application’ is considered. Although the
applicative style yields more subterms, both set-ups are entirely equivalent and it is only a
matter of taste which format is preferred.

A reduction relation on the terms of a CRS is generated by instantiated versions of reduction
rules.

DEFINITION 2.2. A reduction rule is a pair (o, 8), written as a — 3, satisfying the following
constraints:

e o and ( are closed metaterms,
e aisof the form F(ay,...,a,), with ay,..., a, metaterms,
e metavariables occurring in 8 occur also in o,



iables in o occur only in the form Z (%1,...,Zn), with n the arity of Z and 1, ..., 2z,
variables.

rule & — B acts as a scheme from which actual reduction steps can be obtained
ing, by means of a valuation o, all metavariables by terms. Then a reduction step
’[o(B)] is obtained by putting an instantiated version of a reduction rule & — 3

Some care should be taken in the instantiating process, in order to avoid name
een bound variables and in order to prevent free variables from being captured

ms. Before defining valuations we first introduce as a notational device the n-ary
tion.

2.3. Let t be a term in some CRS R.

-tuple of distinct variables (z1,...,2,), A(z1,...,Z,).t is an n-ary meta-abstraction.
iables 1,...,2, in A(zy,...,2,).t are considered to be bound by A and may be
,» provided that no name clashes occur.
7 meta-abstraction A(z1, ..., Z5).t can be applied to an n-tuple of terms (sy, ..., 8,).
ult is the term ¢ in which s;,...,8, have been substituted simultaneously for
n

(A1, Zn)B)(S1,. .., 80) = t[T1 1= 81,..., T 1= 8y,]
: variables of an n-ary meta-abstraction A(z1,...,z,).t are the variables in ¢ that
cur in (z1,...,2y,)

Jy defining valuations.

2.4. A valuation is a map o that assigns to an n-ary metavariable Z an n-ary

tion: o(Z) = A(#1,...,2Zn).t, and is extended to a homomorphism on metaterms
ing way:

: for any variable z,

= [z]o(2),

s tn)) = F(o(ty),...,o(tn)),
e tn)) =0(Z)(o(t1),...,0(tn))-

the second clause of the definition new occurrences of z might get introduced in
»uldn’t be bound by [z]. This is avoided in the following way. Let &« — G be a
e and o a valuation. The reduction rule & —  is said to be safe for o if no free
1e co-domain of o occurs in @ — . By renaming bound variables in a reduction
or every valuation o always find a variant of the reduction rule that is safe for o.

2.5. Let o — 3 be a reduction rule and o a valuation such that o — 3 is safe for
avery context C| ], Clo(a)] — Clo(B)] is a reduction step.

les might be clarifying.

6. Suppose we would like to instantiate the rule F([z]Z) — F([y]Z) by the valua-
d by 0(Z) = x. Then first we have to rename bound variables in the reduction rule
obtain a variant of it that is safe for 0. Take e.g. F([z']Z) — F([y]Z). Then we
ance the reduction step o(F([z']Z)) — o(F([y]Z)), i.e. F([z']z) — F([y]z).

A-calculus can be represented in the CRS formalism.



ExAMPLE 2.7. The alphabet of the CRS describing A-calculus has two function symbols: @, a
binary function symbol for application, and A, a unary function symbol for A-abstraction. The
(B-reduction rule is written in the CRS formalism as:

- @(M([z)21(x)), Za) — Z1(Z5)

The reduction step (Az.zzy)z — 22y can be written in the CRS formalism by taking the
valuation o defined by

o(Zy) = Mzazzy
o(Zs) = =z

Then (Az.zzy)z = o(@(A([z] Z1(2)), Z2)) — 0(Z21(22)) = zzy[z = 2] = 22y.
The next example describes various proof normalizations in CRS format.

EXAMPLE 2.8. In the following proof normalization a consecutive application of the rules intro-
duction and respectively elimination arrow is eliminated.

[4]

~~y

A A—B

This rule can be represented in the CRS formalism as follows :
El(Int([x]Zl (33)), Zg) - 71 (Zz)

Note that this rule corresponds exactly to the one of S-reduction in A-calculus!
Another example: a rule eliminating a consecutive use of introduction and elimination of V.

4] (B

av) o - A
AVB c c :
5 (EV) C

The representations of both proof normalization rules for V in CRS format are given as follows:

EN(Int1(Zo), [2] Z1(x), 41 Z2(y)) — Z1(Z0)
El(Int2(Zo), [z]Z1(x), [y1Z2(y)) — Z2(Z0)

A metaterm is called linear if no metavariable occurs in it more than once. A reduction rule is
called left-linear if its left-hand side is linear. A CRS is said to be left-linear if all its reduction
rules are so.



on rules & — 3 and o' — (' are said to overlap if there exist valuations ¢ and 7
@) = 7(a") with o' a subterm of o/ that is not of the form Z(zy,...,2,). Then
(o/) for some context C[ ], and for this term two possibilities to reduce exist: either
2lo(B)] or T(a) — 7(B'). If @ — B and o/ — B’ are identical, it is required that
o reduction rules @ — § and o/ — ' weakly overlap if there exist valuations o and
Clo(a)] = (), but it holds that Clo(8)] = 7(8').

lled non-ambiguous if no two reduction rules overlap. If all overlapping reduction
sakly overlap, a CRS is said to be weakly non-ambiguous. A CRS is called orthogonal
near and non-ambiguous, and it is called weakly orthogonal if it is left-linear and
ambiguous. We shall consider only (weakly) orthogonal CRSs.

strictions have been imposed on term formation. However, often it is the case that
on term formation are present, for instance in Al-calculus or in typed A-calculus.
make the CRS formalism also suitable for those cases, we define a substructure of
subset of terms that is closed under reduction. If a CRS is orthogonal, then all

sures are so. All proofs for CRSs in this paper carry over immediately to their
8.

fluence

on all weakly orthogonal CRSs are proved to be confluent. This means that for
dinitial reduction sequences s — ¢t and s — u a term v exists such that t —» v
This term v is called a common reduct of t and u. An important consequence of
+ uniqueness of normal forms, where of course the existence of a normal form is not
Before giving the proof of confluence for weakly orthogonal CRSs, we shall illustrate
ace of both aspects of weak orthogonahty

nsisting only of the rule

F(F(Z))— A

, but for instance the term F(F(F(A))) contains two overlapping redexes. Both
1d F'(A) are normal forms; hence a common reduct cannot be found.

A

&
F
| |
A A

g TRS given in Klop [15], is non-ambiguous but not left-linear.

D(2,Z) — E
c(z) - D(z,C(2))
A — C(4)



For the divergent reductions C(A) - E and C(A) -» C(E) no common reduct can be found.

The strategy of our proof of confluence is akin to the confluence proof for A-calculus due to Tait
and Martin-Lof; this proof can for instance be found in [2]. In a similar way, Aczel [1] proves
confluence for his contraction schemes, that form a subclass of orthogonal CRSs.

The proof of confluence proceeds by defining a relation > on the set of terms such that its
reflexive-transitive closure equals reduction. Then it is proved that > satisfies the diamond
property, given in the following definition.

DEFINITION 3.1. A relation > satisfies the diamond property if for each a, b and c such that abb
and a b ¢, a d can be found such that both b d and cb d are satisfied.

The diamond property of > is easily seen to imply confluence of >, which in turn is equivalent
to confluence of the reduction relation.

The difference between the proofs of Tait and Martin-Lof and Aczel lies not in the proof method,
but in the relation for which the diamond property is proved: the relation of Tait and Martin-L&f
is properly contained by the one defined by Aczel. The relation > in our proof is similar to the
one given by Aczel.

DEeFINITION 3.2. The relation > on Ter is defined as follows:

(1) z > z for every z € Var,

(2) if s > ¢, then [z]s > [z]t for every variable =,

(8) if 51 > t1,...,8n > ty, then F(s1,...,8,) > F(t1,...,t,) for every function symbol F with
arity n,

(4) for areduction rule @ — g, a valuation ¢ and a function symbol F of arity n: if F(ty,...,t,) =
o(c) and if 81 > ty,...,8, > tp, then F(s1,...,8,) > o(B).

The fourth clause can be visualized as follows:

F(Sl,---,sn)
vV IV
o(e) = F(t,...,tn) — o(B)

The first three clauses of the definition state that > is a reflexive relation that is closed under
term formation. By addition of the fourth clause, we have that s > ¢ if the term s reduces to
the term ¢ by a parallel ‘inside-out’ reduction. The transitive closure of > will be written as >>.

PRroPOSITION 3.3. The relation 3> equals reduction.

PRroOF. First, we prove with induction on the definition of > that s - ¢ if s > £. This yields

immediately that s — ¢ if s3>t.

o Ifs>tisx > x then indeed s —» £ since £ — z.

o Ifs>tis[z]s’ > [z]t' with s’ > ¢, then by the induction hypothesis s' —» ¢'. Since reduction
can be performed in a context, this yields [z]s' - [z]t'.

o Ifs>tis F(s1,...,8,) 2 F(t1,...,tn) with 83 > t1,...,8, > t,,, then by the induction
hypothesis s; — t;,...,8, - t,. Again the fact that reduction can be performed in a
context is used, and we obtain that F'(s1,...,8,) = F(t1,...,tn).

e In the last case s > ¢ is due to the fourth clause of the definition of >. Then we have s =
F(s1,...,8,) and t = 0(0) with s; > ¢1,...,8, > t, and F(ty,...,t,) = o(a), with o — 8
a reduction rule. By the induction hypothesis, we have the reductions s; —» t1,...,8, - tns.
So we have s = F(s1,...,8,) = F(t1,...,ts) = o(B8) = t.

9



Conversely, let s — ¢, i.e. s = Clo(a)] and t = C[o(8)]. Using the reflexivity of > and the fourth
clause of its definition, we obtain that o(a) > ¢(8) for a reduction rule @ — 8 and some valua-
tion . Then the fact that > is closed under term construction yields that Clo(c)] > Clo(B)].
So if § = t then s3>t. O

We will introduce the concept ‘coherence’, which will be useful for proving that > satisfies the
diamond property. This notion is originally due to Aczel [1], but our definition of coherence,
however, is more liberal (i.e. coherence in Aczel’s sense implies coherence in our sense) because
we also take weakly orthogonal CRSs into account.

DEFINITION 3.4. A relation > on the set of terms of a CRS R is called coherent with respect to
the reduction relation of R if the following holds: if F(a1,...,as) = o(a) for a reduction rule

o — (3 and some valuation ¢ and if a; b by, ...,an > by, then either F(by,... ybn) = 7(a) and
o(B)>7(B), for a valuation 7, or o(8) = F(ai,...,al,) with @} >by,...,a! >b,. The second case
only arises if the redex F(ay,...,a,) overlaps with a redex in one of the a;.

The notion of coherence is visualized in the following pictures; in the first case we have

F(ai,...,an) — a

v v v
F(bl,...,bn) — b

and the second case can be viewed as

F(ay,...,an) — F(di,...,a})

v v v v
F(bl,...,bn) = F(b]_,...,bn)

The next to be proved is that > is coherent, which in turn will be used for proving that > satisfies
the diamond property. In order to prove coherence of > we need two technical propositions.
PROPOSITION 3.5. Ifa > b and 81 > t1,...,8, > tp, then

alTy = 81,...,8n 1= 8p] 2 blz1 1= t1,. .., 2 1= ]

PROOF. The proof proceeds by induction on the definition of a > b.
e In the case that a > b is z > z it is clear that the statement holds.
o Ifa>bis[z]a' > [z]b/, then we have, if z is not among 1, ..., Zn,

[z)(a'[z1 := 81,...,2n := 84])
[.’B](bl[w1 =y Ty = tn])
([z]")zr = t1,. .., zn = tn)

"The second step follows by induction hypothesis. If in fact z = z; for some
i €{l,...,n}, then

([z]a")[z1 = s1,...,Zn = 85)

v il

([zla")[z1 = s1,...,%n = 8n) = [z](a'[z1 := 81, .., Zp := 83])
with z; := s; left out of the substitution, and reasoning along the same lines it follows that

(Iz]la")wy := s1,...,Tn 1= 85] = ([2]b')[z1 = t1,. .., Zn = L]

10



Ifa >bis F(a,...,a,) > F(b1,...,b,) withas > b1,...,an > by, then again the statement
is a direct consequence of the induction hypothesis.

The most complicated case is when a > b is F(a1,...,a,) 2 bwitha; 2 b;fori=1,...,n
and F(by,...,b,) — b. In that case we have by definition a[z;, = #1,...,Zn 1= t,] =
F(ai[..],-..,an[...]). By the induction hypothesis, we have a3[...] > bi[...],...,ax[...] >
bn[...] with [...] the appropriate substitution. The following that has to be proved is that
F(bi[...],...,ba[...]) — b[...], and this is easily seen to be the case, since reduction rules
do not contain any free variables.

PROPOSITION 3.6. Let t be a metaterm containing only metavariables Z1,...,Z;. Let o and T
be valuations. If 0(Z;(z1,...,zp,)) 2 7(Zi(z1,...,2p,)) fori=1,...,k, then o(t) > 7(t).

PROOF. The proof proceeds by induction on the structure of ¢.

O

If ¢ = z for some variable z, then o(t) =z > z = 7(¢t).
If t = [z]u for some metaterm u, then we have

a(t)

o([z]u)

[z]o(u)

[z} (u)

7([z]v)

7(t)

Ift= F(t1,...,t,) for some n-ary function symbol F and metaterms ti,...,t,, we have by
induction hypothesis o(¢;) > 7(¢1),...,0(tn) 2 7(tn). So we have

v i

o(t) = o(F(ty,...,tn))
= F(o(t1),...,0(tn))
> F(r(t),...,7(tn))
= 7(F(t1,...,tn))
= 7(t)
The last case to be considered is when t = Z;(t1,...,tp,) for some i € {1,...,k}. Let
0(Zi(z1,...,Tp;)) = a; and 7(Zi(z1,...,2p)) = b;. In that case, we have o(t) = a;z1 =

o(t1),...,2n 1= o(t,)] and 7(t) = byzy := 7(t1),...,%n = 7(t,)]. By hypothesis respec-
tively induction hypothesis, we have a; > b; and o(t1) > 7(t1),...,0(tn) > 7(t,). Then,
applying Proposition 3.5 indeed yields o(¢) > 7(¢t).

With the aid of these two propositions, we can now prove the main lemma.

LEMMA 3.7. The relation > is coherent.

PROOF. Suppose F(ai,...,a,) = o(a) for some reduction rule @« — § and denote by a its
contractum (). Suppose furthermore that we have a; > by,...,a, > b,. We shall prove
that either F(by,...,b,) = 7(a) — 7(B8) with a > 7(8) or a > F(b,...,b,) by the third
clause of the definition of >. By Proposition 3.3, we know that a; -» b1,...,a, — b,. There
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may occur overlap between these reductions and the reduction F(ay,...,a,) — a, but by weak
orthogonality every critical pair is trivial.

The proof proceeds by induction on the nesting of the overlaps. The basis of the induction is
the case that no overlap at all occurs. Then the reductions a; —» by, ..., a, — b, don't affect the
pattern of o and F'(by,...,by,) is still an instance of , say 7(a). So in this case it has to be proved
that o(8) > 7(8). The metaterm « is of the form F(ay,...,a,) with ay,...,a, metaterms.
Since ay 2 by,...,a, > by, we have that o(a1) > T(@1),...,0(an) > T(an). Metavariables in
o occur only in the form Z;(z1,...,zp,), so this yields 6(Z;(z1,...,2p)) = 7(Zi(z1,...,Zp;))
for every metavariable Z; occurring in o. Because o — (3 is a reduction rule, # doesn’t contain
any metavariable that doesn’t already occur in a, so we can apply Proposition 3.6 and obtain

a=o(6) 2 7(6).

In the induction step, we suppose that in the reduction sequences a; —» b1,...,a, — b, at
least one overlap with o occurs. If overlap occurs on place i, then a; = C;[p;(a;)]. By weak
orthogonality, we know that ai,...,a], exist such that a = F(a},...,al) and such that a = a;
if no overlap at place ¢ occurs and a} = C;[p;(8;)] if overlap does in fact occur. Now it has to be
proved that a} > b; for ¢ = 1,...,n. For all i with al = a; this is immediate. The complicated
case is when a; = C;[pi(as)], a} = C;[pi(8;)] and a; > b;, by hypothesis, and it has to be proved
that a} > b;. This will be proved by induction on the structure of the context C;[ ].

The first case is that the context is empty, so a; = p;(;), a; = p;(8;) and we know by hypothesis
that a; > b;. It has to be proved that a} > b;. In the change from a; to b;, the redex p;(a;) has
been contracted (that was the one causing overlap), so a; > b; is due to the fourth clause of the

definition of >. So a; = p;(ay) = G(ry,...,7m) and s1,. .., 8y, exist such that ry > s1,...,7m >
sm and G(s1,...,8m) — b;. In r; > 5; the nesting of the overlap is strictly less than in a; > b;,
so we can apply the (main) induction hypothesis and obtain a} = p;(8;) > b;. Note that the

reduction G(sy,...,8m) — b; in fact takes place in one step (not zero).

In the case that the context is [z].., we have a; = [z]pi(c;), o} = [z]pi(0;) and we know that
a; 2 b;. Then b; = [z]b] with p;(e;) > b,. With the sub-induction hypothesis, it follows that
pi(Bs) 2 b, s0 a; = [z]pi(6;) 2 [x]b] = bi.

The last possibility is that a; = H(..., p;(®),...), a& = H(...,p:i(Bi),...) and a; > b;.. We
distinguish two possibilities. First we consider the case that a; > b; is due to the third clause
of the definition of >. Then b; = H(...). The sub-induction hypothesis yields that we have in
that case that a > b; as a consequence of the third clause. The other possibility is that a; > b;
is due to the fourth clause. Again by the sub-induction hypothesis, then we have a} > b; as a

consequence of the fourth clause. O

THEOREM 3.8. The relation > satisfies the diamond property. »

PROOF. We shall prove that for any a, b and ¢ such that a > b and a > ¢ there exists a d such

that b > d and ¢ > d. The proof proceeds by induction on the definition of @ > b.

e Ifa>bisz >z, then take d:=c.

e Ifa>bis[z]a’ > [z]b' with ¢’ > ¥V, then a > c is necessarily of the form [z]a’ > [z]c’ with
a’ > ¢. By induction hypothesis, a d’ exists such that & > d’ and ¢ > d'. So, by defining
d := [z]d’, both b > d and ¢ > d are satisfied.
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e In the case that a > bis F(ay,...,a,) > F(by,...,b,) Wwith a; > by,...,an > bp, @ > ¢ can
either be due to the third or to the fourth clause of the definition of >.

fa>cis Fla,...,an) > Fe,...,cq) witha; > ¢1,.:.,an > cn; by induction hypothesis
there exist dy,...,d, such that b; > d; and ¢; > d; for i = 1,...,n. Then taking d :=
F(dy,...,dy) yields the desired result.

In the case that a > c is due to the fourth clause of the definition of >, we have ¢ =
F(ay,...,an) and cy,...,c, such that a; > Clyess8n 2 Cny F(ey,...,cn) = o(@) and
¢ = o(B) with o — 8 a reduction rule. By induction hypothesis, di,...,d, exist such that
bi 2 d; and ¢; > d; for i = 1,...,n. Since > is coherent, either F(dy,...,ds) = 1(a)
and o(8) 2 7(B) or ¢ = 0(B) = F(c},...,c,) and ¢ > dy,...,c, > dp. In the first case,
define d := 7(B). Then b = F(by,...,b,) > d by the fourth clause of the definition of
2 and ¢ = o(B) > d by coherence. In the second case, define d := F(dy,...,d,). Then
b= F(by,...,bs,) > d by the third clause of the definition of 2 and ¢ > d by coherence.

e The last case to be considered is when a > b is a consequence of the fourth clause of the
definition. In that case, a = F(ay,...,a,) and b is the contractum of F(b1,...,b,) with
a1 2> bla"'aa‘n ..>.bn

For reasons of symmetry, the case that a > c is due to the third clause of the definition of
2 has already been treated.

The other possibility is that a > ¢ is a consequence of the fourth clause of the definition.
That is, we have F(by,...,b,) = 01(a;) with b = 01(61) and F(cy,...,cq) = o2(ap) with
¢ = 03(fBe) for valuations 01,09 and reduction rules oy — B1 and oy — (5. By induction
hypothesis, di,...,d, exist such that b; > d; and ¢; 2 d; for : = 1,...,n. Coherence of
2 ylelds that on the one hand F(dy,...,d,) = 7i(a;) with o1(61) = 11(61) or 01(B1) =
F(b,...,b),) with ¥, > dy,...,b,, > d, and on the other hand F(dy,...,d,) = a(a) with
02(B2) 2 m2(B2) or 03(Be) = F(c),...,c,) with ¢} > di,...,c, > d,. We consider all the
different combinations.

(1) F(dy,...,dn) = mi(0e1) and F(dy, ... ,dn) = T2(ag). By weak orthogonality, () =
79(B2). Define d := 71(6;). Then coherence yields both b > d and ¢ > d.

(2) F(dy,...,dn) = (1) and ¢ = F(c},...,d,) with ¢| > di,...,c, > dyn. Define
d := 71(61). Then b > d since o1(61) > 71(61) and ¢ > d by the fourth clause of the
definition of >.

(8) b= F(by,...,b,) with b} > dy,...,b}, > dy, and F(dy,... ,dn) = 72(ag). Define
d:=73(02). Then b > d by the fourth clause of the definition of > and o2(Ba) >.72(B2)
orc>d.

(4) b=F(,...,0,) withb] > dy,...,bt}, > dyandc = F(c},...,d,) with ¢, > di, ..., ¢ >
dn. Define d := F(dy,...,d,), then b > d and ¢ > d both by the third clause of the
definition of >.

COROLLARY 3.9. The relation > is confluent.
The main result now is a direct consequence of this corollary.

COROLLARY 3.10. All weakly orthogonal CRSs are confluent.
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4. Superdevelopments

A development of a term ¢t is a reduction sequence in which only redexes that descend from
redexes in the initial term ¢ may be contracted, whereas redexes that are created during the
reduction are not allowed to be contracted. The Finite Developments Theorem, stating that
all developments are finite, has been proved for A-calculus [2], term rewriting systems and
combinatory reduction systems [14]. Using this theorem, an alternative proof of confluence can
be obtained.

Let +»1 be the relation fulfilling the same role in the confluence proof by Tait and Martin-Lof
for A-calculus as the relation > in the proof presented here. Between +; and developments
there exists the following relation: s +1 ¢ if and only if there exists a development s = ¢. If we
consider only A-calculus, it turns out that the relation +1 is properly contained by >, that is,
8 >t if s — t but not necessarily vice versa. So terms s and £ can be found such that s > ¢
but s cannot reduce to ¢t by a development. In this section we shall characterize the reduction
sequences corresponding exactly to the relation >. The necessary notion will not surprisingly
turn out to be a generalization of a development and will therefore be called a superdevelopment.
Intuitively, a superdevelopment is a reduction sequence in which besides redexes that descend
from the initial term also those redexes may be contracted that have been created by means
of reductions in their proper subterms. So, if we think of a term as a tree, ‘upwards created’
redexes are allowed to be contracted. The notion superdevelopment indeed is more liberal than
the one of a development, since in a development the whole redex pattern must descend from
the initial term.

In section 4.1 it will be proved for the case of orthogonal TRSs that s > t iff s reduces to ¢ by
a superdevelopment. Furthermore, all superdevelopments are proved to be finite. In section 4.2
the same will be done for the case of A-calculus.

4.1. Superdevelopments for orthogonal TRSs

In order to characterize reduction sequences in an orthogonal TRS R corresponding exactly
to the relation >, terms of R are labelled using only the symbol ’+’. On the set of labelled
terms Ter* a reduction relation —, is defined. If a term ¢, labelled in some way, reduces to a
normal form with respect to —, then this reduction sequence is, after having erased all labels,
a superdevelopment. It will be proved that all superdevelopments are finite.

When only orthogonal TRSs are considered, the relation > on terms can be simplified.

DEFINITION 4.1. For an orthogonal TRS R, the relation > on Ter(F, Mvar) is defined as
follows:

(1) Z > Z for every Z € Muvar,

(2) if 81 > t1,...,80 > tn, then F(s1,...,8,) > F(t1,...,t,) for every function symbol with
arity n,

(3) forareduction rule o — 3, a valuation o and a function symbol F of arity n: if F(ty,...,t,) =
o(a) and if s1 > t1,...,8, > tn, then F(s1,...,8,) > o(B).

We proceed by defining the set of labelled terms and the reduction relation —, on them.
DEFINITION 4.2. Define for an orthogonal TRS R with a set of function symbols F a set of

labelled function symbols F* as F* = {F*|F € F}. The set of labelled terms is given by
Ter*(F U F*, Mvar) and is mostly written as Ter*.
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The function E : Ter* — Ter that erases all labels is defined inductively as follows:

E(Z) = Z for a metavariable Z
E(F(tl,...,tn)) F(E(t1)1"'7E(tn))
E(F* (1, t) = F(E(t),..., E(tn)

A term t € Ter can be labelled by a partial function L from occurrences of symbols of ¢ to {x}.
This partial function is called a labelling for ¢, and the result of applying L to the symbols of ¢
is written as ¢L.

DEFINITION 4.3. Reduction —, on Ter* is defined as follows: s —, t if for some reduction rule
o — (3 and some valuation o : Mter — Ter it holds that E(s) = Clo(e)] and E(t) = Cls(B)].
Moreover, there are two conditions on the labellings: in s the head-symbol of « is labelled,
and in ¢ none of the function symbols of 3 is labelled. The reflexive-transitive closure of —, 18
written as —»,.

DEFINITION 4.4. A reduction sequence s — t is a superdevelopment if it can be obtained from
a —-reduction sequence to normal form by erasing all labels.

Consider for a simple example of a superdevelopment in which one redex is created upwards the
TRS with reduction rules

F(B)—-)C
A — B

Since A > B and F(B) — C, we have that F(4) > C. It is easily seen that no development
from F(A) to C exist, since the redex pattern F(B), necessary to obtain C, is not yet present
in F(A). On the other hand, a superdevelopment from F(A) to C does exist:

F(A) = F(B) — C

The redex F(B) is created by contraction of A, and the head-symbol F of this created redex was
already present in the very beginning in the term F(A). The redex F(B) is said to be ‘created
upwards’, because reducing the argument has made F to be the head-symbol of a redex pattern.

THEOREM 4.5. If s > t, then there exists a labelling L for s such that for some labelling L'

. A
st —, tX' is a reduction to —,-normal form.

PROOF. Suppose s > t. By induction on the definition of > it will be proved that a labelling L

exists such that s& —», t~ is, for some labelling L', a reduction to normal form.

o Ifs>tis Z > Z for a metavariable Z, then the empty reduction sequence Z -», Z indeed
is a reduction to normal form.

o Ifs2>tis F(s1,...,80) 2 F(ty,...,t,) with s; > t1,...,8, > t,, then by induction
hypothesis labellings Ly,..., L, exist such that sf" —ry 'tfg is a reduction to normal form
for i =1,...,n. Let L be the union of L1,..., L,. Then s& -, t~ is a reduction to normal
form, with L’ the union of L},..., L.

e If s > tis due to the last clause of the definition of >, then s = F(s1,...,8,) with
81 2 t1,.038n 2 tn, F(t1,...,tn) = 0(0) and t = o(B) for some reduction rule @ — 3 of
R. By induction hypothesis, labellings L1, ..., L, exist such that sf"' —hy tf 2 is a reduction
to normal form for ¢ = 1,...,n. Let L be the union of Ly,..., L,, extended by assigning
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hea.d—symbol F. Then we have the following reduction: F*(s ooy 8En)
. t5) o, t. The term ¥ is in normal form since t1 ,-..,tk» are normal
l the last reduction step cannot create any new redexes, by deﬁmtlon of labelled

. If s —, t is a reduction to normal form with respect to labelled reduction, then

i —, t be a —,-reduction to normal form. It will be proved by induction on the
€ Ter* that E(s) > E(t).

for some metavariable Z, then the only possible superdevelopment is Z —», Z.
[Z Y=Z > Z=E(Z).

$1,...,8,) then superdevelopments from s to t are of the form F(s1,...8n) =«
tn) with s; —», t; a superdevelopment for ¢ = 1,...,n. By induction hypothesis,
5(t1), -+, E(5n) 2 B(tn). So

E(s) = F(E(s1),..-,E(sn))
> F(E(tl):-'-’E(tn))
= E(t)
(s1,...,85) and in a superdevelopment s —», ¢ the head-symbol F' never becomes

hen this case is entirely similar to the previous one. If, however, s itself becomes
hen the superdevelopment is of the form

F*(81,...,8n) —» F*(sh,...,8,)
» >y G(tl,. . ,tm)
>y Gt,... 1)
= t

lefinition of labelled reduction, no redexes are created ‘downwards’, so all re-
the term G(t1,...,tm) descend from redexes in F*(s},...,s;). By orthogonality,
, b)) remains a redex if first the arguments are reduced to normal form. So the
t contraction can be postponed until the last step, and the superdevelopment from
1 be written as

s o F*(si,...,8))

- F*(sl,...,s0
—y 1
he —,-normal form of s; fori =1,...,n.
induction hypothesis, E(s;) > E(s!) fori = 1,...,n. Moreover, for some reduction

B and some valuation o, E(F*(sf,...,sh)) = a(a) and E(t) = o(8). So we have
ird clause of the definition of > that E(s) > E(t).

4.7. s >t if and only if there exists a superdevelopment s — .
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Now we shall prove all superdevelopments to be finite. The proof of finiteness of superdevel-

opments is very similar to that of finite developments, and also uses the following well-known
fact.

THEOREM 4.8. A relation > on a set S is well-founded if and only if the multiset extension >>
of > is well-founded on M(S).

THEOREM 4.9. Ift € Ter* then all its —,-reduction sequences are finite.
PROOF. Let ¢ be in Ter*. Assign to ¢ a weight W (t) in the following way:

0 if ¢ is a metavariable
W(t) = max{W(tl), ceey W(tn)} ift= F(t]_, ey tn)
1+ max{W(t1),...,W(t,)} ift= F*(t1,...,tn)

Associate to ¢ the multiset to which each symbol of ¢ contributes the weight of the subterm of
which it is the head-symbol. Contracting a redex wipes off at least one *, namely the one of
the head-symbol of that contracted redex, and could possibly multiply subterms with a smaller
weight. So performing a reduction step yields a decrease of the multiset associated to t. Well-
foundedness of the multiset ordering yields that all reduction sequences of ¢ with respect to —.
must terminate. I

COROLLARY 4.10. All superdevelopments in orthogonal TRSs are finite.

4.2. Superdevelopments for \-calculus

In this section we shall characterize the reduction sequences corresponding exactly to the relation
2 on A-terms. In order to do so, a set of labelled A-terms A; and labelled B-reduction —g, on
them will be defined. Lambda’s will be labelled by a label from a countably infinite set of
labels I, and application nodes will be labelled by a subset of I. If the labelling of a A-term
M satisfies certain conditions, then its §-reduction to normal form is, after having erased all
labels, a superdevelopment. Furthermore, all 8j-reductions are proved to be finite.

In [16] Lévy analyses the different ways in which B-redexes can be created. The following
possibilities are distinguished:

(1) (AzAy.M)N)P —g (A\y.Mlz := N)P

(2) (Az.z)(Ay.M)N —5 (A\y.M)N

(3) (Az.ClzM])(A\y.N) —g C|(My.N)M]

The first two created redexes are ‘innocent’ and may be contracted in a superdevelopment.
Note that, if we think of a A-term as a tree built from application- and A-nodes, the redexes
in the first two cases are ‘created upwards’. In the last case, on the other hand, the redex
isn’t created upwards, and may not be contracted in a superdevelopment. The result that all
superdevelopments are finite illustrates that all infinite B-reduction sequences in A-calculus are
due to the third way of redex creation; indeed redex creation e.g. in the reduction sequence of
(Az.zz)(Az.zz) happens in this way.

In the following, we shall write the application nodes explicitly, but abstraction terms as usual.
Further, the relation > when only used on A-terms can be simplified a bit.

DEFINITION 4.11. The relation > on A-terms is defined in the following way:
(1) = > z for each variable z,
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(2) if M > M’ then Az.M > Az.M' for a A-term M,
(3) if M > M' and N > N' then @M, N) > @(M',N') for A-terms M and N,
(4) if M > A z.M' and N > N', then @M, N) > M'[z := N'] for A-terms M and N.

We proceed by defining the set of labelled A-terms.

DEFINITION 4.12. The set A; of labelled A-terms is defined as the smallest set such that
(1) z € A for every variable z,

(2) if M € Ay and i € I, then A\;z.M € Ay,

(3) if M,N € A; and X C I, then @%X (M, N) € A;.

Erasing all labels of a term M € A; is done by a function E : A; — A that is defined inductively
as follows:

E(z) =
E(Miz.M) = Mz.E(M)
E(@*(M;,M3)) = Q(E(M), E(M,))

A labelling L for a A-term M is a partial function from the symbols of M to I U p(I), where
p(I) is the set containing all subsets of I, called the powerset of I. The resulting term of A; is
written as MZ.

The reduction rule 8; on A; is defined as
@*(\z.M,N) —g Mlz:=N] ifieX
where the substitution [z := N] is defined as usual.

DEFINITION 4.13. A term M € A, is called good if no label X of an application node contains
the index 7 of a A occurring outside the scope of this application node. A labelling L for a term
M € A is called good if ML € A; is a good term. A labelling L for M € A is an initial labelling
if it is good and all A’s have a unique label.

For example, @2} (@11} (\1z.\2y.2y, 2), u) is a good term but @1} )\ z2.@{2}(z, ), Aoy.y) isn’t.
The property ‘good’ is preserved under reduction, i.e. §;-reduction cannot push a A outside the
scope of an application node in which it occurred originally. This is proved in the following
proposition, that will be used implicitly.

PROPOSITION 4.14. If M € A; is a good term and M —g, N, then N is a good term.

PrOOF. We shall prove that if a redex @ (\;z.P, Q) is good, then its reduct P[z := Q)] is good.
The proof proceeds by induction on the structure of P. It is obvious that all subterms of a good
term are good, so in particular P and @ are good terms.

¢ If P=z, then Plz:= Q] =Q is a good term.

e If P=y=#uz, then Plz := @] =y is a good term.

e If P = )\y.P, then Plz := Q] = M\y.Pi[z := Q]. Since @Y (N\z.\jy.P1,Q) is a good
term, @Y (\;z.P;,Q) is good. By induction hypothesis, Pi[z := @] is a good term, so
Ajy.Pilz := Q] = Pz := Q] is a good term.

o If P =@Q@%(P,PR), then Plz := Q] = @X(P[r := Q], Pz := Q]). Since the term
@Y (\;z.@% (P}, ), Q) is by hypothesis good, @ (\;z.P;, Q) is also good. By induction
hypothesis, Pi[z := Q] is a good term. In the same way we obtain that Pz := Q] is a
good term. Since there are no A’s at all outside the scope of the the outside application
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node, Pz := Q] = @*(Pi[z := Q), Py[z := Q)) is a good term.
O

DEFINITION 4.15. A reduction sequence M —+g N is a superdevelopment if for some initial
labelling L, M¥ -5, NT' is a §;-reduction sequence to normal form.

The following proposition states that no §;-redexes are created by substitution.

PROPOSITION 4.16. If @X()\;z.P,Q) € A; is a good term, then all patterns of B-redexes in
Plz := Q)] descend either totally from P or totally from Q.

PROOF. Suppose @X(\;z.P,Q) is a good term and we have in Pz := Q)] a subterm of the
form @Y (\;y.R,S). If the symbol @Y originates from P and Aj from Q, then j € Y, because
Q@(A;z.P, Q) is a good term. So in that case @Y()\;y.R, S) is not a fBj-redex. It is impossible to
have in Plz := Q] a subterm @Y ()\;y.R, S) with @Y originating from Q and A; from P. So if
@Y(A\;y.R,S) is a By-redex in Plz := @], then @ and ); originate either both from P or both
from Q. O

PROPOSITION 4.17. If P g, P' and Q -4, Q' are ;-reductions to normal form, and P and Q
have no labels in common, then Plz := Q] »g, P'[z := Q'] and P'[z := Q'] is a f;-normal form.

PRrOOF. The proof proceeds by induction on the structure of P.

e If P = z, then its reduction to normal form consists necessarily of zero steps. We have
Plz := Q] = Q and Q —»g, Q' = z[z := @], and moreover by hypothesis Q' is a f-normal
form.

e If P =y # x, then the only possible reduction sequence is y —g, Y. We have ylz := Q] =
Y —»g, ¥ = y[r := Q'], and y is clearly a §-normal form.

e If P = M\z.P, then a (;-reduction sequence of P to its normal form P' is of the form
Aiz.Py g Nz.P| with P, —»g P| a (i-reduction to normal form. We have Plz =
Q] = Mz.Pi[z := Q]. By induction hypothesis, Pz := Q] —g, P/[z := Q’], and hence
Aiz.Pilz = Q] »p Miz.P{[z := Q']. So Plz := Q] —»p, P'[z := Q']. By induction hypothe-
sis, P[z := Q'] is a Bj-normal form, so P'[z := Q'] is in B-normal form too.

e If P=@%(P,P,), then let P| and Pj be the §-normal forms of P, and P, respectively.
If @*(P{,P}) is a normal form, then this is the normal form P' of P, and it follows by
induction that Pz := Q] -4, P'[z := Q']. By Proposition 4.16 we know that patterns of
eventually occurring redexes in P'[z := Q'] stem either totally from P’ or totally from @',
and since these terms are both in normal form, P'[z := Q'] is the normal form of P[z := Ql.

If @ (P{, P}) isn’t a normal form, then P! is of the form Aiy.P{; with ¢ € X. By Proposition
4.16, we know that Py, [y := P;] only contains redexes that are entirely in P/; or in P}. Since
these are both normal forms, P{;[y := Pj] contains no redexes and hence is the normal form
of P. By induction hypothesis, Pi[z := Q] —»g \iy.Pfi[zr := Q] and Pz := Q] g,
Pylz := Q']. So we have @*(Py, Py)[x := Q] =, @X(\iy. Pz := Q'], Pz := @']). This
term reduces to Pj;[z := Q'][y := Pj[z := Q']}, which equals Pl;[y := P}][z := @], and by
Proposition 4.16 this term is a normal form.
O

This proposition yields that if @% (\;z.P, Q) is a good term and its reduct Plz := Q)] reduces to
a (i-normal form M, then M is of the form P'[z := @'], with P’ and Q' the normal forms of P
and @ respectively. ) i
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8. If M > M, then there exists an initial labelling L such that MY —g M'V
Gi-normal form for some labelling L'.

iroof proceeds by induction on the definition of >.

" is £ > , then indeed z —»g, ¢ without need of any labels.

4" is Az.My > Az.Mj with M; > M}, then by induction hypothesis, an initial
L exists such that M{ —»g, M}¥ is a reduction to normal form. Let i be a fresh
len L extended by assigning ¢ to the first A is an initial labelling for M, and
+g, Miz- MY is a reduction to G-normal form.

' is @(My, M) > @(M], M}) with My > M} and M; > M), then by inductio?
s initial labellings L; and Lo for M; respectively M, exist such that MlL Lwg M {Ll
g, MZ',L’2 are reductions to §;-normal form with E(M{Lll) = M]{ and E(M;le) =
out losing generality we can suppose all labels of \’s in M{‘l to be different from
’s in Msz. Then the labelling L defined as the union of L; and Lo, extended by
8 C I to the head-symbol @, is an initial labelling for M, and ME —5 M'Y with
= M' is a reduction to normal form.

{' is due to the fourth clause of the definition of >, then M = @(M;, M>) with

M, My > M} and M' = Mjjz := M}]. By induction hypothesis, there exist
ellings L; and Lp for M; and M, respectively, such that MIL1 g ,\,-:1:.M{L1

7 . . LI
g MQLZ are reduction sequences to normal form with E(Az.M; 1) = Az. M}

;le) = Mj. Again we can without loss of generality suppose that all labels of
. are different from those of A’s in My. Then the labelling L defined as the
L, and Ly extended by assigning {i} to the first application node is an initial
‘or M. Moreover, we have the following reduction sequence: @} (ML, M}?) —»g,

1 7 7 7 / 7
M{Ll,M;Lz) —, M{Ll[:z: = M;Lz]. Since M{Ll and M;Lz are both in normal form,
y Proposition 4.17 that M{Ll[w = MQLZ] is a normal form.

9. If M € A; is a good term and M g, M' is a (B;-reduction sequence to normal
M) > E(M").

»roof proceeds by induction on the structure of M.

then the only possible §-reduction sequence is z —»g, =, and indeed z > z.
iT.M7, then reduction sequences of M are of the form A;z. My —g, Ajz.M{ with
V] a Bi-reduction to normal form. By induction hypothesis, E(M;) > E(M]).
ls E(M) = Xz.E(M;) > Mz.E(M]) = E(\jz.M]).

VX (M;, M), then we distinguish two possibilities. The first possibility is M' =
A3), with My —»g, M; and My —»g M} Bi-reduction sequences to normal form.
tion hypothesis, E(M;) > E(Mj) and E(M;) > E(Mj). This yields E(M) =
, E(M2)) > Q(E(M]), E(M})) = E(M"). The other possibility is that M becomes
€. M = @X(M;, My) 5, @X(\;z.P,Q) and this term is a B-redex. Then the
proceeds in the following way: @*(\;z.P,Q) —p, Plz := Q] -, M'. In this
g Ax.P and My —g Q. Let P' and Q' be the normal forms of P and @
ly. Then My —g, Az.P' and My —»g, Q' are (i-reductions to normal form. By
hypothesis, E(M;) > E(M\z.P') and E(Ms) > E(Q'). By Proposition 4.16, we
= P'[z := Q']. Applying the fourth clause of the definition of > yields
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E(M) > E(P)[z == E(@Q)] = B(P'ls := Q]) = E(M')

COROLLARY 4.20. M > N if and only if there exists a superdevelopment M —» N.

THEOREM 4.21. If a M-term M is labelled by an initial labelling L then all its B;-reductions are
finite. ‘

PRrOOF. Suppose infinite Gj-reduction sequences exist, and let M be a minimal (w.r.t. the
number of symbols) A-term, labelled by an initial labelling, that admits an infinite Gj-reduction
sequence. By minimality M has to be an application, so M is of the form @X (M, M5). The
infinite Bj-reduction sequence starting with M then must be of the form

@X(Mla M2) g @X()\zzM]IJ Mé) 6 M{[.’IC = Mé] By e

In this reduction sequence, we have M; g, Az;.M] and Ms —5, M}, and moreover i € X. Now
we claim that all reducts of this sequence are of the form M{[M},,..., M! | with Mif,...,] =g

M{[,...,] and Mj —»g M} fori=1,...,n. So all reductions take place either in descendants of
Mi],...,] or in descendants of M}. The claim follows from proposition 4.16 and the observation

that nothing can be substituted into a descendant of M}. From the claim it follows immediately
that either M; or My admits an infinite reduction sequence, contradicting the minimality of M.
0

COROLLARY 4.22. All superdevelopments in A-calculus are finite.

Concluding Remarks

Although the proof of confluence presented in this paper applies to a very large class of reduction
systems, it is quite simple and elegant. The study of superdevelopments sheds some light on the
different possibilities of creating redexes, and classifies certain of them as harmless in the sense
that they do not cause infinite reduction sequences.

As a possibility for further research one might think of adding associative and commutative
operators, thus providing a link with concurrent calculi, like for instance m-calculus. Probably
confluence can be obtained for the deterministic version.
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