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Abstract

This paper describes a number of efficient algorithms for morphological operations which use discs
defined by chamfer distances as structuring elements. It presents an extension to previous work on
extending metrics (such as the p-q-metrics). Theoretical results and algorithms are presented for
the 5-7-11-metric, which is not extending. This metric approximates the Euclidean metric close
enough for most practical situations. The algorithms are based on an analysis of the structure
of shortest paths in the 5-7-11-metric and of the set of values this metric can assume. Efficient
algorithms are presented for the medial axis and the opening transform. The opening transform
algorithm is two orders of magnitude faster than a more straightforward algorithm.
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1. Introduction

Mathematical morphology [ 7, 13]is an approach to image processing which is based on set theoretic
notions such as inclusion and intersection. Recently, mathematical morphology has been extended
to grey level images [13] and even complete lattices [12, 4], but originally mathematical morphology
dealt with binary images. Mathematical morphology models binary images as sets, by considering
the foreground pixels as a subset of the image plane. The image is analyzed by inspecting the
containment or intersection relations of the image with translates of some set B, the structuring
element.

When mathematical morphology is applied to images defined on the real plane, one often uses
discs as structuring elements. This is a suitable choice, because it makes morphological operators
rotation invariant, and because it allows for the interpretation of the results in terms of the natural
metric for the image plane. Because discs are defined by a metric, it is possible to express much of
the theory of morphological operators based on circular structuring elements in terms of metrics.
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In this approach, the notions of distance transformations and reconstructions occur in a natural
way.

In practice, images are not defined on the real plane, but on (some subset of) the square grid
ZZ%. On this grid, chamfer metrics [2] can be defined by setting the distance between pairs of
neighboring points, and providing a rule for determining the distance between any pair of points
from the distances between neighboring points. The definition of chamfer metrics is presented in
the next section. The accuracy of a chamfer metric (compared with the Euclidean metric) can be
improved by increasing the number of point pairs for which a prefixed distance is given. In typical
cases, the distance of each point to eight other points is given, yielding the so-called p-g-metrics,
or the distance to 16 other points is given, yielding the so-called p-q-r-metrics.

Chamfer metrics can be used as accurate approximations to the Euclidean metric, at the
same time allowing for efficient computations. In this paper, the metric approach to mathematical
morphology will be combined with chamfer metrics in order to define the medial axis, opening
transform and pattern spectrum associated with chamfer metrics. Efficient algorithms for these
operations will be described.

The medial axis algorithm is different for p-g-metrics, such as the 3-4-metric or the 5-7-metric,
and p-g-r-metrics such as the 5-7-11-metric. The author has described the algorithm for p-q-metrics
in a previous paper [10]. This paper presents a medial axis algorithm for the 5-7-11-metric. The
algorithm for p-q-metrics is presented in this paper for the sake of completeness, and in order to
be able to point out the differences with the 5-7-11 metric.

The organization of the rest of the paper is as follows. The next section describes a number of
notions from mathematical morphology and chamfer metrics. The tools presented in this section
are used in section 3 to derive the medial axis algorithm for the p-q-metric, and in section 4 to
present the medial axis algorithm for the 5-7-11-metric. In section 5, algorithms for the opening
transform and pattern spectrum are derived, which use the medial axis algorithms derived in the
previous sections. The last section sums up the conclusions of this paper.

2. Chamfer Metrics and Mathematical Morphology

In this section, we present the definitions discrete metrics and chamfer metrics and list some of
their properties. For a proof of these properties, the reader is referred to a previous paper [10]. We
also present some definitions and results on mathematical morphology, in particular the definitions
of the medial axis. We will write D for the range {d(z,y) | z,y € E} of a metric d on a set E.

1 Definition A metricd on a set E is called a discrete metric if its range D = {d(z,y) | z,y € E}
contains no limit points.

For a metric d, the closed sphere B(z,r) with center z € E and radius r € D is defined by
B(z,r)={y € E | d(z,y) < r}.

One can associate two types of distance transforms with a given discrete metric.

2 Definition Let d be a discrete metric on E and let D be its range. The external distance
transform p%* is the function E — D defined by

p%'(2) = min{d(z,y) | y € X°}.
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3 Definition Let d be a discrete metric on E and let D be its range. The internal distance
transform p'} is the function X — D defined by

P (z) = max{r € D | B(e,7) C X}.
Because D has no limit points, the equality
P¥(e) =max{r € D| r < p¥(2)}

holds. This equality enables us to compute the internal distance transform from the external one
when D is known [10]. In the literature, the external distance transform is used most frequently.
In this paper, the internal distance transform is most important, so from now on we will write p
for the internal distance transform.

A notion closely related to the distance transform is the (closed sphere) reconstruction.

4 Definition Let d be a discrete metric on E and let D be its range. Let f be a function from a
bounded subset X of E to D. The reconstruction R(f) of f is defined as the set

R(5) = | Blz, £(2)).

z€X

This definition suggests that a reconstruction can be computed by a simple algorithm. A set is
initialized to be empty, and the sphere B(z, f(z)) is added to it for each z € X. Note that for
every bounded set X the relation X = R(p'}*) holds.

We will now present the definition of the medial axis [13] and its relation to metrics. From the
definition of the internal distance transform, it can easily be deduced that a sphere B(z,r) with
center z € E and radius » € D is included in a set X if and only if » < p(z). The largest sphere
with center # which is contained in X is therefore B(z, p(z)).

5 Definition Let X be a bounded subset of E and let d be a discrete metric. The medial azis
Mx of X is the locus of the centers of maximal spheres in X, i.e. # € Mx if and only if there is
an r € D such that

B(z,r)CB(z',r"YC X =2 =2,7/ =1

It can readily be seen that # € My if and only if there is no y € X such that y # z and
B(z,p(z)) C B(y, p(y)). This property will be used throughout the next sections.

The homotopy of the medial axis of a set X is in general different from the homotopy of the
original set. A thin subset of X which has the same homotopy as X and lies in some sense “in the
middle” of X is often called a skeleton. The medial axis, skeletons and their relations have been
investigated extensively in the past [1, 3, 8, 9, 10, 11, 13].

A particular class of discrete metrics is formed by chamfer metrics [2]. Chamfer metrics were
originally defined by Borgefors. In this paper, we restrict ourselves to chamfer metrics on the
square grid Z2. The first step in the construction of a chamfer metric is the selection of a set of
so-called prime vectors {v;,...,v;}. Although not necessary from a theoretical point of view [10],
it is common to choose a set of prime vectors which is invariant under the symmetry group D4 of
the square grid; Dy consists of 4 rotations (including the identity) and 4 reflections in horizontal,
vertical and diagonal lines. Common choices are to use the four vectors of the form (41,0) or
(0,%1), the eight vectors of the form (+1,0), (0,41) or (£1,41) or the sixteen vectors of the
form (£1,0), (0,+1), (£1,£1), (£1,£2) or (£2,41). These sets of prime vectors correspond to
the 4-neighborhood, the 8-neighborhood and the neighborhood containing the 8-neighbors and the
pixels at a knights mover from the center, respectively.



The next step is the assignment of a weight I(v;) to each prime vector. These weights are
positive numbers; in this paper, we use integers only. The weights are chosen such that they are
invariant under the symmetry group D, of the grid. Therefore, if eight prime vectors are chosen as
mentioned above, the four vectors (+1,0) and (0,+1) must have the same weight p, and the four
vectors (£1, +1) must also have the same weight q. If sixteen prime vectors are chosen as mentioned
above, the eight vectors (£1,42) and (+2, +1) must have the same weight ». The resulting chamfer
metrics will be called p-q-metrics and p-q-r-metrics, respectively.

The chamfer metric corresponding to a given set of prime vectors and their weights can now
be defined as follows.

6 Definition Let {v1,...,v;} be a set of prime vectors, invariant under D, and let I(v;) be their
weights, also invariant under Dy. The chamfer metric d on Z* is defined by

d(z,y) = mjn{z nil(v;) | n; € N, Z niv; =y — z}.

It is not hard to see that this definition is equivalent to the more common definition using paths,
which one often encounters in the literature.

Suppose that no two prime vectors point in the same direction. Then the prime vectors can
be ordered clockwise according to their direction. Two prime vectors will be called adjacent if they
are adjacent in this ordering. An equivalent definition is the following: two prime vectors v; and
vy are adjacent if the only prime vectors in {Ajv1 + Aava | A1, A3 € R, A, A > 0} are v; and v;.
Let 9; = v;/I(v;) be the so called normalized prime vectors. These prime vectors will in general not
be elements of the discrete grid Z*. We will often use the following theorem [10]:

7 Theorem Suppose that a set {vy,...,v;} with weights I(v;) satisfies the following properties:
(1) If v; = (21,%1) and vy = (3, y2) are adjacent prime vectors, then z,y, — zoy; = +1.

(2) The normalized prime vectors v;/I(v;) are the corners of a convex polygon. ‘

Then each vector ¢ of the square grid can be written in a unique way in the form nyv; + N3 V3,
where vy and v, are adjacent prime vectors, n; and n, are nonnegative integers and d(z,0) =
nll('ol) + ’nzl('vz).

All chamfer metrics one usually comes across satisfy these conditions. If one finds a way of writing
a vector y — ¢ as nyv; + npvz where ng, ny, vy and v, are as described above, it follows from the
uniqueness of this expression that d(z,y) = nil(v1) + nal(vsy).

Note that, in general, not all integers occur in the range D = {d(z,0) | ¢ € Z2}. It can be
shown [10] that if the weights of adjacent prime vectors have greatest common divisor 1, the range
contains all but a finite number of natural numbers. The ranges of a p-g-metric and a p-g-r-metric
will sometimes be written as D,_4 and D,_,_,, respectively.

3. The Medial Axis for the p-q-Metric

In this section, we present the medial axis algorithm for p-q-metrics. This algorithm uses a no-
upstream condition for the internal distance transform which is analogous to the no-upstream
condition which holds for the medial axis in IR? [8]. Recall that, if X is some open subset of IRZ,
its distance transform p is the function from IR? to IR defined by p(e) = nf{d(z,y) | y € X°}. A
point z € X is a medial axis point if and only if there is no y # = such that p(y) = p(z) + d(z, ).

The algorithm presented in this section for p-q-metrics uses the fact that these metrics are
extending:
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8 Definition A metric d on a set E with range D is called extending if for each z,y € E and
r € D there is a z € E such that d(z,y) + d(y, z) = d(z, z) and d(y,z) = r.

The Euclidean metric is extending. Given ,y and r, the point z as described in the definition
can be constructed using simple geometry: it is one of the intersections of the line zy with the
circle with center y and radius 7. Of the two intersection points, the one must be chosen for which
y lie between # and z.

All p-g-metrics are extending as well. This can be shown by constructing a point z, as we did in
the previous paragraph for the Euclidean metric. Let z and y be two points in Z* and let r € D,_,.
The vector y— z can be written in the form n; v; +nyv,, where v; and v, are adjacent prime vectors
and n; and n, are non-negative integers. Without loss of generality, it can be assumed that I{(v;) = p
and l(vy) = ¢. As r € Dp_g, 7 can be written as m;p + maq, where m; and m; are nonnegative
integers. We can take z = y+m;v1 +myvy. Then z—y = myv; +mavs, so d(y, z) = mip+maeg = r.
Moreover, z—z = (n1 +my vy +(ng +m2)ve, so d(z, z) = (my +n1 )p+(me +n2)g = d(z, y)+d(y, 2).

The following theorem presents the no-upstream condition for medial axis points for extending
metrics.

9 Theorem Let d be an extending metric on Z*. Let X be a bounded subset of ZZ?. A point
z € X is the center of a maximal sphere if and only if there is noy #  such that p(y) > p(z)+d(z,y)
(“z has no upstream”).

PRrOOF. ‘only if’: suppose that there exists an y # z such that p(y) > p(z) + d(z,y). In that case
every z € B(z, p(z)) satisfies

d(z,y) < d(z,2) + d(z,y) < p(z) + d(z,y) < p(y).

Therefore B(y, p(z)) is a sphere containing B(z, p(z)) and contained in X . Therefore, z is not the
center of a maximal sphere.

‘“if’: Suppose z is not the center of a maximal sphere. Then the sphere with center 2z and
radius p(z) must be contained in a closed sphere with center ¥ # 2 and radius p(y). Let z be a
point such that d(y,z) + d(z, z) = d(y, z) and d(z,2) = p(z). Such a points exists because d is
extending. From z € B(z, p(z)) C B(y, p(y)) it follows that d(z,y) < p(y). From these relations it
can be deduced that

p(y) - p(@) 2 d(z,) - p(x) = d(z,y) - d(=,2) = d(z,y).

This theorem provides a characterization of the medial axis points, but it cannot be used for
the construction of an efficient algorithm: in order to determine whether z is a medial axis point
of X, all points y must be inspected. In the case of the chamfer metric, the search can be limited
to the neighbors of z.

10 Theorem Let X be a bounded subset of Z?, provided with the p-q-metric and let z € X. If
there is a point y such that p(y) > p(z) + d(z,y), then there is also an 8-neighbor y' of ¢ satisfying

p(z) +d(=,y').

ProoF. Let z and y be points as described in the theorem. Then

B(z,p(2)) C B(y,r(y)) C X.

There is a pair of adjacent prime vectors v; and vy such that 2 — y = nyv; + nyv; and n; and n,
are non-negative. Without loss of generality, it can be assumed that n; > 0. We can now take



y' = z—v;. This implies d(z,y) = d(z,y') + d(y’,y) and y' is an 8-neighbor of z. It is now sufficient
to prove that

B(z, p(2)) € B(y', p(2) + d(2,3")) C B(y, p(u))-

The first inclusion follows from

d(z,p) < p(z) = d(y',p) < d(y',2) + d(=,p) < d(¥', z) + p(2).

The second inclusion follows from:

d(y',p) < p(z) + d(=,y') =
d(y,p) < d(y,y) + d(y',p) < d(=,9) + d(y',y) + p(2) = d(z,9) + p(2) < p(y).

This theorem suggests the following algorithm for the computation of the medial axis in the
P-g-metric.

11 Algorithm The computation of the medial axis of a bounded subset X of ZZ* with respect
to the p-g-metric.

(1) Compute the external distance transform of X .

(2) Compute the internal distance transform p of X from the external one.

(3) Mark all points © having no 8-neighbor y with p(y) > p(z) + d(z,y).

This algorithm requires four image scans, and local computation only. It is possible to perform
steps (2) and (3) in a single scan, but this makes the local operation to be performed in this step
much more complicated, so this is not a good approach.

4. The Medial Axis for the 5-7-11-Metric.

The 5-7-11 chamfer metric can approximate the Euclidean metric more accurately than any p-g-
metric [14]. The relative error of the 5-7-11-metric with respect to the Euclidean metric is 1.79%,
while the relative error of any p-q-metric is at least 3.96%. This implies that the error made when
measuring an object of diameter 50 is in the order of a single pixel when the 5-7-11-metric is used.
Therefore, the accuracy of the 5-7-11-metric is sufficient in most practical situations.

On the other hand, the algorithms for the 5-7-11-metric are more complicated than those
for the 5-7-metric. The medial axis algorithm described in the previous section can not be used,
because the 5-7-11-metric is not extending. This can be seen from the example in figure 1. The
small sphere of radius 5 is contained in the larger one of radius 11, but the distance of their centers
is 7, while the difference of their radii is only 6. This sections presents an algorithm which is
suitable for the 5-7-11-metric.

For the 5-7-11-metric, there are three types of prime vectors: those of the form (41,0) or
(0,£1) with weight 5, those of the form (41, +1) with weight 7 and those of the form (+1,+2) or
(£2, £1) with weight 11. We will say that these vectors are of type 5, type 7 or type 11, respectively."
Each vector of type 11 is adjacent to a vector of type 5 and a vector of type 7, but no pair of vectors
of type b and type 7 are adjacent (see figure 2). As a consequence, each shortest path between two
points contains either vectors of type 5 and type 11, vectors of type 7 and type 11 or vectors of a
single type. The range D5_7_;; of the 5-7-11-metric consists of the points which can be written as
5p + 114 or 7p + 114, for nonnegative p and ¢g. Note that integers larger that 59 can be written in
both forms (see [10] for a discussion of the structure of D).



Figure 1: An example showing that the no-upstream criterion for the medial axis can not be
applied to the 5-7-11 metric.

Figure 2: Horizontal, vertical and diagonal vectors partition the plane in eight parts, which
can be labeled according the vector of type 11 they contain.

In order to determine whether a point z of an object X is a medial axis point, two cases,
depending on the value of p(z), must be discerned. These cases are: (1) p(z) is an element of both
5IN + 11IN and 7IN + 11IN; (2) p(z) is an element of only one of the sets 5IN 4 11IN and 7IN + 11IN.

The first case is simple. In fact, it is completely analogous to the situation described in the
previous section for extending metrics.

12 Theorem Let X be a bounded subset of Z*. Suppose that p(z) is an element of both
5N+ 11IN and 7IN + 11IN. Then @ is a medial axis point if and only if there is no point y such that

p(y) 2 p(y) + d(z,y).
Proor. ‘only if’: this part of the proof is equal to the corresponding part of the proof in the
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previous section. Suppose that there exists a y # & such that p(y) > p(z) + d(z,y). Then every
z € B(z, p(z)) satisfies

d(z,y) < d(z,2) + d(2,9) < p(2) + d(z,y) < p(y).

Therefore B(y, p(y)) is a sphere containing B(z,p(z)) and contained in X. Consequently,  is not
the center of a maximal sphere. :

‘if”: Suppose that z is not the center of a maximal sphere. Then there is a point y such that
B(z, p(z))is contained in B(y, p(y)). Suppose that Z—Y = nyv;+nyv, for adjacent prime vectors vy
and v, and nonnegative n;, n,. The prime vectors are either of type 5 and 11 or of type 7 and 11. In
both cases, p(z) can be written in the form m; (v, ) + myl(v;), with nonnegative m; and m,. Let 2
be the point « + m;v; + myv,. Then d(z,z) = p(z) and d(z,y) = (my +n)l(v) + (ma +n2)l(vy) =
d(y,z) + d(z,z). From z € B(=,p(z)) C B(y, p(y)) it follows that d(z,y) < p(y). From these
relations it can be deduced that

P(y) = p(2) 2 d(z,y) — p(2) = d(z,y) — d(z, z) = d(z,y).

|

This is a global criterion: in order to detect whether z is a medial axis point, all points y must

be inspected. Just like in the previous section, this criterion can be reduced to a local one. All

points which can be reached in a single step from z must be inspected. In the present situation,

this leads to the inspection of 16 neighbors: the eight 8-neighbors and eight points which are a
knights move apart from z.

13 Theorem Let X be a bounded object in Z* and let ¢ and y be points such that p(y) >
p(z) + d(z,y). Then there is a 16-connected neighbor y' of & such that p(y') > p(e) + d(=,y").

ProOF. The proof is completely analogous to the proof in the previous section. If ny,ny, vy, v, are
as described in the proof of the previous theorem, it can be assumed without loss of generality that
ny > 0 and the point y' can be chosen to be z — v;. 1

The second case, in which p(«) is contained in just one of the sets 5IN + 11IN and 7IN +11IN, is
more complicated. Again, our aim is to determine for each point z whether there is a point y £ 2
such that B(z, p(z)) C B(y, p(y)). We will not try to find a criterion which decides whether this
relation holds for two arbitrary points z and y- Rather, we will show that if, for a given z, such
a point y exists, there is also a point y' near z such that B(z, p(z)) C B(y', p(y")). How near to
z this point y' will be depends on the value of p(z). It is then sufficient to check whether this
neighborhood contains a point y which satisfies B(y, #(y)) C B(z, p(z)). If there is no such point,
then z is a medial axis point, otherwise it is not.

Note that it depends only on p(z), p(y) and @ — y whether or not B(y, p(y)) C B(z, p(z)). For
each value of p(z), only a finite number of values for z — y occurs, and for each of them there is a
number t(p(z), z — y) such that B(y, p(y)) C B(z, p(z)) & p(y) > p(z) +tp(z),z — y).

As there is only a finite number of values of p(z) for which the second case applies, and there
is moreover a finite number of values of z — y which are relevant, it is possible to precompute a
table of all relevant values of ¢ p,z — y). Testing whether B(y, p(y)) € Ble, p(z)) is then just a
matter of table look-up.

We will now examine the environments to be checked for each p(z). In order to simplify
the discussion, we will suppose that z is the origin. We divide Z?% in eight octants, as shown in
figure 2. The octants will be called the (2,1)-octant, the (1,2)-octant, the (—1,2)-octant, etc.,
after the prime vector of type 11 they contain. Note that the symmetry group Dy, which consists
of four rotations (including the identity) and four reflections in horizontal, vertical and diagonal
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lines, maps a point in one octant to a point in each of the other octants. Therefore we can assume
without loss of generality that y lies in the (-1, -2)-octant.

Suppose that z is a point in the (1,2)-octant. Let z; = Z,Za,...,23 be the images under D,
of the point z. It can easily be seen that d(y,z) < d(y, z) for all ¢. Consequently, the sphere
B(0, p(0)) is completely contained in B(y, p(y)) if the intersection of the sphere centered at 0 with
the (1,2)-octant is completely contained in the sphere centered at y.

Q

Figure 3: The geometry of the situation under consideration. See the text for an explanation.

As a consequence of the two previous paragraphs, we can restrict to the situation depicted
in figure 3. Let r be an abbreviation for p(0). Let I, m and n be the lines through the origin
in the directions (1,1), (2,1) and (1,0), respectively. Let P and Q be the points ([r/5],0) and
(Ir/7],|7/7]) and let P' = (—|7/5],~|r/5]) and Q' = (—|r/7],0) be their projections on the lines
[ and n in the (2,1)-direction. The shaded region represents the intersection of B(0,r) with the
(2,1)-octant. This region will be referred to as the opposite part of the sphere. It lies above the
line PP' and below the line QQ'.

Let y be a point in the (~2, —1)-octant such that B(0, r) C B(y, p(y)). We are now ready to
construct a point y' near 0 such that B(0,r) C B(y', p(y')) as well.

14 Theorem Let y be a point in the (—2, —1)-octant such that B(0,p(0)) C B(y, p(y)). Then
B(0,p(0)) € B(y',p(y")) if y' satisfies the following conditions:

(1) y' lies in the (—2,—1)-octant.

(2) d(y,2) = d(y,y') + d(y', z) for every z in the opposite part of the sphere.




10

PRrRoOOF. It is sufficient to show that

B(0,p(0)) C B(y', p(y) — d(y,9")) € By, p(v))-

As y' lies in the (—2, —1)-octant, the first inclusion can be proven by showing that d(y',z) <
p(y) — d(y,y") for each point z in the opposite part, i.e. for each z in the (2,1)-octant with
d(z,0) < p(0). But according to (2), we have for such points z: d(y',z) = d(y,z) — d(y,y').
Because B(0, p(0)) C B(y, p(y)) we know d(y, z) < p(y), so d(¥',2) < p(y) — d(y,9').

The second inclusion holds because d(z,y') < p(y)—d(y,y') implies d(z,y) < d(z,y")+d(y',y) <
p(y)- - n

Q'(-1/5,0)

il

P’(-1/5,-r/5)

Figure 4: The construction of the points y' from the points y on the left. The points y' are
found by moving in the (2, 1)-direction until the line I or n is hit. If the line is hit to the left
of P! or @', move rightward along the line to one of these points. Regions 1, 2, 4 and 5 are
the shaded areas; region 3 is the half line ending at (-2, —1).

Consider again the situation of figure 3. We will construct a point y' which satisfies the
conditions mentioned in theorem 14. The point y lies in one of five regions (see figure 4).
Region 1. y = —a(2,1) — B(1,1) with a > 0,8 > |r/5|. Then we take y' = P'. Clearly, P’ lies in
the (—2, —1)-octant. We have P' —y = (2,1)+(8— |7/5])(1, 1), a nonnegative linear combination
of (2,1) and(1,1). Because all points in the opposite part of the sphere lie above the line PP’ and
below [, it is possible for each point z in the opposite part to write z — P’ as a nonnegative linear
combination of (1,1) and (2,1) as well. This implies d(y, P') + d(P’, z) = d(y, z).
Region 2. Suppose y = —a(2,1)—(1,1) with @ > 0,0 < B < |r/5]. Then we take y' = —(1,1).
Clearly, this y' lies in the (—2, —1)-octant. We have y' — y = a(2,1). Because the opposite part
lies below the line [ and above the z-axis, it is possible for all points z in the opposite part to write
z — y' as a nonnegative linear combination of either (1,1) and (2,1) or (2,1) and (1,0). In both
cases, d(y,y') + d(y', 2) = d(y, 2).
Region 3. Suppose y = —a(2,1) with a > 0. Then we take y' = (-2, —1). Clearly y' lies in the
(—2,—1)-octant. We have y' —y = —(a — 1)(2,1). As the opposite part lies below the line [ and
above z-axis, it is possible write for each z in the opposite part to write z—y' as a nonnegative linear
combination of either (1,1) and (2,1) or (2,1) and (0,1). In both cases d(y,y') + d(v', z) = d(y, 2).
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Region 4. Suppose y = —a(2,1) — §(1,0) with a > 0,0 < 8 < |r/7]. Take y' = —(1,0), as we
did for y in region 2.

Region 5. Suppose y = —a(2,1) — 8(1,0) with & > 0,8 > |r/7|. Take y' = Q', as we did for y in
region 1.

We have now arrived at a local neighborhood of the origin which must be inspected in order to
determine if the origin is a medial axis point. This environment contains |p(0)/7| points in each of
the four horizontal or vertical directions, |p(0)/5] points in each of the four diagonal directions and
eight points at a knights jump from the origin. Of course, similar environments for other points
can be found by translation. Note that the size of the environment depends on the value of p(z).
Figure 5 shows the environment corresponding to p(0) = 31. The environment contains horizontal
and vertical branches of length |3} | = 4, diagonal branches of length [3L] = 6 and eight points at
a knights move from the center.

[] | ]

L] U

Figure 5:  The neighborhood which must be investigated for a point with a distance transform
value of 31.

We are now left with a finite number of internal distance transform values p(z) for which case
2 (p(z) in just one of the sets 5IN + 11IN and 7IN + 11IN) applies, and for each of these values, with
a finite environment to be inspected. The no-upstream rule does not apply in this case, but for
each pair p(0) and y we can compute (by simple trial and error) the smallest value #(p(0),y) for
which B(0,p(0)) C B(y,t(p(0),y). These values are stored in a look-up table. When all of these
values are known, we can decide whether 0 is a medial axis point by inspecting all points y in the
appropriate environment and testing whether there are points y such that p(y) > #(p(0),y). I
there are such points, 0 is not a medial axis point, otherwise it is.

The discussion in this section leads to an efficient algorithm for the computation of the medial
axis associated with the 5-7-11-metric. For this algorithm, some data must be computed in advance.
These data are:

- The set S of all integers which are either in 5IN 4 11IN or in 7IN 4+ 11IN, but not in both. This

is the set {5,7,10,14,15,16,18,20,26,27,28,29, 30, 31, 37, 38, 39,41, 45, 48,52, 59}.

- For each r € 5, the local environment N, as illustrated in figure 5.
- For each point y in each environment N,: t(r,y), the smallest value ¢ such that B(0,7) C
B(y: t)' ’
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The medial axis can be computed using the following

15 Algorithm The computation of the medial axis of a bounded subset X of ZZ?, using the
5-7-11-metric (first version).
(1) Computed the external distance transform of X .
(2) Compute the internal distance transform of X from the external one.
(3) For each point z in X, let r be p(z).
- Ifr € §, mark z as a medial axis point if there is no y € N, such that p(z + y) > t(r,y).
- Ifr ¢ S, mark ¢ as a medial axis point if there is no 16-connected neighbor y of & such
that p(y) > r + d(z,y).

This algorithm requires scanning a neighborhood N, for a number of pixels. The efficiency of
the algorithm can be enhanced by choosing the neighborhoods to be scanned as small as possible.
The neighborhoods N, we described are not optimal. This can be seen from an example. Consider
the case » = 10. The point (—2,-2) is an element of Nyg, and #(10,(-2,—-2)) = 22. A simple
inspection (see figure 6) shows that

B((0,0),10) C B((~1,~1),16) C B((-2, —2),22).

Consequently, if p(0) = 10 and (-2, —2) is a point y such that B(0,10) C B(y, p(y)), then so is
(—1,—1). This implies the the point (-2, —2) does not have to be checked for the case p(0) = 10:
if (0,0) is rejected as a medial axis point because B((0,0),10) C B((-2, —2), p((—=2, -2))), then it
will also be rejected as a medial axis point because B((0,0),10) C B((-1, —1), p((~1,-1))).

Figure 6: Three nested spheres having radii 10, 16 and 22 and centers (0,0), (—1,—1) and
(-2,-2).

As the number of values of p(0) for which a larger neighborhood must be inspected is finite, it
is possible to investigate all cases and to remove as much points from the environments as possible.
This produces reduced environments IV,. In the case of the 5-7-11-metric, each reduced environment
appears to be the set of 16-connected neighbors. The author believes that this is typical for the
5-7-11-metric, but not true for all p-g-r-metrics.
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The numbers ¢(r, y) also happen to have a nice characterization in the case of the 5-7-11-metric.
It appears that

d(y,0)—1 if yis a type-5 vector and » ¢ 5IN + 11IN
t(r,y) = or y is a type-7 vector and » ¢ 7TIN + 11IN

d(y,0) otherwise

The author has examined the p-g-r-metrics with » < 50, and it appears that a sixteen pixels
neighborhood is sufficiently large for all values of p(0), for all of these metrics. Moreover, the
characterization of #(r,y) described above appears to hold for all of these metrics. The author has
not been able to prove a general result, though.

The observation made in this section lead to a more efficient version of the medial axis algo-
rithm. The algorithm uses three variables T5, Ty and Ty1, which correspond to values of ¢(p(0),y)
for vectors y of type 5, 7 and 11, respectxvely If z is a vector of type 5, 7 or 11, then T, denotes
Ts, Ty or 11y, respectively.

16 Algorithm The computation of the medial axis of a bounded subset X of ZZ%, using the
5-7-11-metric (second version).
(1) Compute the external distance transform of X.
(2) Compute the internal distance transform p of X from the external one.
(3) For all pointsz € X :
- Set the type 11 step size Ty, to 11.
If p(2) ¢ 5IN + 11IN, set the type-5 step size Ts to 4, otherwise set Ts to 5.
If p(2) & TIN + 11IN, set the type 7 step size T7 to 6, otherwise set Ty to 7.
- Mark z as a medial axis point if there is no 16-neighbor y of ¢ such that p(y) = p(z)+T,

Yy—x-

5. The Opening Transform and the Pattern Spectrum

In this section, we present the opening transform and the pattern spectrum, and an efficient
algorithm for their computation, based on the medial axis. An operator a mapping subsets of a set
E to subsets of E is called an opening [13] if it satisfies the following properties for each X,Y C E:
(1) XCY = a(X) Ca(Y).

(2) a(a(X)) = a(X).
(3) ofX) C X.

From now on, we will restrict to the openings on the square grid ZZ* and we will assume
that this grid is provided with a chamfer metric. The most common opening is the structural
opening, which can be constructed by “filling” a set with translates of a structuring elements:
XoA=U{4n|h€ E, A, C X}. The structural opening X o B(r) of a set X with a sphere of
radius r € D is

X oB(r) = U{F(m,r) |z € Z% B(z,7) C X}.

A granulometry or size distribution [6, 7] is defined as a family {a,} of openings, where the
range of r is some ordered set and

a,,as(X) = amax(r,s)(X)'

In this paper, the range of r will be D. The family of structural openings with discs of a given
radius is not a size distribution, but it is possible to construct a size distribution {a,},¢p from
them by

o (X) = U X o B(s).

s>r
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From the definition of a size distribution, it follows that 2 € a,.(X) = ¢ € a,(X) forall s < 7.
This observation is the inspiration for the definition of the opening transform.

17 Definition Let X be a bounded subset of Z* and let {a,} be a size distribution. The opening
transform Ax is the mapping from X to D defined by

Ax(z) =max{r € D |z € a,.(X)}.

Important information on the shape of X can be obtained by monitoring the change of a,.(X)
as the parameter r is varied. Maragos [6] defines the pattern spectrum (for subsets of IR?, provided
with the Euclidean metric) as

dA(X o B(r))
dr ’
where A(X o B(r)) is the area of (X o B(r). For the discrete case, this produces the following

18 Definition [6] Let X be a bounded subset of Z* and let o, be the size distribution induced
by a chamfer metric d. The the pattern spectrum p(r) is the function from D to IN defined by

px(r) = [ar(X)| = |am+ (X)),

where |-| denotes the number of points in a set and r* = min{r' € D | #' > r} is the smallest
element of D which is larger than r.

px(r)=

Note that the pattern spectrum of a set is equal to the histogram of its opening transform. It is
therefore possible to compute the pattern spectrum directly from the opening transform. In the
rest of this section, we will therefore discuss only the opening transform.

From the definitions of Ay and a, it follows that

Ax(z) =max{r € D |z € B(y,r) C X for some y € Z*}.

Because for each z € X, the largest disc centered at # and contained in X has radius p(z), this can
be reduced to

Ax(z) = max{p(y) | y € Z*,= € B(y, p(y))}-

Observe that for each z and y such that = € B(y, p(y)), there is also a point m in the medial axis
Mx such that z € B(m, p(m)). This leads to the relation

Ax(z) = max{p(m) | m € Mx,= € B(m,p(m))}.

This relation can be used to compute the opening transform by successively inspecting all maximal
spheres in a bounded object X. First, all pixels in the result image are given value zero. The
medial axis is computed, and each medial axis point is inspected in turn. If m is the medial axis
point being inspected, then all pixels in the sphere B(m, p(m)) in the result image are visited. If
the present value if the pixel in the result image is smaller than p(m), the value is updated to p(m).
In the algorithm presented here, the medial axis points are sorted in order of increasing distance
transform value and visited in this order. Thus, when the points in B(m, p(m)) are being visited, a
pixel in the result image can never have a value larger that p(m), and the pixels in B(m, p(m)) can
always be assigned value p(m), without prior inspection of the present pixel value. This strategy
enhances the efficiency of the algorithm, because a comparison of pixel values in the inner loop
is replaced by a sorting of the medial axis points, which must be performed just once. As p(m)
assumes only integer values smaller than some maximal value, the medial axis points can be sorted
in linear time in the number of medial axis points using distribution sorting [5].
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The efficiency of the algorithm depends on an efficient way of addressing all pixels in a sphere
B(m, p(m)). Certainly, computing such spheres in a two scan reconstruction algorithm would be
too costly. In stead, the pixels in the sphere B(0, R), where R is the largest occurring value of
p(m), are sorted in order of increasing distance to the origin. When the sorted list is computed,
the pixels in each sphere B(0,7) for » < R can be found by taking a suitable first part of the list.
The pixels in spheres with different centers can be found by translation. In practice, the pixels in
B(0, R) are not sorted, but computed in the correct order, and pixel positions are represented as
relative offsets in the image array in order to provide fast access to the image.

Summarizing, the opening transform can be computed by the following

19 Algorithm The computation of the opening transform of a bounded subset X of 722 according
to some chamfer metric d.
(1) Initialize the result image to 0.
(2) Compute the distance transforms p$f* and p and the medial axis M.
(3) Sort the medial axis points in order of increasing d1stance transform value.
(3) For all medial axis points, in increasing order:
- Set the pixels in B(m, p(m)) to p(m).

As noted before, the size distribution of X is the histogram of Ay, so it can be computed from
Ax in a very straightforward way.

Figure 7 shows a binary image, its medial axis and its distance transform. Dark pixels corre-
spond to large distance transform values. The computation of the opening transform took 0. 43s,
which is two orders of magnitude faster that the 45s required by the brute force algorithm described
in [10]. A similar reduction of computation time is found for other images.

Figure 7: A binary image, its medial axis and its opening transform as defined by the 5-7-11
metric.

6. Conclusions

In this paper, we presented a method for computing the medial axis defined by spheres in
the 5-7-11-chamfer metric. This result is an extension of the results in a previous paper [10],
where an algorithm for the class of extending metrics was presented. The method is based an the
understanding of the structure of shortest paths in the 5-7-11 metric and of the structure of its
range.

The 5-7-11- metric approximates the Euclidean distance with an accuracy of 1.79%, which is
sufficient in most practical cases. The method proposed here produces a close approximation to
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the Euclidean medial axis. Yet the algorithm is very efficient, requiring only four image scans, and
local computation in each scan.

In the medial axis algorithm, it is necessary to scan for each pixel z an environment whose
size depends on the value p(z) of the internal distance transform. It has been shown how the
efficiency of the algorithm can be further improved by reducing the size of the neighborhoods
which are investigated for each pixel. Investigation of the p-g-r-metrics with » < 50 has shown that
a neighborhood of 16 pixels is sufficient for all values of p(z) and for all of these metrics. Whether
or not such an environment suffices for all p-q-r-metrics remains an open problem.

Based on the medial axis transform, we presented an algorithm for the computation of the
opening transform and the pattern spectrum associated with the 5-7-11 metric. The algorithm also
uses a smart addressing scheme for pixels within a sphere of given center and radius. The approach
based on the medial axis is two orders of magnitude faster than a brute force algorithm.
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