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Abstract

dy a polling system with a dormant server, i.e., a polling system in which the server
allowed to make a halt at a queue when there are no customers present in the system.
ive a pseudo-conservation law for a general model and use it to compare the dormant
. non-dormant server case. We further address the question at which queues the server
make a halt to minimize the mean total amount of work in the system. Subsequently
ct the attention in particular to a globally gated polling system in which the server
a halt at its home base when there are no customers present in the system. For that
we derive an explicit expression for the LST of the cycle time distribution, for the
the waiting time distribution at each of the queues, and for the pgf of the joint queue
distribution at polling epochs. The waiting time at each of the queues is shown to be
(in the increasing convex ordering sense) than in the non-dormant server case.

ithematics Subject Classification: 60K25, 68M20.
's & Phrases: dormant server, globally gated service, polling system, pseudo-conservation
eue lengths, waiting times.

UCTION

stem basically consists of several queues attended to by a single server. The ser-
ne prescribes which customers are to be served during a visit to a queue, in other
ctates the server when to move from one queue to another. The server routing
server from which queue to which queue to move. Moving from one queue to an-
lly requires a non-zero switch-over time. Polling systems arise quite naturally in
tuations in which several users compete for service from a single common server.
3 systems have found a variety of applications in the areas of computer networks,
ication, manufacturing, and maintenance, cf. Takagi [18], [20] and Levy & Sidi
ated by the variety of applications, numerous studies have been devoted to the
»olling systems, cf. [18], [20].

nt paper we study a polling system with a dormant server, i.e., a polling system
2 server may be allowed to make a halt at a queue when there are no customers
he system. Usually in the polling literature the server is assumed never to idle,
tds, to be switching when not working. In particular the server is assumed to be
‘hen there are no customers present in the system. As a rare exception, Eisen-
alyzes a two-queue model with either alternating priority (the exhaustive service
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discipline at both queues) or strict priority, in which the server remains idling at a queue
when there are no customers present in the system. Eisenberg [12] analyzes a model with
an arbitrary number of queues and the exhaustive service discipline at all queues, in which
the server does not idle. However, as indicated by Eisenberg [private communication|, an
adapted version of the solution method in [12] may be used to deal with a model in which
the server makes a halt at some of the queues when the system is empty. The analysis in [12]
starts from an equation which expresses that each time a visit beginning or a service comple-
tion occurs, simultaneously also either a service beginning or a visit completion occurs. To
deal with a model in which the server makes a halt at some of the queues when the system
is empty, this equation should be modified, as a service completion that leaves the entire
system empty then does not coincide with a visit completion. The modification complicates
the analysis of the model, but the outline of the solution method in [12] may still be used. In
particular the analysis yields the probabilities that the server is idling at the various queues.
Similar remarks hold for the gated service discipline. Liu, Nain, & Towsley [16] identify
polling policies, allowing idling as a possible action, that stochastically minimize the total
amount of work in the system at an arbitrary epoch. They show that optimal policies are
exhaustive, greedy, and in a symmetrical system in addition patient, i.e., the server should
neither switch nor idle when at a non-empty queue and in a symmetrical system the server
should remain idling at a queue when the entire system is empty. Blanc & Van der Mei [3]
use the power-series algorithm to analyze the performance of a system in which the server
may be allowed to make a halt at a queue when the entire system is empty. They find that
the performance may improve considerably by allowing the server to make a halt at a queue,
especially in a light traffic situation.

One reason why usually in the polling literature the server is nevertheless assumed never to
idle, may be that the option of idling in general slightly complicates the operation of the sys-
tem under consideration. If at all technically feasible, some mechanism is needed to control
the server and to keep track of the customers present in the system. Consequently, the option
of idling in general also slightly complicates the analysis of the system under consideration.
Another reason may be that the option of idling will have the biggest impact in a light traffic
situation - hence when the system performance will be satisfactory anyhow.

However, quite often there are very sound reasons for letting the server stop switching when
there are no customer present in the system. In many situations some mechanism to control
the server and to keep track of the customers present in the system is needed anyhow. The
option of idling then enters the picture quite naturally. In manufacturing and maintenance
environments e.g. one usually requires already some kind of supporting system to schedule
the jobs. In such situations it makes sense to let the server make a halt at a queue when the
entire system is empty, rather than to let the server needlessly circle around. One option is
then allowing the server to make a halt at all of the queues, i.e., to stop switching as soon as
the entire system is empty. Another option is allowing the server only to make a halt at some
of the queues (thus possibly forcing the server to keep switching for a while), e.g. at a queue
which functions as a home base or at a queue where a new customer is most likely to arrive.
The latter option may be recognized in the dynamic control of traffic lights. When there are
no vehicles waiting, typically the main stream is given passage, until a waiting vehicle of a
crossing stream is detected.

In many situations there are moreover significant cost involved in switching. In manufactur-
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ntenance applications e.g. the switch-over usually represents the change-over from
jobs to another, which may involve labour cost, material cost, or transportation
h situations a potential saving in switching cost is an additional reason for letting
top switching when there are no customers present in the system.

the practical relevance, it is theoretically interesting to gain some insight into the
ng. In the first part of the present paper we therefore derive a pseudo-conservation
.neral model in which the server may be allowed to make a halt at a queue when
> customers present in the system. A pseudo-conservation law provides a simple
for a weighted sum of the mean waiting times. By its comparative simplicity a
servation law is likely to provide some insight into the effect of idling, whereas the
nean waiting times themselves involve expressions far too complicated to do so.
with this, the determination of the individual mean waiting times, if at all possi-
s an intricate analysis and relies substantially on the features of the model under
>n, whereas the derivation of a pseudo-conservation law in fact only demands the
of mean working/idling times and only marginally leans on the characteristics of
inder consideration.

_of idling especially goes hand in hand quite naturally with the globally gated
ipline, recently introduced by Boxma, Levy, & Yechiali [7]. The globally gated
ipline operates as follows. Suppose the server arrives at its home base. Then all
ers in the system are marked instantaneously and the server immediately starts
\g the queues. During this tour exactly the marked customers are served. The
ustomers that meanwhile arrive in the system is deferred until the next tour along

Boxma, Weststrate, & Yechiali [9] propose the globally gated service discipline to
a repair crew, in charge of the maintenance activities at several installations. As
1 [9], under the globally gated service discipline it does not make sense to start a
the queues when there are no customers present in the system. In the second part
:nt paper we therefore direct the attention in particular to a globally gated polling
vhich the server makes a halt at its home base when there are no customers present
>m. The globally gated service discipline then operates as follows. Suppose again
arrives at its home base. If there are customers present in the system, they are
instantaneously and the server starts a tour along the queues, acting as described
here are no customers present in the system, the server remains idling at its home
ting a new customer to arrive at one of the queues. As soon as a new customer
is marked instantaneously and the server starts a tour along the queues. During
nly the newly arrived customer is served. The service of customers that meanwhile
\e system is again deferred until the next tour along the queues. As a justification
mant server policy we show that under the globally gated service discipline the
ne at each of the queues is smaller (in the increasing convex ordering sense) than
nary non-dormant server case.
nder of the paper is organized as follows. In section 2 we present a detailed model
1. We derive a pseudo-conservation law for a general model in section 3 and use it
1 to compare the dormant and the non-dormant server case. We further address the
t which queues the server should make a halt to minimize the mean total amount
the system. Subsequently we direct the attention in particular to a globally gated
tem in which the server makes a halt at its home base when there are no customers
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3 system. For that system we derive an explicit expression for the LST of the
stribution, for the LST of the waiting time distribution at each of the queues,
zf of the joint queue length distribution at polling epochs in section 5, 6, and 7
The waiting time at each of the queues is shown to be smaller (in the increasing
ng sense) than in the ordinary non-dormant server case. In section 8 we present

'ESCRIPTION

nder consideration consists of n queues, Q1,...,Qn, each of infinite capacity,
)y a single server S. Customers arrive at the various queues according to in-
disson processes. Customers arriving at @Q; will also be referred to as type-i
Jenote by A; the arrival rate at @;, ¢ = 1,...,n. The total arrival rate is

ype-t customers require service times having distribution B;(-), with LST S;(-),

f; and second moment ﬁz@), i=1,...,n. All service times are assumed to be

Define the traffic intensity at Q; as p; := A\;f;, ¢ = 1,...,n. The total traffic
n

;= 3" p;. The server visits the queues in a strictly cyclic order, Q1,...,Qn.
i=1

@; t0 Q;+1, where n+1 is to be understood as 1, the server experiences a switch-

7ing distribution S;(-), with LST o;(-), first moment s; and second moment 322) ,

All switch-over times are assumed to be independent. The total switch-over
n

. cycle has distribution S(-), with LST o () := .ﬁl oi(-), first moment s := lei
= 1=
oment s = i 352) + il 2, 8;8;. The arrival process, the service process, and
i=1 =1 j#i
er process are assumed to lj);; mutually independent.
1e server arrives at @;, it starts serving type-¢ customers (possibly none), as
the service discipline. For now we do not specify the service disciplines at the
5. We only demand the service disciplines at the various queues to be non-
nd work-conserving, i.e., no work is created or destroyed, cf. Boxma [4]. As
rver has finished serving type-i customers (possibly none), as prescribed by the
line, it departs from );. However, we put in the proviso that the server may be
ke a halt at @); when there are no customers present in the system. The server
idling at @;, awaiting a new customer to arrive at one of the queues. For now
ecify the additional criteria for deciding when to make a halt. In case of the
ice discipline e.g., it seems to make sense only to make a halt at a queue when
s not served any customer yet. As soon as a new customer arrives, the server
stivities. If the new customer arrives at @; and if the service discipline permits
1 the server immediately starts serving the newly arrived customer. Otherwise
mediately starts switching to Q;4+1. The newly arrived customer then does not
ved first, as, on its way to the newly arrived customer, the server may encounter
ars at other queues.
hich the server makes a halt at none of the queues when there are no customers
2 system, will also be referred to as the non-dormant server case. The case in



ierver makes a halt at all of the queues when there are no customers present in
will also be referred to as the pure dormant server case.
1e words on the ergodicity conditions. We claim - without proof - that the addi-
ria for deciding when to make a halt do not affect the ergodicity conditions. If
ity conditions are violated, then with probability O there are no customers present
am, 1.e., with probability O the opportunity to idle arises, so the additional cri-
ciding when to make a halt are irrelevant then. It therefore suffices to find the
sonditions for the non-dormant server case. Obviously p < 1 is a necessary con-
shout pretending to be precise, we claim that p < 1 is also a sufficient condition
disciplines, like exhaustive and gated, which do not impose any parametric (pos-
bilistic) restriction on the number of customers served during a visit, cf. Altman,
youlos, & Liu [2]. An additional condition for service disciplines, like 1-limited,
npose such a parametric restriction, is that the mean number of customers that
ag a cycle is smaller than the mean number of customers that are permitted to
uring a visit. Throughout the paper the ergodicity conditions are assumed to hold.

JDO-CONSERVATION LAW

n the Introduction, a pseudo-conservation law is likely to provide some insight into
f idling. In the present section we therefore derive a pseudo-conservation law for
under consideration. In section 4 we compare the dormant and the non-dormant
on the basis of the pseudo-conservation law.

troduce some notation. Denote by m; the probability that at an arbitrary epoch
is idling at @;, ¢ = 1,...,n. If the server is not allowed to make a halt at Q);, then
- = 0. In general the probabilities 7; are not simply known. For the exhaustive
service discipline they can be determined along the lines of Eisenberg [12], as
n the Introduction. For the Bernoulli service discipline (comprising the exhaustive
.ed service discipline as extreme cases), they can be determined numerically using
series algorithm, cf. Blanc & Van der Mei [3]. The total probability that at an
ppoch the server is idling is 7 := En: m;. Denote by C; the cycle time with respect

=1

l:
the time between two successive polling epochs at Q;, 1 = 1,...,n. Although the
n of C; in general depends on i, EC; obviously does not. Noting that the server is
fraction p of the time and idling a fraction 7 of the time,
s
= i=1,...,n 3.1
pp—— (3.1)
U, the total time that the server is working at Q; during a cycle, i =1,...,n. As
action of time that the server is working at @, using (3.1),
pPis ,
= — =1,...,nm. 3.2
1 . p -7 t bl ( )
I, the total time that the server is idling at Q; during a cycle,i=1,...,n. Asm;
tion of time that the server is idling at @;, using (3.1),
™8

= M8 i=1....n 3.3
l—p—m PE el (3.3)
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We now derive the pseudo-conservation law for the model under consideration. The ap-
proach is similar to the approach in Boxma & Groenendijk [5] for the ordinary non-dormant
server case. It is easily verified that the model under consideration satisfies the assumptions
mentioned in Boxma [4]. Hence, the following work decomposition property holds:

VEViyen+Y, (3.4)

where 2 denotes equality in distribution and

V := amount of work in the system at an arbitrary epoch,

Vg1 = amount of work in the ‘corresponding’ system without switch-over times at an
arbitrary epoch,

Y := amount of work in the system at an arbitrary epoch in a non-serving interval, i.e., a
switching interval or an idling interval;

Vg1 and Y are independent.

The ‘corresponding’ system without switch-over times is a single server system with the same
arrival process, service process, and service disciplines at the various queues, but without
server interruptions from the switch-over process. A sample path comparison shows that the
amount of work in the corresponding system without switch-over times does not depend on
the service disciplines at the various queues.

Denote by L; the number of waiting, i.e., not being served, type-i customers at an arbitrary
epoch, i = 1,...,n. As p; is the probability that at an arbitrary epoch a type-i customer is
being served, i = 1,...,n,

EV = Z,@EL + Z pi% ﬂz (3.5)
Denote by W, the waiting time of an arbitrary type-i customer, i.e., the time between its
arrival and the start of its service, i = 1,...,n. Using Little's law,

EV = f‘: pEW; + % f_;/\,ﬂf). (3.6)
Using the Pol_laczek-Khintch—ine formula,

EVyien = gu—_p) (3.7
Combining (3.4), (3.6) and (3.7),

n ?j:l 268
; pEW,; = péﬁ—:-;)— +EY. (3.8)

We now determine EY, by distinguishing whether the server is switching or idling and con-
ditioning on the type of switching interval. Denote by Y; the total amount of work in the
system at an arbitrary epoch in a switching interval from Q; to @41, i =1,...,n. By defi-
nition there are no customers present in the system when the server is idling, in other words,
the total amount of work in the system at an arbitrary epoch in an idling interval is zero.



1EL:= Z EIL;,
: Zn: %Ry, (3.9)
s+ EI

osed of two terms, viz.:
stal amount of work in the system at the beginning of the switch-over from @Q; to

1 amount of work that arrives in the system between the beginning of the switch-
2: to @;+1 and the epoch under consideration;

(2)
=EZi+p%, i=1,...,n. (3.10)
(3

wgment Z; further into work that accumulated at different queues during different .
=note by Z;; the amount of work at Q; at the beginning of a switch-over from Q;
=1,...,m,j=1,...,n. Then

=Y EZj, i=1,...,n (3.11)

yosed of two terms, viz.:

amount of work at @; at the beginning of the switch-over from Q; to Qjt1;

wunt of work that arrives at Q; between the beginning of the switch-over from Q;
d the beginning of the switch-over from Q; to Qi41;

3.2) and (3.3),

: + T )8 . . .
=EZ;; + p; Z (Sk—1+ ({%—“k—)—>, i=1,...,n,1 % J, (3.12)
k=j+1 —poT

summation is to be interpreted cyclically.
1g (3.12) into (3.11),

i

= Z EZ;; + ij Z (Sk—l + _______(fk_+ T)S> (3.13)

J#i k=J+1 p—m
s
= ZEZJ1+ZZPJ*9’6+ WZZ”JPH‘ Z Z PiTh-
i k=g TP ik T i k=gl
1—p—
1g (3.10) and (3.13) into (3.9), noting that . —&—SEI =3 i 5 7r’
n 1—1 —p— ﬂ_) n -1 @
- D WTRE) o
’L“‘l_’] 1 i=1 j=1

1-
~—ZZ Z 8ip; Tk + p WZEZH

1.—1 jFL k=j+1



—p=r o |
2( [ sz} ! f P+ (3.14)

p
™
ZZ Z s’pJﬂ-k-*_ 1— p ZEZM
z—l J#i k=j+1
3.14) into (3.8),
> xip? :
, = * l—p-—m s( )
Vv, = =l .
| p2(1— * 2(1— [ sz] 1—p P25 © (8.15)
— ZZ Z 8iPj7 1%
1.—1 J# k=741 i=1

»ret the terms in (3.15) as follows. The term in the left-hand side is the mean
ting work in the system at an arbitrary epoch. The first term in the right-hand
an amount of waiting work in the corresponding system without switch-over
bitrary epoch. The remaining terms in the right-hand side reflect the influence
sver times. Together these terms constitute the mean total amount of work in
an arbitrary epoch in a non-serving interval, i.e., a switching interval or an
. The last term in the right-hand side represents the mean amount of work at
poch in a non-serving interval that is left behind by the server at the various
:her the second, third, and fourth term in the right-hand side constitute the
ount of work at an arbitrary epoch in a non-serving interval that arrived at the
; since the server left those queues. Separately the second, third, and fourth
; the mean amount of work at an arbitrary epoch in a non-serving interval that
various queues during respectively the working, switching, and idling intervals
r left those queues. These terms do not depend on the service disciplines at the
;, at least as far as their global structure is concerned; the probabilities m; that
: terms probably do depend on the service disciplines at the various queues.
t least as far as the global structure of (3.15) is concerned, the last term in
| side completely captures the influence of the service disciplines at the various

at we determined the terms in the right-hand side of (3.15), except the first
inguishing whether the server is switching or idling and conditioning on the
ing interval. The second, third, and fifth term may in fact also be determined
tioning on the type of switching interval, the fourth term does not allow such
determination.

in the right-hand side of (3.15), representing the mean amount of work that
by the server at the various queues, still remains to be specified. Obviously
iced by the service discipline at @);. However, as a pleasing circumstance, EZ;;
enced by the service discipline at @Q; only, i.e., not by the service discipline at
the basis of the service discipline at @); only, we can split EZ;; into work that
; working, switching, and idling intervals, whose means do not depend on the
ines at the various queues, cf. (3.2) and (3.3).
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ermine EZ;; for the exhaustive (I), gated (II), 1-limited (III), and globally gated
» discipline. We need to distinguish whether the server, when idling at Q);, has
red a customer during its visit to @; or not. Denote by n} the probability that at
repoch the server is idling at @; and has not served any customer yet, i = 1,...,n.
ri' the probability that at an arbitrary epoch the server is idling at ¢); and has
red a customer, i = 1,...,n. Neither 7} nor 7 are simply known, but of course

"

. Let E, G, L, and GG represent respectively the set of queues where the

gated, 1-limited, and globally gated service discipline is used.
ve: S serves type-i customers until @; is empty. So,

=0, i€ E. (3.16)

S serves exactly those type-i customers present at its arrival at ;. A customer
when S is idling at @; and has not served any customer yet is also served. So,
and (3.3),

(ps + )8 )
= M.:*__Z_)’ ieq. (3.17)
l—p—m
ed: S serves 1 type-i customer, provided there is a customer present at its arrival at
mer that arrives when S is idling at @); and has not served any customer yet is also
18 S leaves behind the amount of work that arrives during the waiting time of the
1at is possibly served and during its visit to @;, but not during the possible idling
7S
l—p—m
during a visit to @;. In particular, under the 1-limited service discipline, with
)\is
l—p—7

Ai8 (pi + 7r§')s> .

re S serves a customer. It follows from (3.1) that on average customers

a customer is served during a visit to @;. So, using (3.2) and (3.3),

in section 2, an additional ergodicity condition for the 1-limited service discipline

mean number of customers that arrive during a cycle is smaller than the mean
. . .. Ais

-ustomers that are permitted to be served during a visit: 142— < 1. As further

section 2, the ergodicity condltlons do not differ from the ergodicity conditions

Ais
1-dormant server case: < 1. In other words, 1—o < 1 should guarantee

1—p —-p
< 1. Notice that the latter condition yields the bound 7 < 1 —p — X\;s, 7 € L,
improve significantly upon the trivial bound 7 <1 —p.
y gated: S serves exactly those type-i customers present at its most recent arrival

ustomer that arrives when S is idling at @)1 and has not served any customer yet
ed. So, using (3.2) and (3.3),

(p1 +7' )3 (pj +7r_7) i
_pz( +JZ2(]_ Topon W)) € GG. (3.19)

\g (3.16), (3.17), (3.18), and (3.19) into (3.15), we obtain the following pseudo-
n law:



ting times in the model under consideration satisfy the following relationship:

> X
piEW,; + Z pi (1 — Ais ) EW,; = ‘—'11———— (3.20)
’ 1- Pa1-p)

i€l

[p =2 e+ pz+2Zszp,

i€E 1€G,L,GG 1€GG j=1

T { ey Z%}

p 1E€GG j=1

n %
Y Y somets X ol 4s T o m+2w]

=1 j#i k=j+1 " 4€G,L ele.

1 the explanation of the terms in (3.15), we may interpret the terms in (3.20)

Ais
1e terms in the left-hand side, excluding the term Z T EWz, together

i€l
mean amount of waiting work in the system at an arbltrary epoch. The first

‘ht-hand side is the mean amount of waiting work in the corresponding system
1-over tlmes at an arbitrary epoch The remaining terms in the right—hand

erm Z pz

€L
an arbltrary epoch in a non-serving interval, i.e., a switching interval or an

. Separately the second, third, and fourth term represent the mean amount
arbitrary epoch in a non-serving interval that arrived at the various queues
ively working, switching, and idling intervals, excluding the work that arrived
1eues before the server polled those queues for the last time.

For m; =0, i = 1,...,n, (3.20) reduces to the pseudo-conservation law for
.on-dormant server case, cf. Boxma & Groenendijk [5].
O

It is easily verified that the mean waiting times in the model of Eisenberg
axhaustive service discipline at both queues indeed satisfy (3.20) with n = 2,

O

Notice that the pseudo-conservation law is not as powerful in the dormant
. in the ordinary non-dormant server case. In the non-dormant server case
nservation law provides a simple expression for a weighted sum of the mean
, although the individual mean waiting times themselves in general involve
ated expressions. In the dormant server case the pseudo-conservation law still
1ple expression for a weighted sum of the mean waiting times, at least as far
tructure is concerned; the probabilities m; that occur probably do hide rather
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cumbersome expressions. Linked up with this, in the dormant server case, to obtain the
pseudo-conservation law explicitly, we are committed to an intricate analysis to determine
the probabilities mr;, if at all possible. For the exhaustive and gated service discipline they
can be determined along the lines of Eisenberg [12], as indicated in the Introduction. For
the globally gated service discipline, mathematically a most tractable service discipline, there
is no obstacle to determining the probabilities 7; either. For the 1-limited service discipline
there is no method available for determining the probabilities 7; analytically. However, they
can be determined numerically using the power-series algorithm, cf. Blanc & Van der Mei 3]

0

Remark 3.4 Like in the ordinary non-dormant server case, cf. Groenendijk [13], a pseudo-
conservation law is useful for supporting approximations for the mean waiting times and for
finding the exact mean waiting times in a symmetrical system in a simple manner. Various
approximations for the mean waiting times are conceivable, but we do not pursue this matter

here any further.
O

Remark 3.5 In the present section we derived a pseudo-conservation law for a model with
cyclic polling and single Poisson arrivals. Without seriously complicating the above analysis,
cyclic polling may be generalized to polling guided by a table, cf. [6], or Markovian polling,
i.e., the server visits the queues guided by a Markov chain with state space {1,...,n}, cf. [8],
and single Poisson arrivals may be generalized to batch Poisson arrivals, cf. Boxma [4].

0

4 COMPARISON BETWEEN THE DORMANT AND THE NON-DORMANT SERVER CASE

In section 3 we derived a pseudo-conservation law for the model under consideration. In
the present section we compare the dormant and the non-dormant server case on the basis
of the pseudo-conservation law, to gain some insight into the effect of idling. Specifically
we compare the mean waiting times in a symmetrical system in the pure dormant and the
non-dormant server case. We further address the question at which queues the server should
make a halt to minimize the mean total amount of work in the system.

Let us label the waiting times in the dormant and the non-dormant server case with a hat
and a tilde respectively. From (3.20),

Z pi(EW; —EW,) + Z pi (1 -

i€E,G,GG €L

s 5@ it
1= 5 + Z Z pis;| +

p i€GG j=1

)\is
1-p

> (EW; —EW;) = (4.1)

n 2 ;
1_%_/1 ST spgmets Y i +s 3 pilm D )| =
2

i=1 ij k=j+1 i€G,L i€GG j=



k=j+1 i€G,L egg P T ;=T

i - ol N B
I LI S PR S 0 S S R S
T T p
urse refers to the dormant server case. The interpretation of the terms in the
and in the first form of the right-hand side of (4.1) follows immediately from

tion of the terms in (3.20). The terms in the left-hand side, excluding the term

W, — EWi), together constitute the difference in the mean total amount of

stem at an arbitrary epoch between the dormant and the non-dormant server

-in the first form of the right-hand side represents the difference in the mean
k at an arbitrary epoch in a non-serving interval that arrived during switching
uding the work that arrived at 1-limited queues during switching intervals
ver polled those queues for the last time). The first term itself is the product
The term inside the square brackets represents the mean amount of work at
poch in a switching interval that arrived during switching intervals (excluding
arrived at 1-limited queues during switching intervals before the server polled
‘or the last time). Notice that these quantities are the same in the dormant
ormant server case. The term in front is the probability that in the dormant
arbitrary epoch in a non-serving interval concerns an idling epoch rather than
och. The first term is the product of these two terms, as the amount of work
y idling epoch in the dormant server case is by definition zero.

rm in the first form of the right-hand side represents the difference in the mean
rk at an arbitrary epoch in a non-serving interval that arrived during idling
second term is of course just the mean amount of work at an arbitrary epoch
ng interval that arrived during idling intervals in the dormant server case, as
‘mant server case there are by definition no idling intervals.

wtion of the terms in the second form of the right-hand side of (4.1) requires
ifferent point of view. Define f(3i,7,%), g(3, 4, k), and h(i, j,k) as the number
erver needs to switch from @Q; to Q;+1 when currently in an empty system
vitching from Qg to Qr41, idling at Q@ not having served any customer yet,
Qr having already served a customer, before it can perform work currently
, taking into account the service discipline at ();. Then the first and the second
st form of the right-hand side may be written as

s (2) n T nog & o 3(2) n
2 i k b
fsj=1 (23 43 )> ZSZ (2 )

T 7"n 'n.( ;c ( ) 7'!'2:5 hk)__
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r. As arbitrary work concerns work at @; with probability &, we may interpret
p
p; B
(e e

n

DI WNIERRS s> B

=1 P k=1 =1 T =1

ﬁ\

=1|@
blb

Z kh’(k .7’

n total switch-over time to be incurred by the server when currently in an empty
tching and idling respectively, before it can perform arbitrary currently arriving
19 into account the various service disciplines. For brevity let us refer to these
1s the mean distance to arbitrary work for a switching and an idling server respec-
1cluding, the difference in the mean total amount of work between the dormant
n-dormant server case is just the difference in the mean distance to arbitrary work

switching and an idling server, preceded by the multiplier 17rp

mpare the mean waiting times in a symmetrical system in the pure dormant and
yrmant server case for the exhaustive (I), gated (II), and 1-limited (III) service
To do so we take in (4.1) p; = p/n, 5; = s/n, m; = 7r/n, EW; =EW, EW,; = EW
» 1-limited service discipline in addition A; = A/n, 7} = 7" /n.

t compare the mean waiting times in a symmetrical system for the globally gated
sipline. Even when the Q; are all identical, the asymmetrical nature of the globally
ice discipline will preclude that the mean waiting times EW; and the probabilities
dentical.

ive:
=4 s -n —1 8(2) s
_ — AN RV <o. .
BW =20 | n 32] = on(l-p) T (4.2)
~ s I n—1 3(2) o s s
— — s Mo T8 5 .
ey () smaa s @
ited:
- s n—1 8(2) 2! . s
e -z |t—| < <2 (44



Istive service discipline always EW < EW, which agrees with the result of
Towsley [16] that in a symmetrical system the server should remain idling
1en the entire system is empty to minimize the total amount of work. Also
r the gated service discipline when the server is only allowed to make a halt at
it has not served any customer yet, i.e., when 7" = 0. When the server is also
ke a halt at a queue when it has already served a customer, i.e., when 7" = 7,
EW > EW) for the gated service discipline, iff the coefficient of variation
witch-over time is larger (smaller) than 1+ 1/n. In particular EW = EW
1 switch-over time is Erlang-n distributed, so when the individual switch-over
ynentially distributed. Because of the memoryless property of the exponential
1stomers then indeed do not observe any difference between the dormant and
ant server case. Similar remarks hold for the 1-limited service discipline.

ress the question at which queues the server should make a halt to minimize the
ount of work in the system. Liu, Nain, & Towsley [16] identify polling policies,
r as a possible action, that stochastically minimize the total amount of work in
an arbitrary epoch. They show that optimal policies are exhaustive, greedy,
netrical system in addition patient, i.e., the server should neither switch nor
non-empty queue and in a symmetrical system the server should remain idling
ten the entire system is empty. As a non-exhaustive policy can not minimize
int. of work, we assume in the sequel the service discipline to be exhaustive.
al systems the total amount of work is not always minimal in the pure dormant
n some asymmetrical systems the total amount of work is even in the non-
¢ case smaller. Consider e.g. a system with n =2, A\; =00, f1 =0, sgz) = g7,
r as the amount of work is concerned, such a system corresponds in the pure
the non-dormant server case to an ordinary M/G/1 queue with set-up times
racations, respectively, of length s;. In the latter case the amount of work is of
. However, in not a single system the total amount of work is minimal in the
server case, as we will prove now. In case the server makes a halt only at Q5
50

R - 2
W,; — EWZ) = - Ta .S‘ E Z SipPy

1= i#h—1 j=i+1
h—1 (2)
;0 show that there is at least one @5 such that Z Z 5ip; < p———— Now
i#h—1 j=i+1 2s

8ip; = 2nps - Zs,pz implies 1I<I}Llél Z Z sip; < 2ps < p— So there
L i=1 ith—1 j=i+1

ast one such Q.

h—1 (2)
) that making a halt only at Q) is beneficial, iff Z Z sip; < p—2—. In
i#h—1 j=i+1

ow assume that @ belongs to the set of queues at which the server should
when making a halt only at @}, is beneficial. In other words, we propose
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h—1 (2)
server make a halt at Qp, iff Z Z s;p; < pa——. In accordance with the
i#h—1 j=i+1
on of the second form of (4.1), the criterion is seen to select queues @, such that
istance from the server to arbitrary work is smaller when idling at Q}, than when

s
Written as Z Z 5ipi < -5, the criterion is seen to suggest idling at queues
1#£h—1 j=1+1 s p 2
d by queues with relatively light traffic and large switch-over times and followed
with relatively heavy traffic and small switch-over times, and to suggest idling

sly accordingly as the variability of the total switch-over time is larger. Notice
@

rmmetrical system the inequality reduces to 1 —1/n < %—2—, which always holds,

.1 The problem at which queues the server should make a halt to minimize the
amount of work in the system, may be formulated as a semi-Markov decision
" Tijms [22] p. 200. The decision epochs are the epochs of a visit completion; the
cisions (actions) are either switching or idling when the visit completion leaves
iystem empty and only switching otherwise. The states are (i,11,...,l5), where
e at which the visit completion occurs and [; is the number of waiting customers
1,...,n. The crucial observation is that the system under consideration satisfies
1g Markovian property: given the state at some decision epoch and the decision
osen, the evolution after that decision epoch does not depend on the evolution
decision epoch.
rkov decision problem formulates the problem of finding a strategy that minimizes
otal cost per unit of time. A strategy prescribes here at which queues the server
e a halt. The mean total cost per unit of time may be related here to the mean
nt of work in the system, when we define the cost appropriately. If c; represents
: cost per unit of time of an arbitrary type-i customer, : =1,...,n, then the mean
ser unit of time equal i c;\EW,;. When we take ¢; = §;, i = 1,...,n, the mean
i=1

n

ser unit of time equal Y p;EW;, the mean amount of waiting work in the system.
i=1

; the mean amount of waiting work and minimizing the mean total amount of

quivalent, as the difference, the mean amount of work in service, always equals
, cf. (3.6).

htforward, when action a is chosen in the current state h, to calculate p(a, h, k),
ility that at the next decision epoch the state will be k, t(a, h), the expected time
ext decision epoch, and c(a, k), the expected cost incurred until the next decision
> resulting semi-Markov decision problem may be solved numerically by truncating

pace.
O



.E TIME IN THE GLOBALLY GATED POLLING SYSTEM

he Introduction, the option of idling especially goes hand in hand quite naturally
\lly gated service discipline. From the present section on we therefore direct the
articular to a globally gated polling system in which the server makes a halt at
when there are no customers present in the system. We first present a specific
tion. Suppose the server is just about to visit ¢J;. If there are customers present
they are all marked instantaneously and the server immediately starts visiting
dDuring the coming cycle exactly those marked customers are served. At each
ers are served in order of arrival. The service of customers that meanwhile arrive
is deferred until the next cycle. If there are no customers present in the system,
1ains idling at @1, awaiting a new customer to arrive at one of the queues. As
7 customer arrives, it is marked instantaneously and the server starts visiting
During the coming cycle only the newly arrived customer is served. Again,
it meanwhile arrive in the system are served during the next cycle. During the
er is not allowed to make a halt at a queue when the completion of a service
tem empty. In other words, the server is only allowed to make a halt when the
ity at the beginning of a visit to Q.

For n = 1 the model under consideration reduces to a gated vacation model
ications, whereas the model in the non-dormant server case corresponds to a
n model with multiple vacations, cf. Takagi [19]. The latter model has been
etail by Takine & Hasegawa [21].

|

der of the present section we relate the cycle time distribution to the joint queue
ution at the beginning of a cycle and at the beginning of a subsequent cycle.
.is similar to the approach in Boxma, Levy, & Yechiali [7] for the ordinary non-
or case. Assuming an equilibrium distribution, we obtain a functional equation
the joint queue length distribution at the beginning of a cycle and for the LST of
+ distribution. The latter functional equation is solved explicitly. The cycle time
rill turn out to play a crucial role in the analysis of the waiting time distribution
queue length distribution at polling epochs in section 6 and 7 respectively.
»duce some notation. Denote by C™ the length of the m-th cycle, i.e., the
the start of the m-th visit to @; and the start of the (m + 1)-th visit to @1,
. Denote by I™ the length of the m-th idling period, i.e., the m-th idling
»ossibly zero), m = 1,2,... . Denote by B(™ the length of the m-th restricted
> m-th cycle time minus the m-th idling time, m = 1,2,... . Let an((,w) :=
(m)) forRe( > 0,Rew >0,m=1,2,.... Let yp(w) := E(e“"B(m)) for Rew > 0,
. Denote by Xgm) the number of customers present at queue ¢ at the beginning
sycle, i = 1,...,n,m = 1,2,... . Let {n(21,...,2,) = E(zf((1 )...z?f;m)) for
L...,nm=12,....

nature of the globally gated service discipline Im B, Xﬁ"‘), and X§"‘+”,
are related as follows. On the one hand Xgm) equals the number of customers
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that are served at Q; during the m-th restricted cycle, i = 1,...,n, unless (x§"‘>, XY =
(0,...,0), i.e., there are no customers present at the beginning of the m-th cycle. In that
case the server remains idling at @ for a period, which is negative exponentially distributed
with parameter ), until a customer arrives at one of the queues; such an arrival occurs at Qi
with probability A;/A, i =1,...,n. So

E(e~¢I™-eB™ | x(m | x(m) =

n - n )\z
0”((4)) LI;_[l ﬂz(w)xf ) _ (1 —_ /—\—+— z Xﬂz(w)> I{x(m)zo}] ) (51)
Re( > 0,Rew >0,m=1,2,...,

where I;x(m)—g) denotes the indicator function of the event (Xgm), e ,X,(zm)) = (0,...,0).
Unconditioning (5.1),

A =N
am(w) = o(w) [ém(m(w), ey Br(w)) - (1 b, ; —/\—ﬁi(w)> €m(0,... ,0)] , (5.2)
Re¢( > 0,Rew >0,m=1,2,....

On the other hand XgmH) equals the number of customers that arrive at Q; during the m-th
restricted cycle, i =1,...,n,m=1,2,... . So

(m+1) (m+1) —Ez\i(l-—zi)t
B AT B o= = , (5.3)

t>0,lz|<Li=1...,n,m=12,....
3
Define €(z) := 3 Mi(1—2) for | ;| £ 1,i =1,...,n. Unconditioning (5.3),
=1

Emi1(21, -+, 2n) = Tm(e(2)), |z |<lLi=1,...,nm=12,.... (5.4)
Denote by C,I,B, and X; stochastic variables with the limiting distribution for m — oo
of, respectively, cm 1(m) B(m) and Xgm), i=1,...,n. Let o((,w) = E(e‘CI”“’B) for
Re( >0, Rew > 0. Let y(w) := E(e™*B) for Rew > 0. Let &(z1,...,2n) := E(zfcl,...,z;{(")

for|z;|<Li=1,...,n
From (5.2) and (5.4),

o(G,0) = o) |E(B1(), -, Balw)) - (1 el %\iﬂi(w)> £, -,o>} SR

=1

Re( > 0,Rew >0,

and

E(21y- -+, 2n) = V(e(2)), |z |<L,i=1,...,n. (5.6)



18

Combining (5.5) and (5.6),

e A =N ,

a(Cw)=olw (1= Gt —_ (AN 1= —— —Bi(w , 5.7

(Gw) ()[n/g (1 - Biw)) ~/(>( /\H;Aﬁ())] (5.7
Re(>0,Rew >0,] 2 |<1,i=1,...,n,

and

&(z1,-,2n) =

7(e(2) [a(m(e(z», o Balel2) - (1 -y ﬁ—"ﬂi&(z))) 0, .., o>] , (55)
=1

|z |<Lli=1,...,n.

Remark 5.2 The joint queue length process at the beginning of a cycle, {(X{™, ..., X1,
m = 1,2,..., in fact constitutes a multitype branching process with state-dependent immi-
gration, cf. Resing [17]. The crucial observation is that the globally gated service disci-
pline satisfies the following property: if there are z; customers present at ; at the begin-
ning of a cycle, then each of these z; customers will be ‘effectively replaced’ in an i.i.d.
manner by a random population having pgf B;(e(z)). Adopting the terminology of the
theory of multitype branching processes, the offspring generating functions are given by
fi(z1, .., 2a) = Bi(e(2)), i = 1,...,n, the immigration generating function for the non-zero
states is given by g(z1,...,2,) = 0(e(2)), and the immigration generating function for the

zero state is given by g(z1,...,2n)h(21,...,2,) With h(z1,...,2,) = i %f,‘(z). From the
theory of multitype branching processes we have =

(21,1 2n) =

g(z1y -y 2)[E(f1(21,- oy Z0)s oo oy FulZ1s -1 20)) = (1= A(21,.. ., 2))E(0, ..., 0)],

|Z,;|S1,i=1,...,n,

which is identical to (5.8).
O

Below we solve the functional equation (5.7). We first derive some preliminary results from
(5.7). Noting that E(e~¢!) = (¢, 0) for Re ¢ > 0 and E(e™*B) = o(0,w) for Rew > 0,

5+ M
— A .
EI = —(—&; (5.10)

A
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A
s+ pfy———-()\ )

s@ 4 (205 + 3 MBD)EC
1==1

EB? = :
o (5.12)
Remark 5.3 We may also obtain (5.10) directly by observing
1
I1I>0)= —
B> 0) =5,
while
[o o]
Pr{I> 0} = Pr{(X1,...,Xn) = (0,...,0)} = / e MdPr{B < t} = 7()).
t=0
. . _ . El
We may also obtain (5.9) directly from (3.1) and (5.10) by observing that 7 = ToTok
O

We now solve the functional equation (5.7). Obviously it suffices to find an expression for
v(w) for Rew > 0, as substituting such an expression into (5.7) yields an expression for

a(¢,w). Define §(w) := i Ai(1 = Bi(w)) for Rew > 0. Putting { = 01in (5.7),
i=1

Y(w) = o(w) |7(6(w)) — ls\—)\—)&(w) , Rew > 0. (5.13)

Define recursively

6(0)((4)') = W, Rew > 0;

§Ww) = 6(6*V(w)), Rew>0,k=12,....
Iterating (5.13),

M

il (A !
v(w) =] o (6 (w))y(sM+(w)) — Y §E D (W) [T o (6P (w)), (5.14)
0 =0

k=0 k=
Rew>0,M=1,2,....
Lemma 5.1
i. A}im §M)(w) = 0 for all w with Rew > 0.
>0

ii. ﬁ o(6()(w)) converges for all w with Rew > 0.
k=0

o0 k
iii. Y 64D (w) T (6 (w)) converges for all w with Rew > 0.
k=0 1=0
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Proof
See appendix A.
O
Lemma 5.1 implies, letting M — oo in (5.14),
e k YA) o= s(k1 £ 1
vw) = [T o(6®w) - == 3 sF VW) [[o(6®(w)), Rew>0. (5.15)
k=0 k=0 1=0
Putting w = A in (5.15),
TL o)
OVE 0 . : (5.16)
1+ > 5&+ () T o (60 (V)
=0 1=0
Substituting (5.16) back into (5.15),
oo H U(é(k)(}‘)) oo k
y(w) = [] 0(6® (w)) - ——*=2 . 3 6D W) [] o (6P (w)), (5.17)
k=0 A+ Z 6(k+1)(A) Ho_(é‘(l)()\)) k=0 1=0
k=0 1=0

Rew > 0.

Substituting (5.17) into (5.7) yields an expression for a({,w).

Finally some words on the joint past and residual lifetime distribution of a restricted cycle.
This distribution will turn out to play a crucial role in the analysis of the waiting time
distribution in section 6. Denote by Bp and Bg stochastic variables with the distribution
of, respectively, the past and residual lifetime of a restricted cycle. From Cohen [10] p. 113
we have,

1 —
E(e~wrBr—wrBr) = E—BZ(—";L%(“’—P), Rewp > 0,Rewg > 0. (5.18)
pP—WR

In particular,

- - 1-v(w)
wBpy _ wBrYy _ i >
E(e )=E(e ) EB Rew > 0. (5.19)
From (5.19),
EB?
EBp =EBgr = (5.20)

2EB’
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ITING TIME IN THE GLOBALLY GATED POLLING SYSTEM

in formula (5.18) we expressed the LST of the joint past and residual lifetime
of a restricted cycle into the LST of the restricted cycle time distribution. In the
on we relate the waiting time distribution to the joint past and residual lifetime
of a restricted cycle. Thus we obtain an expression for the LST of the waiting
1tion in terms of the LST of the restricted cycle time distribution.

roduce some notation. Denote by V;(N) the total service time of N type-
i = 1,...,n, for any non-negative integer valued stochastic variable N. So
| = E(ﬂi(w)N), Rew > 0,i=1,...,n. Denote by A;(T) the number of type-i
criving during a period of length T, i = 1,...,n, for any non-negative real valued
ariable T. So E(z;&"(T)) = E(e%(-2)T) | 2, | < 1,i=1,...,n. Denote by B;
\astic variables having distribution, respectively, B;(-) and S;(-), i =1,...,n.
alyze the waiting time distribution of an arbitrary type-i customer, by distin-
ether the customer arrives during a restricted cycle or during an idling period
1ating the idling period immediately by initiating a new restricted cycle), in other
her the customer sees the server working/switching or idling upon arrival. The
> of an arbitrary type-i customer that arrives during a restricted cycle, WEB), is
£

1al lifetime of the restricted cycle in which it arrives;

1 service time of all customers that arrive at @Q1,...,Q;—1 during the same re-
le;

1 service time of all customers that arrive at @; during the past lifetime of the
scle in which it arrives;

| switch-over time experienced by the server, moving from Q; to Q;

i1 i—1
g—'BR—PZVj(Aj(Bp—i-BR))+Vi(Ai(Bp))+ZSj, i=1,...,n. (6.1)
=1 j=1
.18),
we,
)= [Tojw) x v (6.2)
=1

e o]

—1
/ e~ wir H {e~f\j(1—ﬁj(w))(tp+ta)} e—Xi(l—ﬁi(w))tPdtP‘tRPr{BP <tp,Bp<tp}=
=0 =1

Y(E ML= B50) = 7(E, M1 = Bi) +)

1 3=1
Wgs W — (1= Bi(w))

, i=1,...,nRew >0.



time of an arbitrary type-i customer that arrives during an idling period, Wz@,
solely of the total switch-over time experienced by the server, moving from ¢

i—1

S5, i=1,...,n. (6.3)

=1

v, 5 .

i )=Haj(w), i=1,...,n,Rew >0. (6.4)
=1

6.2) and (6.4), noting that an arbitrary customer, irrespective of which type,
g a restricted cycle and an idling period with probability EB/EC and EI/EC

Vi)_.

1 ML= Bi00) =75, M1 = Bi(w) +)
w - )\i(l - ﬁ,(w)) !

v) G EI+ (6.5)

i=1,...,n,Rew > 0.

L For n=1, using (5.9), (5.10) and (5.13), (6.5) reduces to

V) = (1= p)w EI s l-—o(w)v(w)
w=AN1-8w)) ls+EI  s+EI sw o(w)

, Rew >0,

recognize the well-known waiting time decomposition property of M/G/1 vaca-

O
1sing (5.9) and (5.12),
i i~1 ] i—1
= -1+2j§1pj+pi- %+§sj
[ i~1 1 4 ;L::l )‘J'ﬂz(’Z) ps ) i—1
= 1+2;Pj+Pi- T+ 20-p T125 ” +7()\A)) +j>;_:18ja (6.6)
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Remark 6.2 For n =1 (6.6) reduces to

EB?
EW = [1+lge

Aﬁ(2) ps 3(2)
200 1-0 " 54 10y

which agrees with Takagi [19] p. 213 formula (5.40b).
' m

n i—1
Remark 6.3 Noting that > ps[1+2 Y p; + ps] = p(1 + p), we may obtain from (6.6) the
=1 j=1

pseudo-conservation law for the model under consideration,

n
=y .32
§1 iPi 2 @)

= +ps+p + ) _pi)_S;.
( ) 1-p 2(+)\) Z;Z

We may also obtain the pseudo-conservation law, without knowledge of the individual mean

waiting times, using (5.9) and (5.10), from (3.20) with GG = {1,. EL () 1-»

ShTTEG TN a0

) A
f=0,m=0,1#1

O

Remark 6.4 As seen from (6.6), the ordering of the queues involves an ordering of the
mean waiting times,

2

E
EW,1 = EW,; + [pi + pisil == 5EC

The ordering of the queues even involves a stochastic ordering of the waiting times, as seen
from the derivation of (6.5).

On the one hand the ordering of the waiting times may be argued to be unfair. Elevator
polling, recently introduced by Altman, Khamisy, & Yechiali [1], to some extent meets this
objection to the globally gated service discipline. In elevator polling the server alternatingly
passes through ‘up’ cycles, visiting the queues in the order Qy,... ,@n, and ‘down’ cycles,
visiting the queues in the order @, ..., Q1. Thus as an immediate advantage elevator polling
saves the switch-over time from Q,, to @;. Under the globally gated service discipline, at the
start of each cycle, up or down, a similar centralized gating procedure is executed as described
before, so alternatingly Q; and @, function as home base. Similarly to [1}, assuming the
switch-over time from Q;+1 to @; to have the same distribution as the switch-over time from
Q; to Qi41, in elevator polling with a dormant server the mean waiting times at all queues
may be shown to be equal, irrespective of the traffic characteristics. Obviously the waiting

+ si, i=1,...,n—1.
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time distributions at all queues are not equal. E.g., the variance of the waiting times is likely
to be larger at the queues visited in the beginning or the end of a cycle than at the queues
visited in the middle of a cycle.
On the other hand the ordering of the waiting times may be exploited to effectuate some
kind of priorization. Following the line of this idea, similarly to Boxma, Levy, & Yechiali [7]
simple index rules may be established for both static and dynamic optimization of the system
performance, measured in terms of the mean waiting times.

O

As a justification of the dormant server policy, we now show the waiting time at each of
the queues to be smaller (in the increasing convex ordering sense) than in the ordinary non-
dormant server case. Let us label the stochastic variables and the associated LST’s and pgf’s
in the dormant and non-dormant server case with a hat and a tilde respectively. From [7] we
have

3 i-1 G2 il
EW; = |1+2 it il ==+ )5S
;PJ p EC ; j
L J= J J
n 2
i i1 ] > )‘J"BJ(' ) @ | -1
= 142X e o | e | Y s (6.7)
= j=1pj pi 1+,0 2(1"[)) 1—,0 95 = 7 .
i=1,...,n
Subtracting (6.7) from (6.6),
y(A
W, - EW s ! 7()\) 2 1
EW,; - == |1+ ;PJW"Pi 1_;——[_)—:?—(“)-\72—5_ ) r=1,...,n
= N

The waiting times are however not only smaller in mean, but also in the increasing convex
ordering sense, i.e., Ef(W;) < Ef(W;) for any non-decreasing convex function f(-).

Lemma fj.l
Wi Sicxwi, i=17"-7n7

ie., Ef(W;) < Ef(W;), i=1,...,n, for any non-decreasing convex function f(-).
Proof

See appendix B.
O

The question remains whether the waiting times are also smaller in the stochastic sense, i.e.,
Pr{W; <t} > Pr{W; <t} for any t > 0.
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UE LENGTH IN THE GLOBALLY GATED POLLING SYSTEM

ve expressed the pgf of the joint queue length distribution at the beginning of a
2 LST of the restricted cycle time distribution. In the present section we relate
ue length distribution at polling epochs to the joint queue length distribution at
z of a cycle. Thus we obtain an expression for the pgf of the joint queue length
at polling epochs in terms of the LST of the restricted cycle time distribution.
th the queue lengths at Qi,...,Qn, at a polling epoch at @;, and the queue
L,---,@n seen by the server at successive polling epochs at Q1,...,@n.

rords on the marginal queue length distribution. Denote by L; the number of
mers at Q; at an arbitrary epoch, i = 1,...,n. Because of the PASTA property
- down-crossing argument the number of customers at @; at an arbitrary epoch,
tomer arrival epoch at @;, and at a customer departure epoch from @; are
istributed, ¢ = 1,...,n, just as in an ordinary isolated M/G/1 queue. Thus
asily be found from E(zg"') =E(e0-=W)g(\(1-2)), | 2 |£ 1,i=1,...,n,
(1-2:)W:) is given by (6.5), again just as in an ordinary isolated M/G/1 queue,
Servi [14].

nder of the present section we analyze the joint queue length distribution at
18. Denote by Y;; the number of customers at Q; at a polling epoch at @, i.e.,
favisitto@;,i=1,...,n,7 =1,...,n Denote by D; the indicator function
that an arbitrary customer (that arrives in an empty system) arrives at @,
stic variable which is 1 with probability A;/A and 0 with probability 1 — A;/A,

nature of the globally gated service discipline Y;; and Xj, ¢ = 1,...,n,j =
related as follows.

i-1 i-1
K;(8 <)+ A0 (V(Xk) +Sk) + (Dj(i <H+A;00 DkBk)) Iix=0}
k=1 k=1
i=1,...,n,7=1,...,n, (7.1)
denotes the indicator function of the event (Xy,...,X,) = (0,...,0) and (i < j)
if i < jand 0if i > j. The notation was further introduced in section 6.

ly the joint distribution of Y;1,..., Y, the queue lengths at Q1,...,Q, at a
1at @;,i=1,...,n. From (7.1),

i—1
2y | Xy, XY = [ owle)) x (7.2)
k=1

k=1

n —1 n
(e [ % - (1 -3 el - 3 *7%) (X = o>] ,
k=1 k=1

i=1,...,n]zn|<Lk=1,...,n
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Unconditioning (7.2), using (5.6)

-1
E(zy ... 25m) = [] owle(z)) x (7.3)
k=1

'y(Z Me(1 — Brle(z)) + Z Ar(l = 2 () (Z Ak(1 — Brle(2))) + Z Me(1— zk))]

k=1 k=1

i=1,...,n, ]2 |<Lk=1,...,n

For i = n+ 1, using (5.6) and interpreting Yn41; as Xj, j = 1,...,n, (7.3) reduces to (5.8).
From (7.3),

COV(Yil,Yim) = }\l}\m X (7.4)
i-1 i—1 . i-1
Var(Y_ Sx) + EC Y MY + (EB? — (EC)?) (Z pr+ (<O o+ (GE<m))|,
== k=1 k=1 k=1
i=1,...,n,0=1,...,n,m=1,...,n

For i = n+ 1, using (5.12) and interpreting Y115 as X;, j =1,...,n, (7.4) reduces to
Cov(Xy, Xm) = MAm(EB2 — (EB)?),l=1,...,n,m=1,...,n,
which may also be obtained from (5.6).

We finally study the joint distribution of Y11,..., Ynn, the queue lengths at @y, . .. , Qn seen
by the server at successive polling epochs at Q1,...,Qn. From (7.1),

E(z?{” ozl | Xy, X)) = ﬁai( zn: Ap(l = zi)) % (7.5)
=1 k=itl
{ﬁ B0 SS M- m) S [ 25 - (1 -3 Ram(3 M- zk))) (x = 0)} ,
=1 k=i+1 i=1 i=1 k=i+1
|zi|<L,i=1,...,n
Unconditioning (7.5), using (5.6),
Bz, ..,z = [[oi( 30 Ae(l —2)) x (7.6)
=1 k=i+l
[7(2/\ (1 — 204 Z Ae(1 = 21))) 7(/\ (Z/‘\ (1 = z06:( Z Ae(l— Zk))))}
k=i+1 k=i+1

|zi|<l,i=1,...,n
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' Yrm) = Midm X ‘ (7.7)

i m—1 min(l,m)—1 ) -1 m—1

"8, Y S)+EC [qm)+ D A8 | + (EB? - (EC)(X pi+ 1)(Y pit+ 1),

1 i=1 g==1 t=1 =1
Il=1,...,nnm=1,...,n,

is equal to By if I < m, B if I >m and 0if [ =m.

Unlike in the ordinary non-dormant server case, cf. Boxma, Weststrate, &
either the queue lengths at a polling epoch, nor the queue lengths seen by the
essive polling epochs need to be positively correlated. E.g., if all service times
rer times are zero, then (7.4) and (7.7) reduce to

Am . . .
;,Yim)z—)‘—l)j—(zgl)(zgm), i=1,...,n,0=1,...,n,m=1,...,n,
l;Ymm)z“"/ll/{\zin‘, l=1,...,n,m=1,,,.,n,

This may also be seen immediately, as during every cycle exactly one customer

ich occurs at Q; with probability A;/A, i =1,...,n.
|

JION

polling system with a dormant server, i.e., a polling system in which the server
ed to make a halt at a queue when there are no customers present in the system.
art of the paper we derived a pseudo-conservation law for a general model and
npare the dormant and the non-dormant server case. We further addressed the
shich queues the server should make a halt to minimize the mean total amount
e system. In the second part we directed the attention in particular to a globally
. system in which the server makes a halt at its home base when there are no
esent in the system. In the latter case the waiting time at each of the queues
» be smaller (in the increasing convex ordering sense) than in the ordinary non-
'er case.

 paper we allowed the server only to make a halt at a queue when there are no
esent in the system. In fact we may allow the server also to make a halt at a
sr cases when there are customers present in the system. A first option might be
the service disciplines at the various queues, but to decide at the completion of
lether to switch or to idle, and not only at the completion of a visit that leaves
stem empty. A second option might be also to drop the service disciplines at
[ueues, and to decide at the completion of each service whether to serve another




oresent, to switch, or to idle, like Liu, Nain, & Towsley [16].

; enlarged the freedom of decisions in the operation of the system, it is quite
snsider the problem of finding a strategy that optimizes the performance of the
;he enlarged freedom of decisions will complicate the analysis even further, there
: to solve the problem analytically. Remember that the pseudo-conservation law
hold enough information to solve the more specific problem at which queues the
1 make a halt to minimize the mean total amount of work in the system. How-
2 latter more specific problem, the problem of finding a strategy that minimizes

may still be handled as a semi-Markov decision problem.
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sue length distribution for the dormant server case with either the exhaustive or
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orF LEMMA 5.1

D(w) = 0 for all w with Rew > 0.

)(w)) converges for all w with Rew 2> 0.

k
)(w) IT o(6W(w)) converges for all w with Rew > 0.
1=0

hastic variable H, having distribution H(-) with LST #(-), holds

@1 = | [a-ear()|
t=0

< [li-eaH)

t=0
oo

< | |wt|dH®)
t:fo

h Rew >0, since |1 —e % | <| z| for all z with Rez > 0.
3y induction,

(w) >0, k=0,1,..., (A.2)

h Rew > 0.
ng (A.1),

= (= Bw)) |
=1
< zn:)\i | 1~ Bi(w) |
2==1

n
< Y Abilw]
i=1

= plwl,
h Rew > 0.
1duction, using (A.2),
u)lgpklwl, k=0,1,..., : (A.3)
;h Rew 2> 0.

assumed to hold, we conclude that lim 6(*)(w) =0 for all w with Rew > 0.

00
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From the theory of infinite products, cf. Titchmarsh {23] p. 18, we have that
) converges iff E [1 — o (6(®(w))] converges.

=0
(A.3), (A.2) and the assumption that p < 1,

-o(6P Nl < Z | 1-0(6® W) |
k=0

> s16®(w) ]
k=0
sy o lwl
k=0
S

= 1, lvl

IA

IA

00,

' Rew > 0. So 1] o(6%) (w)) converges for all w with Rew > 0.
k=0
Because of (A.2),

(w))|£1, k=0,1,..., (A.4)
1 Rew > 0. Using (A.3), (A.4) and the assumption that p < 1,
‘ k 00 k
D) [[e@w)| < 3160w | T 1o@EPw) |
1=0 k=0 1=0
[e ]
< Y e
k=0
= 1_p_ |w|
—p
m’

k
1Rew > 0. So § §*+1)(w) T o(6W(w)) converges for all w with Rew > 0.
k=0 =0
(]

OF LEMMA 6.1
<Ef (Wz), i=1,...,n, for any increasing convex function f(-).

le line of the proof for the case n = 1, omitting the redundant indices. The proof
n > 1 follows from a straightforward generalization.
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Consider Figure 1 and Figure 2; V; and V; denote the amount of work in the system at
time ¢ in the dormant and non-dormant server case respectively. Stochastically the arrival,
service, and switch-over processes in Figure 1 and Figure 2 are identical, but the realizations
in both situations are not identical. However, the realizations are related as follows. In both
situations the server incurs exactly the same switch-over times, although not in the same
order. During one and the same switch-over time the arrival processes in both situations
proceed synchronously. The same customer arrives at the same time (relative with regard
to that switch-over time), requiring the same service time. Likewise the arrival processes in
both situations proceed synchronously during one and the same service time. The Poisson
nature of the arrival processes allows the realizations of the arrival, service, and switch-over
processes in Figure 1 and Figure 2 to be typical. Consequently Figure 1 and Figure 2 depict
typical realizations of the amount of work in the system at time ¢ in the dormant and non-
dormant server case respectively, as well as typical realizations of other induced stochastic
processes, like waiting times and queue lengths.

At time ¢ = T in both situations the system is empty and the server is at its home base @), just
back from switching. The server then starts switching for a time of length Sg. Sg, S1,So2,. ..
are independent stochastic variables with common distribution S(-). Customers arrive dur-
ing the switch-over time Sg at (relative) time ¢t = A1,t = A; + Ay,...,t = A; +... + Ag,
requiring service times of length B1, By, ...,Bg. Aj, Ay,... are independent exponentially
distributed stochastic variables with mean 1/A. B1,Bo,... are independent stochastic vari-
ables with common distribution B(:).

In the situation of Figure 1 at time t = To + A; the server interrupts switching, suspending
the remainder Sy — A of the switch-over time Sg, and starts serving the newly arrived cus-
tomer, just as if the server would have remained idling at @ from time ¢t = Ty on, awaiting
the new customer to arrive.

At time ¢ = Ty the system is empty again and the server is back again at its home base Q)
(these events occurring simultaneously for the first time). The server then starts switching,
resuming the switch-over time Sg.

At time t = T; + Ay the server again interrupts switching, suspendlng the remainder
So — A1 — Ay of the switch-over time Sp, and starts serving the newly arrived customer,
again just as if the server would have remained idling at @ from time ¢t = T on, awaiting
the new customer to arrive.

In the situation of Figure 2 at time t = To+ A the server just continues switching, disregard-
ing the newly arrived customer. At time ¢ = T+ Sp the server finishes switching and starts
serving the newly arrived customers. Among the customers that arrive during S, let’s say the
K-th customer is the customer with the largest number of generations offspring. In the situa-
tion of Figure 2 the server incurs exactly the same switch-over times So, S1,...,Sg, asin the

situation of Figure 1, however in the order S, SLK EETRRR SLK » 81,44, SLK . SLK +19
- - 0

»SL,
Thxs or Iéer guarantees that the system is empty after the switch-over time SL , which will

facilitate comparing the waiting times later on. Still this order does not b1as the waiting

times, as Ko does not depend on the switch-over times Sq,..., SLK.
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sion of Figure 1 at time ¢t = Tk the system is empty and the server is back
base () (these events occurring simultaneously for the K-th time). The server
witching, resuming the switch-over time Sg. At time ¢ = Uy the server finishes
o=Tg+D,D=S8;—A; —... — Ag. Also in the situation of Figure 2 at
y the system is empty and the server just finishes switching. In the situation
he server has then incurred exactly the same switch-over times Sg, Sy, ..

aation of Figure 1, although not in the same order. The server has also servlé
:ame customers, viz. the customers that arrive during Sg, S1,...,St,., and their
t’s say their total number is M. Concluding, at time ¢ = Uy in both situations
s empty and the server is at its home base @), just back from switching.

the h-th customer served from time ¢ = Ty on in the dormant server case,
. Denote by W) and W) the waiting time of R(™ in the dormant and non-
rer case respectively, h = 1,2,.... As the stochastic processes W p=12...,
=1,2,..., are regenerative with regard to h =1 and h = M + 1,

EME(Z FOW®Y), (B.1)
1M
——E(} F(WH)). (B.2)
h=1

ng (B.1) and (B.2) we introduce some additional terminology. In the dormant
he interval from time ¢t = Ty_1 to time t = T is referred to as the k-th busy
: 1,...,K. Customers arriving during Sg (thus interrupting Sp in the dormant
. together with their offspring, are called primary customers. The remaining
.e., customers arriving during Sl,...,SLK, together with their offspring, are
lary customers.

sy intervals as background, the dormant and non-dormant server case differ in the
imary customers, but not in the service of secondary customers. In the dormant
;he service of primary customers is balanced over the K busy intervals. In the
t server case the service of primary customers is concentrated in the first busy
, the counterpart of the Ko-th busy interval in the dormant server case. Thus
ormant server case the primary customers all bother one another and all bother
condary customers. This provides an intuitive feeling for the statement of the
ormal proof of the statement proceeds as follows.

(K™Y by k € K™ (k € K{™) iff the k-th busy interval comprises at least /
1e l-th cycle comprises at least m services of primary (secondary) customers. Let

“)) be the m-th primary (secondary) customer served in the I-th cycle in the k-th

1L ke K (ke K{™). Denote by W™ and W™ (WF™ and W{H™)

time of R{F™ (R$¥™) in the dormant and non-dormant server case respectively,
(tm)

e Ky,
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Reordering summations,

M oo o0
B W) =SB 3 AWEP) LB Y FWET)|, (B3)
h=1 =1m=1 | e () keK (™
and
M oo 00 |
ES W™ =Y |E 5 FOWE)+EC Y FWE)|. (B4
h=1 I=1m=1| peg(m keK{™

Define KO by & € K® iff the k-th busy interval comprises at least | cycles. Denote by Ch
the length of the I-th cycle in the k-th busy interval, k € KO,

For any waiting time W, (cycle time C), denote by Wy (C1) the share constituted by the
service times of primary customers, p = 1,2. Denote by Wy, (Cp) the remaining share in
W, (C), i.e., the share constituted by the switch-over times Sq, Sy, ..., SLK and the service
times of secondary customers, p=1,2.

First we now compare the waiting times of the primary customers in the dormant and non-

dormant server case. By construction ngin) =0, VV&I;H) = h§<:k Cghl), ng;u) =0, VV&'QH) =
S Ap4D,fork=1,...,K,and W™ = W& s+ ¢y » o, Wi =
h>k h<k h>k

heK® heK(-1)

cH-D Fkim _ ool g5 g e K™, 1> 1. (Note that KV = {1,...,K}, K{™ =10,
m > 1. Also notethat C;(ZKOI"I) existsif &k € Kglm) , [ > 1, exists, as the Kp-th customer among
the customers arriving during Sp is the customer with the largest number of generations
offspring.) As c{-1 4 CgKol_l), for k € K™, I > 1, in fact wikm) 4 wkim) 4
(say) Cg_l), for k € Kglm), [ > 1, with 2 denoting equality in distribution. Using these
observations,

2-(klm - s-(klm
E( Y fwWEmy =g Y s+ W™, (B.5)
keK (™ keK{™
and :
= (klm I— - {klm
B( Y fOWEm) —E( Y (O + W 4 vy, (B.6)
keK{™ keK{™

with C¥ = 0, V&) = ¥ B+ ¥ Ap+D, fork=1,..., K, and V¥ = 5 ¢ +
h<k h>k hj[<{k(l)
h€

> Cghl_l), for k € KS’"‘), 1> 1. As V) > 0, the expression in (B.5) is majorized by
h>k
hEK(l_l)

the expression in (B.6) for any increasing function f(-).




w compare the waiting times of the secondary customers in the dormant and non-
er case. By construction W(klm) C(kl) W(klm) I, ¥ C(hl) W(klm)

c*so
ay) W™, for k € Ki™, with 1 = Lgioy limko) = 1 if & = Ko and
if k # Kg. As the Ko-th customer among the customers arriving during Sg is
with the largest number of generations offspring, we know that Cgkl) = 0, for
 if C(Kol) = 0. Using these observations,

kl !
FOWEPN =B S fWE™N+E( Y fWE™ +cy),  ®B7)
™) reK{™) keK ™)
=g ci*>o

=r(klm kl klm hi
Ef(WE™) =E( 3 fFWE™N+E( 3 fWe™+1 S c)).(B.8)
™) keK(zlm) kEKgm) C(IM) >0
cl*=o c*>o0

{k € Kgm)} does not depend on k (= (say) a!™), given Cgkl) > 0. Also note
‘ibution of ng;lm), for k € ngm ), does not depend on k either ( (say) W(lm) )

0. So

FOWHE™ + ) = almE( 3 fWED + ), (B.9)
) c>o
>0

FW§E™41, Y ) =al™E( Y fWiP+n Y OfY)).(B.10)
™) ciso ci*>o c*>o
>0
vex function f(-), immediately from the definition, ¥ f(z + z;) < Z flz +
el
), provided i € I if [ # @. As remarked before, we know that C(kl) = 0, for

it KD = 0, je, Ko € {k: C > 0} if {k: C* > 0} £ 0. So the
(B.9) is majorized by the expression in (B.10) for any convex function f(-).
d



