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Abstract. In untimed process algebras such as CCS and ACP the silent step enables ab-
straction from internal actions. Several formalizations of abstraction have been introduced,
such as observational congruence, delay bisimulation and branching bisimulation. However,
in real time process algebras, such as ACPp, the silent step has not yet been worked out. In
this paper we formalize these semantics regarding the silent step in real time process alge-
bra. We study the characterizing laws, which correspond closely to the untimed laws, and
we investigate which of the semantics is appropriate in the context of ACPp. We restrict
ourselves to process terms without recursion and we obtain completeness and decidability
for branching bisimulation equivalence.

1985 Mathematics Subject Classification: 68Q60.
1982 CR Categories: D.3.1, F.3.1, 1.7.
Key Words & Phrases: Real Time Process Algebra, ACP, Abstraction.

Introduction

Over the years several semantics of the silent step have been introduced. The silent step,
normally denoted by the symbol 7, is due to Milner. It enables abstraction from in-
ternal activity. As abstraction mechanism it serves for proving that an implementation
meets its specification. However, there are several options for defining an equivalence on
processes involving silent steps. Milner & Hennessy have defined observation equivalence
((HM80]), later Milner defined a slightly stricter equivalence to which we refer as delay
bisimulation ([Mil81]). Since observation equivalence may be confused with observational
equivalence, which coincides with strong bisimulation for finitely branching processes, we
refer to observation equivalence by weak bisimulation. Van Glabbeek & Weijland have
argued in ([GW91]) that neither of these equivalences respect the branching structures of
the processes fully and therefore they introduced branching bisimulation. Thus branching
bisimulation equivalence is contained in delay bisimulation which, on its turn, is con-
tained in weak bisimulation. Finally, Baeten & Van Glabbeek defined n-bisimulation in
[BG8T]. n-bisimulation is contained in weak bisimulation and it contains branching bisim-
ulation but it is incomparable with delay bisimulation. In this paper we will not study
n-bisimulation any further.

*An extended abstract of an earlier version of this report has appeared in [Cl92].
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Recently, Baeten & Bergstra introduced ACPp (ACP with real time) in [BB91]. To
each occurrence of an atomic action a time stamp (from [0, 00]) is assigned, denoting
the time at which the action is being executed. This leads to two languages, one in
which the time stamp is interpreted absolutely, i.e. from the starting time zero, and
one in which it is interpreted relatively, i.e. with respect to the previous action. They
have also introduced the powerful mechanism of integration, which can be considered
as an alternative composition over a continuum of alternatives. We refer to ACPp with
integration by ACPpl. Using integration it can be expressed that an action must be
executed somewhere within a certain interval. Moreover, time dependencies between
consecutive actions can be expressed. For example

. b .
/1;6(0,1] a(v) and vE(O,l](a(v) -[ue(v+1,v+3) (’Z.U))

The process term on the left hand side denotes the process which executes the atomic
action a somewhere in the time interval (0,1] after which the process terminates suc-
cessfully. The process term on the right hand side executes, again, the atomic action a
somewhere in the time interval (0,1]. After that it idles in between 1 and 3 time units
before executing the atomic action b. In this paper we denote a left and/or right open
interval with respectively { and ). Note that this latter term is equivalent to the following

term in relative time:
IR blw
/ve(o,l](a[] L}G(l,3) [w))

In fact, every term in relative time can be translated to a term in absolute time (see
[BB91]). The converse is implied by the fact that every term in absolute time (without
recursion) can be equated to a basic term [Klu91la],[FK92]. Each basic term can be
translated directly to a term in relative time. In [BB92] Baeten and Bergstra define each
process term in relative time as a function which takes a point in time (the starting point
of the process or the point at which the process is being enabled) and delivers a process
term in absolute time. In this paper we will consider absolute time only.

In [Klu91a] the restricted syntax of prefized integration without recursion is studied,
for this restriction it is proven that the theory of ACPpl characterizes strong bisimulation
completely. Finally, Fokkink has proven in [Fok91] that equality in ACPpl is decidable
for prefixed integration without recursion. In [FK92] the reports [Klu91a] and [Fok91] are
integrated and several improvements have been applied.

In the next section we start with a brief presentation of (untimed) process algebra and
recall three bisimulations which involve the silent step. These bisimulations are given in
detail together with the rootedness condition on these bisimulations that turns them into
congruences. We restrict ourselves to Basic Process Algebra (BPA,s) without recursion.

Then we present the syntax of real time Basic Process Algebra (BPAp74) in Section 2.
Note that the p in BPApr6 stands for real time. We discuss strong timed bisimulation and
its axiomatization. After having presented the silent step in untimed process algebra and
strong bisimulation in the timed case we can adapt the definition of untimed branching
bisimulation by adding time in Section 3. We see that the silent step may correspond
with idling and that we need a rootedness condition in order to have a congruence. We
obtain one new law which characterizes completely those identities of rooted branching
bisimulation over BPApré which are not strong bisimilar. In Section 4 we add prefixed



integration. We generalize the real time law which we have found in the section without
integration, and we obtain a law which corresponds closely to Van Glabbeek & Weijland’s
branching bisimulation law. The completeness proof for the calculus with integration is
rather involved, but since the proof is based on Fokkink’s normal forms ([Fok91],[FK92])
we obtain decidability for branching bisimulation for granted.

We do similarly for delay and weak bisimulation in respectively Section 8 and Section
9. Again we have to apply a rootedness condition and for rooted timed delay and weak
bisimulation we obtain laws which is very similar to Milner’s second and third 7-law.
Unfortunately rooted timed weak bisimulation is not a congruence anymore after adding
parallel composition and encapsulation, which is essential for an equational theory like
ACPp.

In the original paper of Baeten & Bergstra ([BB91]) the authors suggest to interpret the
7 transitions in the operational semantics as idling transitions. This idea is investigated
in [Klu91b] for the case without integration, resulting in a timed 7-equivalence. In Section
8 we will see that this equivalence coincides with rooted timed delay bisimulation.

We do not discuss recursion. This may seem a very severe restriction, but it is our
idea that the calculus without recursion has to be understood sufficiently before adding
recursion.
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1 The Silent Step without Time

1.1 Basic Process Algebra and Strong Bisimulation

In this section we introduce some main notions of process algebra. Our point of departure
is Basic Process Algebra with 7 and §, abbreviated by BPA76. The symbol 7 denotes the
silent step and the constant § denotes inaction, comparable with the NIL and the 0 of
Milner ([Mil80],[Mil89]) and Hoare's STOP ([Hoa85]). This section is based on [BW90],
while the part on bisimulations-with-silent-step is based as well on [GW91].

We have an alphabet A, not containing 7 and §. AU {r, 6} is abbreviated by A;s. The
set of terms over BPA7§ is denoted by 7, (the subscript u refers to untimed) and it has
typical elements p, p;.

pi=alpi+p|p-p2 (a€ AL

Here, p; + p; is the alternative composition of p;, p2 while p; - p, is the sequential compo-
sition of p;, pa. An element of 7, is referred to as a term or a process term.

The semantics of a process term p is a labeled transition system with p as root. The
states of such a transition system are taken from 7, U {4/}. The symbol v/ denotes
termination. These transition systems are defined as the least relations satisfying the
action rules of Table 1. This style of giving operational semantics is due to Plotkin
([Plo81]).

We may identify process terms of which the transition systems represent the same
behavior. However, there are several options of formalizing the idea of “having the same
behavior”, especially when dealing with the silent step.

The first equivalence we give.is strong bisimulation equivalence, denoted by «,, it
does not yet regard the special role of the silent action. P <, g means roughly that every
transition of p can be mimicked by ¢ such that the resulting pair is strongly bisimilar
again and vice versa. First we need the definition of a strong bisimulation. In the sequel
PRq abbreviates that the binary relation R contains the pair (p,9).

a = /
p - ¢ p =
pqg—=—p-q pqg-gq

a / a !
p—p p—p

p+qg —p q+p S p

p = p -
p+q —  q+p =

Table 1: Action Rules for 7, (a € Ar)



Definition 1.1 R C 7, x T, is a strong bisimulation if whenever pRq then
1. p = p' implies 3¢’ such that ¢ — ¢ and p'R{q'.
2. p = +/ impliesq = /.
3. Respectively (1) and (2) with the role of p and g interchanged.

Strong bisimulation equivalence is now defined by

Definition 1.2 p &, q iff there is a strong bisimulation R relating p and gq.

This equivalence is known to be a congruence. Hence, the transition system model modulo
strong bisimulation is a well-defined algebra; in fact it can be completely axiomatized by
the axiom system BPA¢ of Table 2.

Al X+Y = Y+X

A2 (X+Y)+Z = X+(Y +2)

A3 X+X = X

A (X+Y)-Z = X-Z+Y-Z

A5 (X-Y)-Z = X-(Y-2)
BPA = Al — A5

A6 X +6 = X

AT 6-X = §

Table 2: BPA§ = BPA + A6 + AT

1.2 Semantics for the Silent Step

We consider three different bisimulation equivalences and their rooted verions which re-
gard the silent step: branching bis.((GW91]), delay bis. [Mil83] and weak bis. ([Mil89]).

had ) C han ) - o
U U U

_(irb C _.H_rd C ﬁrw

Each of these bisimulation equivalences allow that an a-transition on one side may be
mimicked by a a-transition possibly preceded or followed by silent steps on the other side.
This is shown in Figure 1, their formal definitions are given below.

We have one predicate on T, U {1/} which is denoted by 4/ as well; /(p) holds iff all
maximal paths starting in p consist of 7’s only and end in /. Note that \/(v/).

In the following p == p’ denotes that there is a path p — ... — 7' of length zero
or more.



Figure 1: Three bisimulations with 7

Definition 1.3 R C T, x T, is an untimed branching bisimulation if whenever pRq then

1. Ifp = p' then either a = 1 and p'Rq
or 3z,q' such that g = 2 = ¢, pRz and P'Rq'.

2. Ifp = +/ then 3z,2' such that g => z -2+ 2 with /(') and pRe.
3. Respectively (1) and (2) with the role of p and q interchanged.
Definition 1.4 R C 7, x 7, is an untimed delay bisimulation if whenevcr pRq then

1. Ifp -2 p' then either a =7 and pP'Rq
or 3z,q such that ¢ => z -5 ¢ and PRq'.

2. Ifp == / then 32,2 such that ¢ = 2 -2+ 2 with /(2).
3. Respectively (1) and (2) with the role of p and q interchanged.
Definition 1.5 R C 7, x T, is an untimed weak bisimulation if whenever pRq then

1. If p =% P then either a =7 and PRy
or 3z,2',q" such that g = z - 2/ = ¢ and P'Ryq'.

2. Ifp = / then 3z,2' such that g => 2z -+ 2/ => /.
3. Respectively (1) and (2) with the role of p and q interchanged.

We need the predicate 1/ in this paper to express that “r-stuttering” afterwards is allowed.
Hence, we obtain the law X - 7 = X. For * € {b,d, w} we define untimed *-bisimulation
equivalence.

Definition 1.6 p «, g iff there is an untimed *-bisimulation relating p and q.

None of these equivalences is a congruence over 7,. We have to restrict these equiv-
alences to obtain congruences by imposing a rootedness condition on the bisimulation
relations.

Definition 1.7 A relation R is rooted w.r.t. p and q if pRq and if it does not relate p
or q with states which can be reached from either p or q in one or more steps.

7



We obtain untimed rooted *-bisimulation equivalences, denoted by p ©,, g, by requiring
that there is a untimed rooted *-bisimulation relating p and ¢. Now we have for each
* € {b,d, w} that:

Proposition 1.8 «., is a congruence

TT X1 = X B1
Z-(t-(X+Y)+X) = Z-(X+Y) B2

T2 7-X =7-X4+X

T3 a-(r-X+Y) =g (- X+Y)+a-X

Table 3: The untimed 7 laws

The laws T1-T3 are taken from Milner ([Mil89]). B2 is Van Glabbeek & Weijland’s branch-
ing bisimulation law, note that A3+T1+T2 + B2. Each rooted bisimulation equivalence
can be axiomatized completely by its corresponding theory.

Theorem 1.9 p,qe T,

peyq <> BPA+BlI+B2kp=g¢q
Py q = BPAS+TI+T2+T3Fp=g¢q

In [GW91] the completeness is proven for branching bisimulation equivalence first. From
this result the other completeness results can be found easily.
1.3 Strongly Rootedness

In the timed case we will come across a stronger rootedness condition. There it is required
that a rooted bisimulation acts from the root nodes as a strong bisimulation.

Definition 1.10 A relation R is strongly rooted w.r.t. p and q if
1. pRq
2. p = ¢ implies I¢' such that ¢ —— q' and pRq'.
8. p - / implies ¢ — /.
4. Respectively (2) and (3) with the role of p and g interchanged.

In this way we obtain 5trongly rooted branching bisimulation ( ©,. ), strongly rooted
delay bisimulation ( <,,q ) and strongly rooted weak bisimulation ( =4, )-
For branching bisimulation strongly rootedness is not strictly stronger than rootedness:

Proposition 1.11 p,q € 7,

Pepq = P2




Proof. We proof only =, the other direction is trivial. Assume R is a rooted branching
bisimulation w.r.t. p and g. We prove that R is a strongly rooted branching bisimulation
w.r.t. p and q as well.

Consider p —2+ p/, then it cannot be the case that @ = 7 and P Rq since R is rooted.
Hence there is a z and a ¢’ such that ¢ = z -2 ¢, pRz and p'Rq'. Since R is rooted
z may not be reachable from ¢ in one or more steps, thus z = g and thus ¢ > ¢'.

Similarly we can prove that p —%+ / implies ¢ ~%» +/. O

This is certainly not the case for delay bisimulation, as is shown by the following example:

Example 1.12
T 0yT-a+a but 7.0, T-a+a

For an axiomatization of «,,; we have to reformulate the second 7 law since T2 is sound
only in a context.

T2 Z-(1-X+Y)=Z - 1-X+X+Y)

And we have the following Theorem.
Theorem 1.13 p,q € 7T,
Peyaq < BPA+TI4+T2,.Fp=g

Proof. Omitted



2 Adding Time

We follow Baeten & Bergstra ([BB91]) in adding time stamps to the atomic actions.
We take a from A,s and ¢ from [0,00]. Three auxiliary operators are added, they are
appropriate in the axiomatization and they will be discussed later. The real time extension
of BPAT4 is denoted by BPApré. The associated set of terms is denoted by 7.

pu=a(t) | pr+pe|pp|t>p|p>t|p0t (a€ At e0,00])
We assume that > and @ bind the strongest and that + binds the weakest. Thus
t>p-q+pisparsedas (t>p)-¢)+p

Syntactic equivalence is denoted by =. Syntactic equivalence modulo A1 and A2 (asso-
ciativity and commutativity of the +) is denoted by ~. We apply the following abbrevi-

ations:
X >t abbreviates X > t+ X@t

t > X abbreviates t> X + X@t

The term 6(0) is abbreviated by 6, it denotes the process which can not do any action
nor can it idle to any point in time.

The time stamps are interpreted absolutely, thus from the start time zero. Hence,
some parts of a process term may be inaccessible since they are not allowed anymore by
the elapse of time caused by preceding actions:

a(2) - (b(1) +¢(3)) = a(2)-c(3)
a(2) - b(1) = a(2)-6

The atomic action b(1) cannot be executed after the execution of a(2), since after a(2)
only actions can be executed with a timestamp greater than 2. Therefore, after the
execution of the a(l) the process a(2) - b(1) reaches a state of deadlock; nothing can
be done anymore, even time cannot progress anymore, in other words the process has
terminated unsuccessfully. Hence a(2) - b(1) equals a(2) - 6.

The process t > p is that part of p which starts after ¢, the process p > ¢t is that
part of p which starts before ¢. Finally, p@t is that part of p which starts exactly at ¢
and p > t is that part of p which starts at or before ¢. (In the original paper [BB91] the
operator p >> t is part of ACPp and not of BPApé, but we need this operator to define
the 7-laws later on. The operator p@t and the abbreviations p > ¢ and ¢ 3> X are new in
the context of BPApé. The notation @ occurs as well in [Wan90]). The operators 3> and
@ are auxiliary operators for the axiomatization of the other operators. For example, the
sequential composition is partly axiomatized by

a(t) - X = a(t) - (t > X)

saying that the process a(t) - X can execute after a(t) only that part of X which starts
after t. The operator > itself is defined inductively.

Apart from these operators we have two functions which are defined inductively on
the structure of the terms. The ultimate delay of a term p, denoted by U(p), is the least
upper bound of points in time to which p can idle. The ultimate delay originates from

10




Figure 2: Process diagrams for a(1) - 5(3) + ¢(2) and a(1) - 5(3) + 6(2)

[BBO1]. It is similar to the system delay of Moller & Tofts [MT90]. Moreover, we have
the latest starttime, denoted by L(p), it is the maximum of points in time at which p can
perform an (initial) action. The (earliest) starttime, denoted by S(p), is the minimum
of points in time at which p can perform an (initial) action. The S(p) is not used until
Section 6.

Definition 2.1 (Ultimate Delay, Latest Starttime and (Earliest) Starttime)

Ua(t)) = t initact(a(t)) = {¢}
uie) =t initact(§(t)) = 0
Up-q) = Ulp) ‘ initact(p-q) = initact(p)
Up+q) = maz(U(p),U(q)) initact(p+q) = initact(p)U initact(q)
Ulr>»p) = maz(r,U(p)) initact(r > p) = {t € initact(p)|t > 1}
Up>»r) = min(r,U(p)) initact(p > r) = {t € initact(p)|t < r}
UpQr) = r initact(p@r) = {t € initact(p)|t = r}
L(p) = maz(initact(p))
S(p) = min(initact(p))

Before giving the operational semantics we give some process diagrams of process terms
as proposed by Baeten and Bergstra. In Figure 2 two examples are given. The intuition
behind a process diagram is that a process starts in the top-point. It can idle by going
to a lower point without crossing any line, whereas the execution of an action a at 1 is
reflected by going to a dashed line at level 1. Only dashed lines may be crossed, after
landing on them. We see in the process diagram of a(1) - b(3) + ¢(2) that this process can
idle from its start state to a state with time between 1 and 2. From that state the action
a at 1 can not be executed anymore and it is clear that the ¢ will be executed at time
2. The process a(1) - b(3) + 6(2) can idle as well from its start state to a state with time
in between 1 and 2; but then no action can be executed at all. This process can idle till
2 without the option of doing anything at 2 nor can it progress to a point in tine at or
after 2. In other words the process has a time stop at 2. In general, the process §(t) may
be regarded as the process with an unspecified behavior at time ¢. The terminology time
stop can be found as well in ([Jef91]). A timed deadlock at ¢ will always be avoided if
something else is possible at or after ¢. This is shown in Figure 3; in the process diagram

11



Figure 3: Process diagrams for §(1) + a(2) and a(2)

of a(2) + 6(1) it is always possible to go to the dashed line labelled with a at level 2
without crossing any line.

There are several options for defining the operational semantics. Baeten and Bergstra
have given an operational semantics in which all possible idlings are explicit in the tran-
sition system; in section 7 we will present a similar semantics which will be called the idle
semantics.

However, in this section we will present an operational semantics in which the idlings
of the processes are not considered explicitly. The reason for not considering the idlings
explicitly is that less inference rules are needed for the definition of the operational seman-
tics and that it is easier to reason formally about the transition systems of the processes.

The price to pay is the introduction of the é-transitions. We require that a(2) + 6(1)
is bisimilar with a(2) and that a(1) + §(2) is not bisimilar with a(1). Therefore we add
to each state with a timestop (which can not be avoided) a é-transition. The condition
for such a transition is defined in terms of U() and L(); if a process can idle to a point in
time at which no actions are possible anymore (in other words if U(p) > L(p)) then an
b-transition with time U(p) is added. The semantics of a process term is again a labeled
transition system, the action rules and strong bisimulation equivalence have been taken
from [Klu91a]. The labels are now timed actions (in A,5). The states are taken from
7. U {+/}. The root state of the transition system of a term p is the state p. We have the
following transitions:

a(r) 3(—”»\/, a(r)+p — alr) v and a(r) p — atr) rT>Dp

The right most transition shows us that the course of time is encoded by r > .... The
action rules are given in Table 2. We define a strong bisimulation for timed transition
systems.

Definition 2.2 Strong Bisimulation
R C 1, x 7, is a strong bisimulation if whenever pRq then

1. p 23 o implies 3¢’ such that ¢ 25

2. p —> \/ implies ¢ —> \/

3. Respectively (1) and (2) with the role of p and q interchanged. -

q and PRq.

12



alr U(p) > L
ar) 20 () > L(p)
o)
p —"
p 4y POy |r>s p Ty or>s p oy
pt+q X p p+q B V| s3p My sy Wy
p Xy p By |r<s p My res p 2 v
¢+p Dy a+p D V| p>s By pes Ty
a{r) a(r a(r) a(r)
p 2 p p Xy p — 7 p 2y
pog X g pg sy par 20 p par 20

Table 4: Action Rules (a € 4, and r € (0,0), s € [0, 00])

And we have strong bisimulation equivalence.

Definition 2.3 Strong Bisimulation Equivalence
D« q iff there is a strong bisimulation R such that pRyq.

This equivalence is completely axiomatized by the theory BPAp§ ([BB91],[FK92]), which
is given in Table 5. In our operational semantics the course of time is encoded in an
application of the 3> operator. For later use we define the function #ime to extract the
course of time from a state.

Definition 2.4 The function time : T, — [0, oc]

time(X+Y) = 0
time(X >r) = 0
time(XQr) = 0
time(r > X) = r
time(X-Y) = time(X)

The definition of time is motivated by the following proposition.
Proposition 2.5 pe 7,

a(r) ]

p—p = time(p)=r
Finally, we have the following simple facts.

Proposition 2.6 p,q €7,
p o, time(p)>p

t<r t>>p =, t>q = rT>p 9, r>q
P e, q = Vi t>p o, t>g

13




a(0) = 6(0)
a(00) = §(c0)
8(t) - X = 6(¢)
t<s 6(t)+6(s)=06(s)
a(t) + 6(t) = a(t)
at) - X =a(t) - (t> X)

t>X+Y)=0t>X)+({t>Y)
t>(X-V)=@t>X)-Y

t<s t>a(s)=a(s)

t>s t>a(s)=6(t)

(X+Y)>t=X>t)+ (Y >
(X-YV)>»t=(X>1-Y

t<s a(s)>t=06(t)

t>s a(s)>t=a(s)

(X +Y)@t = (X@t) + (Y@t)
(X -Y)@t = (X@t)-Y

t=s a(s)@t=a(s)

t#s a(s)@t =6(t)

Table 5: An Axiom System for BPApé (a € A,s) (on top of BPA)

14



3 Branching Bisimulation and Time
3.1 Rooted Timed Branching Bisimulation Equivalence
In untimed branching bisimulation it is allowed that

a T-transition on one side may be matched
with no transition at all ot the other side.

if this 7-transition does not determine a choice. Take for example:

) r.

a a
. B R

T b
A 4 A 4

b
Y

In our real time context we can only relate states with the same time value. Therefore
the statement above becomes

a (timed) T-transition on one side may be matched
with an idling at the other side.

For example take p = a(1) - 7(2) : b(3) and ¢ = a(1) - b(3):

In the process diagrams we see that the 7 at 2 (within p) can be matched with an idling
to 2 (within ¢). However, since we do not consider idlings explicitly in the transition
systems there is no transition in the transition system of g which corresponds with

13> (r(2)-53)) 23 2> 5(3).

But, if necessary, we can make an idling explicit by the use of the > operator:

15



a(1) - 7(2) - b(3) a(1) - b(3) a(1) - 7(2) - 5(3) a(1) - b(3)

Y Y A Y

1> 7(2) - b(3) 1> b(3) 1 >>'T(2) . b(3) 1> b(3)

Y ? = Y » )
2> b(3) ~—r 23> b(3) <23 1> b(d)

A { Y Y

v v v v

For an untimed branching bisimulation pRq and p — p' might imply that p'Rq. A
(timed) branching bisimulation R must increase the time in ¢ accordingly to the transition

D ) p', resulting in p'R(r > ¢). Some care is needed, since it must be guaranteed that

g is able to idle till r, which is formalized by U(g) > r.

p q
7(r)
\ > ¥
4 r>»q (U(g)>r)

In the second part of the first clause in the definition of untimed branching bisimulation
the “intermediate” state z (where ¢ => z — ¢') in the transition system of ¢ must
be related to p. To translate this situation to the real time case we first have to define
z =>; 2’ inductively:

Z = time(z) 2
if 2=,72 T 2" then 2z =y 2
In real time it will always be the case that the time in 2z (where ¢ = 2 o) q) is
greater than the time in g, since z is a state after ¢q. Hence, in stead of pRz we have
(t > p)Rz where t = time(z).

16




A

a(r) a(")l

Y

pl ql

In timed branching bisimulation no “r-stuttering” is allowed afterwards; we enforce
that two bisimilar process terms terminate at the same points in time. If we take the
definition of an untimed branching bisimulation then these considerations could imply
the following definition, at a first sight. However, we will see that this definition is not
yet totally correct.

Definition 3.1 Naive Timed Branching Bisimulation (not yet correct!)
R C 7, x 71, is a branching bisimulation if whenever pRq then

1. p atr) o' implies

e cithera =17, U(g) > r and pR(r > q)
e ordz,q' and 3t such that g =>, 2 ot ¢ and (t > p)Rz and p'Rq'.
2. p o) v implies Iz and 3t such that g =>, 2 o) Vv and (t > p)Rz.
3. Respectively (1) and (2) with the role of p and q interchanged.
The problem with this definition that in case p o) p' is matched with an idling of ¢

then g is not allowed to do internal actions before 7. Hence, it is not possible to relate
the term a(1) - 7(2) - b(4) with a(1) - 7(3) - b(4).

17




So we must allow 7-transitions at the other side as well.

However, this is still not sufficient. We have to distinguish the terms a(1) - (7(2) -
(b(3) + ¢(3)) + ¢(3)) and a(1) - ((b(3) + ¢(3)), since in the first term it may be the case
that at 2 it is chosen that the ¢ will be executed at 3 while in the latter term the choice
between the b and the ¢ at 3 can not be done earlier than 3.

— 0

N I

Definition 3.2 Timed Branching Bisimulation
R C T, x T, is a branching bisimulation if whenever pRq then

1.p &) p' implies

e either a = 7, 3¢' with U(q') > v and 3t such that ¢ =>; ¢' and (¢t > p)Rq,
P'R(r > q') and U(p) > r implies p"Rr > p.

e or 3dz,q' and 3t such that g =>; 2 &) q and (t > p)Rz and p'Rq’.

2. p alr) v/ implies 3z and 3t such that g =>; # 2t Vv and (t > p)Rz.
3. Respectively (1) and (2) with the role of p and g interchanged.

In the sequel we will often use pictures to refer to the two clauses of matching a transition.

p alr) p' implies

e cither a = 7, 3¢’ with U(¢') > r and 3¢ such that

7(7) \
D » P
} }
Do w00, ... ... > T>D)
} } }
N
q /% ql ......... > 7.>>ql

(Note that the part U(p) > r implies p'Rr > p is denoted by the use of the brackets.
Depending of the context we will omit the brackets and print or leave out 7 3> p. )

18



/' and 3¢ such that

-
b o

Do »I>n ofr) -
: ! }
. 2 , — A4,

efinition it is possible to construct a branching bisimulation which re
1) with a(1)-7(3)-b(4), while a(1)- ((2) - (b(3) +¢(3)) +¢(3)) is distingu
b(3) + ¢(3)).

stion 7 we will introduce a slightly different semantics in which the tran:

‘idle transitions, denoted by ¢ A, q'. Instead of the requirement U(q
q) we then have the requirement ¢ ), ¢ and p'Rq'.

3.3 Timed Branching Bisimulation Equivalence
2re 18 a branching bisimulation R such that pRy.

unple is :

b(2) +¢(3) - it b(2) + 7(2) - ¢(3)

4 3

1s equivalence is not a congruence:

b(2) +c(3)+d(3) <At b(2) + 7(2) - ¢(3) + d(3)

19




We need a rootedness condition which is similar to the strongly rootedness condition for
untimed bisimulations as given in Definition 1.10.

Definition 3.4 Rooted Timed Branching Bisimulation Equivalence
DEew q Zﬁ

1. p =) p' implies 3¢’ such that q o), q andp' = 4.

2. p aln) \/ implies q atr) V.
3. Respectively (1) and (2) with the role of p and g interchanged.

Note that a(2) + b(3) <A} a(2) + 7(2) - b(3),

In the following we do not use the adjective timed anymore when referring to timed
branching bisimulation. Similarly, if it is clear that <} is mentioned we allow ourselves
the freedom to write .

This rootedness condition for timed branching bisimulation corresponds with the
strongly rootedness condition for the untimed case (Definition 1.10). For steps start-
ing from the root it acts as strong bisimulation equivalence. As soon as an action (from
A.) is executed 7-transitions cannot be distinguished anymore from idlings.

One may think of a machine which is not yet active at time zero, only when an action
is executed it becomes active and it remains active until termination. Following this idea
it makes sense to distinguish idling and internal activity from the root state; the process
a(2) + b(3) can be inactive between 2 and 3 while a(2) + 7(2) - b(3) cannot.

Proposition 3.5 <, is a congruence for BPApét

The proof of this proposition is postponed to section 4.

3.2 One Law for the Silent Step
A typical identity is the following

a(1) - (b(2) + <(3)) of  a(1)-(6(2) +7(2) - ¢(3))

The choice for the ¢(3) is determined at time 2, with or without 7(2) in front of it. This
identity depends on the time stamp of the b action. For if we change it to 3 then there is
no identity anymore:

20



a(1) - (b(3) +¢(3)) b4 a(1) - (6(3) + 7(2) - (3))

We can axiomatize the above identities by the following law, which occurs already in
[Klu91b]:

ATB r<t<UX)AUY)<t : a(r)-((t)- X +Y)=a(r)-t> X +7)

However the conditions are rather involved, and we prefer a slight reformulation.

In general, if p can idle till ¢ we may split p into two parts, one which starts before
or at a time ¢ (denoted by p > t) and the other part which starts after ¢ (denoted by
t > p). Whenever ¢ < U(p) we have

P o2, pRit+t>Sp o p>t+7(t)-p

In order to have a correspondmg equivalence in <., we have to put it in a context
a(r) - (..) where 7 < ¢. We can express this algebraically by the following real time T—la.w
(AT stands for Absolute Time and the B for Branching).

ATB r<t<UX) : a(r)-X=alr)- (X >t+71(t)-X)

The following examples show the need for the condition r < ¢ < U(X), without this
condition ATB would identify a(1) - 7(1) - b(3) with a(1) - 5(3) and a(1) - 7(3) - b(3) with

a(1) - b(3).

a(1)-6 e, a(l)-7(1)-5(3) Ay a(l)-b(3)

a(1)-7(3)-6 o, a(l)-7(3)-b(3) A, a(1)-b(3)
Finally we show that ATB’ is indeed derivable from ATB, at least for closed terms. First
we need a proposition.

Proposition 3.6 X,Y,Z € T, where U(Y) < t < U(X)

t>E>Z) = t>2
t>2)>t = §@1)
t>X+6() = t>X
Y >t =Y
t>Y = (%)

21



Proof. Each identity can be proven by induction on the structure of th

Then we have
Proposition 3.7

BPAp6 + ATB I ATB’
Proof. Take X,Y and ¢ such that U(Y) <t < U(X) then we have

E>X+Y)>1t E>X)>t+Y >1

§(t)+Y

t>X4+t>Y t> X + 6(t)

t> X

And finally
a(r)-t>X+Y) a(r) (> X+Y)>t+7(t) (>

a(r)-(6@)+Y +7@)-t>({E> X+

a(r) - (Y +7{#)- (t> X +t>Y))

a(r) (Y +7(t) - t > X)

a(r) - (Y +7(t) - X)

wwwn

We close this section with one theorem.

Theorem 3.8 (Soundness and Completeness) p,q € T,
BPApéT + ATBFp=q <= pend

The proof of this theorem is postponed to section 6.
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nching Bisimulation and Integration

ons 4.1 till 4.7 are taken from ([FK92]).

oduction

3 the alternative composition over a continuum of alternatives ([BB91]). We
‘ocess that can perform an action somewhere in the interval [1, 2) (1 included,
by the process term
a(v).
LE[I,Z) (v)

| binds a time variable, which may occur later on:

/06[1’2)(“(”) .[DE[v+1,v+2] b(w)) and / (a(v - b(2 - v)).

unds of an interval may depend on time variables.

wper we take a more restrictive view on integration than in [BB91], called
sration ([Klu9lal,[FK92]). We require that every integral [, is directly
. action a(v). Moreover, time variables are chosen from intervals of which
re liniar expressions. Examples of terms which are not in this from are

d 1) - b(v).
/ve{nln is prime}a(v) an ve(1.2) a(1) - b(v)

Time Domain

reasons we require that each element of our time domain has a unique finite
n. This is clearly not the case for the collection of real numbers. As a time
ssume from now on a countable subset D of IR2? such that

o} CD
IxD—-D .
xD—D

10tation we may refer to D by [0, oo].

nds and Intervals
1 of a bound becomes
bu=t | v |b+b | b—b]| T-b

7 € Qso and v € TVar.
btes an infinite, countable set of time variables. Let t € [0, 0], r € (0, 00)
~ The set Bound of bounds, with typical elements &, b1, bs, is defined by

b22=tI’U I b1+b2 l bl;bgl’l"'b
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where — denotes the monus function, i.e. if to < t; then t; — t; = 0. In the sequel (
and ) are elements of {(,[} and {),]} respectively. An interval V is of the form (by, by}
with by, by bounds. For b € Bound the set of time variables occurring in b is denoted by
tvar(b). Of course tvar({b,c)) = tvar(b) U tvar(c). The set of intervals is denoted by
Int, its subset of time-closed intervals, i.e. intervals for which tvar(V) = 0, is denoted by
Int. On Int two operators sup,inf are defined. Let V = (by, b;)

if V#0 then inf(V)=byand sup(V) =b,
if V=0 then inf(V)=sup(V)=0

A condition is a logical expression built from bounds, for example v < 1 or 2v < w+4. We

may consider expressions like b € V and V = () as abbreviations for conditions. Similarly,

we may consider b < V as a condition which reduces to true if b is smaller than every

point in V. For example, 1 < [2,3] and v < (v,v + 1]. Finally, we may write V. < W

where V and W are both intervals; meaning that it is always true that an arbitrary point

in W is larger than every point in V. We require in this case as well that W is not empty.
For example (v,v + 1) < (2v,10] reduces to the condition 1 < v < 5.

4.4 Process Terms

Let a € As, t € [0,00), v € TVar, V an interval and b a bound. The set Tgpasrs of
process terms, is abbreviated by 7;.

p o= a(t) | /veva(v) | /,,ev(“(”)'p) | pr+p2 | prop2e | b>p | p>b | p@b

We use a scope convention, saying that if we do not write scope brackets, then the scope
of an integral is as large as possible. Thus we write [,c a(v) - p for [y (a(v) - p). We
can define inductively the collection FV(p) of free time variables appearing in a process
term p. FV(p) contains those variables which are not bound by any of the integrals in p.
A term p with FV(p) = 0 is called a time-closed term. The subset of time closed terms
is denoted by 7;!. We (re)define

U(/,ev a(v)) = sup(V)
U(Joev(a(v) - p)) = sup(V)
initact(f,cy a(v)) = V(ifa#9)
initact([,cy 6(v)) = 0

initact(y(a(v) 7)) = V(ifa#6)
initact( [,y (6(v) - p)) 0

L(p) = sup(initact(p))
S(p) = inf(initact(p))
time(f ey a(v)) = 0
time(f,ev(a(v)-p)) = 0
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We define (syntactic) summand inclusion, denoted by C, by taking the transitive closure
over the following clauses.

6Cp
p~p = pLCyp
Vev = fiev ¢(v) C [y a(v)
vev = [ev(a(v) - p) C [y (a(v) - p)
pEqpCq = p+p Cyg
pCgq = pCg+d

It is quite easy to determine whether p C p' or not.

4.5 a-conversion

Process terms are considered modulo a-conversion; we extend the definition of ~ as
follows.

foeva(v) = [,eva(w)
if w does not occur in p, then [y a(v) p ~ [,eva(w)- plw/v]
We take the transitive closure of this relation.
reV reV

fevaw) 2y feya)-p 2D r > plr/o]

Table 6: Additional Action Rules for Integral Construct

4.6 SOS and Strong Bisimulation

The action rules for the integral are given in Table 6. These rules express exactly that an
integral is a continuum of alternatives. Definition 2.3 of strong bisimulation and Definition
3.3 of branching bisimulation still apply when we restrict ourselves to time closed terms.
In [Klu91a] it is proven that <, is a congruence over 7. Moreover, it is proven that
«, over TF! is completely axiomatized by the theory BPApI76 which is given in Table
7. In Table 7 it is assumed that p, g E T with FV(p+4q) C {v}and X,Y € 7% and P is
of the form a(v) or a(v) - p.

4.7 Branching Bisimulation and Integration

We extend the definitions of <, and e, to 77 x 7% in the obvious way.

Proposition 4.1 <, is a congruence over 7
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INTO Joepe 0(v) = a(t)

INT]. V = Vb U ‘/?[ f'UEVO P + f'llEVl P = f‘UEV P

INT2 JocgP =6

INT3a Joev(@()) Y = feyalv) - Y

INT3b Juev(@(v) -p) - Y = [ey a(v) - (p-Y)

INT4 VieV X+at) pltfv)]=X = X+ [eva)-p=X
ATAla a(0)=6

ATA1b a(o0) = §(00)

AL2 ey 8(0) = 8(sup(V))

AI3 Joev 6(v) - p = 6(sup(V))

Al4 t<sup(V) [foevP+6(t)= [oev P

Al5 Joev a(v) - p = [oey a(v) - (v > p)

AlT t> Joev P = fievno £+ 6(t)

AI8 t>(X+Y)=0t>X)+(t>Y)

Al9 foev P>t = [oevnoy P + 6(min(sup(V), 1))
Al10 (X+Y)>t=X>t)+(Y >1)

AIll f'vEV P@t - f‘UEVﬂ[t,t] P + 6(t)

Al12 (X +Y)@t = (XQt) + (YQt)

Table 7: An axiom system for BPApdl

Proof. The check that ., isindeed an equivalence is left to the reader. We have to
show for p1,pa, q1, 02 € TF that

M@t APy @ = DD g1+ G2, P1-D2 20 G10 G2,
D1 <oy Q1 = > T Dq, P1>T S0 > and
p1Qr &4 ¢:0r

Assume Ry : p; 3,4 ¢ and Ry @ py 2,4 o then we give for each of the cases above a
branching bisimulation R. The check that R is indeed a branching bisimulation for each
case is left to the reader.

® D1+ pr i+
R=R1UR2

® D1-P2tp Q2
R = {(p:p24q- @)|pRig} U
{(r > pa,v > @)lr >0} U
Ra
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L2 T2
R=RU{(r>p,r>q)}

"G >T
R=RiU{(p1>ra >}

b g1 @r

R =Ry U{(p1@r,q:@r)}

irst generalization of ATB

e a few examples of (non) rooted branching bisimilar pairs. In the calculus
;grals we have the following typical example

o(1) - (6(2) +¢(3)) < al)-(b(2) +7(2) - ¢(3))

ot this example to

a(1) - (b(2) + ¢(3)) Sm o o(1)-(6(2) + e T(v) - c(3))

can make a choice for the ¢(3) before time 2 (by allowing a T before 2) this
isimilar anymore:

a(1) - (6(2) + ¢(3)) #y a(1) - (b(2) + foeqrs,9 T(v) - €(3))
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We have to redefine the conditions for the timed 7 laws, since they have to deal w.
intervals. ATB is first generalized to ATBI'; the I in the name refers to integration a
we need the prime since we will generalize ATBI' even further.

ATBI' veV = v<sup(W) A W < U(X)

Joev 0(v) - X = [iey a(v) - (X > inf(W) + foew T(w) - X)

So, we have a(1) - fue(2,4) b(v) b ) a(1) - (fv€(2,3] b(v) + 7(3) - fue(3,4) t

1 4

This identity can be derived as follows. First we show that the condition
veV =v<sup(W) A W < U(X)
for V = [1,1],W = [3,3] and U(X) = 4 reduces to true.
ve[l,l]]=v<3 A 33 <4
reduces to 1 < 3 < 4 which is obviously true. Now we may apply ATBI":

a(1) - fve(2,4> b(v) = a(l)- (fve(2,4) b(v) > 3+ 7(3) - fv€(2,4) b(v))

) ' (fue(2,4)n(0,3] b(v) + "'(3) : (3 > fve(2,4) b('“))
a(1) - (Juerz,2 b(0) + 7(3) - foerz,an(z,00) 0(V))
a(1) - (Joe(a,3 6(v) + 7(3) - foeaa b(V))

4.9 The Timed Branching Law

However, not all identities can be covered by ATBI'.

]
j ]
—~
[y

It
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(1) - (Joeqzay T(v) - (B(3) + c(4)) + c(4)) £ a(1) - (b(3) + c(4))

and
a(1) - (Joea,y T() - (B(5) + c(4)) + c(4)) = a(1) - (b(5) + c(4))
—_ 0

15

These identities looke like an instance of the second (untimed) 7-law:
T2 Z-(r-(X+Y)+X)=2Z-(X+Y)

When adding time to this law we have to be very careful with the conditions on all the
intervals as is shown in the following example which differs only with the previous example
in that repect that in the term on the left hand side both components b(5) and ¢(5) can
idle after inf((2, 4]).
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a(1) - (Joeqz,a T(v) - (B(5) + ¢(8)) + ¢(5)) Ar a(1) - (b(5) + c(5))

¢
Consider the second pair of terms given below. The transition system o‘% the left hand
side of the second pair has a deadlock at 4 caused by the possible execution of the 7 at

4. The transition system of the right hand side of the first pair does not have such a
deadlock.

(1) - (e 7(®) - (0(3) +c(4)) +¢(4) < a(1) - (b(3) +c(4))
o(1) - (freq 7(0) - ((3) +c(4)) +c(4)) r (1) (B(3) +c(4))

Consider the following two pairs, of which the first is a bisimilar one. In the transition
system of the left hand side of the second pair the choice for doing the b might be done
at 10, while at the right hand side it may be postponed until 11.

a(l1) - (fvE(l,lO) T(v) - (fwe(mo] b(w) + fze(o,m) c(2)) + fwe(1,2o] b(w))
)
a(1) - (Jueq,202(w) + Loe(0,10) c(2))
a(1) - (Joew10) T(¥) - (Jweq,20 8(w) + Lreto,11) (2)) + Jueq 20 5(W))

fﬁrb
a(1) - (fwe(l,zo] b(w) + fze(o,ll) c(2))

ATBI veV =>v<sup(W) A W <UX +Y) A min(U(X),U(Y)) < sup(W)

Juev a(©) - ((Juew T(w)) - (X +Y) + X) = [y a(v) - (X +1nf(W) > Y)

Theorem 4.2 (Soundness) p,q € Tf

BPApl6 +ATBIFp=q <= peng
Proof. Omitted d

In Section 6 we will prove the completeness, that is p 4, ¢ implies BPApél + ATBI
Fp=gq.
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4.10 Embedding untimed branching bisimulation into the timed
one

Baeten & Bergstra have given an embedding of BPAS into BPApé which interpretes every
(untimed) atomic action a as Joe(0,00) @(v). Let us denote this translation by

RT: T, — 1T,
We have
Vp,q€7T, pe,q <= RT(p) o, RT(q).

However this does not hold any more after adding the 7 and working with branching
bisimulation equivalence. For example, in the untimed case we have a - 7 . 0 but

/ve(o,oo) o(v)- -/’UE(O,oo) T(v) /v (000 a(v)

This is caused by a difference in the design decisions of BPAS respectively BPApé. In
BPAS$ the intuition is that the execution of an action may take some time. This is exactly
the motivation behind the first 7 law X - 7 = X. But in real time process algebra
Joev a(v) executes an a at some point 7 € V and terminates successfully at r. A possible
embedding of BPA7§ into BPAp76 is now given by interpreting an untimed atomic action
a a8 J,e(0,00) @(V) * foe(0.00) T(V), €xpressing that the action a is executed somewhere in
time after which it terminates some time later. This translation has been pointed out by

Jos Baeten ([Bae92]). Let us denote this translation by RT,, then we have the following
Theorem.

Proposition 4.3 p,qg e 7,

Pewg <= RT.(p) ﬁ:b RT.(q)

Proof. Omitted
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5 Basic and Conditional Terms and their Strong
Normal Forms

5.1 Introduction

In this section we present some concepts which are necessary to prove the completeness
for branching bisimulation in the next section.

Basic terms, conditional terms and the theory CTA have been introduced in [Klu91a).
Strong normal forms have been introduced in [Fok91]. However, this section is mainly
taken from [FK92], which is an improved compilation of [Klu9la] and [Fok91]. Only
Section 5.5 is new here.

5.2 Basic terms

First we define a notion of a widest scope term, that is a term p without subterms of the
form g - ¢'. In [Klu91a] it is shown that every term can be rewritten into a widest scope
term. The term (f,cy a(v)) - p is first rewritten into ([,cy a(w)) - p where w ¢ F'V(p) and
then it is rewritten into [,¢y (a(w) - p). Note that in this latter term p is in the scope of
the [,cy. Finally we use the scope convention by not writing the scope brackets anymore,
thus obtaining [,y a(w) - p.

A basic term will be a widest scope term that does not contain “redundant” parts.
For example, the terms a(5) - b(6) + 6(1) and a(5) - (b(6) 4 c(4)) contain parts that can
be removed by application of the axioms of BPApé ; they are derivably equal to the term
a(5) - b(6), which does not contain any redundant parts. In [Klu91a],[FK92] completeness
for strong bisimulation is proven for basic terms, since the transitions of a basic term
corresponds directly with its syntax. By showing that each process term is equal to a
basic term, completeness follows for all closed terms.

Basic terms have two properties:

e Basic terms have ascending time stamps. For the term a(t) - p to be a basic
term, it is required that p is a basic term that either starts after ¢ or is equal to 4.
So if B denotes the set of basic terms, then

a(l)-b(2) €B  a(1)-(b(2)+¢c(1)) ¢B
a(l) 6 eB a(1)-6(1) éB

e Basic terms do not contain redundant deadlocks. A basic term will not
contain timed deadlocks that do not contribute to its deadlock behaviour. In other
words, if p+ 6(t) is a basic term then it can do a 6(t)-transition to /. For example:

a(1)+6(2) €B  a(1)+6(2)+6(1) ¢B8
§(3)+6(3) €B  a(3)+6(3) ¢ B

Note that B € T<. In a basic term only prefixed multiplication is used and the time
shift > does not occur. If p is a basic term, then we allow p + § to be a basic term. For
convenience of notation we extend the definition of ~ (equality modulo A1,2) by putting
p~p+4.
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5.3 Conditions and conditional Terms

Until now we have mostly considered time-closed terms. But if we want to prove that
every time-closed term has a basic form, we have to consider terms with free time variables
as well. Therefore we will introduce the notion of a conditional term. A conditional term
determines for each substitution of real values for the free time variables a time-closed
term. For example, if we consider the term a(5) - b(v), which has a free time variable v,
we will associate to it the following conditional term:

if the context assigns a value ¢ < 5 to v, then deliver a(5) - 6
if the context assigns a value ¢ > 5 to v, then deliver a(5) - b(t)

This conditional term will be denoted as follows (the notation :— is taken from [BB90]):

{v<5 :— ab)- 6}
p =+
{v>5 :— a(5)-bv)}

For every substitution o that assigns a real number to v we have o(p) € B. A substitution
either satifies a condition « or not.

A conditional basic term will be of the form Y; @; :— p; where {;} form a partition.
That means that U;a; = ¢t and 7 # ¢ implies o; A ay = ff. Thus each substitution o
satisfies exactly one condition in the partition, say «;, and we require that o(p) = o(p;)
yields a basic term.

All these notions have been defined formally in [FK92].

5.4 The theory of CTA

The equational theory CTA (Conditional Terms Algebra) consists of ‘conditional variants
of axioms of BPApél together with six new axioms CON1-6. For example the law

)

t < sup(V) Z;VF*+6@)= P

veV

is now formulated by

{b<sup(V) (= [y P}
/ P+sk)= +

vev {ow. = foev P+ 6(b)}
Examples of typical conditional axioms are

CON1 {it :— p}=p
CON2 {ff :—» p}=6

There are two axioms which allow us to combine the conditions and to form a partition:
CON3 {a:— Z{B;:— p;}} = Z{aAB; :— p;}
CON4 {a:—=p}+{B:—qt={anf:—=p+a}t+{aA-F:—=p}+{aAf:— g}

33



Finally we have an axiom which allows us to lift conditions over an integral.

CON6 If {a; Av € W;} is a partition and v & tvar(a;) U tvar(W;), then

Joev a(v) - Zi{ai Av € Wi i— pi} = Ti{as == [oeyrw, a(v) - pi}

We have to require that {a; A v € W;} is a partition; otherwise we would change the
branching structure; i.e. we would introduce the right distributivity Z - (X +Y) =
Z-X+2Z-Y.

Using these conditional axioms it is possible to reason about terms containing free time

variables; we can prove now that each process term can be reduced to a basic conditional
term (see [FK92]).
In order to use CONG for general conditional terms we need the following lemma. Note

that it would not be true if we would allow expressions like v? to be bounds. A condition
a is refined by {8;} if U;8; = a and j # j' implies 8; A By = ff.

Lemma 5.1 Let v € TVar. A condition a always has a refinement of the form
{B; Av € V;}, where tvar(B;) U tvar(V;) C tvar(a)\{v}.

Proof. See [FK92].
An example of an identity in CTA is:
Example 5.2

CTA}-/UEVa(v)-pz /veva(v)-{v eV :— p}
In the sequel we abbreviate
CTAF{a :— p}={a :—» ¢} by CTA,akp=gq

Furthermore, the term {0 :— p}+{-a :— ¢} may be denoted by {a :— p}+{o.w. :—

q}.

5.5 Basic Terms and free time variables

In the previous section we have seen that some 7’s may be removed by the branching law.
In fact in the completeness proof we use a rewriting in which for example the basic term
(1) - foeqg) T(V) * Jueqs) b(w) is rewritten into a(1) - f,e(5 b(w). We make use of the
following identity

/uev a(v) p= /vev a(v) - plinf (V) /v]

which is derivable if the variable v occurs only as lower bound of initial integrals of p. To
formalize this we define F'V*(p) C FV (p) where p is supposed to be a widest scope term
which does not contain bounds like 640 or b+ ' — ¥'.

FV*(foeqpy o(v)) = tvar(dt) if be TVar
FV*([oe oy a(v)) = tvar(b+ V) 0.W
FV*(Joe@ey a(v) -p) = tvar(t) U FV(p)\{v} if be TVar
FV*(fueppy @v) -p) = tvar(b+¥)U FV(p)\{v} ow
FV*(p+q) = FV*(p) + FV*(q)
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m 5.3 Let p be a widest scope term where v ¢ FV*(p) then

CTA / o) p= / _, o(®) - plint(V)/]
litted

ong Normal Froms

ion the machinery is introduced to reduce each process term p to its strong
n, denoted by snf(p). Process terms are considered modulo commutativity
tivity of the +, which is denoted by ~. For each time-closed process term its
18] form will again be a time-closed process term. In the next section we will
fp,q € T with BPApSL F p = q, then snf(p) =~ snf(q). Thus it is possible
a finite number of steps whether two terms p,q € T° are equal in BPApéSI
p and g are reduced to strong normal form, and then a finite computation is
to see if snf(p) ~ snf(q) or not.

re discuss four (groups) of rewrite rules which will be expressions of the form
th p,g € C . Every term is reduced to its strong normal form using these

s. This strong normal form will again be a basic conditional term. For details
[FK92].

«cing conditions. We define four rewrite rules that reduce conditions, they
sed on the conditional axioms CON1-CON5 and CONG, see Subsection 5.4.

cing bounds. In order to reduce time-closed process terms to a unique
; normal form, it is necessary to reduce bounds. For example, the equation
1= (v — 1)+ v holds for v > 1, but is untrue for 0 < v < 1. So the equality

a(v) - blw) = / a(v / b(w
-/vE(t,oo) () LE(ZU;1,2v) ( ) vE(t,00) () we ((v—~1)4v,2v) ( )

fort> 1, but not for 0 < ¢t < 1.

K92] the notion of a bound is generalized to that of a conditional bound,

allows expressions of the form {a :— b} with « a condition and b a bound.
ermore, it is described how a bound can be reduced to a normal form, which is
litional bound with all its monus signs replaced by minus signs. This is done
plying the rewrite rule

b—c — {b>cimb—c} + {b<c:— 0}

ve can give rewrite rule 5, which enables us to reduce the bounds occurring in
sess term. Let b be a bound that, using the construction described in [FK92],
uced to X;{a; :— b;}. Then

5. fvE([b,c]) P — Z‘i{ai = vE(b;,c) P}

we a similar rewrite rule for if b has normal form &' and symmetric rules for if
normal form X;{a; :— ¢;} or .
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Substituting redundant variables. A variable occurring in a process term can
be redundant in the sense that only one value can be substituted for it. For example:

. b = .
-/z;E[l,l]a(v) /wE('u,'u-i-l) (w) -/ue[1,1] a(v) /we(l,z)b(w}

So in order to reduce time-closed process terms to a unique strong normal form, it
is necessary to substitute the only possible value for such a redundant variable.

The following rewrite rule reduces process terms of the form f,¢p, 5 @(v) - p. Ensure
by applying a-conversion that v ¢ tvar(b) and also that none of the variables in
tvar(b) are bound by integral signs occurring in p. Then

6. fve[b,b] a(v)-p — f-ue[b,b] a(v) - p[b/v]

Reducing double terms. The main problem of reducing time-closed process terms
to a unique strong normal form is getting rid of the ‘double terms’. We first give
two rewrite rules, based on axiom INT1, to deal with this problem.

Let ‘V ~ V;’ denote that ‘Vp UV} is an interval’. Note that this is a condition, i.e.
it can be described by a finite number of (in)equalities between bounds.

7a. fvEVo CL(’U) + f’UEV}. a’(v) —

{Vb ~ ‘/1 R vEVUVL a('U)}
+

{o.w. = foew, 0(V) + ey, a(v)}
7b. fvEVo (L(U) ‘p+ fv€V1 CL('U) D R
Vo~V o= Joeyun a(v) - P}

+
{O.U). T Jvewy &(U) P+ fvEVl a('u) * p}

However, this rule is not sufficient in all cases. Consider the following two examples.

Example 5.4

. b . b
~/'u€(0,1) a(v) /wE(v,v+1) (w) + /ve[l,z) a(v) /we(v,z) (w)

funved . b . b
/ue(o,l] a(v) -/wE('u,v+1) (w) + /ve(l,z) a(v) wE(v,2) (w)

Although these terms are equal, they can not be rewritten by rule 7b.
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Example 5.5

/ue(o,z) afv /we(v,u+1) (w) + /'06[1,1] o(v) /we(l,z) (w) /ve(o,z) a{v) /we(u,v+1) (w)

Again b. th terms can not be rewritten by rule 7b.

A logical solution for avoiding such situations seems to be to allow only integration

over open intervals and over intervals consisting of one point. However, the following
example shows that this restraint does not work.

Example 5.6

/ve<0,1) a(v).L}E(v,v+1) b(w) + ./ue[ll (v) /we(l 2) ( ) / €(1,2) a(v) /we(v,v+1) b(w)

= alvj - b(w
/vE(O,Z) () /we(v,v+1) (w)

Both terms are equal and satisfy the restraint on intervals, but they can not be
rewritten by rule 7b. We therefore introduce two rewrite rules to deal with Examples
5.4 and 5.5.

Example 5.4 shows that we need a reduction

S0t [ 00 = [ o) 2+ [ ol

if the following two statements are true:

1.beV.

2. plb/v] = qlb/o].
The first statement is clearly a condition. In [FK92] it is shown that p[b/v] =~ ¢[b/v]
is a condition as well, the idea is that only finitely many bounds have to be compared.

Let p,g € 7, b € Bound and v € TVar. Ensure by applying a-conversion that
v ¢ tvar(b) and that none of the variables occurring in b are bound by integrals
occurring in p and ¢. Example 5.4 can be reduced by the following rewrite rule.

8. fvE(b,c]) 0,(’0) "p+ quV a(v) g —

{plb/v] = qlb/v] N bEV = febcp a(v) - p + [eva(v)- g}
+
{o.w = et a(v) - p+ [y a(v) - ¢}

We also have a symmetric version of this rewrite rule in order to reduce the process
term f'uEQc,b) (L('U) D + fvEV CL('U) - q.
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Similarly, Example 5.5 can be reduced by

9. f'vEV (L('U) P+ f'uE[b,b] a(’u) g

{plo/v] g A beV = [pa(v)-p}
+
{ow. = foev a(v) -0+ fepna(v) - g}

In [FK92] an’ algorithme, based on these rewrite rules, is given which reduces each term
p to its strong normal form snf(p).

The normal form of the bound b[t/v] is denoted by b[t/v]*, by abuse of notation we
allow ourselves to denote this bound in normal form by b(t) as well, whenever the variable
v is clear from the context. Note that if two bounds b,b' in normal form are not of the
same form, then there is at most one ¢ such that b(t) ~ b'(t). Here ~ denotes syntactical
equivalence on bounds modulo associativity and commutativity of the +.

In the sequel p[t/v]* denotes the term p[t/v] in which all bounds (in which v occurs)
have been rewritten to their normal form. For example a(v + 1)[2/v]* =~ a(3).

The following two Lemma’s will be used in the proof of Theorem 5.9 and of Theorem
6.13. A process term that is a subterm of a strong normal form is called a subnormal
form. '

Lemma 5.7 Let p and q be subnormal forms. If p[t/v]* ~ q[t/v]x for some v € TVar
and infinitely many t € [0, 00), then p ~ q.

Proof. See [FK92].

Lemma 5.8 Let [,y a(v) - p be a strong normal form. Then p[t/v]* is a strong normal
form for allt € V.

Proof. See [FK92].
Theorem 5.9 p,q € T¢.

BPApSIFp=q => snf(p)~snf(q)
Proof. See [FK92].
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6 Branching Normal Forms and the Completeness
Proof

6.1 Intro .uction

In this section we extend the techniques which are presented in the previous section by
taking branching bisimulation into account.

First we give a conditional version of the branching law. Then we give three rewrite
rules which, together with the rewrite rules for strong normal forms, give for each term p
its branching normal form which is denoted by bnf(p). We prove that if two branching
normal forms are branching bisimilar then they must be isomorphic. Finally we prove the
completeness.

6.2 The Conditional Branching Law
The branching law

ATBI / O /w L, T - (X +Y)+X) = / a(v) - (X + inf(W) > Y)

veV
has as condition that
veV=v<sup(W) A W<UX+Y) A min(U(X),U(Y)) < sup(W)

reduces to tf. We can turn this into a conditional law:

BC Jiev a(v) - (Juew 7(w)) - (X +Y) + X)

{v<sup(W) A W< U(X+Y) A min(U(X),U(Y)) < sup(W)
= fova(v)- i~ X +inf(W) >V}
veV +

{ow. = (foewT()) - (X +Y) + X}

This condition is quite involved, however if we restrict ourselves to basic terms then it
can be reduced. If p is a widest scope term then the statement that p is a basic term is a
condition, which can be used as a premise in a derivation.

Proposition 6.1 Let z >~ ([, 7(w)) - ((p+ q) + p) then
/Va(v)'zisbasic = w<sup(W) A W< U(p+q)
S

Proof. Omitted.
The conditional axiom BC can also be applied the other way around:
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1 6.2
l._

0) - (X +inf(W) >Y)

{v<sup(W) A W <U(X +Y) A min(U(X),U(Y)) < sup(W)
) - = (JuewT(w)) - (X +Y) + X}
+
{ow. = X +inf(W)>Y}

tted

rrite Rules for Branching Normal Forms
oducing ’s for each moment of choice

rewrite each term into a canonical form we have to rewrite all hree terms
1e same form.

3
) 6(3) +¢(3)) = a(1) - (7(2) - b(3) + 7(2) - ¢(3)) = a(1) - (b(3) + 7(2) - ¢(3))

e shows us that it is not possible to have as least as possible 7’s in a term.
3 add a 7 for each moment of choice; in the above example boith outermost
written into the term in the middle.

f integrals we have to do some m ore work. If we consider the term p where

~ a(v +/ b(v
p ve(0,5) (v) vE[2,6) ()

split (0,6) into (0,2],(2,5] and (5,6), such that the potential of p does not
ling within one of the resulting intervals. In order to reflect these intervals of
the syntactical level we introduce a 7 for each moment of choice. A moment
;he upper or lower bound of one of these intervals. (Only for U(p) and S(p)
id a 7.) Thus p is rewritten into

o) +62)+7@)- ([ aw+ [ bw)+r6)- [ o)

€(0,2] €(5,6)

f a term with free time variables such as

g~ a(w) + b(w)
wE{v,v+1) we(v,2v)

s a partition. Each condition in this partition is an assumption on the ordering
ds of the term ¢. Therefore each condition determines which 7’s have to be
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Example 6.4

{’U +1=2v — we(v,u+1) a‘(w) + fwe(v,'u+1) b(w)}
+
ql = {U +1<20 = we({v,u+1) a’(w) + wa(v,zH—l] b(’UJ) + T(’U + 1) : wa(‘u+1,2v) b(w)}
+
{’U +1>20 :— wE(v,2v] G,(’lﬂ) + wa('u,Z'u) b(w) + T(2U) : wa(2fu,’u+1} b(’LU)}

In the rewrite step we consider a variable v from which we assume that it is the time
variable which is bound by the integral in which scope the term itself will be put. There-
fore we take only that part of the term which starts after v according to the associated
condition.

6.3.2 Partitioning a term

As we have seen in Example 6.4 we have to consider all possible orderings on the bounds
of a term p. Therefore we need the notion of an ordered partition of a finite set S. The
sequence (51, ...,S,) of subsets of S is an ordered partition if {S1,...,S,} is a partition
of S.

Consider a set B of bounds. We construct the set of conditions on B, each defining
an ordering on the bounds.

e Construct all possible ordered partitions of B, let us assume that there are m dif-
ferent partitions of B.

o For each ordered partition (By, ..., B,) we construct a condition a. If b,b' € B; for
some 7 then a contains b =b. If b € B; and b’ € By where ¢ < ¢ then a contains
b < V. In this way we obtain the partition {a;} = {a1,...,an} associated to B.

In the following we will denote a by B; < ... < B,, whenever «a is constructed from the
ordered partition (B;,..., B,) of B.
Assume p is of the form

P;
; ~/1:E([isi,u,~]}i

where each P; is of the form a(v) or a(v) - p’. Consider @« = B; < ... < B, where
(B1,...,B,) is one of the ordered partitions of B = bounds(p)U{v}. For each B; we take
a representant b € B;. We construct §(e, () for [ < n:

p(aa l) =~ Zi:a:n,:ﬁb; Aui>brys fve(bl,bl,,_l]
+ Ei:a:}s,;ﬁbl A u;=bryq fvE(bz,b;+1]>i
+ Ei:a:si=b1+1=ui A (L:[ A Di=] fvE[b1+1,b1+1]

Syc e e~ Bl

+ Zi:a=>si=b1+1<ui A (Ii‘—‘[ f‘UE[bl+1:bl+1]
And for [ > n we take p(a,{) ~ §. We have the following proposition.

Proposition 6.5 [ <n

CTA, ot pla, ) =b; > p > by
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Proof. By construction.
Next, we define

v(a) = | such that v € B,
u(e,p) = | such that [ is the smallest index > v(a)
with I' > | implies p(e,l') ~ 6

Note that o == U(v > p) = by(ayp). Finally we define p(a, ).

pla,l) § if { > u(e, p)
Bla,l) if | = u(a,p) -1

pla, ) + 7(big1) - pla, 1+ 1) ifl <u(e,p)—1

R R R

The rewrite rule which adds all possible 7's is

10. p —  Y{e; = Bloy,v(e;)}

where {a;} is the partition associated to bounds(p) U {v}.

6.3.3 Removing 7’s

We have to introduce a rewrite rule which handles the following examples.

Example 6.6

o[ @[ el @[ aw)b@) = e[ aw)+5(3)

we 13)

A similar example is the following term which has a 7(2) which does not determine a
choice.

Example 6.7

a(1) - (Jueq.2) T(W) - (focway a(2) +5(3)) + fueq .z a(w) +7(2) - (fee3 a(2) +5(3)))
= a(1) (feus alz) +5(3))

Therefore we introduce the rule

11 (wgFV*(p) Juepeny (W) p+p +7()-q¢ —

{p' +7(t))- ¢ Epb/w] :— p}

+

{p' +q C pb/u] :— p}

+

{ow. = Juepey TW) 2+ + 1) g}

Example 6.6 is rewritten according to the clause p’' + 7(¢') - ¢ E p[b/w] and Example 6.7
is rewritten according to the clause p' + ¢ C p[b/w].
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p' may be §. We have a similar rule for the case without the summand

» nced a rule to remove all 7’s which do not determine a moment of choice
2 2 for each summand [,y P of p there is an “adjacent” summand [,y P

~ V' then p+7(b)-q is rewritten into the term in which each summand of
1ed to its adjacent summand of g. We have to be carefull that the resulting

ly terms of the form [f,e(s()uep P OF Joewia,uey P-
3

(V) +7(2) - foerzz a(v) is rewritten into [, 5 a(v)
(v) + 7(2) - (Jura,3) a(v) +b(3)) is rewritten into [, 5 a(v) + b(3)
(v) +8(2) + 7(2) - (Joeqa,z) @(v) + foerz,3) b(v))  is not rewritten

; that for each summand [,y P of p there is a summand [,y P of g such
and vice versa. p ~ ¢ is clearly a condition but it is not the yet the right
ge the condition p ~ g slightly, obtaining p ~* ¢, by requiring that in case
» does not have a summand [,y ), P- Moreover summands of the form
of g are not considered. Clearly p ~* q is again a condition.

(p + g) ~ denotes the term p + ¢ in which every summand of p is taken
its adjacent summand of ¢. If p ~* g then (p + q) ~ is well defined.

{p~q = (p+9-}
12 p+7(b)-¢q — +
\ {ow. = p+7(b)-q}

construction of Branching Normal Forms

to combine these rewrite rules together with the construction for strong

. We take a basic term p and we perform the steps given below. Each step
yy taking all the conditions together into a partition ; this will not be stated
more. Therefore, at the beginning of each step below, except the first one,
’r consideration is of the form Y ;{e; :— p;} where {a;} is a partition.

ace every summand [cy a(v) - 9’ by [y a(v) - bnf(p'). Next we lift the
ns (which occur only at the toplevel of bnf(p') and which form a partition)

v

ly the same steps of the construction for normal forms, so we reduce the
of the intervals to their normal forms, we substitute redundant variables
take double summands together.

ly rule 10 on each p;. Assume that we have introduced a term of the form

Go + [7(b1) - (g1 + 7(b2) - -..7(bn) - Pn)]

o[+p'] denotes a term which is either of the form p or p + p') then for each
> 0 we have to do the following
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ule 10 may have introduced redundant variables (see the construction of
a,!)) which have to be removed by Rule 6.

pply Rule 11 and 12.
e lift the resulting partition over the 7(b;) whenever k > 0.
»» denote the axiom system obtained by extending CTA with BC and the

for strong normal forms which are not based on axioms from CTA but from

1 6.9
”/uev a(v) - p is basic P—/veva(v)-p= /uev a(v)-Zj?{aj . ﬁ:gaj)}

ke an arbitrary j and take a = ;. According to proposition 5.1 there is a
B; A v € V/} of a such that v does not occur in any of the 3;’s or V’s. Take
.. It is sufficient to show that

A OREY BOR CHC)
= o implies that CTA,, Fp = {a' :— p} and we have:
Bi -

fvEWi a(’l)) D
fuew,-(a(vg'{ﬁz’ AveV; - p})
) .

oo

Joew,(a(v) - {B: A veVi = {a = p}})
Joew,(a(v) - {a == p})

ell (b=U(p))Fb>p=24(b).
prove that for [ with v(a) <! < u(a,p)
g [ aw-p=[_ o) (0> bt aeD)

1 on u(a, p) — . There are three cases to consider.
. I = u(a, p). This case is trivial since a = U(p) = b and p > U(p) = p.
ver p(a,u(a,p)) = 6.
l=u(a,p) -1
CTAy,, B: -
f‘vEWi [L('U) P
= Joew, a(v) p2b+b>p> by

= Juew, a(v) - p > b+ p(e, 1)
= fvEWi (L('U) p 2> bl + p(av l)
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3. v(a) £l < u(a,p) — 1. Note that @ = U(p(a,l + 1)) = bpa > b

CTA,,,5; ~
fvEWi a'('; ) D
= fveW,- 1) - (p > bya + (e, 1 + 1))
= Joew; 0(v) - ((p 2 by + (e, 1+ 1)) > biyy + 7(big1) - (p > big1 + p(a, 1 + 1))
= foew; a(v) - (p > bip1 + 7(biya) - p(a, 1 + 1))
= foew,0(v) - (@ 2> b+ b > p > by + 7(biy1) - p(0, 1 + 1))
= foew, a(v) - (p > b + B, 1) + 7(biy1) - po, 1 + 1))
= Jvew; a‘('v) ) (p 2> bl +p(a, l))

We continue
CTAbryﬂi =
fvEW,; a(v) 4
= foew, a(v) - (p 2> v+ p(a,v(a)))
= Lew,a(v) - (v > p > v +v> pla, v(a))
= fuew, o(v) - p(a,v(a))

We have a similar proposition for the Rules 11 and 12.

Proposition 6.10 If z — 2’ by Rule 11 or 12 then
CTAyr, fey a(v) - 2 is basic & [,cya(v) -z = [,cpa(v)- 2

Proof. Omitted
Proposition 6.11

CTAbr,/v a(v) - p is basic F /uev a(v) -p= /uev a(v) - bnf(p)

ev
Proof. We have to prove that each step in the construction of a branching normal form
is a derivation in CTA,,.

In the first step we replace each summand [ .y a(v)-p' by [,y a(v) - bnf(p') for which
there is a derivation by induction. Then we lift the conditions, using CONS.

In the second step we reduce the term to a strong normal form for which there is a
derivation since for each of the Rules 1-10 there is an associated axiom in CTA,,.

Next, we have to prove that whenever p; is rewritten into p' by Rule 10 then

CTAbr,/vEV a(v) - p is basic f—/ueva(v)-Z{ai — p,-}:/vev a(v)-Z{ai :— pi}

where p, ~ p' for i = k and p; ~ p; otherwise.

First we construct the refinement {§; A v € V;}; for each a;. Apply CONG6 such that
the term is rewritten into one of the form ;{8 :— [,cvny, a(v) - @i} For each [ there is
a pair (4, ) such that ¢, = p; and §; = ,3; Since we deal with basic terms only, §; implies
that [,cvny, a(v) - g is basic. Apply Rule 10 on all ¢; such that [ is associated to (k, j) for
some j. By proposition 6.9 this is a derivation in CTA;,.. Apply CON6 again, but now in
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the other direction. We replace the refinement {8; A v € V;}; by the original partition
{ai}.

For Rules 11 and 12 we can prove it similarly by using proposition 6.10. 0

So CTA,, is the axiom system in which each basic term is reduced to its branching normal
form. We relate CTA,, with BPApéI by the following Proposition.

Proposition 6.12 p,q € T¢
CTA,, Fp=q = BPApilkp=qg
Proof. Asin [FK92].

6.5 The Unicity Theorem for Branching Bisimulation

Theorem 6.13 If p,q are branching normal forms
P&pqg ==>p=(q

Proof. Firts we prove three Facts for p and g, in the given order.
Take U(p) = u.

e Fact 1 (r < u)

p e pr/] A r>peyr>pif] = v FVY)

In a picture

7(r)

p - 7'>>pl[r/v]
I I —  vg FV*(p)
/2 = T>D

e Fact 2 (r < u)
p == r>plr/v] = r>p >/
In a picture

() - > pl['r/v]

e Fact 3



Fact 1 is used in the proof of Fact 2, Fact 2 is used in the proof of Fact 3. The Theorem
follows from the Fact 3 and the Unicity Theorem for strong normal forms (Theorem 5.9).
In the proofs of Tacts 1 and 2 we assume that we have proven the Theorem and its Facts
for terms small r than p. In the proof of Fact 3 we assume that the Theorem and its
Facts are provs 1 already for terms smaller than p or g.

If z is a branching normal form and r < U(z) then 2, denotes the term which is
constructed from z by replacing each summand [,¢gp) P by [yeryp P Whenevert <r < ¢/,
Note that r > z ©, z,.

P(b) denotes a term of the form [,¢,, a(v) - p where v & FV (p) or a term of the form

Joep.y a(V)-

e Proof. Fact 1
Assume for r < u that

we have to prove that v € FV*(p').

Take an arbitrary ¢ € (r,u) and consider the transition

r>p 29 ¢ /),

we have to find a corresponding series of transitions starting from r > p'[r/v]. First
we assume that there are z,p" and s such that ‘

7(t)

T t> p'[t/v]

} }
t> p'[t/v]

: ! :
(1)

\{

ﬂ
v
S
\
o
\%
S
>N
Nt
y

Y

N
> plr/u] D t > p"[t/v]

Since p is a basic term p'[t/v] * <, p"[t/v]*, by induction p'[t/v]* =~ p"[t/v]*. But
this cannot be the case since depth(p") < depth(p').

Hence, it must be the case that there are p” and s such that
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7(t)

r>>p - t>p'[t/v]
r>®p.. ... .. rSD>P. ... » >0

: : !

N\
r 3> ]l ’; s> psful - > > p'[s/v]

where U(t > p"[s/v]) > t. Then as well
Plt/v]* o5t plt/v] 25t > p"[s/v] o (p"[s/0]):

By induction p'[t/v]* ~ (p"[s/v]*):, thus (depth(p’) = depth(p'[t/v]*) follows from
p is a basic term)

depth(p') = depth(p'[t/v]*) = depth((p"[s/v]*):) = depth(p")

and since 7 > p' =, s > p"[s/v] the sequence =>, must be empty. Hence p" = p’
and s = r. Thus we have obtained that

7(t)

r>»>p . t>p[t/]
A / » t>Dp

oo

r>pr/v] ... > P[r/v]

Let b, be the lowerbound resp. the upperbound of the initial integrals of p/, then
every summand of p' is either of the form [cp 4 P or P(V).

There are two cases to consider:
— The case where b = v. Note that

plt/v] % o4t > p'[t/v] o4t > p'lr/v] o5 @r/v]*):.

By induction p'[t/v]* ~ (p'[r[v]*);.

Take an arbitrary summand [,¢q, ) @(w) - 2z of p'. We will show that v ¢
tvar(b') U FV(z).

Since p'[t/v]* ~ (p'[r/v]*); there is a 2* such that

Al [ aw) Gl [ aw)- (/o)) B @lr/ole)e

e(t,b'(1)) we {t,b'(r))
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n there must be a summand [,¢q, 4 a(w) - 2 of p' and an infinite subset
(r,u) such that

Vie S a(w) - (2[t/v]¥) ~ /w a(w) - (¢[r/v]*)

wE(tH(8)) E{tb' (M)
| which we conclude that

b'(t) = b/(r) for more than one ¢, thus it must be the case that v ¢ tvar(b")
and thus &' € (0, c0).

Vi € S it holds that 2[t/v]* ~ 2/[r/v]*, hence z[t/v]* ~ (2'[r/v]*)[t/v]*
and by proposition 5.7 z ~ 2'[r/v]x. Hence v € FV (z).

summands [,eg,) a(w) and P(b') of p we can conclude similarly that v
not occur in ', resp. in P(¥'). Hence, v &€ FV*(p').

case where b # v. Then since p is a basic term r < b(r). r = b(r)
arbitrary r) implies b = v which case already has been considered. So
me 7 < b(r) then we may assume as well that we have chosen t such that
t <b(r). Hence t > p'[r/v] o p'[r/v]. Thus p'[t/v] * =, p'[r/v]* and by
ction p'[t/v]* =~ p'[r/v]*. Since this holds for all ¢ € (r,b(r)) we conclude
FV(p).

act 2
1e for r < u that

7(r)

ill show that this assumption leads to a contradiction. Take s = S(p).
note v ¢ FV*(p') (by Fact 1) and that there is a z % 6 such that
/
P TW)p +2
vE(s,u) ( ) p

¢ 6 then Rule 11 could be applied.

2 2, t> 2[t/v] te(ru

assume 7 > p'[r/v] <, 7 > p there must be corresponding series of
s starting from r > p/[r/v].

assume that a = 7 and that there is a p” and ¢’ such that
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7t)

T>p > > 2'[t/v]
PP ... - ¥ G > t>p)

: . !

oo > t>>p"

where U(t > p") > t, and where ¢ 3> p &, t > 2/[t/v] is required in case U(r >
p) > t. Consider the transition

t'>p ™ s p'[r' [v]

for an arbitrary ' € (t/,u), which must be matched with a corresponding series
of transitions starting from p”. As in the proof of Fact 1 we can deduce, by using
induction, that depth(p') = depth(p"). Hence t' = r and p" =r > p'[r/v] .

There are two cases to consider, either s < w and [, 7(v)-2' E 2z 0r 7(u) 2’ C 2.
In both cases we will show a contradiction.

- Ifs<uand [epqy7(v) 2 C 2

Suppose the transition r >> p QN > Z'[t/v] is matched with an idling, thus

t > 2'[t/v] 4 t > p'[r/v], only for finitely many ¢. Then there are infinitely
many ¢ such that the transition r > p 2 ¢ > 2 [t/v] is matched with
a transition r > p'[r/v] N p"[t/v], as will be shown in the sequel.

Using induction we can show then that [ e, 7(v) - 2’ C p'[s/v] and thus for

all ¢ € (r,u] the transition 7 > p AN [t/v] can be matched with a

transition r > p'[r/v] UGS p"[t/v].

Hence, we have to consider only the case where the transition r > p 0,y >
Z'[t/v] is matched with an idling for infinitely many . We may assume that
t < u. Since v € FV*(p') and p is a basic term

plt/v] % o4t > P[r/v] o4t > 2[t/v] o 2t/v]*

By induction p'[t/v]* =~ 2'[¢/v] *. Since this must hold for infinitely many ¢ we
have p' ~ 2. But then we have double summands and Rule 7 can be applied.
Contradiction.

— If 7(u) - 2/ C 2 then ¢ = u and since U(u > p'[r/v]) > v and v & FV*(p')
7 oy u> Zufv] o u> plr/v] o plufv)x

By induction 2’ ~ p'[u/v]* but then the summand 7(u) - 2’ and [ (.9 7(v) - 7'
can be taken together by either Rule 7b or Rule 9. Contradiction.

50




Thus there must be p”, p” and t' such that

T>p t> Z[t/v]

! !

t> 2'[t/v]

: ! :

N
r>plefy 2 " t> p"[t/v]

Y

ﬁ
%
a3
v
a3
%
s
A
o)
Y

Y

As in the previous part we can deduce, using induction, that ¢ = r and p" = r >
p'lr/v]-
We have obtained that for each transition r > z 25 ¢ # [t/v] there is a p”

such that r > p'[r/v] LORIEN p"[t/v] and t > 2'[t/v] <4 t > p"[t/v]. Since

p is a basic term 2'[t/v] * «, p"[t/v]*, by induction 2'[t/v]* ~ p"[t/v]* and thus
t > 2[t/v] =, t > p"[t/v]. Hence

(8) Vre(s,u)y pr/v)+r>ze, /v
From which we obtain that

P'[s/v] + 2z =, p'[s/v]
For if not than there must be a transition

PR IEN 2'[r' [v]

which cannot be matched by p'[s/v]. But this cannot be possible since we may
choose r arbitrary close to s in (3).

Following the reasoning of the Unicity Theorem for strong normal forms we obtain
z C p'[s/v]
And [,e(p T(v) - P’ + 2 can be rewritten by Rule 11. Contradiction.

¢ Proof. Fact 3
Now we are able to prove

Pepqg = P q

First we prove that for ¢t < U(p)

!

peygAg=>qd AN t>peyd = ¢=gq

Take ¢ Tt qi-.. i) ¢» where g, = ¢’ and assume n > 0.
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In the sequel p == p’ denotes that there is a z and s such that p =, 2, U(2)
and p’ =t > z; thus =} is nothing more than =>, where an idling is allowe
the end.

Since p «», q we can take py,...,p, such that
P=>{D1... = P A DG A A DS

It cannot be the case that there is a pj and a ¢ such that

7(t1)
q @1
} }
g .. gL » L13>gq
} } }
N\
P /i’ Lo - P
1

where p; = t; > p}. Since, together with ¢, < t < U(g), it would imply
t1 > q 4 q1 which is excluded by Fact 2.

Hence there is a p| and a ¢} such that

q T(tl) » Q1

} | }

g T GV R,

! ! !

p A,%, 2 r(t) > DN
1

(r

Take p' such that p —> 7> p'[r/v] =, p1 then forall ¢’ € (t,u) as well

t>p USRI p'[t' /]

Since t 3> p < ¢’ <4 pn and by Fact 2 there are 2/, 2” and a s such that
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e

\
=
Y

t' > p'lt'/v]

} }
t' > p[t'[v]

! . :

N
Pn > 7 t> 2t o]
8

o~
%
3
\/
%\
\%
B
A
o~
Y

A

[

—
Y

ell p'[t'/v] * o, 2"[t'/v]*. By induction p'[t'/v]* ~ 2"[t' /v]* but

e O e R XA 7

epth(p') > depth(z").

ssumption that n > 0 leads to a contradiction and therefore we conclude
0 and thus ¢’ = q.

J(g) = v/ > u and take s = S(p). Consider p alr), p’' where a # 7. Then
z,q' and a t such that

=
Y
3

B e
'@\ g

3

\
o~
1\

3
BN
2

\

-
g
e

proven already that z = q. Hence there is a ¢' such that ¢ o) q' and

by induction p’' &, ¢'.

;0 prove that in case of p 0o p'[r/v] there must be ¢’ such that

" s i

Y

I 7(r)
q

Y

r > ¢[r/v]

s,u) it is easy to see since
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> T > pl['r/v]

is excluded by Fact 2. So assume r = u, then there are two cases to consider; either
s <uand [egqT@) o' Epor7(u)-pCEp.

— s <uand [, 7(v) P’ is a summand of p. We have proven already for each
t € (s, u) that there is a ¢* such that
7(t)

P 1> D[t/

I 7(t)
q

Since there are infinitely many ¢ there must be a summand [,¢q,.. 7(v) - ¢ of
g and an infinite subset S of (s, u) such that

» £ ¢'1t/v]

Vie S plt/v] ot > Pt v] et > d[t/v] o4 4[]

By induction
Vie S pt/v]x =~ ¢[t/v]*

and since S is infinite p' ~ ¢’. But then as well

p'lu/v]* = ¢'[u/v]*
From which we obtain directly
u > p'lufv] o= u > ¢'[u/v]
and we are ready since by p' ~ ¢’ as well
u>> p'lu/v] o, u> ¢lu/v]

It is left to show that it must be the case that indeed ¢ MORIEN q'[u/v], thus
we have to show that u € {s,u'). In case v/ > v or v/ = u A ) =] then it is

obvious.

Assume v’ = w and ) =). Then there must be a ¢" such that ¢ ) >

¢"[u/v] and u > p'lu/v] <, v > ¢"[ufv]. Thus ¢ has as well a summand
Joegswy T(0) - ¢" or T(u') - ¢". By induction p'[u/v]* ~ ¢"[u/v]*. But then Rule
7b or Rule 9 can be applied on ¢. This is a contradiction and thus it cannot
be the case that v’ = u and ) =).

7(u)

— 7(u) - p' E p. Then the transition p — u > p' is matched either with a

transition, thus there is a ¢’ such that ¢ =3 u'> ¢’ [u/v]and u > p' oy u >
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g'[u/v], or the transition is matched by an idling, thus u > p’ &=, u > ¢q. We
have to show that the latter is not possible.

In czse of U(g) = u the transition p MORIEN p' cannot be matched by an

idlis s at all and we are ready.

We will show that it cannot be the case that U(q) > u. Take U(q) = '

Assume there is a ¢’ such that ¢ ™ e ¢'[ufv] and u > p’ o u>> ¢[ufv].

By induction p' ~ ¢'[u/v]*. Moreover [,¢(, . 7(v) - ¢' C ¢ and by reasoning
as in the previous part we obtain that [ e, 7(v) - ¢ € p as well. But then
7(u) - p’ can be removed by Rule 9, which is a contradiction. Hence there is no
such ¢' and thus it must be the case that u>> p' <, u > q.

Assume ¢ is of the form Y; foe(pu, @ + X; @'(v'), where ' > u, and take
@ ™ 32 foequwy; @ + 2 Q'(«'). And we have

U D geopu>p opp

By induction g, ~ 9/, hence U(p') = v’ and every summand Joctuuy P of D' is
also a summand of g, hence also [,¢, ) P E ¢. Idem for summands P(u') of
v

There must be a 2z such that p ~ z + 7(u) - p’. By reasoning as in the previous
case we obtain [,¢(, ) @ & 2 for each summand f,¢(, .5 @ of ¢. In other words,
for every summand [,¢(, ) P of p' there is an adjacent summand Joesy P 10
z. Moreover, each summand of z must be of the form [,¢(, ., P for which there
is a summand [, P in p'. Hence p ~* g and Rule 12 reduces z + 7(u) - p/
to (z + p')~. Contradiction.

o

6.6 Rooted Branching Normal Forms and Completeness

We construct for each basic term its rooted branching normal form, denoted by rbn f(p):

1. We replace every summand [,¢y a(v) - p' by [,y a(v) - bnf(p') and we lift the con-
ditions.

2. We apply the same steps of the construction for normal forms, so we reduce the
bounds of the intervals to their normal forms, we substitute redundant variables
and we take double summands together.

3. The resulting term p is of the form ¥;{o; :— p;}. If we started with a time closed
term then p is a time closed term as well and there must be exactly one 7 such that
a; = tt and we deliver p;. In case we didn’t start with a time closed term then we
deliver p itself.

So the Rules 10, 11 and 12 are not applied at the root level.
By construction CTAy, - p = rbnf(p) and thus (by using Corollary 6.12) BPApSI + p =
rbnf(p) as well.
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Lemma 6.14 p,q € T¢

Proof.

soundness
transitivity of «
Unicity Theorer

Corollary 6.15 p,q € T¢

p

Proof. Direct by the pre



7 An Operational Semantics with Idle Transitions

In this section w= give an operational semantics in the style of Baeten & Bergstra in Table
8. Each state i a pair of a time closed term and a point in time. The state consisting
of the term p .t time ¢ is denoted by < p,¢t >. An idle transition is a transition which
increases the course of time without changing the process part, in this paper we label

an idle transition with the greek letter iota (¢). Thus if the time of the state < p,t >

can be increased to r (since U(p) > r) then we have < p,t > A o p,7 >. Baeten &

Bergstra do not have labels on idle transitions. We refer to this operational semantics by
idle semantics.

On the transition systems we define again strong bisimulation and (rooted) branching
bisimulation. To distinguish these definitions of earlier definitions we add an index ¢ which
stands for idle. We denote these new equivalences by resp. <* and <y and we will
prove that they coincide with the earlier definitions.

7.1 The Action Rules and Strong Bisimulation

The root state of the transition system of a process p is the state < p,0 >, denoting that
time starts at zero. If from < p,¢ > an initial action at time r can be executed, then there
is an idle transition to every point between ¢ and r. Note that < p,t > o) < W, >

implies that a # ¢. We can define strong bisimulation and strong bisimulation equivalence
in the standard way.

Definition 7.1 Strong Bisimulation
R C (T x [0,00))? is a strong bisimulation if whenever < p,t > R < q,t > then

1. <p,t> o) < p',r > implies that there is a ¢' such that

<q,t>ﬂﬂ><q',r> and <pl,r >R <g,r>.

2. <p,t> ) implies that < q,t > o)

3. Respectively (1) and (2) with the role of p and q interchanged.

Definition 7.2 Strong Bisimulation FEquivalence

<pt> b <gq,t> iff there is a strong bisimulation R such that
<pt>R<q,t>.

In the sequel we will show that this equivalence corresponds with the strong equivalence
we have defined before; we will show that p «», ¢iff < p,0> & <gq,0>.

7.2 The correspondence between the two operational seman-
tics

In this section we will discuss the correspondence between the idle semantics ana abstract
semantics. It is mainly taken from [Klu91a]. Consider

In abstract semantics (a(r)-p)- g o0 (r>p)-q

In idle semantics < (a(r)-p)-q,0 > & < p-q,r>
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t<r
b(r),t > 22

t<r rev
foev b(v),t > 23

<p,t>ﬂ<p’,r>

b(r
p+q,t>(—)><p’,r>

<p,t>ﬂ<p’,r>

5
q+p,t>ﬁ><p’,r>

<p,t>—b-(2*<p,7">

p+q,t>—@+<p+q,r>

<p,t>ﬂ<p',r>

p'Q7t>M<p"qar>

t<r<s

< c(s),t> 0, < c(s),r >

t<r<sup(V)

< foey @)t > 2D < [ e(v),r >

<pt>

<p+q,t>f—(r—)+

<p,t>@> Vv
<q+p,t>M Vv

<p,t>ﬂ<p,r>

<q+p,t>f—@+<q+p,r>

<p,t>f—l—(r~)>

<p~q,t>g(—r—)><q,r>

<p,t>5@><p’,r>

<s>pt><pr>

> 8

<p,t>f—(—r—)><p’,r>

<p>>s,t>b—(r2><p’,r>

<S8

<p,t>ﬂs—)+<p’,s>

pQs,t > He), <p,s>

Hr)

<s§ <pit>-—<pr>

.s>>p,t>ﬂ><s>>p,r>
t<r<s

pQs,t > A, < pQs,r >

<p,t>@> Vv

<s>>p,t>i(—r—)>

>3

<p,t>ﬂ

<p>>s,t>i@> Vv

r<s

<pt>2

<p@s,t>f-(5)+

<p,t>-b—(2><p,r>

<p>>s,t>f-(12><p>>s,r>

r<s

able 8: Action Rules (a € A, ,,b€ A,,c € A.sand ,s,t € [0,])
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We see that in the abstract semantics the course of time is encoded by an occurrence
T > in the prefix, while in the idle semantics the course of time is reflected by the tin
component in th: state.

In order to 1 iate the states of the (abstract semantics) transition system of p with tl
states of the (ir . semantics) transition < p,0 >, we define the function strip inductivel
It is the counterpart of the function time which is defined earlier.

strip(foev a(v)) = Juev o(v)
strip(fuev 6(v) - p) = [eva(v)-p
strip(X +Y) = X+Y
strip(X > r) = X>r
strip(X Qr) = X@r

strip(r > X) = X

strip(X - Y) = strip(X) Y

Using the functions time (Definition 2.4) and strip we can state some simple Propositio
concerning the (abstract) transition system :

Proposition 7.3 p,p’ € T a € Ar € [0, ]

; al(r;

D atr) P & r>time(p) A strip(p) — p

The following proposition states a correspondence between the transition system of p
the abstract operational semantics and the transition system of < strip(p), time(p) >
the idle semantics:

Proposition 7.4 Vp,q € T Va € A, Vr € [0, 00}

p a(r) J & < strip(p), time(p) > o4 < Vi >
p 20 q = < strip(p), time(p) > 4 < strip(g),r >

< strip(p), time(p) > o0 - qg,r> =

3¢ strip(d) =q A time(d)=7r A p & g

Furthermore, w.r.t. the original semantics we know that

U(p) = sup{s| < p,t > 2% < p,s >}

and
a(U(p))
Ulp) > L(p) => Va€Ad,, <pt> /

Now we are ready to prove the following:

Lemma 7.5 p,qg € T
peg = <p0> e, <q,0>

Proof.
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o = Assume R C 7 x T is a strong bisimulation relation relating p and g. Note
that for all p',¢' € T p'Rq’ implies U(p') = U(q').
Construct R* C (T# x [0,00)) x (T % [0,00)):

R* = { (< strip(p'),r >, < strip(¢'),r >) | (¢',¢) € R A time(p) <r <U(p') }
U {(kpr><qgr>)|0<r<U(p) }

The proof that R* is a strong bisimulation relation relating < p,0 > and < ¢,0 >
is left to the reader.

o <= Assume R* C (T x [0,00)) x (7T x [0,00)) is a strong bisimulation relation
containing (< p,0 >, < ¢,0 >), then construct R C T# x T

R = { (0,9 | (< strip(p'), time(p') >, < strip(q’), time(q') >) € R* }
{ (na }
Again, the proof that R is a strong bisimulation relation rela,ting p and q is left to
the reader. O

7.3 Branching Bisimulation

Before giving the definition of branching bisimulation for these transition systems we have
to define < p,t >=>.< q,7 >:

Definition 7.6 = ((7 x [0, 00)) x [0, 00) x (T x [0, 00})) is defined as the least relation
satisfying:

o < p,t>=m<pt>

o if<pt>==.<qr>and <q,r> )« qg,r" > then < p,t >=p< q,r'>

It would have been possible to allow idle trans1t10ns as well in a series of steps
< p,t >=,.< p',t >. However, since

<po,t0>i><p1,t1>...——><pn,t>Q><p r> = <p0,to>ﬁ><p r>

we prefer the above definition. < p,t >==*< p/,r > denotes that < p,t >=>,< p',r >

or that there is a s such that < p, ¢ >=>s< p 8> ), <p,r>.

Within abstract semantics pRq and p ) might imply that U(q) > r and p'R(r >
g). In the idle semantics of this section of this section this situation is formulated by
saying that a 7 transition may be matched with a ¢ transition; i.e. if

<p,t>R<q,r> and <p,t >—£—)><p r>

then it might be the case that

<p,r>R<qr> and <q,t>ﬂ><q,'r>

We obtain the following definitions of idle branching bisimulation and idle branching
bisimulation equivalence.
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Definition 7.7 Idle Branching Bisimulation
R C (T x[0,00))? is an idle branching bisimulation if whenever < p,t > R < q,t > then

1. <pt> < P, > (a € A,,) implies that there are z,¢',a' and s such that

o <q,t>=,< z,s>a—g-2<q’,r >,
e ifa € A then o' =a else d’ € {r,.},
° <p,s>’R<z,s> and <pl,r>R<q,r>.

2. <pt>25 \/ (a € A;) implies that there are z and s such that

e <qgt>=,<2,8> —> a(r)

e <ps>R<zs8>.

H

3. Respectively (1) and (2) with the role of p and q interchanged.

Note that < p,t > ) y/ implies that a € A,.

Definition 7.8 Idle Branching Bisimulation Equivalence

<p,t> o= <q,t> iff there is a idle branching bisimulation R such that
<p,t>R<qg,t>.

As usual <} itself is not a congruence, therefore we have rooted idle branching bisimu-
lation equivalence.

Definition 7.9 Rooted Idle Branching Bisimulation Equivalence
<pt> o <gt>ff
a(r)

1. <p,t>—><p,r> witha € A, implies that there is a ¢' such that

<q,t>—£—)><q T>and <plr> of <g,r>.

2. <p,t>ﬁ><p,r>zmplzesthat<q,t>——Q><q,7">and<p,r> = < g,r >,

a(r) a(r)

3 <pt>— zmplzes that < q,t > —>

4. Respectively (1),(2) and (3) with the role of p and q interchanged.
Note that the equivalence does not change by omitting the second clause.
Lemma 7.10 <!, is a congruence over BPApéI
Proof. Omitted
Lemma 7.11

BPApSlFp=q = <p0> o' <gq0>

Proof. Omitted

For proving the correspondence between ¢ and <, we have to introduce branching
bisimulation inclusion, a kind of semantical summand inclusion, and primed idle branching
bisimulation equivalence.
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Definition 7.12 Branching Bisimulation Inclusion
< p7t >_C_br< Qat > Zﬁ

1. <p,t> atr), < p',r > implies that there are z,q',a’ and s such that

a'(r) ,
e L ¢ t>=,;<2,8>—<Lqg,T>,

o ifa € Athen o =a else d' € {r,.},
e <p,s>Cp<z,8>and<p,r> of <d,r>.

2. <pt> o) \/ implies that there are z and s such that

e <qt>==>,<2,8> o), v and
o <p,8>C<2,8>.

Proposition 7.13

<p,t>Cp< gt > AN <t >C<pt> <= <pt> «f <qt>
< pat >gbr< p,:t >gbr< p"’t > = < p’t >§br< puat >

Proof. Direct by definition. O

Proposition 7.14 Let p be a branching normal form and r < U(p).

< pt> o) <p,r> = <p,r>C,<pr>

Proof. Omitted

Proposition 7.15 Let p,q be branching normal forms and t < r < min(U(p), U(q)).
<p,t> o <g,t> = <pr> o <qr>

Proof. < p,t > A, o p,r >, and by the definition of <} thereis a < ¢’,r > such

that < ¢,t >=*< ¢/,r > and < p,r > ¢} < ¢,r >. By the previous Proposition

<q,r >Cp< q,7 >, hence < p,r >Cp,< q,7 >.

Similarly we can deduce that < ¢,r >Cy,< p,r > and thus < p,7 > <} < gq,r >.
O

Definition 7.16 Primed Idle Branching Bisimulation
R C (T x[0,00))? is a primed idle branching bisimulation if whenever < p,t > R < ¢, >
then

1. < p,t > 20, <p,r> (a€ A,) implies

o cither a = 7, ¢’ and 3s such that < ¢,t >=>,< ¢',s > A, < qg,7 > and

<ps>R<g,s> <p,r>R<,r>. Moreover, < p,t > ), <prT>

implies < p',7 > R < p,7 >.
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z,q" and s such that < q,t >=>,< 2,58 > ) <q,r>and < p,s

z,s>and<p,r>R<q,r>.
o Vv implies 3z and s such that < q,t >=>,< 2,5 > atr) N
i< z,8>.

ly (1) and (2) with the role of p and q interchanged.
d idle branching bis. eg. ( +>4 ) and rooted idle branching bis. eq. ( =%,
0,q € T¢
Peempd <= <p0> g{,)b <q,0>
to the proof of Lemma 7.5.

D’qeq}cl

L,

<pr> oy <qr> & <pr> op <q,r>

12

ne < p,r > % < gq,r >, take an arbitrary a € A, then

0> % <a(r)-q,0>. By the previous Lemma a(r) - p <4 a(r)-qa
iteness BPApSI +BI F p = g. By soundness of BPApSI +BI w.r.t. «
“a(r) -p,0> & <a(r)-g,0>. Hence < p,7r > <} <gq,7>.

wfficient to show that for p, ¢ being branching normal forms

7(r)
<p,t> > <p,r>
i A
<p,t>_.__L,<p,s>
b } !
<q,t> \><q’,sL_L_(T)__, <q,r>
7/
s
T(r
<pt> () > <p,7>

<pr>
! : '
<gt> \><q’,sﬂ_> <g,r>
‘s



we obtain < p,r > «f <¢

ied in abstract semantics coin



8 Delay Bisimulation and Time

8.1 Roote:l Delay Bisimulation Equivalence

Now we have £ udied branching bisimulation in detail it is easy to introduce delay bisim-
ulation. In the untimed case, delay bisimulation can be found by taking branching bisim-
ulation and relaxing one condition (see Figure 1). Let us take the definition of branching
bisimulation and do likewise.

Definition 8.1 Delay Bisimulation(Not correct!)
R CTF x Tt is a delay bisimulation if whenever pRq then

1. p atr) v’ implies

o either a =7, 3z with U(q') > r and 3s such that ¢ =>, ¢' and and PR(r>¢)

e ordz,q' and 3t such that g =>, 2z atr) q and p'Rq'.

2. p atr) v implies Iz and 3t such that ¢ =, = o) V-

3. Respectively (1) and (2) with the role of p and q interchanged.

with this definition we can find a delay bisimulation R which relates

Loy T®)-2(8) +b(3) and sy T®) - 0(3) +6(3)
We do not want to relate these two terms; in the term on the left hand side the choice is
determined before time 2, while in the term on the right hand side the choice still can be
made after 2.

The conclusion is that when dealing with delay bisimulation we have to consider the
idle transitions as well. Therefore we will not discuss the above definition of a delay
bisimulation in the abstract semantics any more.

What we have to do now is to take the definition of idle branching bisimulation and
turn that one into a definition for delay bisimulation.

Definition 8.2 Delay Bisimulation
R C (T x[0,00))? is a delay bisimulation if < p,t >R < q,t> and

1. <pt> &) < p,r > implies that there are z,¢',a' and s such that

a'(r) ]
® <ql>=,<z,8>—<qg,r>,

o ifa € A then o' = q else o' € {7,1},
e <pir>R<q,r>.

2. <pt> <€), +/ implies that there are z and s such that

o <g,t>=,<2,8> ) v,
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3. Respectively (1) and (2) with the role of p and q interchanged.

We define delay bisimulation equivalence (denoted by <, ) and rooted bisimulation equiv-
alence (denoted by ,4) on (7 x [0, 00])? in the standard way. Finally we define «
on 77 x T by putting

peaq = <pl0> oy <q0>
Similarly we define «,, on T x T2
Proposition 8.3 <., is a congruence over T

The proof of this proposition is left to the reader.

8.2 The Timed Delay Law
We obtain the following new identity:

a(1) - (fve(l,m) 7(v) - fwe(l,m) b('w) +c(11)) 244
a(1) * (foeq,10y T(V) * Jweqr,10) (W) + fueqr,10y b(w) + ¢(11))

This identity looks like an instantiation of the (untimed) delay law
T2 T- X+ X=7-X.

We can apply this law only within an appropriate context, since the root condition in
the timed case corresponds with the strongly rootedness condition of the untimed case
(Definition 1.10). The delay law becomes in real time

ATTI2 veV = U(X) < sup(W)

Joev a(®) - ((Juew 7(w) - X +Y) = [ ey a(v) - (Jpew 7(w)) - X +inf(W) > X +7Y)

Note the condition U(X) < sup(W) since:

a(1) - (fvE(l,lO) 7(v) - fweu,n) b(w) + c(11))  ra

a(1) - (fvE(l,lO) 7(v) - fwe(l,n) b(w) + fwe(l,u) b(w) + ¢(11))
And we have the following Theorem.

Theorem 8.4 (Soundness)p,q € TF
BPApl§ + ATBI+ ATTI2 Fp=q = peuq

Proof. Omitted

In delay bisimulation it is more difficult to reason with 7-transitions in which variables
may become bound, since the intermediate states do not have to be related. We have the
completeness only for a restricted set of terms. The techniques we have found so far have
not been sufficient to deal with the terms in which 7 transitions may bind variables non
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trivially. Before studying proof techniques to deal with these terms in delay bisimulation
it has to be determined whether delay bisimulation as defined here is a worthwile notion.
The set 77¢° s defined as follows

e = {p € T7| /uev 7(v) - p' is a subterm of p mplies v & FV*(p')}

We then have a completeness theorem.
Theorem 8.5 (Completeness)p,q € T/
pegqg => BPAplé+ ATBI+ ATTI2Fp=g¢q

Proof. We give only a sketch here. First we formulate ATTI2 as conditional law TC2
and we prove that for p,q € T¢ CTA,, + TC2F p = q implies BPApST +ATBI + ATTI2
F p = q for arbitrary o.

We may assume that p is a basic term. We construct its (rooted) delay normal form
by taking the construction of branching normal forms and adding the following Rule to
it. This new Rule must be applied right after the step in which smaller terms have been
replaced by their delay normal form. Only at the root level of p this Rule is not applied.

Joew T(W) -p+q —

{veV=U(p) =sup(W) = Juew 7(w) p+plinf(W)/w]+q}
+
{ow = Joew T(W) - p+ ¢}

Then we show that if p, g are in rooted delay normal form

<p,0> ©.,<¢0> = <p0> <, <q0>

And we are ready, since we can apply the completeness Theorem for rooted branching
bisimulation. g

Next, we have the following proposition which explains why we have not introduced delay
bisimulation without integration. This fact may look surprising, but it can easily be seen
from the fact that the axiom ATTI2, which characterizes those identities which are not
branching bisimilar, is derivable within 7,. Note that if W = [¢,¢] then U(X) < sup(W)
implies inf(W) > X = 6(¢).

Proposition 8.6 p,q € 7,

De2rgq — D 4

8.3 The embedding of untimed into timed rooted delay bisim-
ulation

Finally, we note that untimed delay bisimulation can not be embedded straightforwardly
into timed delay bisimulation. If we consider the translation RT; of section 4.10 then
we do lose some identities, for example RT, (7 - a) ¢,, RT.(7-a + a). This is due to
our definition of rooted delay branching bisimulation, which is more similar to the notion
of strongly rootedness as defined in Definition 1.10. This is reflected by the following
Thereom.

67



Theorem 8.7 p,qe T,
RT.(p) 2,4 RT:(q) <+

Baeten & Bergstra have suggested to interpret 7-transi
to obtain “well behaved” transition systems one has to «
and step transitions. This idea is investigated further i
is expressed by certain Action Rules which have to be
order to obtain a congruence. Internal states are disting
a boolean value in each state. It can be proven that st1
these transition systems coincides with rooted delay bisi:
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9 Weak Bisimulation and Time

9.1 Its Definition and associated Law

As with delay ! simulation equivalence it doesn’t make sense to define it within abstract
semantics. Therefore we take the definition of delay bisimulation in the context of idle
semantics and turn it into one for weak bisimulation.

Definition 9.1 Weak Bisimulation
R C (T % [0,00))? is a weak bisimulation if whenever < p,t > R < g,t > then

1. <pt> o) < p',r > implies that there are z,2', ' € T, o' € A,, and s,t' € [0, c0)

such that

a'(r) ' )
<gt>==,<2,8>—< 2, r>=p< g, t' >,

ifa € A then o' = a else o' € {r,1},

ift' >r then <p',r > -L-(t—><p’,t’>.

<pt'>R<qg,t>

®

H el

o <p,r>"H < p",t" > and o" € A, implies " > ¢/
2. <pt> o) \/ implies that there are z € T and s € [0, 00) such that
< g, t>=>,< 2,8 > <) Vv
3. Respectively (1) and (2) with the role of p and q interchanged.

We define weak bisimulation equivalence (denoted by <, ) and rooted weak bisimulation
equivalence (denoted by <., ). '

Example 9.2
a(1) - (1(2) - b(3) +¢(2)) =40 a(l) - (1(2) b(3) + c(2)) + a(1) - b(3)

‘This identity looks like an instance of the untimed law T3 a-(7- X +Y) = a-(7- X +Y)+a-X.
And we have the following timed version of T3.

ATTI3 veV = v <sup(W) A W < U(X)

Joev 3(0) - (Juew T(w) - X +Y) = ey 0(v) - (Jyew 7(w) - X +Y) + [y 0(0) - (Juew T(w) - X)

We obtain new identities over the calculus without 7 as well, these are characterized by
combining ATB and ATTI3.

r<t<UX)AUY)Lt

a(r) - > X+Y)=a(r)- > X+Y)+a(r) > X)
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Theorem 9.3 (Soundness)p,q € T
BPApéT + ATBI + ATTI2 + ATTBFp=q = peuq

Proof. Omitted

Theorem 9.4 (Completeness)p,q € T/**
pen,q => BPApSr+ATBI+ATTI2 + ATTI3Fp=gq

Proof. Omitted

9.2 Weak Bisimulation is not a congruence over ACPp

Let us extend BPApé to ACPp by adding communication and encapsulation ([BB91]
JKlu91a]). We assume c|¢ = 7, then ¢(2)[¢(2) = 7(2). Furthermore we disallow the
individual action ¢(2) to happen by the encapsulation 9.

Take p = a(1) - (b(3) + ¢(2)) and ¢ = a(1) - (b(3) + ¢(2)) + a(1) - b(3). Then we have
BPApé+ ATT4 - p = g. But in a context they can be distinguished. In 0(plc(2)) at
time 2 a communication of ¢(2) with ¢(2) is forced since it is the only option for the whole
process not to deadlock at 2. However, 9(c}(q||c(2)) has a deadlock at time 2.

ACPpF O(ple(2)) = a(1)-7(2)
ACPpt 9gg(ale(2) = a(1)-7(2) +a(1) - 6(2)

This counterexample is due to Jan Bergstra ([Be92]). Hence, weak bisimulation is not a
congruence in ACPp. Therefore, we think that weak bisimulation is not appropriate for
extension with time, at least in the context of ACP and ACPp.
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10 Conclusions

We have defined several formalizations of abstraction from untimed process algebra into
real time proces ; algebra. The characterizing laws are very close to the untimed ones.
Weak bisimula on is not very appropriate since it is not a congruence for real time
ACP, the extension of real time BPA with parallelism and synchronization. We expect
that branching bisimulation and delay bisimulation, are congruences for real time ACP.
However, we do not have formal proofs for these facts yet.

Timed delay bisimulation was already found along another route in earlier work
([Klu91b]). There it was motivated as a possible interpretation of abstraction in real
time by interpreting r-transition as idle transitions. In this paper it is more motivated as
a real time formulation of a untimed delay equivalence. In [Klu91b] a protocol verification
has been carried out as well. The law ATB is the only law which is used there, hence,
this verification is sound for branching bisimulation as well.

The completeness results for (timed) delay and weak bisimulation hold only for a
restricted set of terms, it is unclear yet whether a complete axiomatization can be found.

A lot of work still has to be done. For example, recursion has to be studied for strong,
branching and delay bisimulation. Other proposals for introducing the silent step into
a timed process algebra can be found in Wang’s thesis ((Wan90]) and [MT92]. Both
proposals concern timed extensions of CCS. A comparison is not easy due to the subtle
differences in syntax and semantics, but it definitely has to be done. For example, our
conclusions depend on the fact that the transition systems we study obey the property
that every transition increases time. Both Wang and Moller &Tofts have two types
of transitions; one for passing the time and one for the execution of actions. They allow
consecutive actions at the same point in time. Moreover, we do not have maximal progress
(the assumption that internal actions happen immediately when possible). However,
Wang’s work is based on maximal progress. The argument that maximal progress can be
handled easily in BPApSI by extending it with the priority operator ([BW90]) is not a
proper one, since the interaction in real time process algebra between the priority operator
and branching bisimulation is not trivial, though it is not studied yet.

Finally, it has to be studied whether the theory we have build so far enables the
verification of real time protocols. Vaandrager and Lynch ([VL92]) argue that in real time
any bisimulation equivalence is to fine since no abstraction is possible from the timings

of external actions. This phenomenon can be seen as well in the protocol verification of
[KIu91b].
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