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Abstract

duce a new geometric transform of sets, based upon intersections of the
lines. Many basic integral-geometric formulae used in stereology can be
| as identities concerning this transform. It is also closely related to the
nction used by Waksman (1987) to construct a metric for subsets of the
Ve modify that construction to obtain a new metric 5 for ‘regular’ seis

It is shown that 7 is topologically equivalent to the Hausdorff metric on
ts. We also prove that the covariance function is a continuous functional
rect to this new metric on classes of uniformly bounded regular sets.

Classification(1991): 60 D 05, 53 C 65, 52 A 22, 53 C 65.

d Phrases: chord length distribution, Crofton’s formula, Hausdorff
al geometry, interpoint distance distribution, k-linc, Radon transform,
sereological metric.

er studies the determination of a set A C IR? from information on
nal linear transects A N I. Three separate issues are discussed:

-terisation: whether a set A C IR? is completely determined by the
. of an associated transform (such as the Radon transform or the co-
«ce function);
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(b) stereology: whether geometrical parameters of A C IR? can be statistically
estimated from randomly-sampled values of the transforms;

(c) approximation: whether good deterministic or stochastic approximation of
transforms ensures closeness of the corresponding sets.

Although problems of this kind have received much attention (see the references
mentioned below) it is common for the issues (a)—(c) to be considered separately. In
this paper we introduce a construct, the linear scan transform, that is serviceable
in all three contexts.

Let us briefly sketch the relevant history. The interest in characterisation prob-
lems for the set covariance function has recently increased. Nagel (1989) showed
that a ‘generic’ convex plane polygon is uniquely determined by its set covariance.
LeSanovsky and Rataj (1990) constructed an example of two distinct non-convez
sets with the same covariance function. For a more restricted class of generic
polygons, excluding those of the abovementioned counterexample, there is a recon-
struction procedure due to Schmitt (1992).

The related class of problems concerning characterisation of a set from infor-
mation on linear transects, like the Radon transform, has a much longer history.
See e.g. Ambartzumian (1983) and Waksman (1985) and the references therein.
For the characterisation of polygons by the distribution of the Radon transform,
see Waksman (1985). The famous example of Mallows and Clark (1971) of two
non-congruent convex polygons with the same chord length distribution is not a
counterexample for the covariance function (see Nagel (1989)).

In the stereological context (b) above, there are several well known integral
geometric identities connecting the chord length distribution of a convex set with
its interpoint distance distribution and its set covariance. Moreover an identity of
Crofton (1885) concerning the moments of chord lengths was generalised to non-
convex sets by Miles (1979) and Jensen and Gundersen (1985) in the construction
of an estimator for the total volume of particles. See also Goodey and Weil (1991).

Suppose the intersection I N A4 of a line ! with a set A C IR? is a finite union of
compact intervals, with ordered endpoints z1,Z2,...22n. Miles (1983) defined the

k-linc as
2n 2n

[N A =3 Y (1) (o5 — )", fork>1.

=1 j=i+}1-

Moreover Waksman (1987) introduced the glance function of A. In our notation its
definition can be writien as

2n  2n
Hina(t)=>, Y, ()" 1{e; —e; < t}, fort>0.
i=1 j=i+1

Waksman used this function to construct a metric on a class of ‘regular’ subsets of
the plane with applications to the approximation problem (c).

The new geometric transform introduced in this paper is also associated with
linear transects of a set A C IR®. The transform is a minor modification of Waks-
man’s glance function (1987) but turns out to be extremely natural, arising as
minus the derivative of the one-dimensional set covariance of a linear transect. It



it all the abovementioned integral geometric identities can be rewritten
he linear scan.

t section of the paper provides necessary preliminaries such as the
she covariance function and the specification of ‘regular’ sets. In section
scan is introduced as described above. Section 3 is devoted to the
she linear scan transform with integral geometry and stereology. We
yproximation problem in section 4 by constructing a metric on ‘regular’
% defined as the L'-distance between their linear scan transforms. For
sonvez sets we show 7 is the L'-distance between Radon transforms
sgically equivalent to the Hausdorff metric. An example of different
behaviour is given in the non-convex case.

1al section we gather analytic properties of the set covariance function
howing in particular that it is an 7-continuous functional on classes of
unded regular sets A. We also obtain an elementary proof of Lipschitz
d-dimensional volume with respect to 7.

\aries.

nce functions.

be a Borel measurable set with finite Lebesgue measure, A(S) < co.

ion. The covariance function of S is the function Cg : R* - Ry

Cs(y) :== M(SNT,S), ye R
ite
T,S={y+s:5€5}
lation of S by a vector y € R®.

t. The covariance function is measurable as a function of y: the function
(v)1s(u + w) is clearly measurable and integrable on IR*? so Fubini’s
rantees measurability of Cs(:).

z properties are immediate consequences of the definition:

) = A(S).
s compactly supported: Cs(y) =0, for ally > diam(5).
s symmetric: Cs(y) = Cs(—y), for ally € R

. (Borel’s overlap formula). Let f : IRy — IR be a measurable
note by || - || Euclidean length. Then

[ [ £ =olyduas = [ sl Osew) dw,



se that whenever one side of (1.1) exists, so does the other in whick case
qual. In particular

[, s dxa) = A5y
B

[ [t =obyautn= [ [ 150)150) (s ol duds
= [ [ 1s@)1s(u+ ) f(lol) dudo,
R JRY
last line results from transforming (u,v) to (v, w) = (u,v — u). Now

ls(u+w) =17, s(u)

er integral above is

£l [ 1s0) 12 s(u) du = () AS 1 T-uS)

= f(llw]) Cs(—w)
= f(lw]}) Cs(w),

1e main result. The second formula is the special case f =1. 0O

ive the relation between the distribution function of the distance between
endent uniformly distributed points in a set and the covariance function
;. This is a direct consequence of the Borel formula (1.1).

Nary. Let X,Y be two independent uniformly distributed poinis in S.

IX-Y| <p}= ———1——5/ Cs(y)dy, for 0 < p < 2diam(S).
A(S) B(0,p)

e by L the class of all one-dimensional lines in IR®%, and by p the nor-
wvariant measure on £ (see Santalé, 1976, pp. 28, 200). The following
lso well-known:

na. For measurable f: IRy — IR

[ [ s —oauas= [ [ [ st fls ) dsatant)

1e sense as Lemma 1.4.

s a consequence of the Blaschke-Petkantschin formula (see Santalé, 1976,
p. 46 and eqn (12.23) p. 201).



» sets.

we need to consider the more restricted class V of inner regular, briefly
, subsets of JR%, defined below.

: the collection of non-empty, open, convex, relatively compact sets.
ss C of closures of sets in D

C={D: DeD}
f convex bodies (i.e. convex, compact with non-empty interior).

E=DUC

> the algebra generated by £, i.e. by finite intersections, unions and
‘subsets of £.

on.

V={VeW: Ci{Int(V))=V}
f V will be called a (inner) regular set.
the elements of V are closed.

on. For a regular set S and |l € L, write n(IN S) for the number of
fIN S, and o(IN S) for the length (1-dimensional Lebesgue measure)

wing lemmais a version of a standard result in integral geometry (e.g.
), pp. 29, 31, 234 and Federer, 1969, pp. 173, 258, 294). Here HEL
. dimensional Hausdorff measure (“surface area”, or in IR?, “length”)
"2 /T(d/2) is the volume of the unit ball in IR®. The proof is given in

. For Se€V
S) is a measurable function of l € L, and

'/;a(l N S)du(l) = drgA(S).

S) is a measurable function of l € L and

Kd

/ n(IN S)dp(l) = 2‘1 HE1(8S).
L" .

for p-almost all lines 1, the transect IN S is a finite union of bounded

ar scan transform.
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2.1 Definition. The linear scan transform of a reqular set § € V is defined for
givenl € L as

Gins(t) = —Cins([t), te€R.
That Gins is well-defined for almost all I will be shown below.
The following properties are immediate.
2.2 Lemma. (o) IfINS =0, then Cins = Ging = 0.

(b) For a compact convez set K the intersection I N K is either empty or a compact
intervel of length o(IN K) > 0 in whick case

Cink(t) = (¢(INK) — t)4,

1 ife(INK)>t

Gk (t) = Ho(IN K) >t} = { 0 otherwise
(¢) Cins(t) = Gins(t) =0 for all t > diam(S).

According to Lemma 1.9 we may assume I N S is a finite union of line segments,
and compute Cing, Gins.

2.3 Lemma. Represent [N S isometricelly as a subset of IR
n

(2.1) J= U[$2i+1,$2i+2]
t==1

where £ < T3 < +++ < Tan € IR are the coordinates of the endpoints (with respect
to an arbitrary origin on l). Then fort >0

2n 2n

(22) Cins(t) = D > (1) (2 — 2 — 1)+
k=1 =1

(2.3) Gins(t) = }:": Zn:(—1)""""""11{mc —z; >t}
k=1 i=1 .

This representation is independent of the choice of the origin on l.

The fact that it is possible by Lemma 1.9 to represent [ N S for almost all lines
as in (2.1) together with (2.3), shows that the linear scan transform is well-defined.

Proof. First note that for J asin (2.1) and for any Lebesgue integrable f : IR, — IR,
trivially

(2.4) /J f(t)ydt =3 (-1)*F(a),
k=1



where F' is any primitive of f. Now consider

Cs(t) = length(J N (J & t))
(2.5) = /J 1ye(u) du

Defining f(u) = 1yg¢(v) = 15(u — £), the primitive is

F(z) = /_ oo F(u) du

=/_°o1j(u-t)du
- f (s ds

(2.6) = / 1(—oo,2—4)(8) ds.
J
Thus we need to apply (2.4) to the function

fl(s) = 1(-—oo,z—t](3)-
This has primitive

B = [ h@ds=—@-1-y

So (2.6) becomes

F(z) = Y (1) Fa(es) = 3 (-1 (@ 2 — ).

Substituting into (2.5) gives

Cr(t) = 3 (~1)FF(e)
k=1

2n 2n

— Z Z(—-—l)i+k+1(wk —x; — t)+.

k=1 i=1

Independence of the choice of the origin on [ follows immediately from these rep-
resentations since they only depend on the length of the intervals in I[N S. This
proves the Lemma. [

It is an interesting exercise to check that the alternating sum expression for
Cins(0) collapses to (1N .S). Setting ¢ = 0 in (2.2) gives

Cins(0) = Y D (—1)HH (2 — 2;);
i k>
the inner sum collapses to (z;41 — z;) for left endpoints (i odd) and 0 for right
endpoints (i even) so the total is ) (2am — Zam—1) = o(IN 5).



: sequel we encounter Gins(t) mostly for £ > 0. In that case we can write
2n  2n

Gins(t) = Z Z (——1)i+j+11{:cj —z; >t}

t=1 j=i41

ties concerning the linear scan transform.

relation.

stablish a link between the covariance function of a set S in IR? and the
\ transform.

ented line ! € L is determined by its coordinates (p,8),p € IR, 9 € [0,27),
the perpendicular distance from an origin to ! and 8 the angle formed
: and a fixed axis (say the z-axis).

invariant measure can be written as
dp = dp A d6.

d, let £, denote the set of all oriented lines in JR? parallel to the vector
ty be the measure dy, = dp on L.

»sition. For a set S €Y

Cs(y) = L /” | Gins(t)dtdpy(l), forallye R
y Y Iy

definition

Os(w) = [ 1s(e)lsmy (@) ds
R
= / lg(m)ls_y(m) dz
nd
he transformation
z = (z1,22) — (p,u)
ng a point # € JR? to the line through z in a given direction ys, parametrised]]
pendicular distance p from the origin to the line and by the coordinate

: line w.r.t. the foot of this perpendicular.
polar coordinates and the representation (), we see that (3.1) becomes

[ [ tins(utins(u + lyl) duduy 1) = [ Cuns(lsl) disy .
Ly, /R Ly



This proves the Proposition because by definition

Cuns(llsll) = A °; Gins(t) dt.

O

As a corollary to the previous proposition, we can write the expression obtained
for the interpoint distance in Corollary 1.5 in terms of G.

3.2 Stereological relations.

In this section we first establish a connection with n(l N §) and with the so-called k-
linc (for “k-th order line section of non-convex domain”) introduced by Miles(1983).

3.2 Definition. (Miles) Let I € L. The k-linc of a regular set S in R, is

2n(INS) 2n(lNS)
IS = Y Y (—1)FH (e - z0),
3=1 j=i+1
where z1,25,... are the ordered endpoints of intercepted intervals as before.

The k-linc is of stereological importance, especially when d = 2 and & = 3 and also
when d = 3 and k = 4 (see Miles(loc.cit.) and Jensen and Gundersen(1985)).

3.3 Lemma. Letl € L. For a regular set S we have for p-almost all l
(¢) =(InNS8)= Gins(0). _

(®) [e(In S =k [Ct*1Gins(t)dt for k> 1.

(¢) [e(NSY]=k(k—1) [ tF2Cins(t)dt for k> 2.

Proof. Let N be the set of lines on which n({N S), Ging and [o(I N §)*¥] are infinte
and not well-defined. Throughout the proof we only consider lines in £\ V.

To prove (a), set ¢ = 0 in (2.3). This gives

GlnS(O) = Z Z(——l)i+k+11{mk > zi}

and the inner sum collapses to 0 for right endpoints (¢ even) and 1 for left endpoints
(¢ odd) so that the total is n(IN §).

For the second statement observe that by Lemma 2.3

2n(INS) 2n(INS)

Gins(t)= Y, Y, (1) 1{z; —=: >t}

i=1  j=i+l
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Hence the right-hand side of (b) is
2n(INS) 2n(INS)

fB kAN N (1) — 2 >t}

t=1  j=i+1
2n(INS) 2n(INS)

=Y Y o [T e
0

=1 j=it+1
2n(InS) 2n(INS)
= E Z (1) (g — o)
t=1

j=i+1
= [o(IN 5)*]
Finally, the third claim follows from the previous one by integration by parts.
3.4 Examples.
3.4.1. If § is convex, as when n(IN S) =1

[e(IN 8)*] = /0 ” kt*1100,0(1N §)] dt

a(INS)
= / kt*—1 dt
0

=o(lN .S')'c
342. k=1,

[a(l n S)l] = Y/0°° Gzns(t) dt = Czns(O) — C’zns(oo) = Clns(ﬂ) = 0‘(l R] S),

by part (a) of Lemma 1.3.
3.4.3. From Example 3.4.2 we obtain

o(INS) = /0 ~ Gins(t) dt
for almost all I. Consequently
/;/ow Gins(t) dtdu(l) = ‘/;a(l N 8)du(l) = draA(S),
' see Lemma 1.9.

3.5 Proposition. For integrable f : Ry — R and S €V

_ d—1
/S j F(llu —olf) dudo = f /R Ii F(1#)Crns(2) dt du(l)
=92 /L f 1471 f(t)Cins(t) dt du(l)
(3:2) =2 [ " Fi1(t) Gins(t) dt du(l)
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S fot $%71 f(s) ds.
:mma 1.6
—v v = s — )41 - .
Slu—vdudo= [ [ [ jo— a2 (s o) dodeduit)

ly Borel’s overlap formula (1.1) to the one-dimensional set I N S and

s — t]):
f

NS

o =t (s ~ thdsdtdu@) = [ [ holt=$(wl)Cins(w) do
cJr
y of the covariance function the latter integral is
2/ wd"lf(w)Cms(w) dw.
0

as defined in the statement of the Proposition. Integration by parts

/ wd_lf('w)Cms(w) dw = f Cins(w)dFy_;(w)
0 0
= f Fy_1(w)Gins(w) dw,
0
) = 0 for w large enough and F(0) = 0. This proves the Proposi-

ition 3.5 and part (b) of Lemma 3.3, we obtain a generalisation of
mula, relating chord length and interpoint distance for non-convex

al6(1975), p. 238(14.25)).
ry. For S €V

/[a‘(l N S)* = k(k - 1)/ / lu —»||*~% dudv, k>2.
1L SJS
f(t) = t*~¢~1 in Proposition 3.5. Then

/S lu — o||*~%! dudv = 2 /L /; ” ( /0 g2 ds) dtdu(l)

:%// t*~1Gins(t) dtdp(l).
- L£J0

.3(b) this is

2
gy LN 9Mau)
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which proves the claim. [

3.7 Remark.
In the convex case we recover Crofton’s formula, since by Example 3.4.2

[e(INS¥)) = a(IN 8)* for convex S.

3.8 Remark.
Taking k = d + 1 in Corollary 3.6 or f =1 in Proposition 3.5 we get

T Jlen 9 dutd

B /L / " tGins () dtdu(l).

A(S)? =

Finally, there is a connection with the chord length distribution
Fs(z)=P{le L:0(INS) <z},

where P is a properly normalised probability measure on the set of lines that in-
tersect a convez set S. Recall from Lemma 2.2(b) that 1{o(IN S) > z} = Gins().
Hence

1
P{o(InS)<z}=1- m L Gins(z) du(l).

Comparing this with results of Waksman and Pohl, we conclude that |, - Gins(z) dp,(l)l
is equivalent to ag, the so-called associated function to S. This function was defined
by Pohl(1980) and used by Waksman(1985) to partially solve the problem of char-
acterising convex plane polygons by their chord length distributions. (Extended to

a more general class of polygons by Cabo (1989).)

3.3. Glance functions.

Waksman (1987) considered a subclass of open subsets of W with C? boundaries
made up of finitely many arcs on which the curvature does not change sign. More-
over their diameters are bounded by a fixed constant D. For such a set, he intro-
duced the glance function. In our notation, its definition boils down to

2n  2n
Hins(t) == Z Z (1)1 {z; —z; < 1}
t=1 j=i+41

While the linear scan transform G takes into account only those endpoints which are
separated by more than a distance ¢, the glance function only ‘sees’ those endpoints
that are not more than ¢ apart.

Contrary to the linear scan transform, the glance function depends on the
bound D. Furthermore, observe that the glance function has the following unnat-
ural property: it equals zero in the case the line [ has an empty intersection with
S, but if [ hits a vertex of .5 but has empty intersection with Int(.S), then Hins
is non-zero. Another feature of the linear scan transform is that it equals zero
whenever the total intersection length is zero.
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a. Let t € [0,D]. Then
Hins(t) = n(IN S) — Gins(t),

S) is the number of components of IN S.
rose [ NS # O (otherwise there is nothing to be proved). Then for all

2n  2n

+Gins(®) =D Y (1) (1{z; — 2 <t} + Uej — 2 > 1))
g==1 j==i+1
2n  2n

=3 3 (-1)*H1{0 < 2; — 2 < D}
i=1 j=i+1

2n 2n

- Z Z (_1)£+j+11{$j —z; > 0}

i=1 j=1+1

= Gins(0) =n(INS), by part (a)of Lemma 3.3.

metric for sets.

of regular sets (introduced in § 1) we define a new ‘stereological’ metric,
sause it is defined only in terms of the linear scan transform G.

ion For §,T €V, let
n(S,T) = f |Gins — Gunrlls du(D),
L

lenotes the L! norm.

k. In fact this definition can be viewed as a modification of the metric
7aksman (1987) as the L! distance between glance functions. Neverthe-
: of sets on which it was defined was different; e.g. all the sets had to be
a fixed disk with bounded diameter, on which the definition depended

3).
iy and integrability of the linear scan transform are proved in Appendix
res that 7 is well-defined.

f lines that intersect S be denoted by [S]:

[S]:={leL:INS#0}



osition. 7 is a meiric on V.

ice 7 is an L'-metric, the only non-trivial property we have to check is

') = 0 implies S = T. Suppose 5(8,T) = 0. Observe that
INS)—e(INT)|dp(l) = /L | / Gins(t) dt — / Ginr(t) dt| dp(l)
0 0

< /,; /ﬂ " |Gins(t) ~ Ginr(®)] dt du(l)
= 7](57 T)
= 0.

o(lnS)=0e(lNT), for p-almost lines 1.

itly the Radon transforms of the indicator functions of S and T are equal
all lines. By Helgason (1980), Proposition 1.7.5, p. 52 this yields equality
dicators in L. Equivalently

A(SAT) = 0.

owever there is an ¢ € S\ T. Because T is closed, we can find an open
') around z such that

B(z,r)NT =0
and B(z,r) NS # 0.

t by regularity of 5, § =Cl{Int(S)). Hence, for all ¢ > 0, we can find
such that ||z — y|| < e.
;7. Then there is a § < 1r such that

B(y,6) C 5.

B(y,8) C B(z,r) = B(y,5)NT =0, by (43).

his would imply that A($ \ T) > A(B(y,8)) > 0, contradicting (4.2).
onclude §\ T' = @ and by symmetry also T'\ S = §), yielding the desired
Sand T. O

tples.

1,K2 €V are both convex

2K, Ka) = [ lo(l 0 Ka) = o(1 1 Ko)] dul),
£
:ance between their Radon transforms. To see this, observe that for all /

Gink, — Gink, = 1j0,00nk))(t) — Ljo,0inK2)) ()
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7 (see Lemma 2.2) so that
o
|Gink, — Gink, |1 = /0 110,0n&01(t) — Lpo,0inkcyy) ()]
= Ia’(l N Kg) - a'(l N K1)l.
, Ky are convex and K; C K> then
(K1, K2) = dea{A(Kz) — A(K1)}-
from (1.4) and the previous example since (I N K2) — o(IN K1) > 0,

this special case, it seems quite hard to give an explicit expression for
1. For instance, the other relatively simple case of two non-intersecting
needs results related to the Sylvester problem (see Santal6(1976), p. 63—
other hand, a simple upper bound obtains in the general case.

a. Let S,T € V. Then

n(S5,T) < f |Ginsll1 du(?) + / |Girvr|l: du(l)
c c
< diam(S)length(8S) + diam(T)length(8T').

first inequality simply follows from the triangle inequality for the L!

ar that

IGins(t)] < Gins(0) = n(Iin§)  forall t,

7

au) + [ 1Geonliau®) = [ [ Gmsoiasanty + [ [ " |Gurr(t)| dt dp()

Shﬂ&ﬁ&m@@@+hﬂﬂﬁ&m@@ml

the Lemma by (1.3). (See Santal6(1976) p. 31.) O

k. This bound is sharp in the following sense:
% be such that [|z,]| — 00, n — oo, Then 7(5,T:,T) tends to the first
4).
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Proof. Let R, :=T, T.
0(5, Ra) = / 1Gins — Ging, | du(l)
- / 1Gins — Cin |l du(l)
[SIN[R.]
n / IGins — Gina, |1 du(l)
[S\[Ra]
+ / 1Gins — G, |11 du(l)
[Ra]\[S]
= [ 16uns = Grom.  du()
[SIN[R.]
+ [ Gl dutt)
[SN\[R.]
[ Gun.l du(D)l
[R.]\[S]

As n tends to infinity the first integral tends to zero. Moreover

£ (IST\ [Rn]) /" 1 ([S]) -

Hence monotone convergence applied to 1ig)\(z,]||Gins]| yields

/ Lsp\(Ra]IGins]l du(l) / / Ginsl| dp(l).
L L

For the last integral observe that by translation invariance of G

[ Gerdidu) = [ Gl dut)
[Ra]\[S] (71

—En S

Then the same argument as above yields
o(5,82) ~ [ 1Ginsl| du(d + [ 16wl du),

as n tends to infinity. O
4.7 Example.
Consider the case d = 2. Then the second inequality in (4.4) is an equality if § and
T are rectangles in the plane of the following form
S = [0,z] x [0, ]
T =1[5,5+z] x [0,],

where z & 1.22049.
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S 1G5l dut) = [ [ 10,0t dtduct
= 2marea(S) (see Example 4.4.2)
= 2n’z.
the solution of
2r%z = diam(S5) - length(95)

=Vr?+22.2(r + z).

tion with the Hausdorff distance.

st to compare the metric 7 introduced in the previous section with the
Tausdorff distance between sets.

on. The Hausdorff distance between two nonempty sets A, B C IR is
H(A, B) = max {:‘éﬁ inf fla -3, sup inf lla— bll}
=inf{r >0: AC B" eand B C A"},
[z € R® :infyep |z — 8]| < r} denotes the parallel set of B.

1 example shows that the two metrics do not have the same topology.

le.

X, = B(0,1) U B(z, ;1;) . wheren > 1 and |2 = 3.

lorff metric X,, converges to B(0,1) U {z}. However in 7 it converges
all:

) = [ Io(t0 BO,1) U B, 1)) ~ e BO, )] )

/ lo(1 1 Xa) = o(10 B(0, 1))} diu()
[B(o,)\[B(z,%)]

+ / (10 Xn) — o(1 1 B(0, 1))] dua()
[B(=z,2)\[B(0,1)]

1
+ / le(I N B(0,1) U B(z, —)) — (I N B(0,1))| du(l).
[B(0,)IN[B(=,3)] n

.gral is zero because (I N X,,) equals o(I N B(0,1)) on the domain of
For the second integral we have as n tends to infinity

o101 Bla, 2 dul) < [

0,1)] [B(=z,2)]
egral tends to zero by observing that the integrand is bounded above
3(0,1)] N B(z, 1)) — u([B(0,1)] U [{z}]) = 0, for n tending to infinity.

1 dr?
a(IN B(z, ;L-)) du(l) = —n—di — 0.



Or convez sets with non-empty interior (i.e. elements of C, see § 1.2) the

: topologically equivalent. The purpose of the remainder of this section
this.

eorem. The two metrics n and H are topologically equivalent on the
if convez bodies.

proof of Theorem 4.10 is rather lengthy, we treat the two directions
The first part is a straightforward application of Steiner’s formula.

rosition. Given S € C and € > 0 there exists § > 0 such that for all
H(S,T)<é§=>9(S5,T)< e
pose S,T € C and § > 0 satisfy H(S,T) < é. Then by definition
ScT® andTcCS’

;he convexity of § and T implies the convexity of their parallel sets S° .
1e triangle inequality yields

n(8,T) < n(S, 56) + ?7(56,T)-
and Example 4.4.2 gives

1(5,5°) = dra (A(S°) = X(5))

(T, 5%) = dea (M(8°) — M(T))

orr =0,... ,d denote the Minkowski functionals on C (see e.g. Santalo,
L'7). In particular Wy(K) = A(K). The Steiner formula (see Santal,
0; Federer, 1969, p. 271) states that

d—r
. d — R
1e case r =0 to K = § yields
d_ /4 '
6y — §°
A(5%) — A(S) ; (8) W.(S)
ie sameto K =T

NT®) = )_% (d> W,(T)6°.

S
8=0
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This yields

n(S,T) < n(8,5%) +1(5%,T)
= drq (2(A(S°) — AX(5)) + A(S) — M(T))

= dry (2 > (f) W.(5)6° + A(S) — }\(T))

< dkg (2 Ed: (f) W.(8)8* + \(T®) — A(T))

:1
=drq (2 Z (f) (Ws(S5) + W,(T))ﬁ")

Using the Steiner formula for general r, the inclusion T' C $® and the monotonicity

of W,(+)

d—nr
WA(T) S Wn(5%)=>" (d ; ") Wrik(S)8°.

k=0

Collecting together we have

n(S,T) < drg (2 Zdj (f) W,(5)6° +,§::1 (‘Z) di (d y 3) Wil 3)50+k)

8=1 k=0

This is a polynomial in é with zero constant term and finite positive coefficients
determined by S. The result follows. [

Next we turn to the second part of the proof of Theorem 4.10.

4.12 Proposition. Let {K,} be a sequence in C and let K € C.
If 9(Kn, K) — 0 then also H(K,,K) — 0.

To prove Proposition 4.12 we need the following result.

4.13 Proposition. Let K, K, be in C and suppose n(K,,K) — 0. Then all mem-
bers of K,, are contained in o bounded portion of R®.

Proof of Proposition §.12. We assume that K, tends to K in 7, but notin . Then
for all € > 0, there is a subsequence, K, say, such that

(4.7) H(Kn;, K) > ¢ forall i.

Since by assumption (K, K) — 0, Proposition 4.13 yields that K, is contained
in a bounded portion of IR?. However it then follows from Blaschke’s selection
theorem (see Eggleston(1958)) that there is a sub-subsequence, Kpn,; say, that does
converge in H. Suppose its limit is K*:

H(Kn;,-aK*) -0, j—oo.
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But then
n(K,K*) < n(K7Knij) + W(Kn;j,K*) — 0,
by the assumption and Proposition 4.11. This implies (K,,K) = 0. Since 7 is a
metric, K = K*, that is
K., 5 K.
This contradicts (4.7), thus proving that convergence in 7 implies convergence in

H to the same limit. O

In the sequel we consider the inradius and minimal width of a convex set. Their
definitions are given below.

4.14 Definition. (see e.g. Eggleston(1958)). Let K be a compact, convez set in
R®.

(%) The inradius v(K) of S is the supremum of the radii of all balls contained
in K.

(2%) Consider all pairs of parallel support hyperplanes at K. The minimal width
w(K) of K is the minimum of the distances between these planes.

4.15 Remark. For a compact set K, K~ denotes the set of all points that are
centers of balls of radius e contained in K:

K¢ ={y: B(y,e) C K}.
K~¢ is called the erosion (see Serra (1982), p. 39) of K. From the definition it is
clear that r(K) < e is equivalent to K¢ = {.
We now proceed with the proof of Proposition 4.13. It is divided into three Lemmas.

4.16 Lemma. Suppose §(K,,K) — 0 and suppose U2 | K, s unbounded.
Then r(K,) — 0 as n — oo.

Proof. Assume without loss of generality that the entire sequence {K,} diverges
in the sense that there are points z,, € K, such that 0 < ||z,|| T co. We prove the
result by contradiction. Suppose (again without loss of generality) that »(K,) > ¢
for all n, where € > 0. Thus by the Remark 4.15 K¢ is not empty for all n.

We claim that D(K, K, /%) — co, where
D(S,T) = sup inf ||z — .
yeT 2€5
For, either D(K, K, ¢) — oo (which implies the claim) or D(K, K €) < M for all
n (without loss of generality). In the latter case for every n we can find y, € K¢
such that d(y,, K) < M, so that B(y,,€) C KM. Put C,, := co (B(yn,€) U {z.}).

Then C,, is contained in K,. Enclosing K in the ball 4,, = B(yn,p) where p =
€ + 2diam(K) + M, we have K, \ K 2 C,, \ A,. Simple trigonometry shows that

?(Cn \ An) 2> €/2 when ||z, —yn|| > 2p+ e
Now ||z5, — yn|| — oo since d(yn, K) < M, so '
r(Cn \ An) > €/2 for all sufficiently large =,

which implies the claim.
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Consequently we can find balls B(zn,¢/2) = B, C K, such that D(K, B,) — co.

Now

N(EKn, K) > / o(1n By) du(l)
[Ba\IK]

= / o(iN By)du(l) —- / o(IN By)dp(l)
[Ba] [Ba]N[K]
> )\(Bn) —_ EIL([Bn] n [KD

If B = B(z,diam(K)) is the circumsphere of K, then we have

p([Bn] N [B]) = (R, €/2, || zn — =]},

where ¢(ry,72,3) is the measure of all lines intersecting two disjoint balls of radii
r1, ro with midpoints separated by a distance s. By standard integral geometric
arguments it can be shown that for fixed ry, 2, ¢(r1,72,8) — 0 as s — oco. Hence

p([Bo] N [B]) — 0, i.e.
n(Kn,K) > Ed(€/2)d.

This contradiction proves the Lemma. [
4.17 Lemma. For all € > 0 and for every compact convez set K

r(K) < e implies w(K) < é,

where cq is a constant depending only on the dimension d.

This is a consequence of the following inequality (see Eggleston(1958), p. 112). For

a compact convex set K
-1?: d-%, dodd

(d+2)3
2(d+1)’

r(K) > ¢g-w(K), wherecq=
d even.

4.18 Lemma. Let K € C. Then
lim inf K.L) > 0.
Lec?z%(lfrll)ao (K, L)

Proof. Fix 0 < a < r(K). Observe that for all 0 < a < r(K), A(K”“") # 0. Let
0<n < ﬁdA(K @), where kg is the volume of the unit ball in JR?. Then

(4.8) ME™) > g

Now we take § = §(10, K) < min(a, %“d}‘z(;f[;];_m’)) and let L be an element of C
with minimal width smaller than é.
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Choose a direction, 0., say, normal to two parallel support hyperplanes ¢
taining L that are a distance w(L) apart. Write W for the region bounded
the two supporting hyperplanes mentioned above and let £, be the set of lin
intersecting K~ whose directions §(I) make an angle with 8%, that lies in
interval (—%m, 3

Lo:= {z € [K™]: «(8(1),85:,) € (-—%w, %w)}.

Let I € L. Then by the assumption on <(4(1), 6L;,

w(l)
cos(<(8, 0510 ))

where we use the fact that cos¢ > 1 if € (—im,Ln). Thus also

olNW)= < 2w(L),

(4.9) o(INL) < 2w(L).
Furthermore, observe that for lines intersecting K2,
(4.10) o(lNK) > 2a.
Hence by (4.9) and (4.10)
o(INK)>20>28>2w(L)>ao(lINL) forleL,.

Consequently

n(K,L) > L lo(1 N K) — o(1 0 )| dp(l)

-J.

By part (a) of Lemma 1.9 and the definition of £,

o1 K) du(l) — /L (1N L) du(l).

o

fc o(INK)du(l) > / (1N K*)dp(l) :%wMK-a).

-3

For the second integral we have by (4.9)
/ o(1n L) du(l) < 20(L) (La)
< 2w(L) p([K]).
Summarising
7K, L) > 2rad(K =) — 20(L)u(K))

> gndA(K ) —26u([K]) by assumption
>ne >0, by(4.8).
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This implies ]11(’[}1;21% n(K, L) > 0 for § arbitrarily small and proves Lemma 4.18. [

To complete the proof of Proposition 4.13, suppose 7(Kn, K) — 0 and suppose to
the contrary that U2, K, is unbounded. By Lemma 4.16 the inradius of K, tends
to 0. Then by Lemma 4.17, the same is true for the minimal width of K,,. But by
Lemma 4.18, 7(K,, K) > 0. This contradiction implies that U32, Ky, is bounded,
proving the Proposition.

5. Continuity results.

5.1 Volume.

5.1 Lemma The mapping S — A(S) is Lipschitz-continuous with constant 1 on
(V,n)-

Proof. Using Proposition 3.1, expressing the covariance function in terms of ¢
IA(8) = MT)| = |Cs(0) — Cx(0)|
[o<]
1 [ [ (Guns(t) = Guer(t)) de )
0

<[] ” |Gins(?) — Gurer(#)] dt du(l)
= "7(5, T)‘

5.2 The covariance function.

As a corollary to the equivalence of 7 and H on the collection of convex bodies we
obtain pointwise convergence of an 7-convergent sequence in C.

5.2 Corollary. Let K, K, € C and suppose H(Kn, K) — 0. Then
Ck,(y) — Ck(y) pointwise.

Proof. Fix y € IR* and write Ck(y) = [ge 1k, (2) 1, k. (z)de. The result will
follow by applying dominated convergence to 1k, (z) 11, x, (2). Since H(Kn, K ) —
0

K, C K**, wheree¢, |0 asn— oo.

But then by convexity, we also have
K™ C K,.
(See Matheron(1975).) Hence |
lg-e(z) < 1k, (z) < 1gen (2), Ve

Since the two bounds converge to 1x(z), Yz as n — oo, the same is true for 1k, (z).

Thus
k. (2) 11, k. (z) = 1x(z) 11, k() pointwise.
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Moreover the functions at the left hand-side are bounded above by 1 and have
compact support. Hence dominated convergence yields

Ck(y) = ./;zd 1k, (z) 1T,Ku(m) de — ./Rd 1x(z) 1T,K(m) dz = Ck(y).

O

The representation of the covariance function in terms of the function G also enables
us to prove continuity results of the covariance function with respect to the metric
7. As a first step in that direction the following lemma proves useful.

5.3 Lemma. Forr >0 and S, T €V
A _[05() = Ox(y) do < o(5,T),
yll=r

where w, is the spherical measure on a ball with radius r.

Proof. By Proposition 3.1

(Cst) - 0o = | [ /” : Gins(2) — Girer(t) db dpsy (1)
<[ , A ; (Guns(t) — Guner(®)] d duy 1)

S/ [Gins — Gin || dpy (1)-

¥

Integrating this inequality over all directions yields the Lemma. O

‘We now have enough tools to prove Lipschitz continuity of the covariance function,
for sets bounded by a fixed diameter. Denote by V(M) the subclass of V consisting
of all sets with diameter bounded by Mj i.e.

V(M) :={S €V :diam(S) < M}.

5.4 Theorem. For all M > 0 the mapping S — Cs from (V(M),n) into LY(RR%)
ts Lipschitz continuous with constant %—M 2.

ICs — Crl| < %Mzn(S, T)  for oll S,T € V(M).

Proof. Let $,T € V.
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Transforming to polar coordinates we obtain
ICs = Cxll = [, 10s(y) - Ox(w)] X®)

= /00 rf 'Cs(y) - C’T(y)l dw, dr
0 flyll=r

M
= [+ [ 1Csw) ~ Oxta) dundr
0 llyll=r
M -
<n(S,T) / rdr by Lemma 5.3
0

= %Mz 7(S, T).

This proves the Theorem. O

Lipschitz continuity of the function Cx : R* — IR, for a fixed convex body has
been proved by Matheron (1986).

Denote by S%~! the surface of the d-dimensional unit sphere. Recall that the
breadth function b : §% ! — IR is defined as the d — 1-dimensional volume of the
projection of K onto a hyperplane orthogonal to the direction . For K € C, bk is
a bounded function.

5.5 Theorem. (Matheron)
The mapping y —> Cx(y) from R® to R is Lipschitz continuous for fized K € C:

|Ck(y) — Cx(z)| < 2b]jz —yl,

where b is the supremum over S4~! of the breadth function of K.
5.6 Corollary Let K,,, K € C and suppose 7(Kn, K) — 0. Then

Ck, — Ck uniformly.

Proof. This is an application of Dini’s Theorem:
By Corollary 5.2
Ck.(y) — Cx(y)-

As in the proof of Corollary 5.2 there is a sequence €, | 0 such that
K C K, C K Dby convexity.

This implies

(5.1) Cx-n < Ck, < Cken.

Observe that the sequences {Cx—<. }32.; and {Cxen }32.; are both monotone.
Since H(K*~,K) = €5, | 0, Theorem 4.10 and Corollary 5.2 yield

Cxe(y) | Cx(y), forye R
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Moreover if K~ T K then H(K ~*~,K) — 0 because K is compact (see Matheron
(1975) Cor. 3, p. 13). This yields H(K ~*,K) — 0 by compactness of K(C R?).
Thus also

CK—Gu T CK(y).

By Theorem 5.5, all these functions are continuous. Since they all have compact
supports, Dini’s Theorem asserts that Cge. and Cx-<. converge to Cx uniformly.
The triangle inequality and other standard arguments together with (5.1) yield the
claim. [J
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Appendix A. (Proof of Lemma 1.9)

To prove Lemma 1.9, recall the following concepts. As before H™ denotes m-
dimensional Hausdorff measure (see Simon(1983), p. 6).

A.1 Definition. Let E C IR®. Then E is (H™,m)-rectifiable if H™(E) < oo and
there ezists a set F' containing H™-almost all of E such that F = U2 F,,, where
each F., is the image of a bounded subset of IR™ under a Lipschitz map.

(See Federer(1969) p. 251, 252 or Simon(1983).)
Federer proved that for an (K™, m)-rectifiable set £

(A1) H™(E) = c(m, d) fL H™ =41 0 B) du(l),

for a certain constant c(m,d).
It is well known that the boundary of a bounded convex set with non-empty interior
in R% is (H?1,d — 1)-rectifiable. The following result is easy to prove.

A.2 Lemma. Every W € W (see section 1.2) can be represented (not uniquely)
as a disjoint union

W= D (D; N C;)\ (U2, Ejw))

i=1
where D; € D, C; €C, Ej € E.
A.3 Corollary. For the boundary of a set W € W

aw c | J(@D;)u (8C;)u | (8E;n)-
=1 k=1
Consequently
oW C U 8K;, where K; €C.

=1
In particular, W is (H%~*,d — 1)-rectifiable.
Proof of Lemma 1.9.

Let % :={l € L : m(INS) # tH(BSN1)}. Since S €V, 85 is (Hé1,d -~ 1)-
rectifiable, hence we can apply (A.1) with m=d—1 and m + 1 —d =0 yielding

/ H°(85 N 1) du(l) = ca H*(DS).
£

So we have to prove that u(2) = 0.



| and let £ € I be such that = is not an endpoint of an interval on IN S,

z€ Sbhutz ¢ fi(InSs).

Ltiy, z € Int;(IN.S). Here we use the subscript [ to indicate that everything
red with respect to the relative topology induced on IN §.

ary A.3
asc|jok:, K ec.
i=1

nguish two cases:
mgs to a line segment in [ that is completely contained in 8585}
ints of [ in a neighbourhood of z (apart from z itself) are interior points

) we have for at least one K; that z belongs to a line segment in [ that is
in 0K; (otherwise convexity would imply the segment intersects Int(5)).
onvexity '

IN K; C 9K;.
t is not difficult to show that p{l:IN K; C 8K;} = 0.

) convexity implies that  belongs to an intersection dK; N 8K for some
that no d — 1-plane through z is a supporting hyperplane of both K;
All such points z can be covered by a finite union of d — 2-dimensional
sets, B say. Hence

p{l:lNnB#0}=0.

x B.

The function Ging is (measurable and) integrable simultaneously in l and

ySeV.

he Lemma, we first prove measurability of the transect covariance func-
s is done by applying the coarea formula (Federer(1969),3.2.22) to the
and sets defined below.

7 := IR% x §%-1. Define

f VxR — R*
(z,u),t) — z + tu,

maps (z,u,t) onto a point at distance ¢ from =, lying on the line with
1 u through z. Next let

g:Vx R— R* x R*
((z,u),t) — (=, f(z,u,t)).
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surable set A C IR* with finite Lebesgue measure, the set
A* := g7 (A x A) = {(z,u,t) : = € 4, f(z,u,t) € A}
asurable. Next consider

h:V—-L
(z,u) — {z+ au:a € R}

© as usual (Santal6(1976)) with the cylinder IR x [0,27) it is readily
s Lipschitz. Finally we define

t:VxR—-LXR
((z,u),t) = (h(z,u),1)).

wrea formula implies that

s(l,t) : = / 14+ ((z,u), t)dH (z,u)
i~1(1,t)
=2 Cina(t)
ein (I,t). Now it is easy to prove Lemma 4.2 for convex bodies. For

GmK(t) = I{Can(t) >0}

1easurable in (I,¢) and integrable since it is compactly supported. The
sular sets A € V now follows using similar arguments applied to the
n in Lemma A.2.



