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Abstract

In these notes we study run-time properties of general programs w.r.t. constructive
negation, i.e. termination and properties of the form of the arguments of the literals se-
lected during the execution. We consider here SLD-CNF resolution, i.e. resolution with
constructive negation and arbitrary selection rule, and LD-CNF resolution, i.e. resolution
with constructive negation and Prolog selection rule. We show that the class of programs
which terminate for all ground goals for arbitrary (resp. Prolog) selection rule coincides with
the so-called acyclic (resp. acceptable) programs, and that SLD-CNF (resp. LD-CNF) reso-
lution is sound and complete w.r.t. Clark’s semantics for bounded goals and acyclic (resp.
acceptable) programs. These results are applied to the study of run-time properties of gen-
eral programs: two proof methods are introduced and their soundness is proven respectively
w.r.t. SLD-CNF and LD-CNF resolution.
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1 Introduction

Motivation

In this paper we investigate run-time properties of general programs w.r.t. constructive nega-
tion. Run-time properties are related to the execution of the program: such properties include
termination or the form of the arguments of the literals selected during the execution. SLD-CNF
resolution has been introduced by Chan [Chan88] and it allows to handle general non-ground
negative goals. We distinguish between SLD-CNF resolution, i.e. resolution with constructive
negation and arbitrary selection rule, and LD-CNF resolution, i.e. resolution with constructive
negation and Prolog selection rule.

When SLD-CNF resolution is assumed, we consider acyclic programs, a natural class of locally
stratified programs studied in [Cav89] and [ApBe91]. When LD-CNF resolution is assumed, we
consider acceptable programs, a class of programs studied in [ApPe90] and [ApPe91]. Acyclic
(resp. acceptable) programs enjoy the nice property of terminating for arbitrary (resp. Prolog)
selection rule for a large class of bounded goals that includes all ground goals. The converse
holds only under a very restricted assumption that no non-ground negative literal can be selected
during the execution of a goal. In this paper we show how these results can be improved by using



constructive negation instead of negation as failure. By considering SLD-CNF (resp. LD-CNF)
resolution, a characterization of acyclic (resp. acceptable) programs in terms of computing
can be made, and completeness for all bounded goals can be achieved. It has been shown
in [ApBe91] how various forms of temporal reasoning can be naturally described by means of
acyclic programs, as exemplified by the acyclic program YSP that formalizes the so called Yale
Shooting Problem ([HaMcDe87]). We show that with constructive negation more goals can be
successfully computed for the program YSP than by means of SLD-NF resolution.

These results are applied to the study of partial correctness of general programs w.r.t. con-
structive negation. Partial correctness of positive logic programs has been studied by various
authors. There have been considered both declarative properties, i.e. properties of a suitable
model of the program ([BoCo89], [Der89], [AnGa91]) and run-time properties, i.e. properties
regarding the actual form of the arguments of a goal during its execution ([DrMa87], [CoMa91],
[CoMa92]). The only approach we know to prove partial correctness of general programs deals
with declarative properties and is the one introduced by Ferrand and Deransart in [FeDe92]:
assertions are associated to every predicate defined in the program and the method ensures that
they are implied by a suitable model of the program. In contrast, we are not aware of any work
on run-time properties of general programs w.r.t. constructive negation. Run-time properties
of programs containing negative literals are not easy to prove. In fact a resolvent of a negative
subgoal <« —A refers to the (finite) tree of «— A. Thus to prove a property of = A one has to
refer to a property of A and show that A terminates.

In this paper two proof methods are proposed to prove run-time properties of those general
programs P such that their negative part P~ forms an acyclic (resp. acceptable) program. We
consider properties that can be expressed by means of monotonic assertions, for instance ground
or ~war. We adopt a formalization in terms of Hoare-like triples, {pre(L)}L{post(L)}, called
specifications, whose intended meaning is that if the assertion pre(L) holds before the execution
of the goal — L, then the assertion post(L) holds at the end of every successful computation.
The soundness of the methods w.r.t. SLD-CNF (resp. LD-CNF) resolution is proven, using the
property that SLD-CNF (resp. LD-CNF) resolution is sound and complete for bounded goals
and acyclic (resp. acceptable) programs.

Preliminaries

We recall some notions and definitions on SLD-CNF resolution, taken mainly from [Chan8§]
and [Prz89].

Query answering in logic programming can be viewed as a translation procedure that trans-
forms a given formula @ (the query) into an equivalent equality formula Fi (an answer) w.r.t.
the considered semantics. An equality formula is a formula that does not contain any predicate
symbols other than equality =, TRUF and FALSE.

If a refutation of a goal G =« @ in the program P does not involve the selection of any
negative literals and 6 = {z1/t1,...,z,/t,} is a c.a.s. for P U {G} then

comp(P) £ Q — A,

where comp(P) denotes the completion of the program P and A denotes the equality formula
(x1 = t1 A... ANz, = t,) relative to the substitution §. We call 4 an answer to Q. Let Ayj,
..., Ak, k > 0, be all answers to the query (), then

comp(P)EQ=A1 V...V Ag.



If there are no answers, i.e. k =0, then comp(P) = Q = FALSE allows to deduce =Q. This is
negation as failure. If an answer is equivalent to TRU E then comp(P) = @ = TRUE allows to
deduce that =@ is false. When the disjunction of answers is not equivalent to TRU E' then we
cannot deduce that =@ is false. This is why the usual implementation of negation is unsound.
In constructive negation the rule

comp(P) |E—=Q =—(A1 V...V A)

is used. It allows to return the negation of answers to ) as answers to =(). The following notions
are useful.
An extended literal L is a literal of one of the following forms:

1) p(317 cee 7Sn)7 _‘p(Sl, . . '7Sn)7
2) s=t, V(s #t),

where s, t, s1,. ..,8, are terms, p is not an equality relation and V quantifies some (perhaps none)
of the variables occurring in the inequality. We call extended literals in 1) simple literals and
extended literals in 2) constraints or (respectively positive or negative) equality literals.

A primitive inequality is a negative equality literal which is satisfiable but not valid.

A general program is a finite set of universally quantified clauses of the form A «— Lq,..., L,
where m > 0, A is a positive simple literal and L;’s are extended literals.

A formula S is called a simple equality if it is of the form 3(Ly A... A L), n > 0, where the
L;’s are equality literals and 3 quantifies over some (perhaps none) of the variables occurring in
the L;’s. An empty conjunction is identified with true.

The full answer substitution to @ (w.r.t. a program P), denoted by Fg, is the disjunction of
the answers for P U {« @}, which are simple equality formulas generated at all success nodes
of the resolution tree.

We refer to Chan [Chan88] for the definition of normalized answers and negation of an
answer. Thus we assume that answers are normalized and their negation is computed by a
suitable procedure, namely that described by Chan in [Chan88].

We call a goal G reduced if it is empty or it contains only primitive inequalities.

The definition of SLD-CNF tree we consider is a modification of the definition of SLDNF tree
by Apt and Doets in [ApD092] in which the constructive negation is used. To resolve negative
literals, subsidiary trees are constructed, but their construction is no longer viewed as an atomic
step. The trees are defined in a top-down manner by constructing their branches in parallel. An
SLD-CNF tree is defined as the limit of a sequence 79,...,7y,..., such that

- every 7; is a pre SLD-CNF tree, i.e. a set 7 of trees whose nodes are goals together with (if
not empty) one selected literal; 7 contains one main tree and a function subs assigning to some
nodes of the trees with selected negative simple literal = A a (subsidiary) tree in 7 with root
— A.

- 7o is an initial pre SLD-CNF tree, i.e. it contains only one tree, with a single node which is
the considered goal together with a selected literal.

- T;+1 is an extension of 7;.



The definition of extension of a pre SLD-CNF tree 7 is given as follows. We refer to [Chan8§|
for the description of the procedure to normalize answers and to negate them. Let G — {L}
denote the goal obtained removing L from G.

Mark the reduced goals as successful; if G = L1, ..., Ly is reduced then its associated answer
(to be normalized) is the simple equality formula defined as 3(z1 = z10A ... Axp, =0 A L1 A
...A L), where z1,...,z, are the variables of G, 6 is the composition of the previously applied
m.g.u.’s and 3 quantifies over all free variables not in G.

For every unmarked leaf G with selected literal L, in a tree T € 7 do
o If L is a positive simple literal, say A, then

if G has no resolvents then mark G as failed, otherwise add all the resolvents as the sons
of G in T and select literals in non-empty resolvents.

e If L is a negative simple literal, say —A, then

if subs(G) is undefined then the tree 7" with the single node — A is added to 7 and
subs(@) is set to T";

if subs(@G) is defined then the immediate descendents of G in T are the derived resolvents
obtained as follows:

if subs(G) has no answers (is finitely failed) then G—{L} is the single immediate descendant
of G in T, with one selected literal;

if subs(@) is a successful tree then if the disjunction of its answers is equivalent to TRU E
then the goal G is marked as failed. Otherwise let Ai,..., A, (n > 0) be its normalized
answers and let NA; V...V NA, the disjunction of simple equalities obtained by negating
the disjunction (A; V...V A,): then for every j € [1,p|, the goal obtained by G replacing
L with the NA;, with one selected literal, is a son of G in T’

e if L is a constraint then

if it is an equality r = s then if r and s have no unifier then G is marked as failed,
otherwise the immediate descendant of G in T is (G — {L})f, with one selected literal,
where 6 = mgu(r, s);

if it is an inequality V(r # s) then if it is valid then the immediate descendant of G in T
is G — {L} with one selected literal; if the inequality is unsatisfiable then G is marked as
failed. Primitive inequalities cannot be selected.

The definition of LD-CNF tree is analogous to the previous one, but a fixed selection rule
is considered, namely that corresponding to the selection of the leftmost possible literal, where
a literal is called possible if it is not a primitive inequality. We call this selection rule Prolog
selection rule.

We consider acyclic programs ([Cav89], [ApBe91]) and acceptable programs ([ApPe90],
[ApPe91]). We recall some relevant notions and results, obviously generalized to programs
containing contraints.



A general program P is called terminating if all SLD-CNF derivations of P starting in a
ground goal are finite.

A general program P is called left terminating if all LD-CNF derivations of P starting in a
ground goal are finite.

We say that a literal is ground or vartable-free if it does not contain any variable.

A level mapping is a function | | from ground literals to natural numbers s.t. |[~A| = |A|. We
assign level mapping zero to a constraint. It is convenient to assume that for simple literals the
level mapping is strictly greater than zero.

A general program P is called acyclic w.r.t. a level mapping | | if for all ground instances
H — By,...,B,, of clauses of P we have that |H| > |B;| holds for all i € [1,m]|. A general
program P is called acyclic if there exists a level mapping | | s.t. P is acyclic w.r.t. | |.

A literal L is called bounded w.r.t. a level mapping | | if | | is bounded on the set [L] of
variable-free instances of L. If L is bounded then |[L]| denotes the maximum that | | takes on
[L]. Then we say that L is bounded by [ if [ > [[L]|. A general goal G =« L1,..., L, is called
bounded w.r.t. || if every L; is bounded w.r.t. ||, for all ¢ € [1,n]. If G is bounded then |[G]|
denotes the (finite) multiset (see [Der87]) consisting of the natural numbers |[L1]|, ..., |[L»]].

The following results hold.

Lemma 1.1 ([ApBe91]) Let | | be a level mapping and L a bounded literal. Then, for every
substitution 6, Lo is bounded and |[L6]| < |[L]].

Lemma 1.2 ([ApBe91]) Let P be acyclic w.r.t. | |. Then, for every clause H — Ly, ..., L, of
P and for every substitution 0 we have: if Hf is bounded then L;6 is bounded and |[L;0]| < |[H8]]
for alli € [1,n].

Lemma 1.3 ([Bezem90]) Let G be a goal, C a clause and 6 a substitution. If GO and C' have
a SLD resolvent G', then G and C' have a SLD resolvent G" s.t. G' = G"8' for some substitution
o

The previous lemmas continue to hold in presence of constraints, as in SLD-CNF resolution
the execution of a selected constraint always terminates and its level mapping is by definition 0.

In the following definitions taken from [ApPe91] we assume the notion of general program
previously given and LD-CNF resolution.

Let p and ¢ be relations. We say that p refers to ¢ iff there is a clause in P that uses p in its
head and ¢ in its body. We say that p depends on ¢ iff (p, q) is in the reflexive, transitive closure
of the relation refers to.

Negp denotes the set of relations in P which occur in a negative literal in a body of a clause
from P and Negp denotes the set of relations in P on which the relations in Negp depend on.
P~ denotes the set of clauses in P in whose head a relation from Negp occurs.

Let | | be a level mapping for P and I a model of P whose restriction to the relations
from Neg}, is a model of comp(P~). P is called acceptable w.r.t. | | and I if for all ground
instances H < L,..., L, of clauses of P we have that |H| > |B;| holds for all i € [1,7], where
n=min({n} U{i € [1,n] | I £ L;}). P is called acceptable if it is acceptable w.r.t. some level
mapping and a model of P whose restriction to the relations from Neg} is a model of comp(P ™).



Let G =— Lq,..., L, be a ground general goal, | | a level mapping and I a model of P whose
restriction to the relations from Neg} is a model of comp(P~). Then we associate to G the
multiset |G|r = bag(|L1|,...,|Lzl|), where m = min({n} U {i € [1,n] | I = L;}). We associate to
a general goal G a set of multisets |[G]|; = {|G’|; | G’ is a ground instance of G}. G is called
bounded by k w.r.t. | | and I if k > [ for | € U|[G]|;, where U|[G]|; denotes the set-theoretic
union of the elements of |[G]|;. G is called bounded w.r.t. | | and I if for some k it is bounded by
kw.rt. ||and I.

It is immediate to check that Lemma 1.1 holds also when «— L is a goal bounded w.r.t. a
level mapping | | and a model 1.

2 Procedural Semantics of Acyclic Programs

We study here procedural semantics of acyclic programs w.r.t. SLD-CNF resolution. We show
that acyclic programs characterize the class of programs that terminate for all ground goals, for
arbitrary selection rule.

Theorem 2.1 Let P be an acyclic program and G a bounded goal. Then every SLD-CNF tree
for PU{G} contains only bounded goals and is finite.

Proof. The proof is similar to that of Theorem 4.1 of [ApBe91]. Let G be a bounded goal and
L its selected literal. We distinguish the following three cases.

Case 1: L is positive. By Lemmas 1.1 and 1.2, it follows that the resolvent G’ of G is bounded
and that |[G’]| is smaller than |[G]| in the multiset ordering.

Case 2: [ is negative, say 7A. Then subs(G) has root < A which is obviously bounded and
|[— A]| is smaller or equal than |[G]| in the multiset ordering (since |A| = |~ A|). Moreover, every
resolvent G’ of G (if any) is bounded and |[G']| is smaller than |[G]| in the multiset ordering,
since it is obtained from G by replacing the selected literal with a (possibly empty) conjunction
of constraints, whose level mapping is by assumption equal to zero.

Case 3: L is a constraint. Then the resolvent G’ of G is obtained by removing the selected
literal and applying the relative (if any) substitution. Thus G’ is a bounded goal and by Lemma
1.1 [[@"]] is smaller than |[G]| in the multiset ordering.

Now note that there can be only finitely many consecutive selections of negative literals and
use the fact that the multiset ordering is well founded. m|

In [Chan88] it is stated that SLD-CNF resolution is sound and complete with respect to
Clark’s semantics for finite trees. So by virtue of Theorem 2.1 the following result holds.

Corollary 2.2 SLD-CNF resolution is sound and complete w.r.t. Clark’s completion for
bounded goals and acyclic programs.

Example 2.3 Consider the acyclic program YSP presented by Apt and Bezem in
[page339][ApBe91], which formalizes the Yale Shooting Problem.

(a) holds(alive, [1) «—
(b) holds(loaded,[load|Xs]) —
(¢) holds(dead, [shoot|Xs]) «



holds(loaded,Xs)

(d) ab(alive,shoot,Xs) «—
holds(loaded,Xs)

(e) holds(Xf,[XelXs])
- ab(Xf,Xe,Xs),
holds(Xf,Xs)

In this article it has been proved that the formula holds(alive, [z,y]) is equality definable
as =(x = shoot Ay = load) and that the goal — holds(alive,[z,y]) is bounded. Then by
Corollary 2.2 — holds(alive, [z, y]) has a SLD-CNF tree with full answer substitution equivalent

to =(z = shootAy = load). The followingis one such tree, where the selected literal is underlined,
and where O denotes success and < failure.

—holds(alive,[z,y])

(e)

«—-ab(alive,z,[y]),holds(alive,[y])

—az#shoot,holds(alive,[y]) —z=shoot,y#load,holds(alive,[y])

{y/ze}|(e) {z/shoot}

—z#shoot,—ab(alive,xe,| |),holds(alive,[]) —y#load,holds(alive,[y])

{y/ze}|(e)

—z#shoot,holds(alive,[]) —y#load,—ab(alive,ze,| |),holds(alive,[ ])
(@)

—zx#shoot —y#load,holds(alive,[])

(a)

—y#load

where subs(— —ab(alive, z,[y]), holds(alive, [y])) is the following tree.

—ab(alive,z,[y])

{z/shoot}l(d)

«—holds(loaded,[y])

{y/laa(l}l(b) )
O —-ab(loaded,y,[ ]),holds(loaded,[ ])
EL)

The trees relative to subs(«— y # load,—ab(alive, x,[]), holds(alive,[ |)) and subs(— z #
shoot, nab(alive, ze, [ |), holds(alive, [ ])) coincide.




—ab(alive,ze,[])

{ze/shoot} | (d)

—holds(loaded,[])

—=ab(loaded,ze,| ]),holds(loaded,[])

[

Then (z # shootVy # load) is the full answer substitution for the goal — holds(alive, [z, y]).
O

Theorem 2.1 implies that all variable-free goals terminate when the program is acyclic. We
show now that the converse holds, i.e. that a program is acyclic when all variable-free goals
terminate. The following notions and lemmas are used.

Consider, for a program P and a goal G, the (super-)tree relative to the set of all SLD-CNF
trees with root G, corresponding to all possible selection of literals in goals. We denote this tree
by Tg. Let Inodes(T) denote the number of nodes of Tz minus the number of resolution steps
relative to the selection of negative equality literals. We want to prove that for all 8

Inodes(Tq) > Inodes(Tgg) (1)
holds, whenever (nodes(T¢) is defined. Let nodes(T) denote the number of nodes of the tree T

We call a goal G terminating if all the paths in T are finite, where a path of G is a sequence
of nodes G1,...,G,,. .. together with the relative sequence of selected literals and input clauses
(if any) s.t. for all ¢, G;41 is either an immediate descendent of G; in T or the root of the tree
subs(G;).

Lemma 2.4 Let P be a program, 6 a substitutiton, G a goal with a positive selected equality
literal. If GO has resolvent G', then G has resolvent G" s.t. G' = G"p for some substitution p.

Proof. Let (r = t) be the selected literal of G and let & = mgu(ré,tf). Then fa. = pp for some p,
with g = mgu(r,t). The claim follows from G’ = (G —{(r = t)})fa and G" = (G —{(r = t)})u.
Od

Lemma 2.5 Let P be a program, 6 a substitution and G a terminating goal. Then GO is
terminating.

Proof. By contraposition let £ = Gy, G1,...,G;, ... be an infinite path starting at Gog = G6.
We define inductively the path £’ = Gg, G, ..., G, ... such that, for all j, the selected literal in
G is not a constraint and, if it is a negative literal, then G’ ; is not a resolvent of G'.

e (i is Gy with the selected literal and the input clause relative to Gy, where k is the least
index greater or equal than 0 s.t. the selected literal of G, is not a constraint and, if it is
a negative literal, then G11 is not a resolvent of Gg; k exists because ¢ is infinite. Set ¢
tok+1and j to 1.



e Let L be the selected literal of G;_;. Then two cases arise.

L is a positive literal. Then define G; to be the resolvent of G’;_;. The selected atom and
input clause of G;- are those relative to G, where k is the least index greater or equal than
1 s.t. the selected literal of G is not a constraint and, if it is a negative literal, then G4
is not a resolvent of G. Set ¢ to kK + 1 and j to 5 + 1.

L = —A is a negative literal. Then define G;- to be «— A with input clause that relative to
G;. Set i toi+ 1 and j to j + 1.

&' is by construction an infinite path of G& where every resolvent is relative to a positive selected
literal. Then it is possible to apply Lemma 1.3 and lift £ to a path of G. Then G is not
terminating.

O

Lemma 2.6 Let P be a program and G =< @Q a terminating goal. Let Fg be the full answer
substitution to Q. Then for all substitutions 0 if GO is terminating then Fgg is equivalent to
Fgb.

Proof. By Corollary 2.2 comp(P) = Vz(Q = Fg). Then comp(P) = Vz(QO = F#). Since G
is terminating, then Fiyg is defined. By Corollary 2.2 comp(P) |= Vz(Q8 = Fgg). Then Fypy is
equivalent to Fg. O

We have assumed that answers are normalized and negated as described in [Chan88]. Nor-
malized answers do not contain valid conjuncts and the negation of answers does not introduce
new subgoals. Thus the following result holds.

Lemma 2.7 Let P be a program, G a goal with selected literal L and 6 o substitution. Then if
L0 is a simple literal then G& has less or equal number of resolvents than G and every resolvent
of GO is an instance of a resolvent of G.

Proof. If LA is a positive simple literal then the claim follows from Lemma 1.3. If L is a
negative simple literal then the claim follows by Lemma 2.5 and Lemma 2.6.
O

It remains to consider the case when the selected literal Lf in the goal G6 is a negative
equality literal. Then it is a valid inequality. But L can be either a valid inequality or a
primitive one. In the latter case it cannot be the selected literal of G. Notice however that in
this case, since the resolvent of G is G — { L6}, the remaining literals in Gf are not modified.

From Lemma 2.7 and the previous observation it follows that Property (1) holds. This
property allows us to prove the desired claim.

Theorem 2.8 Let P be a terminating program. Then for some level mapping | |
(i) P is acyclic w.r.t. ||,

(ii) for every goal G, G is bounded w.r.t. | | iff G is terminating.



Proof.

Since P is terminating, then by Konig’s Lemma it follows that for every ground atom A
the SLD-ONF tree T'_ 4 is finite. Hence the level mapping that assigns to every ground atom
A the number lnodes(T—4) is well defined. From lnodes(T——4) > lnodes(T—,) it follows that
Inodes(T—-4) > |~A| = |A].

(iil) Consider a terminating goal G. We show that G is bounded by (nodes(T¢). Let [ € [[G]].
Then for some ground instance < Lq,..., L, of G and i € [1,n] we have [ = |L;|. Then

Inodes(Tg)

> (by Property (1))
Inodes(T(—rp,...1,))

> (by construction of T, . 1))
Inodes(T—r,,)

> (by the definition of | |)
| L]

=1

(i) We prove that P is acyclic. Let A8 «— L10,...,L,0 a ground instance of a clause in P. We
have to show that |Af| > |L;0| for all i € [1,n]. Since ABO = Af, then 6 is a unifier of A8 and
A. Then for some mgu u of A8 and A we have 6 = p6’ and — (L1, ..., Lyu) is a resolvent of
— A. Then

146

= (definition of | |)
Inodes(T— ap)

> (T—(Lip,... L) 15 @ subtree of T'_4)
Inodes(T—(r1p,...Lop))

> (part (iil), since L;0 € |[L1p, ..., Loy]|)
|L;6)|.

(ii2) Consider a goal G which is bounded w.r.t. | |. Then by (i) and Theorem 2.1 G is terminating.
O

3 Procedural Semantics of Acceptable Programs

We consider now procedural semantics of acceptable programs w.r.t. LD-CNF resolution. We
show that acceptable programs characterize the class of programs that terminate for all ground
goals, for Prolog selection rule.

Theorem 3.1 Let P be an acceptable program and G a bounded goal. Then every LD-CNF tree
for PU{G} contains only bounded goals and is finite.

10



Proof. Let | | and I be a level mapping and an interpretation s.t. P is acceptable w.r.t. | |
and I. Let G =— Lq,...,L,, n > 1 and let L; be the selected literal, i.e. the leftmost possible
literal. We distinguish the following three cases.

Case 1: [; is a positive simple literal. Then the proof is as that of Lemma 3.7 of Apt and
Pedreschi [ApPe90] and is here omitted.

Case 2: L; is negative, say =A. Then subs(G) has root < A which is obviously bounded and
|[— A]|r is smaller or equal than |[G]|; in the multiset ordering (since |A| = |~A|); moreover
every resolvent G' of G (if any) is bounded and |[G']|; is smaller than |[[G]|; in the multiset
ordering, since it is obtained from G by replacing L; with a (possibly empty) conjunction of
constraints ci,...,c, s.t. I = L; < c1,...,ck, and s.t. |¢;| = 0 for all ground instance ¢, of ¢;,
for all i € [1, k].

Case 3: L; is a constraint. Then the resolvent G’ of G is obtained by removing L; and applying
the relative (if any) substitution. Thus G’ is a bounded goal and by Lemma 1.1 |[G’]|; is smaller
than |[G]|; in the multiset ordering.

Now note that there can be only finitely many consecutive selections of negative literals and
use the fact that the multiset ordering is well-founded.
O

LD-CNF resolution is complete w.r.t. Clark’s semantics for finite trees. So by virtue of
Theorem 3.1 the following result holds.

Corollary 3.2 LD-CNF resolution is sound and complete for bounded goals and acceptable
programs w.r.t. Clark completion.

Theorem 3.1 implies that all variable-free goals terminate when the program is acceptable.
To prove the converse, we argue in the same way as for the case of acyclic programs. A property
analogous to property (1) is needed. Let T denote the LD-CNF tree for P U {G} and let
Inodes(Tg) denote the number of nodes of Tz minus the number of resolution steps relative
to the selection of negative equality literals. We want to show that if Tz is finite then for all
substitutions €

Inodes(Tg) > Inodes(Tgg). (2)

To prove this property we argue in the same way as we did for Property (1). Lemma 2.4
and Lemma 2.6 clearly hold also when LD-CNF resolution is assumed. We call a goal G left-
terminating if all the paths in T; are finite. The following is the correspondent of Lemma 2.5
for LD-CNF resolution.

Lemma 3.3 Let P be a program, 0 o substitution and G a left terminating goal. Then GO is
left terminating.

Proof. Let G =« Ly,..., L, and let L; be the selected (leftmost possible) literal of G. Then for
all k € [1,i—1] Ly, is a (primitive) negative equality literal. Let L,,,6,..., Ly, 0 withm; < ... <
my, be all the constraints between L0 and L;0 which are possible negative equality literals.
Then Ty is formed by the sequence of nodes G0,G8 — {L,,,0},...,G0 — {L,,0,..., Ly, 0}
followed by the tree T, (gg), with 7(GO) = GO — {L,0,..., Ly, 0}. Notice that the selected
leftmost possible literal in 7(G#) is L;0. Clearly Tgp is finite iff 7, 7(ge) 1s finite. We prove that
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Tg finite implies T’ (gg) finite. We argue by induction on the number nodes(Tg) of nodes of the
tree Tg.

Suppose nodes(Tg) = 1. Then G either contains only primitive constraints and in this case also
7(G8) contains only primitive constraints, or L; and hence L;f does not unify with the head of
any clause of P. Hence T7(qg) is finite.

Suppose nodes(Tg) > 1. We distinguish the following three cases.

Case 1 L; is a positive simple literal. Let H be a resolvent of G with input clause C'. Then
either 7(G€) and C have no resolvent, or by Lemma 1.3 the resolvent H' is an instance of H,
i.e. H' = Hp for some p. Since nodes(Ty) < nodes(Tg) and Ty is finite then we can apply the
induction hypothesis and conclude that T7 (g, is finite. Then 717 (gg) is finite.

Case 2 L; is a negative simple literal. Then subs(G) is finite and nodes(subs(G)) < nodes(Tg).
By the induction hypothesis applied to subs(G) it follows that subs(7(G#9)) is finite. Moreover
by Lemma 2.6 for every resolvent H' of 7(G6) there is a resolvent H of G s.t. H' = Hf. Then
T(H") = 7(H®).

As nodes(Ty) < nodes(Tg) and Ty is finite, we can apply the induction hypothesis to Ty
and conclude that T7 gy is finite. Then T3 gyg) is finite.

Case 3 L; is a constraint. Then by Lemma, 2.4 if H is the resolvent of G and H' is the resolvent
of 7(G) we have that H' = Hp for some p. Since nodes(Ty) < nodes(Tg) and Ty is finite, we
can apply the induction hypothesis and conclude that 77 (g is finite. Hence T (gg) is finite.

O

Lemma 3.3 and Lemma 2.6 imply an analogue of Lemma 2.7 for LD-CNF resolution, i.e.
if G =— L4,...,L, and Ly is a simple literal then for all subsitutions 8 G& has less or equal
number of resolvents than G and every resolvent of Gf is an instance of a resolvent of G.

Finally when L; is a negative equality literal then if it is a primitive inequality it is not
selected while L10 can be possibly selected in G8. However in this case the resolvent of Gf is
(G —{L1})0, and thus the remaining literals in G are not modified.

Thus property (2) holds. We can now prove the desired claim.

Theorem 3.4 Let P be a left terminating program. Then for some level mapping | | and a
model I of comp(P)

(i) P is acceptable w.r.t. || and I,

(ii) for every goal G, G is bounded w.r.t. || and I iff all LD-CNF derivations of P U{G} are
finite .

Proof.

Since P is left terminating, then by Koénig’s Lemma it follows that for every ground atom A
the SLD-CNF tree T'._ 4 is finite. Hence the level mapping that assigns to every ground atom
A the number lnodes(T—,) is well defined. From lnodes(T—-4) > Inodes(T—4) it follows that
Inodes(T—-4) > |2A| = |A|.

Next, choose I = {A € Bp | there is an LD-CNF refutation of P U {< A}}. The proof that
I is a model of comp(P) is contained in the proof of Theorem 3.4 of Apt and Pedreschi [ApPe91,
page 12] and is here omitted.
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(iil) Consider a left terminating goal G. We show that G is bounded by Inodes(Tg). Let [ € |[G]].

Then for some ground instance «— Li,...,L, of G and i € [1,n] with m = min({n} U{i €
[1,n] | I £ L;}), we have [ = |L;|. Then
Inodes(Tg)

> (Property (2))
Inodes(T(—r,,...L,))
> (by construction of T(—r, . r.))
Inodes(T—p,,...L..)
> (by construction of T(_r, . .r.))
Inodes(T—r,;,..,1..)
> (by construction of T(_r, . r.))
Inodes(T—r,,)
> (by definition of | |)
| L]
=1
(i) We prove that P is acceptable. Let A8 — L10,...,L,0 a ground instance of a clause in P.
We have to show that |A8| > |L;0| for all i € [1,7], with @ = min({n} U {i € [1,n] | I £ L;}).
Since A0 = A@, then 8 is a unifier of A# and A. Then for some mgu p of A9 and A we have
6 = pud' and — (Lip,...,L,p) is a resolvent of — A. Then
| A6|
= (definition of | |)
Inodes(T— ap)

> (T—(Lyp,...Lnp) 15 @ subtree of T'_4)
andes(Th(Llp,...,Lnu))

> (part (iil), since L;0 € |[L1p, ..., Lop]|)
|L;0)|.

(ii2) Consider a goal G which is bounded w.r.t. | |. Then by (i) and Theorem 3.1 G is left
terminating.
O

4 Partial Correctness of General Programs

Our method to prove partial correctness of logic programs comes from imperative programming
(see for instance [Hoare69]). In that setting formulas of the form {¢}I'{¢} are considered with
the meaning that if the assertion ¢ is true before the initiation of the program T' then the
assertion ¢ will be true on its completion. To prove the correctness of such a formula the
program is decorated with invariant assertions that describe the state of the computation when
the control reaches the corresponding program point. We consider here Hoare-like triples of
the form {pre(L)}L{post(L)} to express the partial correctness of a literal L together with a
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pre- and a post-condition with respect to a general program P. Both SLD-CNF (i.e. arbitrary
selection rule) and LD-CNF resolution (i.e. Prolog selection rule) are considered.

In SLD-CNF (resp. LD-CNF) resolution a c.a.s. is a substitution together with a set of
primitive constraints and it can be represented by a simple equality formula (see Section 1). We
call characteristic assertion of a substitution a the equality formula associated with «, denoted
by A,.

The intended meaning of {pre(L)}L{post(L)} is that if the assertion pre(L) is true before
the execution of the goal < L in the program P, then the assertion post(L) is implied by the
characteristic assertion of every SLD-CNF (resp. LD-CNF) c.a.s. of — L.

We introduce a proof-method to prove the correctness of {pre(L)}L{post(L)} w.r.t. an
acyclic program and prove its soundness w.r.t. SLD-CNF resolution. Similarly we introduce a
proof-method to prove the correctness of {pre(L)}L{post(L)} w.r.t. an acceptable program and
we prove its soundness w.r.t. LD-CNF resolution. Finally we show how these methods can be
extended to general programs.

We consider monotonic assertions, i.e. assertions p s.t. pa true implies pa3 true for all
substitutions 8. Thus to describe the form of an argument x of a goal during its execution we
can use the assertion ground(z) or —var(z), but not var(x), since this predicate is not monotonic.
Notice that (s # t)a is true if all its ground instances are true, i.e. if it is a valid inequality.
Thus negative equality literals are monotonic predicates. Moreover we allow a specification to
contain assertions that are finite representations of an infinite (countable) number of disjuncts

or conjuncts. For instance the assertion IndX (L = [X(1),..., X (n)]) is a finite representation
of the infinite assertion (L = []VL = [X(1)]VL = [X(1),X(2)]V...), which says that L is a list.
We write for simplicity this assertion as 3z1,...,2,(L = [z1,...,2,]). We call a specification

{pre(L)}L{post(L)} positive (resp. negative) if L is a simple positive (resp. negative) literal,
we call {pre(L)}L{post(L)} constraint specification if L is a constraint.

Definitions and results concerning constraint and negative specifications are analogous for
both acyclic and acceptable programs. The correctness of a constraint specification does not
depend on the considered program.

Definition 4.1 The correctness of a constraint specification {pre(L)}L{post(L)} is defined as
follows:

e if L is a negative equality literal then the implication pre(L) — post(L) holds;
o if L is a positive equality literal then the implication (pre(L) A L) — post(L) holds.

For negative specifications {pre(L)}L{post(L)} we need to know all the c.a.s.’s of PU{«— L}
starting with preconditon pre(L) true.

Definition 4.2 (Strongest Postcondition) Let L be a negative simple literal, P a program,
p an assertion. We call strongest postcondition of L w.r.t. p and P, denoted by spp.L.p, the

assertion
V (Ao A Ag)
a’ﬂ

for all @ and (3 s.t. pa is true and G is a c.a.s. for PU{— La} w.r.t. SLD-CNF (resp. LD-CNF)
resolution.

We write for simplicity sp.L.p instead of spp.L.p when ambiguity does not arise.
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Definition 4.3 (Correctness of Negative Specifications) We say that a negative specifi-
cation {pre(L)}L{post(L)} is correct w.r.t. a program P if the implication

sp.L.pre(L) — post(L)
holds.

Notice that the definition of correctness of a negative specification is given in semantic terms,
i.e. it refers to substitutions and c.a.s.’s. However for acyclic (resp. acceptable) programs the
soundness and completeness of SLD-CNF (resp. LD-CNF) resolution for bounded goals w.r.t.
Clark’s completion implies that if B is a bounded atom and Fpg is the full answer substitution
to B then comp(P) = B — Fp. This property can be used to provide a criterion to find an
assertion equivalent to sp.L.p w.r.t. Definition 4.2. We denote by z (resp. t) a sequence of
variables (resp. of terms).

Theorem 4.4 Let A be an atom, P a program, p an assertion. If p — (A = 3zB) with B
bounded atom, whose free-variables occur in A, then sp.mA.p is equivalent, w.r.t. Definition 4.2,
to (p A3z(A = BA¢_p)), with ¢_p equality formula equivalent to =B w.r.t. comp(P).

Proof. If p is equivalent to FFALSE then obviously sp.—A.p is equivalent to FALSE. Otherwise:
Let a and § s.t. pa is true and (3 is a c.a.s. for P U {— = Aa}. We have to show that

(Aa N Ag) — (pAJz(A = BAod-B)).

By hypothesis there exists a substitution {z/t} s.t. Aa = Ba{z/t} holds and «— —Ba{z/t} is
bounded. Then (3 is a c.a.s. for P U {«— —Ba{z/t}}. By the soundness of SLD-CNF (resp.
LD-CNF) resolution for bounded goals and acyclic (resp. acceptable) programs w.r.t. comp(P)
it follows that the implication (Ag — ¢-paf{z/t}) holds. Then, as p is monotonic and pa is
true, we obtain that the implication (Ay A Ag) — (p A 3z(A = B A ¢-p)) also holds.

Conversely let « be s.t. (p A3Jz(A = B A ¢-p))a is true. By the hypothesis Aa = Ba{z/t}
holds for some substitution {z/t}. Then it is sufficient to show that € is a c.a.s. for P U {—
—Ba{z/t}}. By hypothesis < =B is bounded: then by Lemma 1.1 it follows that — —~Ba{x/t}
is bounded. As ¢_pa{z/t} is true, it follows from the completeness of SLD-CNF (resp. LD-
CNF) resolution for bounded goals and acyclic (resp. acceptable) programs w.r.t. comp(P) and
from Ao = Ba{z/t} it follows that A, — sp.mA.p. O

Notice that in the proof of Theorem 4.4 both the soundness and completeness of SLD-CNF
(resp. LD-CNF) resolution w.r.t. the completion of the program are used.

Note 4.5 Theorem 4.4 follows from Corollary 2.2 (resp. Corollary 3.2) if the considered
assertion p is TRUE. In fact in this case Theorem 4.4 says that if —=A is bounded then
V(mA = (3A1V...V3A,)) with Ay,..., A, all the c.a.s.’s for PU {«— —~A}. However in general
Theorem 4.4 allows to characterize the c.a.s.’s of the class of negative atomic goals specified by
a negative atom —A and a precondition p, by considering a bounded negative atomic goal which
is equivalent to < = A w.r.t. p and by translating it into an equality formula equivalent w.r.t.
the completion of the program.

Note 4.6 Consider negation as failure. If L is a ground literal and P is an acyclic (resp.
acceptable) program then comp(P) |= (L < ¢1) where ¢, is either TRUE or FALSE. Then
if p implies that L is ground and L does not flounder, then sp.L.p is either p or FALSE and
Theorem 4.4 gives a sufficient criterion to decide which of them.
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Example 4.7 Consider the program P

elem(X, [XIL]) «
elem(X,[H|L]) <« elem(X,L)

It is easy to check that P is acyclic by choosing as level mapping |elem(s,t)| = |t| where if ¢ is
a list then [t] is its size, otherwise |t| is zero. We calculate

sp.—elem(z,1).{list(l)}.

We have that
list(l) — (3z1,...,z,(elem(z, 1) = elem(z,[z1,. .., 24,])))

holds. Moreover for an arbitrary n —elem(z, [z1,...,2,]) is bounded by n itself and
comp(P) = (melem(z,[z1,...,2,]) = (T #xT1 A AT # ).
Then by Theorem 4.4 sp.—elem(z,1).{list(l)} is equivalent (w.r.t. Definition 4.2) to
(list(1) A Tzq,. ..,z (elem(z,l) = elem(z, [T1,. .., Zx)) AT # 1 A ... AT # Ty)).

O

Let us now consider positive specifications. To prove the partial correctness of a positive
specification we argue as in [CoMa91], [Dr91]. The program is decorated with assertions, a pre-
and a postcondition for every literal in the body of a clause. These assertions are proved to be
global invariants and the specification is shown to match every asserted clause of the program.
Informally a positive specification {pre(A)}A{post(A)} matches an asserted clause if

- the precondition of the clause can be obtained from pre(A) and the unification of A with the
head H of the clause,

- post(A) can be obtained from pre(A), the postcondition of the clause and the unification of A
with H.

Since we consider monotonic assertions, the information regarding the unification of A with
H can be expressed by the equality assertion A = H.

The selection rule is relevant in the method. If we consider an arbitrary selection rule then the
precondition (resp. postcondition) of an asserted clause is the conjunction of the preconditions
(resp. postconditions) of the literals in the body of the clause. If we consider Prolog selection
rule we have that the literals in the body of a clause are ordered from left to right. Then the
precondition (resp. postcondition) of an asserted clause is the precondition (resp. postcondition)
of the first (resp. last) literal in the body of the clause. Moreover with Prolog selection rule
the postcondition of a literal in the body of a clause coincides with the precondition of the next
literal.

Definition 4.8 (Asserted Clause) An asserted clause AC is a clause C together with a
specification {pre(L)}L{post(L)} associated to each of its body literals L.

Definition 4.9 (Asserted Program) An asserted program AP consists of a set of asserted
clauses AC, one for every clause C' of P.
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Definition 4.10 (Matching) We say that the specification {pre(L)}L{post(L)} matches the
asserted program AP if the following conditions hold:

o If L is a constraint then {pre(L)}L{post(L)} is correct.
e If L is a positive simple literal then

1) for every disjoint with {pre(L)}L{post(L)} variant H' <« of a unit clause of P s.t. L
and H’ unify the following implication holds:

(pre(L)A L = H'") — post(L);

2) for every disjoint with {pre(L)}L{post(L)} variant AC" of a non-unit asserted clause
of AP s.t. L and the head H’' of C' unify the following implications hold:

(pre(L) AL = Hl) — pre(AO’)
(pTE(L) /\pOSt(AOI) AL = H’) — post(L).

e If L is a negative simple literal then {pre(L)}L{post(L)} is correct w.r.t. P.

We call pre(AC) and post(AC) respectively pre- and postcondition of AC. Since they will
depend on the considered selection rule, two different definitions will be given in the follow
respectively for acyclic and acceptable programs.

Definition 4.11 (Partial Correct Asserted Program) We say that the asserted program
AP is partially correct if its specifications match AP.

Definition 4.12 (Partial Correct Positive Specification) We say that a positive specifi-
cation {pre(L)}L{post(L)} is partially correct w.r.t. a program P if there exists a partially
correct asserted program AP s.t. {pre(L)}L{post(L)} matches AP.

We denote by L, ,, the sequence of literals L, ..., L, and by pre(L; ,) (resp. post(L;,)) the

assertion pre(L;) A... A pre(Ly) (resp. post(L;) A...Apost(Ly)). We write simply L, for L; ,,.
The following generalization of partial correctness to specifications that contain sequences
of extended literals is useful.

Definition 4.13 We say that a general specification {pre(L,,)}L,{post(L,,)} is partially correct
w.r.t. the program P if there exists a partial correct asserted program AP s.t. for every i € [1,n]
one of the following conditions holds:

1) If L; is a constraint then {pre(L;)}L;{post(L;)} is correct,
2) If L; is a negative literal then {pre(L;)}L;{post(L;)} is correct w.r.t. P,
3) If L, is a positive literal then {pre(L;)}L;{post(L;)} matches AP.
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4.1 Partial Correctness of Acceptable Programs

In this section whenever we write program we assume it is acceptable and whenever we write
c.a.s. we assume it is a c.a.s. with respect to LD-CNF resolution.

Definition 4.14 TLet AC be an asserted clause and let Lq,..., L, be the body of C. Then
pre(AC) = {pre(L1)} and post(AC) = {post(L,)}. Moreover Vi € [1,n — 1] (post(L;) =
pre(Lit1)).

Now Definition 4.12 together with Theorem 4.4 provide a method to prove the partial cor-
rectness of an acceptable program. To show that this method is correct we consider general
specifications. We denote by {Ro}L1{R1}...{Rn-1}Lr{R,} a general specification. The fol-
lowing property is useful.

Lemma 4.15 Let p,q,p’,q be assertions, L an extended literal and P a general program. If the
implications p — p' and ¢' — q hold and {p'}L{q'} is correct w.r.t. P then {p}L{q} is correct
w.r.t. P.

Proof. The case L constraint is immediate.

If L is a negative simple literal then by Definition 4.2 it follows that p — p’ implies sp.L.p —
sp.L.p'. Moreover by Definition 4.3 it follows that ¢' — ¢ implies sp.L.p’ — ¢q. Then {p}L{q} is
correct.

If L is a positive simple literal then let AP be a correct asserted program s.t. {p'}L{q’}
matches AP. We show that {p}L{q} matches AP. For every asserted clause AC in AP we
have that

(' ANH = L) — pre(AC) (3)

and
(p' Apost(AC)ANH = L) — ¢, (4)

where H is the head of AC. From p — p’ and (3) it follows that (p A H = L) — pre(AC) and
from p — p/, ¢ — ¢ and (3) it follows that (pApost(AC)AH = L) — q. Then {p}L{q} matches
AP.

O

Theorem 4.16 (Soundness I) If {Ro}Li{R1}...{Rn—1}Lo{Rn} is correct w.r.t. the program
P then for all o, A s.t. Roa s true and A is an answer to L, relative to a LD-CNF refutation
of PU{« L,a} the following implication holds:

(Ao ANA) — R,

Proof. By Definition 4.13 there exists a correct asserted program AP s.t. conditions 1), 2) and
3) hold. Let a s.t. Rpa is true. Let & be a refutation of PU{— L, a} with sequence of computed
substitutions 31, ..., 8r and conjunction of primitive inequalities c. We proceed by induction on
the number [ of resolvents in &.

Suppose [ = 0. Then L; is a primitive inequality for every ¢ € [1,n] and ¢ = L1 A ... A Ly,
By Definition 4.1 R;_1 — R, for all i € [1,n]. Then from Rya true we conclude (A, Ac) — R,.
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Suppose [ > 0. Let L;a be the selected literal. Then L;« is the leftmost possible literal, i.e.
for all j € [1,i — 1] L; is a primitive inequality. Then for all j € [1,7 — 1]

R;_1 — R;. (5)
We distinguish the following three cases.
Case 1 L;a is a negative simple literal. Then 81 = €. Let G =— L, _1a,c¢1,...,¢k, Lijg; , be
its resolvent in &, where ¢1,...,c; are equality literals. Consider the general specification
{Z}A{Z}. . AZ}Li 1 {Z} e {2} .. {Z% 1 }er{ R;}, (6)

where 7 = A, and for all j € [0,k] Z is defined as follows .

I°0=7T
and for j >0
e _ AR if ¢; is a negative equality literal,
I9%-1Ac; if ¢ is a positive equality literal.
From (5) it follows that R;,_j« is true. Let ¢],...,c} be the c.a.s. to < ¢1,...,ck. Then
c,...,¢, is acas. for — Lo and

ClyeeyCk <> ClyennyCh (7)
holds (w.r.t. comp(P)). From {R;—1}L;{R;} partially correct we have that

(Aa Ac) A...Ach) — R; holds. (8)

Then from (7) and (8) it follows that {Z}cix{R;} is correct. Hence the specification (6) is
partially correct. Moreover the specification {R;}L; . ,{Rn} is partially correct by hypothesis.
Hence

{THATY - AT i AT e {T ) AT Y ep{ Rid Ly, { B}

is partially correct.
From Za3; true we can apply the induction hypothesis to the subrefutation of £ starting at
G. We obtain

(Aapy A ... ANAg, Ac) — R,.
Then the claim follows as Ag, is implied by A, A Ag,.

Case 2 L;a is a constraint. Let G =« (L;_, L;y1 ,)B1 be the resolvent. We distinguish the
following two cases.

Case a) L;« is a negative equality literal. Then 81 = €. From {R;_1}L;{R;} correct it follows
that R;_1 — R; holds. Then the specification

{RO}A{R:}.. AR} Lio i {R} Livi {Riz1} ... Ln{ Ry}

is partially correct.
Moreover Rya(; is true.
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Case b) L« is a positive equality literal, say s =t. Then 51 = mgu(s,t). From {R;_1}L;{R;}
correct it follows that (R;—1 A L;) — R; holds. Then the specification

{RQ AN Ll}Ll{Rl AN Ll} ... {Ri—l AN Lz}Lz—l{Rz} (9)

is partially correct. Moreover the specification {R;}L; 1 ,{ R, } is partially correct by hypothesis.
Hence

{Ro AN Li}Ll{Rl AN Lz} - {Ri—l A Li}Li—l{Ri}Li+1{Ri+l} - Ln{Rn}

is partially correct.
Moreover (Rg A L;)af; is true.

In both cases we can apply the induction hypothesis to the subrefutation of ¢ starting at G.
We obtain

(Aapy A ... ANAg, Ac) — R,.

Then the claim follows as Ag, is implied by A, A Ag,.

Case 3 L;«a is a simple positive literal. Let C = H < B,, be the input clause. Then §; =
mgu(L;, H). We distinguish the following two cases.

Case a) m = 0, i.e. C is a unit clause. Then the resolvent is G =« (L;_1, L;i11 ,)af1. From
{Ri-1}L;{R;} matches AP it follows that (R,_1 A H = L;) — R;.
Then the specification

{RO ANH = Lz}Ll{Rl ANH = Ll} .. {Ri—l ANH = Lz}Lz—l{Rz} (10)

is correct. Moreover the specification {R;} L, ,{ Rn} is partially correct by hypothesis. Hence

{RO ANH = Ll}Ll{Rl ANH = LZ} ... {Ri—l ANH = Lz}Lz—l{Rz}LH—l{Rz—{—l} .. Ln{Rn}

is partially correct. Then from (Ry A H = L;)af31 true we can apply the induction hypothesis
to the subrefutation of £ starting at G. We obtain

(Aapy A ... ANAg, ANc) — R,.

Then the claim follows as Ayg, is implied by A, A Ag,.

Case b) m > 0. Then the resolvent is G =« (L;_1, By, Li11,,)0081. As {Ri—1}Li{ R;} matches
AP, it follows that (R;—1 A H = L;) — pre(AC) and (R;—1 A H = L; A post(AC)) — R; hold.
Then, as AP is correct, from Lemma 4.15 we have that the specification

{Ri-1 AN H = L;} B, {R;} (11)

is partially correct. Moreover from (5) and L; negative equality literal for every j € [1,7 —1], it
follows that {Ro A H = L;}L;_1{R;—1 A H = L;} is correct. Hence

{RoANH = Li}Li 1 {Ri-s A = Li}Byp{Ri} Liy1,n{ R}

is correct. Then from (Ry A H = L;)af; true we can apply the induction hypothesis to the
subrefutation of ¢ starting at G. We obtain

(Aapy A ... ANAg, ANc) — R,.

Then the claim follows as A,g, is implied by A, A Ag,. O
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Example 4.17 This example illustrates how our method can be used to show that a program
does not flounder. Consider the following asserted version AGAM E of the program GAME.

win(X) — {TRUE} move(X, Y) {(X,Y)e€ G} - win(Y) {(X,Y) e G}
move(a, b) «— for (a,b) €G

where G is an acyclic finite graph, whose domain dom(G) contains only ground terms.
We show that for every term ¢t GAM E U {— win(t)} does not flounder.

It has been proven in [ApPe91] that GAM E is acceptable (but not acyclic). Then to show that
GAME U{— win(t)} does not flounder it is sufficient to prove that

a) AGAME is correct and
b) {TRUE} win(t) {TRUE} matches AGAME.

In fact by the soundness of our method w.r.t. LD-CNF resolution (Theorem 4.16) it follows that
every time the negative goal — —win(Y) is executed its argument Y is ground.

It is immediate to check that {TRUE} win(t) {TRUFE} matches AGAM E, since the pre-
condition of the first asserted clause of AGAM E and the postcondition of the specification are
both TRUE.

To prove the correctness of AGAM E reduces to the following implications.

(move(X,Y) = move(a,b)) — (X,Y) € G,
spowin(Y){(X,Y) e G} — (X,Y) €G.

The first implication holds by construction. To show that the second implication is also valid
we argue as follows. The assertion (X,Y) € G implies that Y is in the domain of G. Then

(X,Y) € G — Fa € dom(G)(win(Y) = win(a)).
In [ApPe91, page 18] it is proven that win(a) is a bounded atom. Then by Theorem 4.4
sp.owin(Y){(X,Y) € G} = (X, Y) € G ATa € dom(G)(win(Y) = win(a) A ¢p—win(a));

where ¢, (q) is the equality formula equivalent to —win(a) w.r.t. comp(GAME). This asser-
tion clearly implies (X,Y) € G.

Hence AGAME is correct and {TRUFE} win(t) {T RUE} matches AGAME.

4.2 Partial Correctness of Acyclic Programs

In this section whenever we write program we assume it is acyclic and whenever we write c.a.s.
we assume it is a c.a.s. with respect to SLD-CNF resolution. The following definitions are
useful.

Definition 4.18 Let AC be an asserted clause and let Lq,..., L, be the body of C. Then
pre(AC) = {pre(L1) A ... Apre(L,)} and post(AC) = {post(L1) A ... A post(Ly)}.

Now Definition 4.12 together with Theorem 4.4 provide a method to prove the partial cor-
rectness of an acyclic program. To show that this method is correct we prove the following
stronger claim.
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Theorem 4.19 (Soundness II) If {pre(L,)}L,{post(L,)} is partial correct w.r.t. the pro-
gram P then for all a, A s.t. pre(L,)a is true and A is an answer to L,a relative to a
SLD-CNF refutation of P U {« L,a} the following implication holds:

(Aa AN A) — post(L,,).

Proof. By Definition 4.13 there exists a partial correct asserted program AP s.t. conditions
1), 2) and 3) hold. Let « s.t. pre(L,)« is true. Let £ be a refutation of P U {« L,a} with
sequence of computed substitutions G1,...,0r and conjunction of primitive inequalities c. We
proceed by induction on the number [ of resolvents of £&. The base case [ = 0 is immediate
because it implies that L; is a primitive inequality for every ¢ € [1,n] and hence, by Definition
4.1 pre(L;) — post(L;) holds.

Assume [ > 0. Let L;a be the selected extended literal. We distinguish the following three
cases.

Case 1 L;a is a negative simple literal. In this case 8; = €. Let G =— L;_ja,c1,..., ¢, Ligq n0
be its resolvent in £. For every i € [1, k] choose pre(c;) = post(c;) = TRUF if ¢; is a negative
equality literal, pre(c;) = TRUFE and post(c;) = ¢; if ¢; is a positive equality literal. Then
{pre(c;) }ei{post(c;)} is correct for every i € [1,k]. As (pre(L;_i) A pre(c1) A ... A pre(cg) A
pre(L;iq,,))af1 is true then, from the induction hypothesis applied to the subrefutation of §
starting at GG, we have that

(Aa ANAg, Ao AN Ag, Ac) — (post(L;_q1) A post(cy) ... A post(ck) Apost(Liq,,))- (12)

Let cf,..., ¢, be the c.a.s. to «— c1,...,¢,. Then ¢},..., ¢}, is a c.a.s. for — L;a. Hence

(A ANAgy Ao NAg, Ae) = (Ag AEL AL A C) (13)
holds. From {pre(L;)}L;{post(L;)} correct we have that

(Aa Ay A ... Ac)) — post(L;) (14)
holds. Then from (13) and (14) it follows that

(Aa NAg, A ... N Ag, A c) — post(L;) (15)
holds. Then the claim follows from (15) and (12).

Case 2 L;a is a constraint. Let G =« (L;_ 1, L;11,)B1 be the resolvent. As (pre(L;_1) A
pre(L;i1 ,))af is true then, from the induction hypothesis applied to the subrefutation of §

starting at (G, we have that

(Aa AN Agy Ao N Ag, Ac) — (post(L;_y) A post(L;iq,,))- (16)

From {pre(L;)}L:{post(L;)} correct it follows that either pre(L;) — post(L;) (if L; is a
negative equality literal) or (pre(L;) A L;) — post(L;) holds (if L; is a positive equality literal).
Then

post(L;)af is true. (17)

The claim follows from (16) and (17).
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Case 3 L;a is a simple positive literal. Let C = H «— B,, be the input clause. Then §; =
mgu(L;, H). We distinguish the following two cases.

Case a) m = 0, i.e. C is a unit clause. Then the resolvent is G =« (L;_1, Li+1 )01
As (pre(L;_1) A pre(L;tq1,,))af1 is true then, from the induction hypothesis applied to the

subrefutation of £ starting at G, we have that
(Aa AN Agy Ao N Ag, Ae) — (post(L;_y) Apost(L;iq,,))- (18)

From {pre(L;)}L;{post(L;)} matches AP it follows that (pre(L;) N H = L;) — post(L;).
Then
post(L;)af is true. (19)

The claim follows from (18) and (19).

Case b) m > 0. Then the resolvent is G =« (L;_1, By, Liy1 )01
From AP correct it follows that

{pre(L;_1) A pre(AC) A pre(Litq n) }Li—1, By Liy1 n{p0ost(L;_1) A post(AC) A post(L;iq )}
is partially correct. From {pre(L;)}L;{post(L;)} matches AP it follows that
(pre(L;) N H = L;) — pre(AC) (20)

and
(pre(L;) A post(AC) AN H = L;) — post(L;). (21)

From (20) it follows that (pre(L;_;) A pre(AC) A pre(L;41,,))af: is true. Then, from the
induction hypothesis applied to the subrefutation of ¢ starting at G, we have that

(Aa AN Agy Ao NAg, Ac) — (post(L;_y) A post(AC) A post(L;iq ,))- (22)

From (pre(L;) A H = L;)af; true, from (21) and (22) it follows that
(Aa N Ag, A ... AN Ag, A c) — post(L;) (23)
holds. The claim follows from (22) and (23). O

Corollary 4.20 If {pre(L)}L{post(L)} is correct w.r.t. the program P then for all o and A
s.t. pre(L)a is true and A is an answer to La relative to a SLD-CNF refutation of PU{— La}
the following implication holds:

(Aq AN A) — post(L).

Example 4.21 Consider the asserted program AINC, where the program INC' is taken from
[FeDe92].

(ACy) elem(X,[XIL])
(ACy) elem(X,[HIL]) «
{list(L)} elem(X,L) {list(L)AX € L}
(AC3) includ(L1,L2) «
{list(L1) A list(L2)} — ninclud(L1,L2) {list(L1) Alist(L2) A L1 C L2}
(AC4) mninclud(L1,L2)
{list(L1)} elem(E,L1) {list(Li;)AE € L1},
{list(L2)} — elem(E,L2) {list(L2)AE ¢ L2)}
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This program defines the relation elem(z,y) that holds when z is an element of the list y,
the relation includ(z,y) that holds when all elements of the list = are elements of the list y,
and the relation ninclud(z, y) that holds if includ(z,y) does not hold, i.e. when there exists an
element of the list x which does not occur in the list y.

We show that AINC is partially correct.

It is easy to check that INC is an acyclic program w.r.t. level mapping | | s.t. |elem(z, )| = [{|,
linclud(11,12)| = |I1]| + |12] + 2 and |ninclud(I1,12)| = 11| + |I2] + 1.

We begin by showing that the negative specifications of ATNC' are correct.
Consider the specification
{list(L2)}—elem(E, L2){list(L2) AN E ¢ L2)}.
From Example 4.7 we have that
sp.melem(E, L2).{list(L)} = {list(L2)A3zq, ..., 2, (L2 = [x1,..., 2] ANE # 21 N...NE # z,)}.

Then
sp.melem(E, L2){list(L2)} — {list(L2) N E & L2}
holds. Hence the specification is correct.

Consider now the other negative specification
{list(L1) A list(L2) }—ninclud(L1, L2){list(L1) A list(L2) A L1 C L2}.
The implication
(list(L1) Alist(L2)) — 3z, y,, (L1 = [z,] A L2 = [y, ]))
holds and —minclud([z,,], [y,]) is bounded by n +m + 1. It is easy to check that
comp(INC) = (=ninclud((z), ly,) = A (' 2 =)
j€ll,m] i€[l,n]
Then by Theorem 4.4 we have that
sp.—minclud(L1, L2).{list(L1) A list(L2)} =
{list(L1) Alist(L2) A3z, y, (L1 = [z,] A L2 =y A Njepm)(Viepn) T = ¥i)}-
Then
sp.—ninclud(L1, L2).{list(L1) A list(L2)} — {list(L1) Alist(L2) A L1 C L2}
holds. Hence the specification is correct.

To conclude the proof of the partial correctness of AINC' it is sufficient to check that the
positive specification {list(L)}elem(X, L){list(L) A X € L} matches AINC, since the other
positive specification is a variant of this one. By the definition of partial correctness of a
positive specification we obtain from the match of the specification with A(C7) the implication

1) (list(L) Aelem(X, L) = elem(X',[X'|L"])) — (list(L) A X € L),
and from the match of the specification with A(C>) the implications
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2) (list(L) A elem(X, L) = elem(X',[H'|L'])) — list(L')
3) (list(L) ANlist(L') N X" € L' Nelem(X, L) = elem(X',[H'|L'])) — (list(L) AN X € L).
Implication 1) holds because (X = X' A L = [X'|L']) implies L = [X|L']. Implication 2) is
trivial and implication 3) holds because (X = X' AL =[H'|L'] A X" € L') implies X € L.
The partial correctness of AINC and Corollary 4.20 allow to conclude that:

- whenever the goal — elem(X, L) is called with L list, then at the end of every successful
computation X € L holds;

- whenever the goal — —ninclud(L1, L2) is called with L1 and L2 lists, then at the end of every
successful computation L1 C L2 holds;

- whenever the goal «— —elem(X, L) is called with L list, then at the end of every successful
computation X ¢ L holds.

Finally it is easy to check that the specification
{list(L1) A list(L2)} includ(L1, L2) {list(L1) A list(L2) A L1 C L2}

is partially correct w.r.t. INC. In fact AINC is partially correct and the specification matches
the asserted program because

- (list(L1) Alist(L2) A includ(L1, L2) = includ(L1', L2")) — (list(L1") A list(L2"))
and

- (list(L1") Alist(L2'y AN L1 C L2" N includ(L1, L2) = includ(L1', L2")) — (list(L1) A list(L2) A
L1C L2),

are both valid implications.

4.3 Extension to General Programs

It has been shown in Theorem 4.4 how for acyclic (resp. acceptable) programs P and negative
literals L the strongest postcondition can be computed using the property of bounded goals of
been equality definable w.r.t. comp(P). It is easy to check that the condition “P acyclic” (resp.
“P acceptable”) can be weakened by taking the condition “Py, acyclic” (resp. “Pr, acceptable”),
where Py, is the set of clauses of P in whose head the relation p of L or the relations on which p
depends on occurs. In fact the condition “P acyclic” (resp. “P acceptable”) is used in the proof
of Theorem 4.4 to guarantee that the SLD-CNF (resp. LD-CNF) tree of P U {«< L} is finite,
when L is bounded. But if Py, is acyclic then the SLD-CNF (resp. LD-CNF) tree of PU{— L} is
finite, since the relations occurring in the tree are only from Pr. As a consequence the condition
“P acyclic” (resp. “P acceptable”) in the Definition 4.11 of correctness of an asserted program
can be weakened by taking the condition “Negp acyclic” (resp. “Negp acceptable”) .

Example 4.22 Let con.(zo, yo) be the predicate which is true when zg and yg are nodes of the
graph e that are connected without cycles, i.e.

3z, (Vi,j € [0,n]((z; # yo) A (i # j — x; # ;) A (Vi € [0,n — 1][z;, Tit1] € €) A [zn, Yo] € €).
Consider the following asserted version ATRANS of the program TRAN S that computes the

transitive closure of a graph.
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trans(X, Y, E, V) — {list(E)} elem([X, Y], E) {[X,Y] € E}
trans(X, Z, E, V) «
{list(E)} elem([X, Y], E) {[X,Y]€ E},
{list(V)} = elem(Y, V) {Y gV},
{list(E)} trans(Y, Z, E, [Y | VI) {cong(Y,Z)}
elem(X, [XIL]) «
elem(X,[HIL]) «
{list(L)} elem(X,L) {list(L)AX € L}

In [ApPe91] it has been shown that TRAN S is not acyclic. However Neg7 4y is acyclic, since
it reduces to the set of clauses that define the relation elem/2 (see Example 4.7). Consider the
specification

{p} trans(X,Y,e,[]) {d},

where
p = (list(e) A\Vz(z € e — z € N))

and
qg=(pAcon.(X,Y)),

with N finite set of nodes. We show that ATRAN S is correct and that the specification matches
ATRANS.

From FExample 4.7 to prove the partial correctness of the negative specification
{list(V)} —elem(Y,V) {Y ¢ V} reduces to the implication
(list(V) Az, (elem(Y,V) = elem(Y,[z,]) AVi € [1,n]Y #z;)) = (Y € V)

which clearly holds.

The proof that {list(F)} elem([X,Y], E) {[X,Y] € E} matches ATRANS reduces to the
following implications.

- (list(E) ANelem([X,Y], E) = elem(X', [X'|L'])) — [X,Y],€ E,
from the match of the specification with the third clause of ATRANS;

- (list(E) AN elem([X,Y], E) = elem(X',[H'|L'])) — list(L") and

- (list(E) ANelem([X,Y], E) = elem(X',[H'|L')) ANlist(L') N X' € L') — [X,Y] € E,
from the match of the specification with the fourth clause of ATRANS.

It is immediate to check that these are all valid implications.

The proof that {list(L)} elem(X, L) {list(L) A X € L} matches ATRANS is analogous to
the previous one.

It remains to show that {list(F)} trans(Y,Z, E,[Y|V]) {cong(Y,Z)} matches ATRANS.
We obtain the following two implications, which trivially hold.

- (list(E) Atrans(Y, Z, E,[Y|V]) = trans(Y', Z', E', [Y'|V'])) — list(E'),
- (list(E) A trans(Y, Z, E,[Y|V]) = trans(Y', Z', E" [Y'|V']) A cong/(Y', Z")) — cong(Y, Z).
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